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⑪
D'Alembert's Paradox : in an irrotational Euler Flow,
-

the dray force on a body moving
with constant

velocity relative to the fluid is zero !

↑

planes cannot fly in an irotational Euler flom
"

# F
-

Eulerian picture Reality

Melation:Onemusttaketoaccountfrictionis

C . L .
Navier (1822) and G. Stokes (1845) derived a

model for this under the assumption that the shear

stress is proportional to the symmetric part of the gradient:

fu + x . Xu = -Xp + vDu + f
X . u = 0

· the parameter vo is the kinematic viscosity of the fluid

· the function f(x
,
t) is an external body force.

·widelyaccepted modeofanfluidflow, uriyseers
Rigorous Quastle - You (1998) from Lattice gas model

derivations: Saint-Raymond (2003) from Boltzmann

Spohn (2012) from molecular dynamics
under assumptions



D

Non-dimensionalization (physical laws hold independent of unit)
· U : characteristic velocity of the flow , e.g rms/f(1)"?
· L : characteristic length in

the flow
,

e .g
. domain size or

period

Note
,
all the terms in NS have units of acceleration ?

vz

Non-dimentionaling not 4/0
,

X- */L
,

+ + Her

qu + u .Xu = - Xp + zDu
X . u = 0

the non-dimentional number

Re= - i
is the Reynolds number. It measures relative strength
of mertal forces (nonlinearity) and viscous forces :

· bacteria Re = 105

· blood flow Re = 102
5

· MLB pitch Re = 10
*

· wake of blue whale Re = 10
12

a make of Boeing 747
Re = 10

·

Note : in experiments , one often uses the taylor-scale Re

Rey= x=i
fixul?

Typically Rey Re.



B

Van Karman

Vortex street
behind cylinder . Re = 105

Van Dyke (1982)

Frisch (1995)

Wake behind
two cylnders

Re = 240
Frisch (1995)

Wake behind
two clnders

Frisch (1995) Re = 1800

Homogeneous
turbulence
behind grid.

Re = 2300

Frisch (1995)



-alsand Obstacles for Mathematics ⑪

· in real flows turbulence is generated at boundaries.

However
, universal statistical features and small scale

behavior are expected to hold away from
walls.

· given the complexity of the flow ; it may be
unreasonable to hope to make pathwise predictions.
Instead

,
one may hope to predict averages/statistics

Physicist & Engineer Approach

· perform accurate experiments and simulations

· provide phenomenological theories based

on heuristic principles and data fitting
· Often do not formalize precise statements/questions
about turbulence sonce they may be hard

to prove and one may give counterexamples

Mathematician Approach
· prove,

from first principles (from NS or E equation)
some experimental "facts. Due to the immense

complexity , these are often of a conditional
nature.

· Identify constraits on solutions of PDES

which make them "physical" or
"observable"



⑤
Observables and Averages (Idealized setup
· to achieve a noutrival statistical steady state

,

one drives the fluid with a force acting on
low modes /large scales).

Typically f = f(x) or f=(xdWt

· example of observables F ofSolution I :

Kinetic energy/ dissipation rate, structure functions

energy spectrum ...

-

In theory :
-

· attractors : Long-time averages
T observes

t solutions
close to or on

<FM) = PF) F(u()d+ attractor

·Statistical mechanics : ensemble averages is steady state

< F(u)]= F(u) del)
measure

-> ergodic invariant

· Ergodic Hypothesis : these two concepts agree

note : sometimes 2: ) Includes spatial are.
Follows if

nomogeneous.

Practice :
o finite windows time average once reach equilibrium

.

-
· (singular datal achieving equilibrum is hard

,
can result

· (Taylors hypothesis) l = UT
In roughdata.

relates time/space lags.



AnomalousDissipation of Energy ⑥

The fundamental postulate of Kolmogorov's 1941 theory
,

the "zeroth law of turbulence" is a non-vanishingdissipunany
Gu + n . Xu = -Xp + vAu + f x . u = 0

For dimensions d>3
,

the only known apriori
controlled quantities which are controlled is from

GEMR) + x . (u(2mp + p) - vx[n, ) = - v(u)

+ f . u

provided the solution is smouth. Thus

(A) = -Judy Sfnd
-d

#
&

Il

Gives apriori control of the solution in

n + 11 Hx

Leray (1934)
used this energy balance for a

suitable approximation scheme combined with

a compactness argument to prove existence

of a global-in-time weak solution of NS

· These satisfy (*) with E .

· If no (Ex then interpolation gives utWi
= ==

CShinbrot 74)



⑰

What is known is the equality (Duchan-Robert
,
2000)

& (Emm) + x . (u) + p) - - D() = /XuP= D[u]

+ n. f

where the (x
,+)

- distribution DIn] is defined by
a weak form of the Karman-Howarth-Monin relation :

DIuT(x,t) = ED4(r) · Sucxt) 1Su(x , t )Pdr

-
d = o (usb) ExIl I

where Su(x ,+) = u(x +r
,
+) - u(X,+) and h=( *).

D & R show the distributional limit ofhx objects
is independent of the choice of 4 .

moreover
,
it is nonnegative.

Proof : Let me be a levay regularized solution :

-

8
+He + (4* 4) .Due = -Xpe + -Due

Then
,

Me - u weakly in LOL 1 L Hy
and strongly In &Ex . Thus

Din] = EvIDUel" - vIDul

For
any te C, 400, the map notDuPtaxd+

is convex and lower semicontinuous w .r.t. the
weak topology on EHX. Thus DIUJ YO.



Understanding the detect distribution : ⑱

Ex + U . XX = ..

Let T=(X
,t) and h = x(X + r

,
+) · Note

Sure = (Ge un'or Siri
Derive equation for unl

- zhul) = n . (x * u) + x (a . xx))
= n . (x * x) + ndw(nu)

= n . (x * x) - nou : Xu

+ div /( -2) 2)
.

n . (u * u) - nou : Nu (D"x]3
= u . ((n' - x) .Xu)
= n . (S

,
u . Xu) X u(x+r) = Xu(X

+r) = MrSU

=u . (Su - PrSru) = n . div
,
(Sofru)

=

- Su.div, (Gruful-e-dive (84)

= dir [Su1Sul] = = divx[Iu"Gu]

[G(u) = - EXr[SulSu7 + Xx 5

-D[u]



*

Thus
,

for weak solutions of Navier-Stokes
,
we have

f Elt) = fDinJdy-uSIQuPdx + (f-udy
+ + #d

We define the energy dissipation rate (per unit muss)

Sin] = <Did] +fu

Experimentally , the zeroth law of turbulence

E = limin[

Non-zero
energy dissipation in the inviscid limit !!

REMARK : 3D Phenomenon !
Theorems say

Al cannot occur in 2D flows

without boundary and smooth forcing



Do

Sreenivasan
,
1998

Pearson
, Krogstad,

de Water 2001
&



⑪
Kolmogorov-1941Theory

Assumptions-

·2 = limit
,o zeroth law

· SezU(x) = u(x + (z) - u(x) homogeneity
und

has same law for any
xei

isotropy
and

any zES2
for e

In the inertial range : IyexL
· there is a unique exponent ho st .

self

Sele has the sure law as XhSeu .

Similarity

Moreover h= /3 to be consistent with ET0.

↳
Predictions :

· ly = 13/4[44 lowly tength scale written
,
g8)

molecular diffusion dominates

· For pis1 ,
define the longitudinal structure functions

Sp(e) = 1))(u(x) · e) "Maxy-12e)
"

#Sh
where () is an ensemble/long-time are

: 15th law holds

S"(e) =* (sl) as Re + 0.

for e in mertial range.



Numerical & Experimental Evidence D

Iyer et al .

2020 Chen et al 2005

3
p:= (5 ,p)

-3) s. P

pipe flow Re = 230,000 DNS Re = 1300

Sreenivasan of al
.

1996 Iyer et al .

2020

S(l) =
-* (sl)



AndarisRemark and Intermittency ⑬

Famously , Kolmogorow predicted

Consequence of
E(k) ~E315/3 self-similar theory
[

2/3

S(e)~(2l) Spieler

His exact With law (rigorously justified by DRO0)
S
,

(e) -(5l).

Lets call 3p the scaling exponent at small scales

Sp(r)-184
Landon :

1942 the rate of energy dissipation is intermittent.

I . e
.,
it is spatially/temporally inhomogeneous.

Thus Ep should not be a constant multiple of p.

If Urms-164)"
, Ep= + Sp The

44/ Sp1l)-((91)
* (2)

Ep = P is the unique exponent such
that Splet is independent

I
of L, depending only on E.



⑭

Menereau & 1991
* laboratoryany layer

Sreenivasua
atmospheric

survagate :
2

I bounday layer
=

subject of

many attempts
to

use renormalization
group .

sucess in

E
Kraichnan model
where small param.Frisch
is either Nd

1995
On L (Holder index)

Falkovich
,
Chertkov

,

Kolokolov , Lebedev,
Bernard,

Gawedzki

Kupianen .

Models :

Kolmogorov
· log-normal : 3p =* -Ep(p-3) ,

M
= 0 .25 1962

· 8-model : 3p = E + B-D) (1-3)
,

D= 2
.
8 Frischeful

1978

· log-Poisson : 3p= + 2(1-14) She-Levegue 1994

·
mean-field : 3p=a ps Yakhot 2001

c = 0 .0275

NEED : mathematical framework to impose constrants



⑮
PUIILE : As veo (Re+3)

qu + u . Xn = -Xp + van
+ f

V= r

-
2xu + n . Du = - Xp + f

which conserves energy. How can &To ?

Generalized description : weak solutions

Idea : replace DDEs with integrated balances :

↓ de C.
mos entum : (((n -24 + ( * 4) : x4)d+dx =0x.4 = 0

cons

I" IR (((u - x4)d+dx =0
-4

! 2

mass I" IR NEED ONLY : HeLax



OMayer'sConjecture : ⑭

Weak : If u is a weak solution of Euler
13t

in the class GCx , thena

conserves energy
1/3-

strong : there exists an Euler solution with me(

such that energy is dissipated
lendpoint n= //z ?)

Strongest : Euler solutions as in Strong) should
arise as vanishing viscosity limits of

Navier-stokes
,
ultimate goal : prove

~ / HuRdxd+ /70 #vo

Constantin - Vicol (2018)
,Foundations : why weak solutions ? Drivas-Nyngen (2019)

↓

Theorem : If SyllCle, Se10,2) for $1117, 22s
-

Then every weak
limit- 4 In Pax is a week soln.

DNS data

Iyer etalor



-

Weak: energy conservation for 1st
D

Recall
,
for
any

Csmooth incompressible

Svev : Dvdx =Viviv i

=:G

-rivi-
Thus

,
if neciC'y is a strong solution of

Euler
,
then kinetic energy is conserved :

of S x = Sen :nady = 0.

What about weak solutions ? Formally

Evidy = S(DBvEdy
IBP justified ifi is "Ve-differentable"



Energy transfer through scale Go

coarse-graining

ne() = ) Gecrl nextuldr ,
Gers = "Glee

#d
or

U,
/X) = Pap[U] projection on to low free

IfneLi then

Elt) = Em Felt = Sindy
&

=
tim EH =InS luid is
k= X



Dynamics of large-scale energy
21

Ete + X . Enerte) = -Xpe-D : Fe (, n)

closure
X Teln ,u)

:= Toule-Tete E problem!

flexPdx = = Hein]dx.

HelUj = - Die : Telu, u) ·

Te

L .

F
.
Richardson



We just proved : energy is constant on to
,i] if D

him S The inda

Thus
,
for a weak Euler solution arising as a

zero-viscosity limit (Duchon-Robert 2000

- lim
l+0=turbulent cascade dissipation

Rigorous form of Kolmogorov 4th law.

3 l-0
- 1H[n]= So (ene) - j

Kaneda of al 2003 Fyer et al ,
2010.



Whenever we show Heir] -o , energy is conserved .

-

How should we measure regularity? Beenspaces
he Bay for ps,

iff She5

-(e)

Note : Sp(e) = 11Bulli
THEOREM : (Eyak 1992

,
Constantin - E-Titi 1994)

Let u + 1310 ,
5; B
** I")) 1 (CO,T; ( +9)

with 57
,

then

E ) Inex,
tidy = 2)Moldy Attit#d

Idea: Follows from commutator identities

Telau) = /Gelre GuoSu-Shel &Ger Sun
Due = -SCGSe(r) So

=> Ittely
He [uT = Die : Telu,u) .



⑭
This proof can be connected to NS and made quantitative :

THEOREM : (Drivas-Eyenk 2018) if Em300 and & 10,1],

11 willNo coDue·

Thus
,
if dissipation decays slowly, there can be

no uniform boundedness of Navier-stokes in B.
Experimental evidence robustly points to Euler singularities.

MATHEMATICALGOAL
dissipative (1) There is data Noth

,
TTO and 250 st.

anomaly T T S

JSAudxdt + ()Dinidxdt
>

· 3
weak

compactness (83 The family &i 300 is compact and

along subsequences converge to weak Euler

Oniaged (3) These Euler solutions exhibit constant

Conjecture mean flux < Ii)) = E and live in 13 Bs%

Moreover, this behavior should be genera (statistically stationary
regime



⑰

.oneConsequencesofOuser thereacompacta3

· Intermittency constrained :

Spo Ep * 4/3

in $750 ,%)·
Assume local Holder exponents hixt Inman ,

hmax].

Set Scul = Ex : h = 43
<minzo

,

unax

D(n) = dim)S(u)
By definition ,

for x within distancer of Skul,

Incx + r1 -u(x)) - wh

Fraction(x : dist(x
,Skul-r)

- rK()/ k(u) =d-D(n)

Umay

Spiel = /SeulP) ~Says
eptn -e

where

3p
== ints

Legendre transform

D(k)=
+ Eph + (d - Sp)3.

Used to show "most probable" exponent how 0 .34 (Kastenerit



⑮
Connection with Kolmogorov Spectra
23rds law EX-533 law

Sc(e) =Sue)-uxdxdw E=E
k-plc-

By Wiener-Khinchin theorem
- (2st 1)

S
,
(e) -e < ECH-k

2/3

3 = % Elke35/3 S(e)~(2l)

Recall ' is the Onsager exponent , which is
maximal regularity consistent with anomalous dissipation.
In K41

,
all I have Is derivative

,
so these are

connected.



⑬
· Locality of cascade: One can show that
-

energy flux Telu]
has contributions pumanly from a band of

scales [l-5
,
l+B] usingLittlewood - Paley

Eyink,
2005

Constantin -Cheskidov - Friedlander-Shugdkay ,
2008

·↳between Lagrangian reversibility :

THEOREM : (Drivas
,
2019) Let u + PloTiC3) be a

weak Euler solution. Then

ITInT =
I+0im(ix)

--
where IPs = Fe (XE ,

s .

Note : Hin] = Ein] To in 3d

TIuT = - IIn]CO in 2d
,
small-scale forced

time1 Da 3D 3
OR

Si 3
Uses vigorous version of Of-Mana-Gawediki relation,
noted by Jucha et al (2014) to link with irreversibility.



Flexible side of Onsager's Conjectur ⑰

THEOREM (Iselt, 2018 , Buckmaster
- De Cellis-Szekelyhid-Vical 19

Let e : 50
,
T] -> IR be a strictly positive smooth function.

For any delo,) ,
there exists a weak solution

ne <
<
(50

,
57 x #3) of the Euler equations wit

StlucyeRdx = eCH( + + [0,+]

long history : Schefter 1993
,

Sunirelman 1997
, 2000,

De Lellis-Szekelyhidi 2009-2011
,

2012,

Buckmaster-Dehellis-Szekelybdi 2013
,
2014

Built off ideas of Nash-kniper Theorem and

Goomours -principle. (Backmaster-Vic2020,get a
Ideas : Inverse Renormalization group

(Frisch
-

: Stages So
,

S
, ...,

Sg,
... adding

ever smaller motions (2-> 2+...+ +. - )

E + D . (n) = -XPe + X . Fes
G E

To =To,o
ik .

xY() and 1:= il
whereie=Pete
Must show Fea - O

as a
-> 0.



⑳
ER1 : (Course-graining) Take output of stage Se-1

and apply Reg -
Filters out scales <eg.

STEP 2 : (Euler dynamics
-

· from previous stage ,

have approx solution
to Euler

which is filtered in STEP 1 to kill all

frequences > 29.

GOAL: Improve error from being soln by letting it

evolve in time & develop smaller scales

· evolve on timescalesen where E=23
, Sure

?

#
O ↑

glue neve

STEP 3 : (Small-scale perturbatim)
-

To compensate the "stress from previous stage

by adding small scale perturbations at Sa

at scale 21. Amplitudes are used to reduce

stress . Analogous to Nash's isometric embedding
cuust-



&

Remarks: Because the equation for subsolutions
o

is highly underconstrained
,
it is

subsolate
easy to construct them.

↓ · An iteration process reintroduces

weak solution high-wave number oscillations
,
perturbations

highfreg designed to cancel low frequencies
(B.M.

N
.Y 21

of old stress.

oscillations
introduce. Difficulty lies In controlling error
stresses terms a Accomplished by judicious
in passing

to

weak limits
choice of building blocks

.

ooscellations introduced in highly non-unique

way => infinitely many solutions.

· solutions are "monofractal" in that the velocity
has just one exponent h ,

which can bes

They have "Kolmogorow-like spectra luot quite

· Notable recent exception ? Buckmaster-Masmoudi-Novak-Vical,
21

solutions with >by derivative In 22 but <1

derivative in B constructed .
Towards More Malistic flows!

· High degree of non-uniqueness! Dissipative Euler solutions
do not provide a predictive theory alone. Must consider viscosity



Examples in related models 2xn+xfin)
=0 E)

Turgersequation : U:TXIR
*
-> IR
-

qu + uGyu = va zaxu

Remarks :& for 120
,
model is globally wellposed

· for v = 0

,
model shocks in finite time.

n + 1 + 1
What happens to the dissipation after shock forms ?

Exact 1& solution : Khokhlow sawtooth

ext = F[X - > tanh (e)]
= 3

- LEX0

uXEL
F

E(x
,+) = v10= sech(

20S,u = vid-ul1 =M This behavior is general.

-L ↳ ·

convergenceis toasolution
· such solus · necessarily dissipate .



MoreoverShocksolutions Centropy
weak col,a

IE (L? 1 BY)

: "i : "I

Since [ /BV - B, pl
shocks live at the Onsager-critical theshold.

- LEX0

They are also intermittent. n =3x

<en/X =)ux+ - und

= -(+~ CusPSLP opti -

py/

E + nex
= viiu+ oix do

MathematicalDrumE-khaniuMeSiniloks
,

realized Mr -Mo · displays AD & Intermittency

Review : Bec-Khanin "Burgers Turbulence" 2007



Passive scalars : LetEf IR"xTd-> IR satisfy ⑬
-

204 + u . X0"= Dok

T . u = 0

% = O fody = o

Here
,

o"represents temperature or ye being
stired

by the velocity U
.

Scalam Energy is dissipated :

Sodx = -So
Even though the the velocity field

does not feature

in this balance
,
it is crutally important

to the process

D
velocity acts to filiment the scalar, causing

XOK to

grow and contribute more to dissipation.

Anomalous : 1T) Hodd+, X10Dissipation
Druzis-Sreeni (2005)



Ouknow(1949) & Corusin (1951) Theory &

turbulent velocity "n + 2
>"de 10

, 17

gives rise to "OC8" with 6 :E

THEOREM? Suppose me L'10,
T; (4) , de 10 , 10, incompressible.

-

suppose 303,0 is uniformly add in LP10
,
5 ; (8) ,

then

Shaded
In particular

,
if 83 Ed there is noanomalousdis.

This san be refined under stronger assumptions

Suppose ne
(i ,5 ; Wib) 1 L(10 ,

i] ; (C)
,

the

in/SDodd-
if o=

No (deterministic ( Figorous examples of anomaly !

Kraichnan model : Bernard , Gawedzki , Kupsenan ,
Falkovich , bleder

Stochastic fluids : Bedrossan-Plumenthal - Punshon-Suit 2018-1



⑭
(Drivas

,
Elgiudi

,
Iyer, Jeony ,

2020

THEOREM) Anomalous Piss) : Fix TTO
,

d, 3
,

d + 10
, 1) & Got H?

~such

thatweheeelect 3420
where X:= X (0. a).

Remarks :& In our construction,
&K returns no Hilde- regularity.

-

Thus
,
in the endpoint case 6:0

,
al1

,

this

demonstrates the sharpness of the Sokhor-Coursesthory

· gives an example of nonuniqueness for

weak solutions of the transport equation.

Simple consequence of time irreversibility.



⑰
Extensions and Different Directions

Nguyen,
Farge ,

Schneider ,
2011

· bounded domains : Bardos-Titi (2018)
,
Drivaz-Nyhyen (2013)

He Bo, (Interior ↓
of (Y ,

1] P 2(1-0)

->dist(ac ~v

#/////////// velocity equivantimous
2 Kolmogoron

length

=>/BL . Theory maks contact
Basins .

#EstoniIdettyPhyamechanismtheSpesa

Polymen : Drivas-La
,
2019 # polymer included only at walls

Rough walls : Mikelic
, Tiger - only near very special

flows:



Richardson (1926) : < N .
(H)-X(11) ~Et D

Toy understanding : K41 velocity Senecael's

Ex = Su = (s(x)" => 18xi-zE

&

S

Spontaneous- Stochastity :
Bernard

, Gawedzki-Kupsenan (1998) ...

Gamdaki-Vergassola (2000) ...

Fynk 12006 ... (

Drivas-Mailybaer , Drivas-Mailybaer-Ruibekas
(2018, 2020

ALSO IN SPACE OF VELOCITIES ! Kraichuan-Leith

Kolmogorov Arnold-Khesin
1950-1959
seminar


