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Transistion (Dynamical progression) to Turbulence D

Consider the ODE

· uc = F(u(t)

u(0) = No

The variable U=UC belongs to a linear space
If called the phase space

and F: H -> H
.

Two cases :
d

· finite dimensional H = IR

· infinite dimensional H = a Hilbert space .

2) fluids fall into the latter category with H = Lv
or # = His (depending on regularity of external force

1 = Eu+ 12 ( +2) : X
. u = 03

Ho = Sue H'(t) : X . u = 03



②
UCH = F(uC)) , 410) = No

· We are interested in the too behavior-

F(u) = F(u) for some parameter M.· Generally M

Long time behavior will depend strongly on

M.
The role of up

will depend on details of system.

Here is a schematic of STAGES : (Landau

D For M small
, MCM, where exists a

unique stationary solution
n = u?, ie.

(x) F(u,) = 0.=M#his solution is stable and attracts all orbits

u(H -> us as ++y

- For larger M , M , <M
<

M2 I
other

Ssolutions ofC1 appear , Us
,
Us
,
...

and u loses stability. We say a
bifurcation has occurred at

p
= p,

The new solutions are typically stable and
each have a basin soH -> u?
for some i= 2 , 3 ... -



⑬

& When p
is further increased

, M2<
> 43,

a Hopt bifurcation can occur. In this cas

the flow doesn't become stationary but rather

u(H - 414) -> 0 as + +x

where & H) is a time-periodic solutionJ(a) 4x = F(q(t) to IR

↓ ( ++T) = P() .

solution & and period [

Aprioni,thevalueM detailed angly is request

From this point , we can either a Feigenbaum
cascade of period doubling : 4 with periods 25, ET. ... It
or

① Foo

largerMy
Invariantori

can

u(t) - 4(t) +o
where I is a quasiperiodic solution ofa

& 14 = g(w,t, ..., unt)

where g is percode with period in in each

variable and wi=V
,

are rationally independent
real numbers.

Flow looks chaotic
,
bat fourcer analysis shows system

has discrete frequencies.



D

& For p
> 4y ,

the flow is chaotic
,
a stage

where UC looks completely random for

all time. Fourier revels a wide-band spectrum.
One can show

uit -> X as + - 0

in the sense

dist (uCH , X) to as ++x

⑭-
Here
,
X is an invariant subspace of I; i

e

e.

S
+
(x) = Y # + 70

where I is the semigroup of i
= F(h).

the set X
may be extremely complicated

(Fractal) with complex geometry (non-smooth) .



⑮
MeKolmogorovModel

Analysis Seminar (1958) "Theory of

dynamical systems and hydrodynamic stability".

Consider the motion of a
two-dimentional fluid

,
periodic

with period Zika In X

and period 2th In y
: Fix 20

,
230
, 20

On T := [0
, 25(a) X [0,

<+ 1), consider

2n + u . Xx = - Xp + vDu + of
X. u = 0 2π/a

-
-

Sudxdy= 2iL-
-
-

The forcingf is taken to be an eigenfunction
of the Stokes operator : A = -PA

Afx = Xfx
can be constructed from eigenfunctions of Laplacian

fixt where -Day = X9y , 99= 0

example

(sicaux)) or (Sincnyl) nmeIN



B

(Arnold and Meshalkin
,
1960)

Vorticity equation : n= Xt . 2 = 5
, 42
- 824 ,

Aqx= X9x
L

Gw + n
- Xw = vDw - 2x4x

Representing 2 = X
+4 by streamfunction It

,
W= D4

204 + j(4, 04) = v524
- ux9x

J(a, b)
= X

+
a . Xb

Note
,
this equation admits a laminar solution :

F = in 9x
Since
,

vEF = X9x
,

JCF
,
Di) = XTCF

,
i) = 0 .

The velocity corresponding to this solution is

i=&(12)
This laminar flow is the unique steady state when

M
= Y2 is small

,
and is the global attractor for all data.

M
is order parameter : instability , periodicition ,

turbulence...

Exceptional (trivial case) : when X is smallest eigvalue, "gravest mode"
is unique global attractor for all MTO !



Real World ⑪

Obukhov
,"Kolmogorov flow and laboratory simulation of it" (1983)

Virtual Reality

simulations done on my personal computer↑ using publically available code writen by

f = (10(5y)) Navid Constantino



Arnold
, "Kolmogoro's hydrodynamic

attractors 1991 8

uperbounds Kolmogorov viewed the sequence
of

bifurcation picture as one possible "route to turbulence"

quasiperiodic flows with G
,
the 3

,
% -

12-fori
,

3-tori--- In phase space) appear subsequently.

Kolmogorov asked if an infinite sequence of

such bifurcations could occur within a finite

parameter range (as In logistic map picture

: Ladyzhenskaya (1982)
, Ilyashenko (1983).

dim(Attractor) * G (1 + log &)s

where G = /IfIlh Constantin - Foias-Temam (1988).

dependence expected sharp (agrees with Landau's D .
O .F ary)



Arnold
, "Kolmogoro's hydrodynamic

attractors 1991 &

Here
,
we try to build up the picture:

#tractorDimension

·mar- d it i·
Re=0 Y Re=Reg Re = *

ED Kolmogorov 1441fixed point first transton Onsager 1949attractor Mishalkin - Since (1961)
Yudorich (1965) ED Kraichnun

Batchelor
Phase 1 Phase2 ???????? Phuse *

PHASE :
I

Theorem: There exists M* such that for all
-

MX4*, the laminar solution is the

unique stationary solution and attracts all

orbits as + +0 . If X=X, true
for all M .



PHASE II : ⑱

THEUREM : (Yudovich 1965) . Let St 10 , 1). Consider

Navier-Stokes forced by Ucosy with Upo On T2 .

Then, there exists a critical Grashot number My(d)

which is a monotonically increasing function ofX

satisfying

0 M(x)
-> E

/
&2 1 Mala -> 0.

and is such that the following hold :J(1) If =M*, the laminar state is unique steady
SolutionIn HCT3) and is attractor for alldata.

(2) For MT M*, the laminar state becomes unstable

(Meshalkin - Since (196117

(3) For (p - Mx) =), there exists a two-dimensional

manifold of StationaY states which bifurcate from

the laminar state and are linearly stable.



Yudovich's Bifurcation
,
and its fate a

Elements of the proof :

Step 1: express nonlinear problem and its linearization as

- eigenvalue problems on the Hilbert space
#"

+ = v (4- cosy) Stationary·

Then the perturbation & satisfies noblinear equation

1 p =

↑Sny *x(b
+ Ab) + pJ(d, Ab)

Its linearization reads

#p = psny(x)b + A4)
These read NICP in H

, lg,



Newof Bifurcation Theory ⑰

Giul = Xu equ in Banach space X

(a) GT0T = 0

(b) G is compact
(c) G is differentable at no with compact A

= Go].

Consider S = 3(x , 4) + 1RXX : 40
,
in = Gluj3

DEF : I bituriahon point Y is such that any

neighborhood of (X
x,
0) there is a point (x

,2) -

Bifurcation points must be eigenvalue of A

by implicit function theorem. Reverse not true but

THM (Krasnoselskii) Suppose (a)-123 hold and that

* is an eigenvalue of A with old multiplicity-
Then Xx is a bifurcation point for FinT = Xu-Gin]

Global refinement by Rabinowitz.

·To obtain information about multiplicity of eigenvalue,
we study also adjoint problem and find egenture
wit same 1 and not orthogonal to original eigen function
=I simple
· (Simplicity in subspace) . Consider dah = -xh
eigenvalues : X = 12 eigenfunctions sin(ky)

,

cos( **)
↑ odd T

geo = alg mult =2 even

simple in even and odd subspaces.



· we restrict to even and odd subspues to ⑬
construct a simple eigenvalue

· We apply these theorems in the setting of

X = He Ho
,

G = N
,

A = 2.
/

· To construct eigenfunction , nate any such is a

linear combination of

imy

↑ (x, y) = ciauxICana

Then C = dm/ (2 +m2-1) with Kidn &

(*) amdm + dm-1-dm+ 1 = 0
2

wit

am=
One derives characteristic equ :

(**) F(q) := Ena... = -
converges by

= Van Vleck convergence
theorem and

az+ : lowe-bad on an

In is
a real root of (A) if du solves (**)

du+ 0



⑭

LEMMA: Let K=ant (0 , 1) . Then # *) admits

a positive root M
= Ma(k) and it has only

this one root . If kil
,

there is no root.

Lemma : let & 10
,
1). The problems

AT4B = ↑P EF] = YE
have exactly[d positive (as many negatue)

eigenvaluesYp . Each as multiplicity two·

THEOREM : There exist exactly (t) positie numbers

oxy!
"
< Mr - - < Mm) -

which are points of bifurcation for NS. Each

corresponds to a branch of eigenfunctions
(1)
- 0.

- x >mm -- -M -

4=

are also points of bifurcation.
The

spectrum also contains theIntervals :

(M ,
Ms)

,
(a, M ,

. . .&, Mel
If m is odd

,

Includes (M& 0) . Also reflections.



⑬
PHASE - : (aspects of it

Kolmogorov's conjecture more precisely

V. Ia

Arnold
1991

,

1999
,

2004

THEOREM : (Babin-Vishik) For ae
10
, 1) and M> Me = Melal

1983

& (d) < dim
y
(Attractor) = I (1 + x2p) ·

dimension of mustable manifold of laminar steady state.

!...; minis
# of boxes of side length 2 in Inabyit rectangle·



⑯
Consider only steady states & = E , M

: the

steady M (n
.Di - DP) = Xp + An + fx

NS E X. = 0

Siddy = 0

-2
Ils

THEOREM : Let Suppo be a family of H2(T)

steady solutions of Navier-stokes. Then EUP- uE

strong In I as pe - where nFEH solves

uF . DuE = - XpE
X . nE = 0

SuEddy = o
with the additional constraint

* IDUFI : IQUEDU
-

7Remark : 0 to normalize
,

Kolmogorar suggests U=

· nonempty : applies to laminar state (saturates (

i = 2 +x



Di
Numerical Observation : By following on branch

of the bifurcation diagram .

A

seems to converge
to elliptical vortex pattern.

On right : assuming solution is a modes and

saturates lower brand. Not solution

except when -1.

Injecture :J a sequence
of steady NS solutions

with non-trivial butshrinking basin of attraction

as -* . Thus strong Kolmogorow would be false
.

Arnolid-Khesin (1999)


