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However,
cardinalities of infinite sets and the numbers of elements of finite sets
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AZ
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2
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What does this function do?

Al

)2 -

0 .

domain R

f reels up the line on the circle.
The graph of f istheset T'y={(t,cost,sint) e RxR*} cR>.

I'¢ is a curve in R3 . It is called helix.

f
™

codomain

x(t) = cost
y(t) =sint
r?+y?=1
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24 / 49



MAT 250
The number of relations Lecture 9

Modular Arithmetic

Let a set X have 3 elements.

25 / 49



MAT 250
The number of relations Lecture 9

Modular Arithmetic

Let a set X have 3 elements. How many relations are there on X 7

25 / 49



MAT 250
The number of relations Lecture 9

Modular Arithmetic

Let a set X have 3 elements. How many relations are there on X 7
Answer:

25 / 49



MAT 250
The number of relations Lecture 9

Modular Arithmetic

Let a set X have 3 elements. How many relations are there on X 7
Answer: 512.

25 / 49



MAT 250
The number of relations Lecture 9

Modular Arithmetic

Let a set X have 3 elements. How many relations are there on X 7
Answer: 512. How come?

25 / 49



MAT 250
The number of relations Lecture 9

Modular Arithmetic

Let a set X have 3 elements. How many relations are there on X 7
Answer: 512. How come?

The number of relations of a finite set X

25 / 49



MAT 250
The number of relations Lecture 9

Modular Arithmetic

Let a set X have 3 elements. How many relations are there on X 7
Answer: 512. How come?

The number of relations of a finite set X
is equal to the number of elements in P(X x X).

25 / 49



MAT 250
The number of relations Lecture 9

Modular Arithmetic

Let a set X have 3 elements. How many relations are there on X 7
Answer: 512. How come?

The number of relations of a finite set X
is equal to the number of elements in P(X x X).
If X has n elements,

25 / 49



MAT 250
The number of relations Lecture 9

Modular Arithmetic

Let a set X have 3 elements. How many relations are there on X 7
Answer: 512. How come?

The number of relations of a finite set X
is equal to the number of elements in P(X x X).
If X has n elements, then X x X has

25 / 49



MAT 250
The number of relations Lecture 9

Modular Arithmetic

Let a set X have 3 elements. How many relations are there on X 7
Answer: 512. How come?

The number of relations of a finite set X
is equal to the number of elements in P(X x X).
If X has n elements, then X x X has n? elements,

25 / 49



MAT 250
The number of relations Lecture 9

Modular Arithmetic

Let a set X have 3 elements. How many relations are there on X 7
Answer: 512. How come?

The number of relations of a finite set X
is equal to the number of elements in P(X x X).

If X has n elements, then X x X has n? elements,
and P(X x X) has

25 / 49



MAT 250
The number of relations Lecture 9

Modular Arithmetic

Let a set X have 3 elements. How many relations are there on X 7
Answer: 512. How come?

The number of relations of a finite set X
is equal to the number of elements in P(X x X).
If X has n elements, then X x X has n’ elements,
and P(X x X) has 2" elements.

25 / 49



MAT 250
Lecture 9

The number of relations Modular Arithmetic

Let a set X have 3 elements. How many relations are there on X 7
Answer: 512. How come?

The number of relations of a finite set X
is equal to the number of elements in P(X x X).

If X has n elements, then X x X has n? elements, ,
and P(X x X) has 2™ elements.

So the number of relations on a set of 3 elements

25 / 49



MAT 250
Lecture 9

The number of relations Modular Arithmetic

Let a set X have 3 elements. How many relations are there on X 7
Answer: 512. How come?

The number of relations of a finite set X
is equal to the number of elements in P(X x X).

If X has n elements, then X x X has n? elements, ,
and P(X x X) has 2™ elements.

. . 2
So the number of relations on a set of 3 elements is 2°

25 / 49



MAT 250
Lecture 9

The number of relations Modular Arithmetic

Let a set X have 3 elements. How many relations are there on X 7
Answer: 512. How come?

The number of relations of a finite set X
is equal to the number of elements in P(X x X).

If X has n elements, then X x X has n? elements, ,
and P(X x X) has 2™ elements.

: ] 2
So the number of relations on a set of 3 elements is 23 = 2

25 / 49



MAT 250
Lecture 9

The number of relations Modular Arithmetic

Let a set X have 3 elements. How many relations are there on X 7
Answer: 512. How come?

The number of relations of a finite set X
is equal to the number of elements in P(X x X).

If X has n elements, then X x X has n? elements, ,
and P(X x X) has 2™ elements.

. . 2
So the number of relations on a set of 3 elements is 23 =2 =512.

25 / 49



MAT 250
Lecture 9

The number of relations Modular Arithmetic

Let a set X have 3 elements. How many relations are there on X 7
Answer: 512. How come?

The number of relations of a finite set X
is equal to the number of elements in P(X x X).

If X has n elements, then X x X has n? elements, ,
and P(X x X) has 2™ elements.

. . 2
So the number of relations on a set of 3 elements is 23 =2 =512.

P(X x X)

25 / 49



MAT 250
Lecture 9

The number of relations Modular Arithmetic

Let a set X have 3 elements. How many relations are there on X 7
Answer: 512. How come?

The number of relations of a finite set X
is equal to the number of elements in P(X x X).

If X has n elements, then X x X has n? elements, ,
and P(X x X) has 2™ elements.

. . 2
So the number of relations on a set of 3 elements is 23 =2 =512.

P(X x X)is a huge set!

25 / 49



MAT 250
Relation “S" Lecture 9

Modular Arithmetic

26 / 49



MAT 250
Relation “S" Lecture 9

Modular Arithmetic

Notation.

26 / 49



MAT 250
Relatlon “S" Lecture 9

Modular Arithmetic

Notation. Let R be a relation on X,

26 / 49



MAT 250
Relatlon “S" Lecture 9

Modular Arithmetic

Notation. Let R be a relationon X, and z,ye X .

26 / 49



MAT 250
Relatlon “S" Lecture 9

Modular Arithmetic

Notation. Let R be a relationon X, and z,ye X .
If (z,y)€eR

26 / 49



MAT 250
Relatlon “S" Lecture 9

Modular Arithmetic

Notation. Let R be a relationon X, and z,y¢ X.
If (x,y) € R then we say that “x is related to y"

26 / 49



MAT 250
Relatlon “S" Lecture 9

Modular Arithmetic

Notation. Let R be a relationon X, and z,ye X .
If (z,y) € R then we say that “z is related to y"” and write x Ry .

Example 1.

26 / 49



MAT 250
Relatlon “S" Lecture 9

Modular Arithmetic

Notation. Let R be a relationon X, and z,ye X .
If (z,y) € R then we say that “z is related to y"” and write x Ry .

Example 1. Let X =R.

26 / 49



MAT 250
Relatlon “S" Lecture 9

Modular Arithmetic

Notation. Let R be a relationon X, and z,ye X .
If (z,y) € R then we say that “z is related to y"” and write x Ry .

Example 1. Let X =R. The inequality <

26 / 49



MAT 250
Relatlon “S" Lecture 9

Modular Arithmetic

Notation. Let R be a relationon X, and z,ye X .
If (z,y) € R then we say that “z is related to y"” and write x Ry .

Example 1. Let X =R. The inequality < is a relation R. on R:

26 / 49



MAT 250
Relatlon “S" Lecture 9

Modular Arithmetic

Notation. Let R be a relationon X, and z,ye X .
If (z,y) € R then we say that “z is related to y"” and write x Ry .

Example 1. Let X =R. The inequality < is a relation R. on R:
(r,y) e R« < x<y.

26 / 49



MAT 250
Relatlon “S" Lecture 9

Modular Arithmetic

Notation. Let R be a relationon X, and z,ye X .
If (z,y) € R then we say that “z is related to y"” and write x Ry .

Example 1. Let X =R. The inequality < is a relation R. on R:
(r,y) e R« < x<y.
Is it true that 1 is related to 27

26 / 49



MAT 250
Relatlon “S" Lecture 9

Modular Arithmetic

Notation. Let R be a relationon X, and z,ye X .
If (z,y) € R then we say that “z is related to y"” and write x Ry .

Example 1. Let X =R. The inequality < is a relation R. on R:
(r,y) e R« < x<y.
s it true that 1 is related to 27 Thatis, (1,2) e R.7?

26 / 49



MAT 250
Relatlon “S" Lecture 9

Modular Arithmetic

Notation. Let R be a relationon X, and z,ye X .
If (z,y) € R then we say that “z is related to y"” and write x Ry .

Example 1. Let X =R. The inequality < is a relation R. on R:
(r,y) e R« < x<y.
s it true that 1 is related to 27 Thatis, (1,2) € R<? Yes, since

26 / 49



MAT 250
Relatlon “S" Lecture 9

Modular Arithmetic

Notation. Let R be a relationon X, and z,ye X .
If (z,y) € R then we say that “z is related to y"” and write x Ry .

Example 1. Let X =R. The inequality < is a relation R. on R:
(r,y) e R« <— z<y.
s it true that 1 is related to 27 Thatis, (1,2) € R<? Yes, since
(1,2) € R

26 / 49



MAT 250
Relatlon “S" Lecture 9

Modular Arithmetic

Notation. Let R be a relationon X, and z,ye X .
If (z,y) € R then we say that “z is related to y"” and write x Ry .

Example 1. Let X =R. The inequality < is a relation R. on R:
(r,y) e R« <— z<y.
s it true that 1 is related to 27 Thatis, (1,2) € R<? Yes, since
(1,2) e R <= 1<2,

26 / 49



MAT 250
Relatlon “S" Lecture 9

Modular Arithmetic

Notation. Let R be a relationon X, and z,ye X .
If (z,y) € R then we say that “z is related to y"” and write x Ry .

Example 1. Let X =R. The inequality < is a relation R. on R:
(r,y) e R« <— z<y.
s it true that 1 is related to 27 Thatis, (1,2) € R<? Yes, since
(1,2) € R« < 1<2, which is true.

26 / 49



MAT 250
Relatlon “S" Lecture 9

Modular Arithmetic

Notation. Let R be a relationon X, and z,ye X .
If (z,y) € R then we say that “z is related to y"” and write x Ry .

Example 1. Let X =R. The inequality < is a relation R. on R:
(r,y) e R« <— z<y.
s it true that 1 is related to 27 Thatis, (1,2) € R<? Yes, since
(1,2) € R« < 1<2, which is true.

Is it true that 2 is related to 17

26 / 49



MAT 250
Relatlon “S" Lecture 9

Modular Arithmetic

Notation. Let R be a relationon X, and z,ye X .
If (z,y) € R then we say that “z is related to y"” and write x Ry .

Example 1. Let X =R. The inequality < is a relation R. on R:
(r,y) e R« <— z<y.
s it true that 1 is related to 27 Thatis, (1,2) € R<? Yes, since
(1,2) € R« < 1<2, which is true.

s it true that 2 is related to 17 Thatis, (2,1) € R 7

26 / 49



MAT 250
Relatlon “S" Lecture 9

Modular Arithmetic

Notation. Let R be a relationon X, and z,ye X .
If (z,y) € R then we say that “z is related to y"” and write x Ry .

Example 1. Let X =R. The inequality < is a relation R. on R:
(r,y) e R« <— z<y.
s it true that 1 is related to 27 Thatis, (1,2) € R<? Yes, since
(1,2) € R« < 1<2, which is true.

s it true that 2 is related to 17 Thatis, (2,1) € R<? No, since

26 / 49



MAT 250
Relatlon “S" Lecture 9

Modular Arithmetic

Notation. Let R be a relationon X, and z,ye X .
If (z,y) € R then we say that “z is related to y"” and write x Ry .

Example 1. Let X =R. The inequality < is a relation R. on R:
(r,y) e R« <— z<y.
s it true that 1 is related to 27 Thatis, (1,2) € R<? Yes, since
(1,2) € R« < 1<2, which is true.

s it true that 2 is related to 17 Thatis, (2,1) € R<? No, since
(2, 1) € RS

26 / 49



MAT 250
Relatlon “S" Lecture 9

Modular Arithmetic

Notation. Let R be a relationon X, and z,ye X .
If (z,y) € R then we say that “z is related to y"” and write x Ry .

Example 1. Let X =R. The inequality < is a relation R. on R:
(r,y) e R« <— z<y.
s it true that 1 is related to 27 Thatis, (1,2) € R<? Yes, since
(1,2) € R« < 1<2, which is true.

s it true that 2 is related to 17 Thatis, (2,1) € R<? No, since
(2,1) e Rc — 2<1,

26 / 49



MAT 250
Relatlon “S" Lecture 9

Modular Arithmetic

Notation. Let R be a relationon X, and z,ye X .
If (z,y) € R then we say that “z is related to y"” and write x Ry .

Example 1. Let X =R. The inequality < is a relation R. on R:
(r,y) e R« <— z<y.
s it true that 1 is related to 27 Thatis, (1,2) € R<? Yes, since
(1,2) € R« < 1<2, which is true.

s it true that 2 is related to 17 Thatis, (2,1) € R<? No, since
(2,1) e R« < 2<1, which is false.

26 / 49



MAT 250
Relatlon “S" Lecture 9

Modular Arithmetic

Notation. Let R be a relationon X, and z,ye X .
If (z,y) € R then we say that “z is related to y"” and write x Ry .

Example 1. Let X =R. The inequality < is a relation R. on R:
(r,y) e R« <— z<y.
s it true that 1 is related to 27 Thatis, (1,2) € R<? Yes, since
(1,2) € R« < 1<2, which is true.

s it true that 2 is related to 17 Thatis, (2,1) € R<? No, since
(2,1) e R« < 2<1, which is false.

The relation R. is a subset of the plane:

26 / 49



MAT 250
Relatlon “S" Lecture 9

Modular Arithmetic

Notation. Let R be a relationon X, and z,ye X .
If (z,y) € R then we say that “z is related to y"” and write x Ry .

Example 1. Let X =R. The inequality < is a relation R. on R:
(r,y) e R« <— z<y.
s it true that 1 is related to 27 Thatis, (1,2) € R<? Yes, since
(1,2) € R« < 1<2, which is true.

s it true that 2 is related to 17 Thatis, (2,1) € R<? No, since
(2,1) e R« < 2<1, which is false.

The relation R. is a subset of the plane: R. = {(z,y) e R? |z <y}

26 / 49



MAT 250
Relatlon “S" Lecture 9

Modular Arithmetic

Notation. Let R be a relationon X, and z,ye X .
If (z,y) € R then we say that “z is related to y"” and write x Ry .

Example 1. Let X =R. The inequality < is a relation R. on R:
(r,y) e R« <— z<y.
s it true that 1 is related to 27 Thatis, (1,2) € R<? Yes, since
(1,2) € R« < 1<2, which is true.

s it true that 2 is related to 17 Thatis, (2,1) € R<? No, since
(2,1) e R« < 2<1, which is false.

The relation R< is a subset of the plane: R. = {(z,y) e R? |z <y} c R?,
so we may draw the graph of R..

26 / 49



MAT 250
Relatlon “S" Lecture 9

Modular Arithmetic

Notation. Let R be a relationon X, and z,ye X .
If (z,y) € R then we say that “z is related to y"” and write x Ry .

Example 1. Let X =R. The inequality < is a relation R. on R:
(r,y) e R« <— z<y.
s it true that 1 is related to 27 Thatis, (1,2) € R<? Yes, since
(1,2) € R« < 1<2, which is true.

s it true that 2 is related to 17 Thatis, (2,1) € R<? No, since
(2,1) e R« < 2<1, which is false.

The relation R< is a subset of the plane: R. = {(z,y) e R? |z <y} c R?,
Y, so we may draw the graph of R..

26 / 49



MAT 250
Relatlon “S" Lecture 9

Modular Arithmetic

Notation. Let R be a relationon X, and z,ye X .
If (z,y) € R then we say that “z is related to y"” and write x Ry .

Example 1. Let X =R. The inequality < is a relation R. on R:
(r,y) e R« <— z<y.
s it true that 1 is related to 27 Thatis, (1,2) € R<? Yes, since
(1,2) € R« < 1<2, which is true.

s it true that 2 is related to 17 Thatis, (2,1) € R<? No, since
(2,1) e R« < 2<1, which is false.

The relation R< is a subset of the plane: R. = {(z,y) e R? |z <y} c R?,
Y, so we may draw the graph of R..

R / Ve,ye R (x,y) e R< or (y,x) € R<.
/\ >$ a:zy y;x

26 / 49



MAT 250
Relation of inclusion Lecture 9

Modular Arithmetic

27 / 49



MAT 250
Relation of inclusion Lecture 9

Modular Arithmetic

Example 2.

27 / 49



MAT 250
Relation of inclusion Lecture 9

Modular Arithmetic

Example 2. Let X be a set,

27 / 49



MAT 250
Relation of inclusion Lecture 9

Modular Arithmetic

Example 2. Let X be a set, and P(X) be its power set.

27 / 49



MAT 250
Relation of inclusion Lecture 9

Modular Arithmetic

Example 2. Let X be a set, and P(X) be its power set.
Inclusion c

27 / 49



MAT 250
Relation of inclusion Lecture 9

Modular Arithmetic

Example 2. Let X be a set, and P(X) be its power set.
Inclusion c is a relation Rc on P(X):

27 / 49



MAT 250
Relation of inclusion Lecture 9

Modular Arithmetic

Example 2. Let X be a set, and P(X) be its power set.

Inclusion c is a relation Rc on P(X):
VA,B e P(X)

27 / 49



MAT 250
Relation of inclusion Lecture 9

Modular Arithmetic

Example 2. Let X be a set, and P(X) be its power set.

Inclusion c is a relation Rc on P(X):
VA,BeP(X) (A,B)eR. < AcB.

27 / 49



MAT 250
Relation of inclusion Lecture 9

Modular Arithmetic

Example 2. Let X be a set, and P(X) be its power set.

Inclusion c is a relation Rc on P(X):
VA,BeP(X) (A,B)eR. < AcB.

X

27 / 49



MAT 250
Relation of inclusion Lecture 9

Modular Arithmetic

Example 2. Let X be a set, and P(X) be its power set.

Inclusion c is a relation R on P(X):
VA, BeP(X) (A,B)eR. < AcB.

X

27 / 49



MAT 250
Relation of inclusion Lecture 9

Modular Arithmetic

Example 2. Let X be a set, and P(X) be its power set.

Inclusion c is a relation R on P(X):
VA, BeP(X) (A,B)eR. < AcB.

X

27 / 49



MAT 250
Relation of inclusion Lecture 9

Modular Arithmetic

Example 2. Let X be a set, and P(X) be its power set.

Inclusion c is a relation R on P(X):
VA, BeP(X) (A,B)eR. < AcB.

X

(A, B) € Rc since

27 / 49



MAT 250
Relation of inclusion Lecture 9

Modular Arithmetic

Example 2. Let X be a set, and P(X) be its power set.

Inclusion c is a relation R on P(X):
VA, BeP(X) (A,B)eR. < AcB.

X

(A, B) € Rc since
AcB

27 / 49



MAT 250
Relation of inclusion Lecture 9

Modular Arithmetic

Example 2. Let X be a set, and P(X) be its power set.

Inclusion c is a relation R on P(X):
VA, BeP(X) (A,B)eR. < AcB.

X X

(A, B) € Rc since
AcB

27 / 49



MAT 250
Relation of inclusion Lecture 9

Modular Arithmetic

Example 2. Let X be a set, and P(X) be its power set.

Inclusion c is a relation R on P(X):
VA, BeP(X) (A,B)eR. < AcB.

) .X
(A, B) € Rc since
AcB

27 / 49



MAT 250
Relation of inclusion Lecture 9

Modular Arithmetic

Example 2. Let X be a set, and P(X) be its power set.
Inclusion c is a relation R on P(X):

”X

VA, BeP(X) (A,B)eR. < AcB.

X

(A, B) € Rc since
AcB

27 / 49



MAT 250
Relation of inclusion Lecture 9

Modular Arithmetic

Example 2. Let X be a set, and P(X) be its power set.
Inclusion c is a relation R on P(X):

”X
(A, B) € Rc since (A,B) ¢ Rc since
AcB

VA, BeP(X) (A,B)eR. < AcB.

X

27 / 49



MAT 250
Relation of inclusion Lecture 9

Modular Arithmetic

Example 2. Let X be a set, and P(X) be its power set.
Inclusion c is a relation R on P(X):

”X
(A, B) € Rc since (A,B) ¢ Rc since
AcB A¢B

VA, BeP(X) (A,B)eR. < AcB.

X

27 / 49



MAT 250
Relation of inclusion Lecture 9

Modular Arithmetic

Example 2. Let X be a set, and P(X) be its power set.
Inclusion c is a relation R on P(X):

”X
(A, B) € Rc since (A,B) ¢ Rc since
AcB A¢B

VA, BeP(X) (A,B)eR. < AcB.

X

Is it true that VA, B e P(X)

27 / 49



MAT 250
Relation of inclusion Lecture 9

Modular Arithmetic

Example 2. Let X be a set, and P(X) be its power set.
Inclusion c is a relation R on P(X):

”X
(A, B) € Rc since (A,B) ¢ Rc since
AcB A¢B

VA, BeP(X) (A,B)eR. < AcB.

X

s it true that VA, BeP(X) (A,B)eRc or (B,A)e R.7?

AcB BcA

27 / 49



MAT 250
Relation of inclusion Lecture 9

Modular Arithmetic

Example 2. Let X be a set, and P(X) be its power set.
Inclusion c is a relation R on P(X):

”X
(A, B) € Rc since (A,B) ¢ Rc since
AcB A¢B

VA, BeP(X) (A,B)eR. < AcB.

X

s it true that VA, BeP(X) (A,B)eR. or (B,A)e R.? No!

AcB BcA

27 / 49



MAT 250
Relation of divisibility Lecture 9

Modular Arithmetic

28 / 49



MAT 250
Relation of divisibility Lecture 9

Modular Arithmetic

Example 3.

28 / 49



MAT 250
Relation of divisibility Lecture 9

Modular Arithmetic

Example 3. Define a relation of divisibility on N as follows:

28 / 49



MAT 250
Relation of divisibility Lecture 9

Modular Arithmetic

Example 3. Define a relation of divisibility on N as follows:
a|lb < b=a-k for some keN.

28 / 49



MAT 250
Relation of divisibility Lecture 9

Modular Arithmetic

Example 3. Define a relation of divisibility on N as follows:
a|lb < b=a-k for some keN.

2|6

28 / 49



MAT 250
Relation of divisibility Lecture 9

Modular Arithmetic

Example 3. Define a relation of divisibility on N as follows:
a|lb < b=a-k for some keN.

2|6 since 6=2-3,

28 / 49



MAT 250
Relation of divisibility Lecture 9

Modular Arithmetic

Example 3. Define a relation of divisibility on N as follows:
a|lb < b=a-k for some keN.

2|6 since 6=2-3,
34 10

28 / 49



MAT 250
Relation of divisibility Lecture 9

Modular Arithmetic

Example 3. Define a relation of divisibility on N as follows:
a|lb < b=a-k for some keN.

2|6 since 6=2-3,
3 + 10 since thereis no k€N such that 10=3-k,

28 / 49



MAT 250
Relation of divisibility Lecture 9

Modular Arithmetic

Example 3. Define a relation of divisibility on N as follows:
a|lb < b=a-k for some keN.

2|6 since 6=2-3,
3 + 10 since thereis no k€N such that 10=3-k,

VaeN 1|a

28 / 49



MAT 250
Relation of divisibility Lecture 9

Modular Arithmetic

Example 3. Define a relation of divisibility on N as follows:
a|lb < b=a-k for some keN.

2|6 since 6=2-3,
3 + 10 since thereis no k€N such that 10=3-k,

VaeN 1|a and ala.

28 / 49



MAT 250
Relation of congruence modulo 3 Lecture 9

Modular Arithmetic

29 / 49



MAT 250
Relation of congruence modulo 3 Lecture 9

Modular Arithmetic

Example 4.

29 / 49



MAT 250
Relation of congruence modulo 3 Lecture 9

Modular Arithmetic

Example 4. Define a relation of congruence modulo 3 on Z as follows:

29 / 49



MAT 250
Relation of congruence modulo 3 Lecture 9

Modular Arithmetic

Example 4. Define a relation of congruence modulo 3 on Z as follows:
a=b mod 3

29 / 49



MAT 250
Relation of congruence modulo 3 Lecture 9

Modular Arithmetic

Example 4. Define a relation of congruence modulo 3 on Z as follows:
a=b mod3 < 3|(a-b).

29 / 49



MAT 250
Relation of congruence modulo 3 Lecture 9

Modular Arithmetic

Example 4. Define a relation of congruence modulo 3 on Z as follows:
a=b mod3 < 3|(a-b).

a=b mod 3

29 / 49



MAT 250
Relation of congruence modulo 3 Lecture 9

Modular Arithmetic

Example 4. Define a relation of congruence modulo 3 on Z as follows:
a=b mod3 < 3|(a-b).

a=b mod3 < 3|(a-0b)

29 / 49



MAT 250
Relation of congruence modulo 3 Lecture 9

Modular Arithmetic

Example 4. Define a relation of congruence modulo 3 on Z as follows:
a=b mod3 < 3|(a-b).

a=b mod3 < 3|(a-b) < a and b have the same remainder

29 / 49



MAT 250
Relation of congruence modulo 3 Lecture 9

Modular Arithmetic

Example 4. Define a relation of congruence modulo 3 on Z as follows:
a=b mod3 < 3|(a-b).

a=b mod3 < 3|(a-b) < a and b have the same remainder
when divided by 3.

29 / 49



MAT 250
Relation of congruence modulo 3 Lecture 9

Modular Arithmetic

Example 4. Define a relation of congruence modulo 3 on Z as follows:
a=b mod3 < 3|(a-b).

a=b mod3 < 3|(a-b) < a and b have the same remainder
when divided by 3.

=2 mod 3

29 / 49



MAT 250
Relation of congruence modulo 3 Lecture 9

Modular Arithmetic

Example 4. Define a relation of congruence modulo 3 on Z as follows:
a=b mod3 < 3|(a-b).

a=b mod3 < 3|(a-b) < a and b have the same remainder
when divided by 3.

5=2 mod 3 since 3|(5-2)

29 / 49



MAT 250
Relation of congruence modulo 3 Lecture 9

Modular Arithmetic

Example 4. Define a relation of congruence modulo 3 on Z as follows:
a=b mod3 < 3|(a-b).
a=b mod3 < 3|(a-b) < a and b have the same remainder
when divided by 3.
5=2 mod 3 since 3|(5-2)

-4 =20 mod 3

29 / 49



MAT 250
Relation of congruence modulo 3 Lecture 9

Modular Arithmetic

Example 4. Define a relation of congruence modulo 3 on Z as follows:
a=b mod3 < 3|(a-b).
a=b mod3 < 3|(a-b) < a and b have the same remainder
when divided by 3.
5=2 mod 3 since 3|(5-2)

-4 =20 mod 3 since 3| (-4 -20)

-24

29 / 49



MAT 250
Relation of congruence modulo 3 Lecture 9

Modular Arithmetic

Example 4. Define a relation of congruence modulo 3 on Z as follows:
a=b mod3 < 3|(a-b).

a=b mod3 < 3|(a-b) < a and b have the same remainder
when divided by 3.

5=2 mod 3 since 3|(5-2)
-4 =20 mod 3 since 3| (-4 -20)

24
16 =16 mod 3

29 / 49



MAT 250
Relation of congruence modulo 3 Lecture 9

Modular Arithmetic

Example 4. Define a relation of congruence modulo 3 on Z as follows:
a=b mod3 < 3|(a-b).

a=b mod3 < 3|(a-b) < a and b have the same remainder
when divided by 3.

5=2 mod 3 since 3|(5-2)
-4 =20 mod 3 since 3| (-4 -20)

24
16 =16 mod 3 since 3| (16 —16)

) S S—
0

29 / 49



MAT 250
Relation of congruence modulo 3 Lecture 9

Modular Arithmetic

Example 4. Define a relation of congruence modulo 3 on Z as follows:
a=b mod3 < 3|(a-b).

a=b mod3 < 3|(a-b) < a and b have the same remainder
when divided by 3.
5=2 mod 3 since 3|(5-2)

-4 =20 mod 3 since 3| (-4 -20)

24
16 =16 mod 3 since 3| (16 —16)

) S S—
0

2019 =0 mod 3

29 / 49



MAT 250
Relation of congruence modulo 3 Lecture 9

Modular Arithmetic

Example 4. Define a relation of congruence modulo 3 on Z as follows:
a=b mod3 < 3|(a-b).

a=b mod3 < 3|(a-b) < a and b have the same remainder
when divided by 3.
5=2 mod 3 since 3|(5-2)

-4 =20 mod 3 since 3| (-4 -20)

24
16 =16 mod 3 since 3| (16 —16)

) S S—
0

2019=0 mod 3 since 3|(2019-0)

29 / 49



MAT 250

Criteria for divisibility by 3 and 9 recture 9

Modular Arithmetic

Lemma.

30 / 49



MAT 250

Criteria for divisibility by 3 and 9 recture 9

Modular Arithmetic

Lemma. A number is divisible by 3

30 / 49



MAT 250

Criteria for divisibility by 3 and 9 vecture 9

Modular Arithmetic

Lemma. A number is divisible by 3 iff the sum of its digits is divisible by 3.

30 / 49



MAT 250

Criteria for divisibility by 3 and 9 vecture 9

Modular Arithmetic

Lemma. A number is divisible by 3 iff the sum of its digits is divisible by 3.
Proof.

30 / 49



MAT 250

Criteria for divisibility by 3 and 9 recture 9

Modular Arithmetic

Lemma. A number is divisible by 3 iff the sum of its digits is divisible by 3.

Proof. Let a number N is written with digits ag,a1,a9,...,a,_1, 0, .

30 / 49



MAT 250

Criteria for divisibility by 3 and 9 recture 9

Modular Arithmetic

Lemma. A number is divisible by 3 iff the sum of its digits is divisible by 3.

Proof. Let a number NN is written with digits ag,a1,a9,...,a,-1,a, . Then

30 / 49



MAT 250

Criteria for divisibility by 3 and 9 recture 9

Modular Arithmetic

Lemma. A number is divisible by 3 iff the sum of its digits is divisible by 3.
Proof. Let a number NN is written with digits ag,a1,a9,...,a,-1,a, . Then

N=a, -10"+a,_1-10" 1 +---+a5-10% + a1 - 10 + ag

30 / 49



MAT 250

Criteria for divisibility by 3 and 9 recture 9

Modular Arithmetic

Lemma. A number is divisible by 3 iff the sum of its digits is divisible by 3.

Proof. Let a number NN is written with digits ag,a1,a9,...,a,-1,a, . Then

N=a, -10"+a,_1-10" 1 +---+a5-10% + a1 - 10 + ag

=y, -(99...941) +a,_1-(99...941)+---+as-(99+1) +a1(9+1) + ag
~— ~—

n n—1

30 / 49



MAT 250

Criteria for divisibility by 3 and 9 recture 9

Modular Arithmetic

Lemma. A number is divisible by 3 iff the sum of its digits is divisible by 3.

Proof. Let a number NN is written with digits ag,a1,a9,...,a,-1,a, . Then

N=a, -10"+a,_1-10" 1 +---+a5-10% + a1 - 10 + ag
=y, -(99...941) +a,_1-(99...941)+---+as-(99+1) +a1(9+1) + ag
~— ~—
n n—1

=(an99...9+an-1-99...9+ - +az-99+a; -9)

divisible by 3

+(ay, +ap_1+--+as+ay+ag).

30 / 49



MAT 250

Criteria for divisibility by 3 and 9 recture 9

Modular Arithmetic

Lemma. A number is divisible by 3 iff the sum of its digits is divisible by 3.

Proof. Let a number NN is written with digits ag,a1,a9,...,a,-1,a, . Then

N=a, -10"+a,_1-10" 1 +---+a5-10% + a1 - 10 + ag
=y, -(99...941) +a,_1-(99...941)+---+as-(99+1) +a1(9+1) + ag
~— ~—
n n—1

=(an99...9+an-1-99...9+ - +az-99+a; -9)

divisible by 3
+(ay, +ap_1+--+as+ay+ag).
Therefore, N is divisible by 3 iff

the sum a,, + a,_1 +---+as +a; +ag of its digits is divisible by 3.

30 / 49



MAT 250

Criteria for divisibility by 3 and 9 recture 9

Modular Arithmetic

Lemma. A number is divisible by 3 iff the sum of its digits is divisible by 3.

Proof. Let a number NN is written with digits ag,a1,a9,...,a,-1,a, . Then

N=a, -10"+a,_1-10" 1 +---+a5-10% + a1 - 10 + ag
=y, -(99...941) +a,_1-(99...941)+---+as-(99+1) +a1(9+1) + ag
~— ~—
n n—1

=(an99...9+an-1-99...9+ - +az-99+a; -9)

divisible by 3
+(ay, +ap_1+--+as+ay+ag).
Therefore, N is divisible by 3 iff

the sum a,, + a,_1 +---+as +a; +ag of its digits is divisible by 3.

Remark. The same proof proves that,

30 / 49



MAT 250

Criteria for divisibility by 3 and 9 recture 9

Modular Arithmetic

Lemma. A number is divisible by 3 iff the sum of its digits is divisible by 3.

Proof. Let a number NN is written with digits ag,a1,a9,...,a,-1,a, . Then

N=a, -10"+a,_1-10" 1 +---+a5-10% + a1 - 10 + ag
=y, -(99...941) +a,_1-(99...941)+---+as-(99+1) +a1(9+1) + ag
~— ~—
n n—1

=(an99...9+an-1-99...9+ - +az-99+a; -9)

divisible by 3
+(ay, +ap_1+--+as+ay+ag).
Therefore, N is divisible by 3 iff

the sum a,, + a,_1 +---+as +a; +ag of its digits is divisible by 3.

Remark. The same proof proves that,
a number is divisible by 9

30 / 49



MAT 250

Criteria for divisibility by 3 and 9 recture 9

Modular Arithmetic

Lemma. A number is divisible by 3 iff the sum of its digits is divisible by 3.

Proof. Let a number NN is written with digits ag,a1,a9,...,a,-1,a, . Then

N=a, -10"+a,_1-10" 1 +---+a5-10% + a1 - 10 + ag
=y, -(99...941) +a,_1-(99...941)+---+as-(99+1) +a1(9+1) + ag
~— ~—
n n—1

=(an99...9+an-1-99...9+ - +az-99+a; -9)

divisible by 3
+(ay, +ap_1+--+as+ay+ag).
Therefore, N is divisible by 3 iff

the sum a,, + a,_1 +---+as +a; +ag of its digits is divisible by 3.

Remark. The same proof proves that,
a number is divisible by 9 iff the sum of its digits is divisible by 9.

30 / 49



MAT 250
Terminology Lecture 9

Modular Arithmetic

31 / 49



MAT 250
Terminology Lecture 9

Modular Arithmetic

Relations may differ by their properties.

31/ 49



MAT 250
Terminology Lecture 9

Modular Arithmetic

Relations may differ by their properties. Here are some of them:

31/ 49



MAT 250
Terminology Lecture 9

Modular Arithmetic

Relations may differ by their properties. Here are some of them:

A relation R on a set X s called

31/ 49



MAT 250
Terminology Lecture 9

Modular Arithmetic

Relations may differ by their properties. Here are some of them:
A relation R on a set X s called

reflexive

31/ 49



MAT 250
Terminology Lecture 9

Modular Arithmetic

Relations may differ by their properties. Here are some of them:
A relation R on a set X s called

reflexive if Vxe X xRz

31/ 49



MAT 250
Terminology Lecture 9

Modular Arithmetic

Relations may differ by their properties. Here are some of them:
A relation R on a set X s called

reflexive if Vxe X zRx for example, <

31/ 49



MAT 250
Lecture 9

Term|n0|0gy Modular Arithmetic

Relations may differ by their properties. Here are some of them:
A relation R on a set X s called
reflexive if Vxe X zRzx for example, <

irreflexive

31/ 49



MAT 250
Lecture 9

Term|n0|0gy Modular Arithmetic

Relations may differ by their properties. Here are some of them:
A relation R on a set X s called
reflexive if Vxe X zRzx for example, <

irreflexive if Ve X —(xRux)

31/ 49



MAT 250
Lecture 9

Term|n0|0gy Modular Arithmetic

Relations may differ by their properties. Here are some of them:
A relation R on a set X s called
reflexive if Vxe X zRzx for example, <

irreflexive if Ve X =(xzRux) for example, <

31/ 49



MAT 250
Lecture 9

Term|n0|0gy Modular Arithmetic

Relations may differ by their properties. Here are some of them:

A relation R on a set X s called

reflexive if Vre X xRz for example, <
irreflexive if Vre X —(zRx) for example, <
symmetric

31/ 49



Terminology

MAT 250
Lecture 9
Modular Arithmetic

Relations may differ by their properties. Here are some of them:

A relation R on a set X s called
reflexive if Vxe X xRz

irreflexive if Ve X =(xzRux)

symmetric if Vx,ye X xRy — yR«x

for example, <

for example, <

31/ 49



MAT 250
Lecture 9

Term|n0|0gy Modular Arithmetic

Relations may differ by their properties. Here are some of them:

A relation R on a set X s called

reflexive if Vre X xRz for example, <
irreflexive if Vre X —(zRx) for example, <
symmetric if Vox,ye X xRy — yRx for example, ||

31/ 49



MAT 250
Lecture 9

TermanI()gy Modular Arithmetic

Relations may differ by their properties. Here are some of them:

A relation R on a set X s called

reflexive if Vre X xRz for example, <
irreflexive if Ve X —(xRx) for example, <
symmetric if Vox,ye X xRy — yRx for example, ||

antisymmetric

31/ 49



MAT 250
Lecture 9

TermanI()gy Modular Arithmetic

Relations may differ by their properties. Here are some of them:

A relation R on a set X s called

reflexive if Vre X xRz for example, <
irreflexive if Ve X —(xRx) for example, <
symmetric if Vox,ye X xRy — yRx for example, ||

antisymmetric if Vz,ye X xrRyryRx — x =y

31/ 49



MAT 250
Lecture 9

TermanI()gy Modular Arithmetic

Relations may differ by their properties. Here are some of them:

A relation R on a set X s called

reflexive if Vre X xRz for example, <
irreflexive if Ve X —(xRx) for example, <
symmetric if Vox,ye X xRy — yRx for example, ||

antisymmetric if Vx,ye X xrRyArnyRx =— z=y  for example, c

31/ 49



MAT 250
Lecture 9

TermanI()gy Modular Arithmetic

Relations may differ by their properties. Here are some of them:

A relation R on a set X s called

reflexive if Vre X xRz for example, <
irreflexive if Ve X —(xRx) for example, <
symmetric if Vox,ye X xRy — yRx for example, ||

antisymmetric if Vx,ye X xrRyArnyRx =— z=y  for example, c

transitive

31/ 49



MAT 250
Lecture 9

TermanI()gy Modular Arithmetic

Relations may differ by their properties. Here are some of them:

A relation R on a set X s called

reflexive if Vre X xRz for example, <
irreflexive if Ve X —(xRx) for example, <
symmetric if Vox,ye X xRy — yRx for example, ||

antisymmetric if Vx,ye X xrRyArnyRx =— z=y  for example, c

transitive if Vo, y,2¢e X zRyAyRz =— xRz

31/ 49



MAT 250
Lecture 9

TermanI()gy Modular Arithmetic

Relations may differ by their properties. Here are some of them:

A relation R on a set X s called

reflexive if Vre X xRz for example, <
irreflexive if Ve X —(xRx) for example, <
symmetric if Vox,ye X xRy — yRx for example, ||

antisymmetric if Vx,ye X xrRyArnyRx =— z=y  for example, c

transitive if Vo, y,2¢e X zRyAyRz =— xRz for example, <

31/ 49



MAT 250
Lecture 9

Termln()Iogy Modular Arithmetic

Relations may differ by their properties. Here are some of them:

A relation R on a set X s called

reflexive if Vre X xRz for example, <
irreflexive if Ve X —(xRx) for example, <
symmetric if Vox,ye X xRy — yRx for example, ||

antisymmetric if Vx,ye X xrRyArnyRx =— z=y  for example, c
transitive if Vo, y,2¢e X zRyAyRz =— xRz for example, <

total

31/ 49



MAT 250
Lecture 9

Termln()Iogy Modular Arithmetic

Relations may differ by their properties. Here are some of them:

A relation R on a set X s called

reflexive if Vre X xRz for example, <
irreflexive if Ve X —(xRx) for example, <
symmetric if Vox,ye X xRy — yRx for example, ||

antisymmetric if Vx,ye X xrRyArnyRx =— z=y  for example, c
transitive if Vo, y,2¢e X zRyAyRz =— xRz for example, <

total if Vx,ye X axRyvyRx

31/ 49



MAT 250
Lecture 9

Termln()Iogy Modular Arithmetic

Relations may differ by their properties. Here are some of them:

A relation R on a set X s called

reflexive if Vre X xRz for example, <
irreflexive if Ve X —(xRx) for example, <
symmetric if Vox,ye X xRy — yRx for example, ||

antisymmetric if Vx,ye X xrRyArnyRx =— z=y  for example, c
transitive if Vo, y,2¢e X zRyAyRz =— xRz for example, <

total if Vx,ye X axRyvyRx for example, <

31/ 49



MAT 250
Properties of relations Lecture 9

Modular Arithmetic

32 / 49



Properties of relations

MAT 250

Lecture 9
Modular Arithmetic

< onR = mod 3 on Z c on P(X) divisibility on N
reflexive reflexive reflexive reflexive
r<x a=a mod 3 AcA ala
antisymmetric symmetric antisymmetric antisymmetric
TEYANY<LxT a=b mod3 AcBABCcA albArb|a
— =Y — b=a mod 3 — A=1RB = a=b
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We have seen two constructions:

1. each partition X of a set X gives rise to the equivalence relation ~» on X
2. and each equivalence relation on X gives rise to the partition

formed by equivalence classes.
It is easy to see that these constructions defines bijections

between the set of all equivalence relations on a set X
and the set of all partitions on X
inverse to each other.

Exercise. Verify that these two maps are really inverse to each other.
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and denoted by X/.. .

By definition, X /.={[x]|xe X}.
In other words, the quotient set X/.

is the partition of X by equivalence classes for ~ .

The partition and the quotient set are
sets which consist of the same elements,

hence they coincide.
Why the same set has two names? partition and quotient set.
There is a stylistic difference between usage of these terms.

If we remember that the equivalence classes are subsets of X
and keep track of their internal structure, then we speak on a partition.

If we think of them as atoms, ignoring their possible internal structure,
then we speak about a quotient set.

Moreover, for a partition 3 of X, we use notation X/x .
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The map pr.: X — X/. defined by = — [x] is called the quotient projection.
The quotient projection is surjective.
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Classification problem for surjections.
A surjection X ER Y is isomorphic to the projection X — X/. .

Invariant: a family of sets,
which form the partition of X to f~(b) with beY (or equivalence relation ~ ).

Families of sets form a category.
Families I' and A of sets are equivalent

if there exists a bijection I' > A formed of bijections.
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Objects are maps f: X — X, where X is a set.
A morphism (XLX) > (YY) isamap X % ¥ such that hof=goh.

X —Y
It is presented by a diagram: lf gl which is commutative: ho f=goh.
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Categories in Linear Algebra.

46 / 49



MAT 250
Categorial generalizations of injective and surjective [ecte?
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Working with maps, we often consider elements of the source and target sets. However
often elements may be avoided and everything can be done on the categorical level,
replacing elements by compositions of maps.
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Let X,Y be posets, a map X — Y is called
monotonic, or monotone, or increasing if a <b =— f(a) < f(b).
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Losets and their monotone maps also form a category.
In both categories, isomorphism classes of objects are called order types.

Each poset (X, <) is a category, in which X is the set of objects
and for any a,be X with a <b there is a unique morphism a — b.

If a <b is false, then there is no morphism a — b.
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