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the set of all morphisms A→ B of the category C will be denoted by morC(A,B) .
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Let objects be real numbers, let for each A ∈ R the only morphism A→ A be idA .
Let there be a morphism A→ B iff A ≤ B , and let it be unique.
Does this define a category?
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What is the smallest category?

How small a category may be?

It must contain objects. At least, one.

Together with an object A , it must contain at least morphism idA .
This is the smallest category.

Let us keep requiring single object, but increase the set of morphisms A→ A .
Any morphisms f ∶ A→ A , g ∶ A→ A can be composed. So, we get f ○ g and g ○ f .
The composition is associative and has unit idA .
This is what is called monoid.
For example, Z , Q , R and C with the usual multiplication are monoids.

From any two categories C , D one may cook up a single category C ∐D
which would contain both C and D .
How to do this in the simplest way?

Let us reduce the sets of morphisms.
Let objects be real numbers, let for each A ∈ R the only morphism A→ A be idA .
Let there be a morphism A→ B iff A ≤ B , and let it be unique.
Does this define a category? How to define compositions of morphisms?
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A morphism T ∶ V →W is called invertible if there exists a morphism inverse to T .
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Proof Let S1 and S2 be inverse to T ∶ V →W . Then
S1 = S1 idW = S1(TS2) = (S1T )S2 = idV S2 = S2 ◻
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● The map inverse to an isomorphism is an isomorphism.

Relation of being isomorphic is equivalence.
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Objects V and W are called isomorphic if ∃ an isomorphism V →W .

Properties of isomorphisms
● An identity morphism is an isomorphism.
● The composition of isomorphisms is an isomorphism.
● The map inverse to an isomorphism is an isomorphism.

Relation of being isomorphic is equivalence.
It is reflexive, symmetric and transitive.
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Definition An invertible morphism is called an isomorphism.
Objects V and W are called isomorphic if ∃ an isomorphism V →W .

Properties of isomorphisms
● An identity morphism is an isomorphism.
● The composition of isomorphisms is an isomorphism.
● The map inverse to an isomorphism is an isomorphism.

Relation of being isomorphic is equivalence.
It is reflexive, symmetric and transitive.

Isomorphic objects may be not identically the same.
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In any category:

Definition An invertible morphism is called an isomorphism.
Objects V and W are called isomorphic if ∃ an isomorphism V →W .

Properties of isomorphisms
● An identity morphism is an isomorphism.
● The composition of isomorphisms is an isomorphism.
● The map inverse to an isomorphism is an isomorphism.

Relation of being isomorphic is equivalence.
It is reflexive, symmetric and transitive.

Isomorphic objects may be not identically the same.
The notion of isomorphism sets up a problem to classify objects in the category.
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if there exists an invertibe map (bijection) X → Y .

Notation: X ≈ Y .

By definition, X ≈ Y ⇐⇒ ∃X Ð→
bij.

Y

Thus sets isomorphic in the category of sets are called equipotent.

Definition. The class of sets equipotent to a set X

is called the cardinal number, or cardinality of X .

Notation: ∣X ∣ .

Example. The sets X = {1, 2, 3} and Y = {a, b, c} are equipotent,
since there exists a bijection X → Y ,

defined by 1↦ a , 2↦ b , 3 ↦ c .
We express this fact in the following way: X ≈ Y , or ∣X ∣ = ∣Y ∣ .

Cardinality measures the “size” of a set.

For finite sets, the cardinal number is the number of elements in a set,
as we will prove later.

However,
cardinalities of infinite sets and the numbers of elements of finite sets

have quite different properties.
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Hotel Infinity

Hilbert Hotel revisited.

https://www.youtube.com/watch?v=Uj3_KqkI9Zo&t=9s
https://www.youtube.com/watch?v=OxGsU8oIWjY&t=10s
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Let C and D be categories.

Maps F ∶ Ob(C) → Ob(D) and F ∶MorC(A,B) →MorD(F (A), F (B))
are said to form a (covariant) functor, if

F (f ○ g) = F (f) ○ F (g) for any f ∈MorC(A,B) and any g ∈MorC(B,C) , and
F (idA) = idF (A) for any A ∈ Ob(C) .

Example. Forgetting functor from the category of rings to the category of sets.

Similar more general example:
forgetting functor from a category of set with an additional structure to the category of
sets.

Any reasonable general construction converting a set to other set can be upgraded to a
functor.
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Notation: P(X)

By definition, P(X) = {A ∣ A ⊂X}

Control question. Can P(X) = ∅ ?

No. For any set X , ∅ ∈ P(X) and X ∈ P(X) .

Example. Let X = {1, 2, 3} . P(X) =?

P(X) = {∅, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3}}
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Definition. Let X be a set. The power set of X

is the set of all subsets of X .

Notation: P(X)

By definition, P(X) = {A ∣ A ⊂X}

Control question. Can P(X) = ∅ ?

No. For any set X , ∅ ∈ P(X) and X ∈ P(X) .

Example. Let X = {1, 2, 3} . P(X) =?

P(X) = {∅, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3}}

1 ∈X , 1 /∈ P(X) , 1 ⊂ P(X) ? No!
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Definition. Let X be a set. The power set of X

is the set of all subsets of X .

Notation: P(X)

By definition, P(X) = {A ∣ A ⊂X}

Control question. Can P(X) = ∅ ?

No. For any set X , ∅ ∈ P(X) and X ∈ P(X) .

Example. Let X = {1, 2, 3} . P(X) =?

P(X) = {∅, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3}}

1 ∈X , 1 /∈ P(X) , 1 /⊂ P(X)
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Definition. Let X be a set. The power set of X

is the set of all subsets of X .

Notation: P(X)

By definition, P(X) = {A ∣ A ⊂X}

Control question. Can P(X) = ∅ ?

No. For any set X , ∅ ∈ P(X) and X ∈ P(X) .

Example. Let X = {1, 2, 3} . P(X) =?

P(X) = {∅, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3}}

1 ∈X , 1 /∈ P(X) , 1 /⊂ P(X)
{1} ⊂X ,
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Definition. Let X be a set. The power set of X

is the set of all subsets of X .

Notation: P(X)

By definition, P(X) = {A ∣ A ⊂X}

Control question. Can P(X) = ∅ ?

No. For any set X , ∅ ∈ P(X) and X ∈ P(X) .

Example. Let X = {1, 2, 3} . P(X) =?

P(X) = {∅, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3}}

1 ∈X , 1 /∈ P(X) , 1 /⊂ P(X)
{1} ⊂X , {1} ∈ P(X) ,
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Definition. Let X be a set. The power set of X

is the set of all subsets of X .

Notation: P(X)

By definition, P(X) = {A ∣ A ⊂X}

Control question. Can P(X) = ∅ ?

No. For any set X , ∅ ∈ P(X) and X ∈ P(X) .

Example. Let X = {1, 2, 3} . P(X) =?

P(X) = {∅, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3}}

1 ∈X , 1 /∈ P(X) , 1 /⊂ P(X)
{1} ⊂X , {1} ∈ P(X) , {1} ⊂ P(X) ?
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Definition. Let X be a set. The power set of X

is the set of all subsets of X .

Notation: P(X)

By definition, P(X) = {A ∣ A ⊂X}

Control question. Can P(X) = ∅ ?

No. For any set X , ∅ ∈ P(X) and X ∈ P(X) .

Example. Let X = {1, 2, 3} . P(X) =?

P(X) = {∅, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3}}

1 ∈X , 1 /∈ P(X) , 1 /⊂ P(X)
{1} ⊂X , {1} ∈ P(X) , {1} ⊂ P(X) ? No!
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Definition. Let X be a set. The power set of X

is the set of all subsets of X .

Notation: P(X)

By definition, P(X) = {A ∣ A ⊂X}

Control question. Can P(X) = ∅ ?

No. For any set X , ∅ ∈ P(X) and X ∈ P(X) .

Example. Let X = {1, 2, 3} . P(X) =?

P(X) = {∅, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3}}

1 ∈X , 1 /∈ P(X) , 1 /⊂ P(X)
{1} ⊂X , {1} ∈ P(X) , {1} /⊂ P(X)
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Definition. Let X be a set. The power set of X

is the set of all subsets of X .

Notation: P(X)

By definition, P(X) = {A ∣ A ⊂X}

Control question. Can P(X) = ∅ ?

No. For any set X , ∅ ∈ P(X) and X ∈ P(X) .

Example. Let X = {1, 2, 3} . P(X) =?

P(X) = {∅, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3}}

1 ∈X , 1 /∈ P(X) , 1 /⊂ P(X)
{1} ⊂X , {1} ∈ P(X) , {1} /⊂ P(X)

X ↦ P(X), (f ∶X → Y ) ↦ (f∗ ∶ P(X) → P(Y )) is a functor.
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f∗ ∶ P(X) → P(Y ), A↦ f(A) for any A ⊂X
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f∗ ∶ P(X) → P(Y ), A↦ f(A) for any A ⊂X and



MAT 250
Lecture 9
Modular ArithmeticTwo functors of power set

12 / 49
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f∗ ∶ P(X) → P(Y ), A↦ f(A) for any A ⊂X and

f∗ ∶ P(Y ) → P(X),
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Any map f ∶ X → Y induces maps

f∗ ∶ P(X) → P(Y ), A↦ f(A) for any A ⊂X and

f∗ ∶ P(Y ) → P(X), B ↦ f−1(B) for any B ⊂ Y.
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Any map f ∶ X → Y induces maps

f∗ ∶ P(X) → P(Y ), A↦ f(A) for any A ⊂X and

f∗ ∶ P(Y ) → P(X), B ↦ f−1(B) for any B ⊂ Y.

(We remember that f−1(B) = {x ∈X ∣ f(x) ∈ B} is the preimage of B ,
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Any map f ∶ X → Y induces maps

f∗ ∶ P(X) → P(Y ), A↦ f(A) for any A ⊂X and

f∗ ∶ P(Y ) → P(X), B ↦ f−1(B) for any B ⊂ Y.

(We remember that f−1(B) = {x ∈X ∣ f(x) ∈ B} is the preimage of B , and not the
result of applying the inverse map f−1. )
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Any map f ∶ X → Y induces maps

f∗ ∶ P(X) → P(Y ), A↦ f(A) for any A ⊂X and

f∗ ∶ P(Y ) → P(X), B ↦ f−1(B) for any B ⊂ Y.

(We remember that f−1(B) = {x ∈X ∣ f(x) ∈ B} is the preimage of B , and not the
result of applying the inverse map f−1. )

The maps f∗ and f∗ are well defined
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Any map f ∶ X → Y induces maps

f∗ ∶ P(X) → P(Y ), A↦ f(A) for any A ⊂X and

f∗ ∶ P(Y ) → P(X), B ↦ f−1(B) for any B ⊂ Y.

(We remember that f−1(B) = {x ∈X ∣ f(x) ∈ B} is the preimage of B , and not the
result of applying the inverse map f−1. )

The maps f∗ and f∗ are well defined since

for any A ⊂X,
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Any map f ∶ X → Y induces maps

f∗ ∶ P(X) → P(Y ), A↦ f(A) for any A ⊂X and

f∗ ∶ P(Y ) → P(X), B ↦ f−1(B) for any B ⊂ Y.

(We remember that f−1(B) = {x ∈X ∣ f(x) ∈ B} is the preimage of B , and not the
result of applying the inverse map f−1. )

The maps f∗ and f∗ are well defined since

for any A ⊂X, f(A) ⊂ Y and, therefore, f(A) ∈ P(Y )
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Any map f ∶ X → Y induces maps

f∗ ∶ P(X) → P(Y ), A↦ f(A) for any A ⊂X and

f∗ ∶ P(Y ) → P(X), B ↦ f−1(B) for any B ⊂ Y.

(We remember that f−1(B) = {x ∈X ∣ f(x) ∈ B} is the preimage of B , and not the
result of applying the inverse map f−1. )

The maps f∗ and f∗ are well defined since

for any A ⊂X, f(A) ⊂ Y and, therefore, f(A) ∈ P(Y ) and

for any B ⊂ Y,
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Any map f ∶ X → Y induces maps

f∗ ∶ P(X) → P(Y ), A↦ f(A) for any A ⊂X and

f∗ ∶ P(Y ) → P(X), B ↦ f−1(B) for any B ⊂ Y.

(We remember that f−1(B) = {x ∈X ∣ f(x) ∈ B} is the preimage of B , and not the
result of applying the inverse map f−1. )

The maps f∗ and f∗ are well defined since

for any A ⊂X, f(A) ⊂ Y and, therefore, f(A) ∈ P(Y ) and

for any B ⊂ Y, f−1(B) ⊂X and, therefore, f−1(B) ∈ P(X).
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Any map f ∶ X → Y induces maps

f∗ ∶ P(X) → P(Y ), A↦ f(A) for any A ⊂X and

f∗ ∶ P(Y ) → P(X), B ↦ f−1(B) for any B ⊂ Y.

(We remember that f−1(B) = {x ∈X ∣ f(x) ∈ B} is the preimage of B , and not the
result of applying the inverse map f−1. )

The maps f∗ and f∗ are well defined since

for any A ⊂X, f(A) ⊂ Y and, therefore, f(A) ∈ P(Y ) and

for any B ⊂ Y, f−1(B) ⊂X and, therefore, f−1(B) ∈ P(X).

Exercise 1.
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Any map f ∶ X → Y induces maps

f∗ ∶ P(X) → P(Y ), A↦ f(A) for any A ⊂X and

f∗ ∶ P(Y ) → P(X), B ↦ f−1(B) for any B ⊂ Y.

(We remember that f−1(B) = {x ∈X ∣ f(x) ∈ B} is the preimage of B , and not the
result of applying the inverse map f−1. )

The maps f∗ and f∗ are well defined since

for any A ⊂X, f(A) ⊂ Y and, therefore, f(A) ∈ P(Y ) and

for any B ⊂ Y, f−1(B) ⊂X and, therefore, f−1(B) ∈ P(X).

Exercise 1. Prove that if f ∶ X → Y and g ∶ Y → Z are maps,
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Any map f ∶ X → Y induces maps

f∗ ∶ P(X) → P(Y ), A↦ f(A) for any A ⊂X and

f∗ ∶ P(Y ) → P(X), B ↦ f−1(B) for any B ⊂ Y.

(We remember that f−1(B) = {x ∈X ∣ f(x) ∈ B} is the preimage of B , and not the
result of applying the inverse map f−1. )

The maps f∗ and f∗ are well defined since

for any A ⊂X, f(A) ⊂ Y and, therefore, f(A) ∈ P(Y ) and

for any B ⊂ Y, f−1(B) ⊂X and, therefore, f−1(B) ∈ P(X).

Exercise 1. Prove that if f ∶ X → Y and g ∶ Y → Z are maps, then

(g ○ f)∗ = g∗ ○ f∗ .
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Any map f ∶ X → Y induces maps

f∗ ∶ P(X) → P(Y ), A↦ f(A) for any A ⊂X and

f∗ ∶ P(Y ) → P(X), B ↦ f−1(B) for any B ⊂ Y.

(We remember that f−1(B) = {x ∈X ∣ f(x) ∈ B} is the preimage of B , and not the
result of applying the inverse map f−1. )

The maps f∗ and f∗ are well defined since

for any A ⊂X, f(A) ⊂ Y and, therefore, f(A) ∈ P(Y ) and

for any B ⊂ Y, f−1(B) ⊂X and, therefore, f−1(B) ∈ P(X).

Exercise 1. Prove that if f ∶ X → Y and g ∶ Y → Z are maps, then

(g ○ f)∗ = g∗ ○ f∗ .

Exercise 2. Formulate and prove a similar identity for (g ○ f)∗ .
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Any map f ∶ X → Y induces maps

f∗ ∶ P(X) → P(Y ), A↦ f(A) for any A ⊂X and

f∗ ∶ P(Y ) → P(X), B ↦ f−1(B) for any B ⊂ Y.

(We remember that f−1(B) = {x ∈X ∣ f(x) ∈ B} is the preimage of B , and not the
result of applying the inverse map f−1. )

The maps f∗ and f∗ are well defined since

for any A ⊂X, f(A) ⊂ Y and, therefore, f(A) ∈ P(Y ) and

for any B ⊂ Y, f−1(B) ⊂X and, therefore, f−1(B) ∈ P(X).

Exercise 1. Prove that if f ∶ X → Y and g ∶ Y → Z are maps, then

(g ○ f)∗ = g∗ ○ f∗ .

Exercise 2. Formulate and prove a similar identity for (g ○ f)∗ .
f∗ is a part of functor “Power set”.
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Any map f ∶ X → Y induces maps

f∗ ∶ P(X) → P(Y ), A↦ f(A) for any A ⊂X and

f∗ ∶ P(Y ) → P(X), B ↦ f−1(B) for any B ⊂ Y.

(We remember that f−1(B) = {x ∈X ∣ f(x) ∈ B} is the preimage of B , and not the
result of applying the inverse map f−1. )

The maps f∗ and f∗ are well defined since

for any A ⊂X, f(A) ⊂ Y and, therefore, f(A) ∈ P(Y ) and

for any B ⊂ Y, f−1(B) ⊂X and, therefore, f−1(B) ∈ P(X).

Exercise 1. Prove that if f ∶ X → Y and g ∶ Y → Z are maps, then

(g ○ f)∗ = g∗ ○ f∗ .

Exercise 2. Formulate and prove a similar identity for (g ○ f)∗ .
f∗ is a part of functor “Power set”. It could be denoted as P(f) .
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Any map f ∶ X → Y induces maps

f∗ ∶ P(X) → P(Y ), A↦ f(A) for any A ⊂X and

f∗ ∶ P(Y ) → P(X), B ↦ f−1(B) for any B ⊂ Y.

(We remember that f−1(B) = {x ∈X ∣ f(x) ∈ B} is the preimage of B , and not the
result of applying the inverse map f−1. )

The maps f∗ and f∗ are well defined since

for any A ⊂X, f(A) ⊂ Y and, therefore, f(A) ∈ P(Y ) and

for any B ⊂ Y, f−1(B) ⊂X and, therefore, f−1(B) ∈ P(X).

Exercise 1. Prove that if f ∶ X → Y and g ∶ Y → Z are maps, then

(g ○ f)∗ = g∗ ○ f∗ .

Exercise 2. Formulate and prove a similar identity for (g ○ f)∗ .
f∗ is a part of functor “Power set”. It could be denoted as P(f) .

But what is f∗ ?
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Any map f ∶ X → Y induces maps

f∗ ∶ P(X) → P(Y ), A↦ f(A) for any A ⊂X and

f∗ ∶ P(Y ) → P(X), B ↦ f−1(B) for any B ⊂ Y.

(We remember that f−1(B) = {x ∈X ∣ f(x) ∈ B} is the preimage of B , and not the
result of applying the inverse map f−1. )

The maps f∗ and f∗ are well defined since

for any A ⊂X, f(A) ⊂ Y and, therefore, f(A) ∈ P(Y ) and

for any B ⊂ Y, f−1(B) ⊂X and, therefore, f−1(B) ∈ P(X).

Exercise 1. Prove that if f ∶ X → Y and g ∶ Y → Z are maps, then

(g ○ f)∗ = g∗ ○ f∗ .

Exercise 2. Formulate and prove a similar identity for (g ○ f)∗ .
f∗ is a part of functor “Power set”. It could be denoted as P(f) .

But what is f∗ ? It has a “wrong” direction
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Any map f ∶ X → Y induces maps

f∗ ∶ P(X) → P(Y ), A↦ f(A) for any A ⊂X and

f∗ ∶ P(Y ) → P(X), B ↦ f−1(B) for any B ⊂ Y.

(We remember that f−1(B) = {x ∈X ∣ f(x) ∈ B} is the preimage of B , and not the
result of applying the inverse map f−1. )

The maps f∗ and f∗ are well defined since

for any A ⊂X, f(A) ⊂ Y and, therefore, f(A) ∈ P(Y ) and

for any B ⊂ Y, f−1(B) ⊂X and, therefore, f−1(B) ∈ P(X).

Exercise 1. Prove that if f ∶ X → Y and g ∶ Y → Z are maps, then

(g ○ f)∗ = g∗ ○ f∗ .

Exercise 2. Formulate and prove a similar identity for (g ○ f)∗ .
f∗ is a part of functor “Power set”. It could be denoted as P(f) .

But what is f∗ ? It has a “wrong” direction, not like in the definition of functor above.



MAT 250
Lecture 9
Modular ArithmeticTwo functors of power set

12 / 49

Any map f ∶ X → Y induces maps

f∗ ∶ P(X) → P(Y ), A↦ f(A) for any A ⊂X and

f∗ ∶ P(Y ) → P(X), B ↦ f−1(B) for any B ⊂ Y.

(We remember that f−1(B) = {x ∈X ∣ f(x) ∈ B} is the preimage of B , and not the
result of applying the inverse map f−1. )

The maps f∗ and f∗ are well defined since

for any A ⊂X, f(A) ⊂ Y and, therefore, f(A) ∈ P(Y ) and

for any B ⊂ Y, f−1(B) ⊂X and, therefore, f−1(B) ∈ P(X).

Exercise 1. Prove that if f ∶ X → Y and g ∶ Y → Z are maps, then

(g ○ f)∗ = g∗ ○ f∗ .

Exercise 2. Formulate and prove a similar identity for (g ○ f)∗ .
f∗ is a part of functor “Power set”. It could be denoted as P(f) .

But what is f∗ ? It has a “wrong” direction, not like in the definition of functor above.
This is a contravariant functor.
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Any map f ∶ X → Y induces maps

f∗ ∶ P(X) → P(Y ), A↦ f(A) for any A ⊂X and

f∗ ∶ P(Y ) → P(X), B ↦ f−1(B) for any B ⊂ Y.

(We remember that f−1(B) = {x ∈X ∣ f(x) ∈ B} is the preimage of B , and not the
result of applying the inverse map f−1. )

The maps f∗ and f∗ are well defined since

for any A ⊂X, f(A) ⊂ Y and, therefore, f(A) ∈ P(Y ) and

for any B ⊂ Y, f−1(B) ⊂X and, therefore, f−1(B) ∈ P(X).

Exercise 1. Prove that if f ∶ X → Y and g ∶ Y → Z are maps, then

(g ○ f)∗ = g∗ ○ f∗ .

Exercise 2. Formulate and prove a similar identity for (g ○ f)∗ .
f∗ is a part of functor “Power set”. It could be denoted as P(f) .

But what is f∗ ? It has a “wrong” direction, not like in the definition of functor above.
This is a contravariant functor. Above we defined covariant functors.
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Any map f ∶ X → Y induces maps

f∗ ∶ P(X) → P(Y ), A↦ f(A) for any A ⊂X and

f∗ ∶ P(Y ) → P(X), B ↦ f−1(B) for any B ⊂ Y.

(We remember that f−1(B) = {x ∈X ∣ f(x) ∈ B} is the preimage of B , and not the
result of applying the inverse map f−1. )

The maps f∗ and f∗ are well defined since

for any A ⊂X, f(A) ⊂ Y and, therefore, f(A) ∈ P(Y ) and

for any B ⊂ Y, f−1(B) ⊂X and, therefore, f−1(B) ∈ P(X).

Exercise 1. Prove that if f ∶ X → Y and g ∶ Y → Z are maps, then

(g ○ f)∗ = g∗ ○ f∗ .

Exercise 2. Formulate and prove a similar identity for (g ○ f)∗ .
f∗ is a part of functor “Power set”. It could be denoted as P(f) .

But what is f∗ ? It has a “wrong” direction, not like in the definition of functor above.
This is a contravariant functor. Above we defined covariant functors.

f∗ is a covariant functor
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Any map f ∶ X → Y induces maps

f∗ ∶ P(X) → P(Y ), A↦ f(A) for any A ⊂X and

f∗ ∶ P(Y ) → P(X), B ↦ f−1(B) for any B ⊂ Y.

(We remember that f−1(B) = {x ∈X ∣ f(x) ∈ B} is the preimage of B , and not the
result of applying the inverse map f−1. )

The maps f∗ and f∗ are well defined since

for any A ⊂X, f(A) ⊂ Y and, therefore, f(A) ∈ P(Y ) and

for any B ⊂ Y, f−1(B) ⊂X and, therefore, f−1(B) ∈ P(X).

Exercise 1. Prove that if f ∶ X → Y and g ∶ Y → Z are maps, then

(g ○ f)∗ = g∗ ○ f∗ .

Exercise 2. Formulate and prove a similar identity for (g ○ f)∗ .
f∗ is a part of functor “Power set”. It could be denoted as P(f) .

But what is f∗ ? It has a “wrong” direction, not like in the definition of functor above.
This is a contravariant functor. Above we defined covariant functors.

f∗ is a covariant functor, while f∗ is a contravariant functor.
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Any map f ∶ X → Y induces maps

f∗ ∶ P(X) → P(Y ), A↦ f(A) for any A ⊂X and

f∗ ∶ P(Y ) → P(X), B ↦ f−1(B) for any B ⊂ Y.

(We remember that f−1(B) = {x ∈X ∣ f(x) ∈ B} is the preimage of B , and not the
result of applying the inverse map f−1. )

The maps f∗ and f∗ are well defined since

for any A ⊂X, f(A) ⊂ Y and, therefore, f(A) ∈ P(Y ) and

for any B ⊂ Y, f−1(B) ⊂X and, therefore, f−1(B) ∈ P(X).

Exercise 1. Prove that if f ∶ X → Y and g ∶ Y → Z are maps, then

(g ○ f)∗ = g∗ ○ f∗ .

Exercise 2. Formulate and prove a similar identity for (g ○ f)∗ .
f∗ is a part of functor “Power set”. It could be denoted as P(f) .

But what is f∗ ? It has a “wrong” direction, not like in the definition of functor above.
This is a contravariant functor. Above we defined covariant functors.

f∗ is a covariant functor, while f∗ is a contravariant functor.
A contravariant functor C →D is

a (covariant) functor from C to the category dual to D .
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Theorem. If X has n elements, then P(X) has 2
n elements.

Proof. The number of elements in P(X) is the number of subsets in X .

How many subsets can we construct out of n elements of X ?

For each element in X , there are two choices: either it’s included in a subset, or not.

For alln elements in X , there are totally 2
n choices. This is the number of all subsets.

◻

Another notation for P(X) is 2
X .
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Theorem. There is a bijection between the power set P(X) of a set X

and the set Map (X,{0, 1}) of all maps from X to the two point set {0, 1} .

Proof. A bijection is given by P(X) →Map (X,{0, 1})
A↦ χA , where A ⊂X .

Indeed, the map above is injective, since different subsets of X have different
characteristic functions:

A ≠ B Ô⇒ χA ≠ χB for any A,B ⊂X . Why?

The map is surjective, since any f ∈Map (X,{0, 1}) defines a set A = f−1{1} ⊂X,
for which f is the characteristic function: χA = f ◻

Corollary. ∣P(X)∣ = ∣Map (X,{0, 1})∣ = 2∣X ∣ .
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However, there is a natural bijection X × Y → Y ×X ∶ (x, y) ↦ (y, x) .
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Theorem. If X has p elements, and Y has q elements, then X × Y has pq
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fi
b
er projY ∣

{x}×Y
∶ {x} × Y → Y is a bijection

Similarly, projX ∣
X×{y}

∶X × {y}→X is a bijection.
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Example. Let f ∶ R2 → R be a function given by f(x, y) = x2 + y2 , or z = x2 + y2 .

Its graph is the set Γf = {(x, y, z) ∈ R2 ×R ∣ z = x2 + y2} ⊂ R3 .
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Example. Let f ∶ R→ R2 be a function given by f(t) = (cos t, sin t) .
What does this function do?

t

domain R

0

π/2

x

y

codomain R
2

x(t) = cos t
y(t) = sin t
x2 + y2 = 1f(0)

f(π/2)
f

range

f reels up the line on the circle.

The graph of f is the set Γf = {(t, cos t, sin t) ∈ R ×R2} ⊂ R3 .

Γf is a curve in R3 . It is called helix.
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The graph of f ∶ R→ R2 , f(t) = (cos t, sin t)
is the helix {(x, y, z) ∈ R3 ∣ x = t ∈ R, y = cos t, z = sin t} :
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Definition. A (binary) relation R on a set X is a subset of X ×X .

R ⊂X ×X ⇐⇒ R ∈ P(X ×X) .
A binary relation corresponds

to a statement about an ordered pair of arguments taken from X .

More generally:
a statement about an ordered n -tuple of arguments is called an n-ary relation.

Furthermore, the arguments may belong to different sets.

The notion of binary relation generalizes the notion of mapping:
any map f ∶ X → Y can be considered as a relation y = f(x)

between elements of X and Y .

Example. Orthogonality of a line and a plane in R3 .

We will deal mostly with binary relations on a single set.
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Let a set X have 3 elements. How many relations are there on X ?
Answer: 512 . How come?

The number of relations of a finite set X

is equal to the number of elements in P(X ×X) .
If X has n elements, then X ×X has n2 elements,

and P(X ×X) has 2
n2

elements.

So the number of relations on a set of 3 elements is 2
3
2

= 29 = 512 .

P(X ×X) is a huge set!
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Notation. Let R be a relation on X , and x, y ∈X .

If (x, y) ∈ R then we say that “x is related to y ” and write xRy .
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If (x, y) ∈ R then we say that “x is related to y ” and write xRy .

Example 1. Let X = R . The inequality ≤ is a relation R≤ on R :
(x, y) ∈ R≤ ⇐⇒ x ≤ y .

Is it true that 1 is related to 2 ? That is, (1, 2) ∈ R≤ ? Yes, since
(1, 2) ∈ R≤ ⇐⇒ 1 ≤ 2 , which is true.

Is it true that 2 is related to 1 ? That is, (2, 1) ∈ R≤ ? No, since
(2, 1) ∈ R≤ ⇐⇒ 2 ≤ 1 , which is false.

The relation R≤ is a subset of the plane: R≤ = {(x, y) ∈ R2 ∣ x ≤ y}
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Notation. Let R be a relation on X , and x, y ∈X .

If (x, y) ∈ R then we say that “x is related to y ” and write xRy .

Example 1. Let X = R . The inequality ≤ is a relation R≤ on R :
(x, y) ∈ R≤ ⇐⇒ x ≤ y .

Is it true that 1 is related to 2 ? That is, (1, 2) ∈ R≤ ? Yes, since
(1, 2) ∈ R≤ ⇐⇒ 1 ≤ 2 , which is true.

Is it true that 2 is related to 1 ? That is, (2, 1) ∈ R≤ ? No, since
(2, 1) ∈ R≤ ⇐⇒ 2 ≤ 1 , which is false.

The relation R≤ is a subset of the plane: R≤ = {(x, y) ∈ R2 ∣ x ≤ y} ⊂ R2 ,
so we may draw the graph of R≤ .
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(1, 2) ∈ R≤ ⇐⇒ 1 ≤ 2 , which is true.

Is it true that 2 is related to 1 ? That is, (2, 1) ∈ R≤ ? No, since
(2, 1) ∈ R≤ ⇐⇒ 2 ≤ 1 , which is false.

The relation R≤ is a subset of the plane: R≤ = {(x, y) ∈ R2 ∣ x ≤ y} ⊂ R2 ,
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x

y

R≤



MAT 250
Lecture 9
Modular ArithmeticRelation “≤”

26 / 49

Notation. Let R be a relation on X , and x, y ∈X .

If (x, y) ∈ R then we say that “x is related to y ” and write xRy .

Example 1. Let X = R . The inequality ≤ is a relation R≤ on R :
(x, y) ∈ R≤ ⇐⇒ x ≤ y .

Is it true that 1 is related to 2 ? That is, (1, 2) ∈ R≤ ? Yes, since
(1, 2) ∈ R≤ ⇐⇒ 1 ≤ 2 , which is true.

Is it true that 2 is related to 1 ? That is, (2, 1) ∈ R≤ ? No, since
(2, 1) ∈ R≤ ⇐⇒ 2 ≤ 1 , which is false.

The relation R≤ is a subset of the plane: R≤ = {(x, y) ∈ R2 ∣ x ≤ y} ⊂ R2 ,
so we may draw the graph of R≤ .

x

y

R≤ ∀x, y ∈ R (x, y) ∈ R≤
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

x≤y

or (y, x) ∈ R≤
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

y≤x

.
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Inclusion ⊂ is a relation R⊂ on P(X) :
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(A,B) ∈ R⊂ since
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X

BA

(A,B) /∈ R⊂ since
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Is it true that ∀A,B ∈ P(X) (A,B) ∈ R⊂
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

A⊂B

or (B,A) ∈ R⊂
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
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∀A,B ∈ P(X) (A,B) ∈ R⊂ ⇐⇒ A ⊂ B .
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(A,B) ∈ R⊂ since

A ⊂ B

X

BA

(A,B) /∈ R⊂ since

A /⊂ B

Is it true that ∀A,B ∈ P(X) (A,B) ∈ R⊂
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

A⊂B

or (B,A) ∈ R⊂
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
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Example 3. Define a relation of divisibility on N as follows:
a ∣ b ⇐⇒ b = a ⋅ k for some k ∈ N .

2 ∣ 6 since 6 = 2 ⋅ 3 ,

3 ∤ 10 since there is no k ∈ N such that 10 = 3 ⋅ k ,

∀a ∈ N 1 ∣a and a ∣a .
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Example 4. Define a relation of congruence modulo 3 on Z as follows:
a ≡ b mod 3 ⇐⇒ 3 ∣ (a − b) .

a ≡ b mod 3 ⇐⇒ 3 ∣ (a − b) ⇐⇒ a and b have the same remainder
when divided by 3 .

5 ≡ 2 mod 3 since 3 ∣ (5 − 2)
−4 ≡ 20 mod 3 since 3 ∣ (−4 − 20)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
−24

16 ≡ 16 mod 3 since 3 ∣ (16 − 16)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

0



MAT 250
Lecture 9
Modular ArithmeticRelation of congruence modulo 3

29 / 49

Example 4. Define a relation of congruence modulo 3 on Z as follows:
a ≡ b mod 3 ⇐⇒ 3 ∣ (a − b) .
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when divided by 3 .

5 ≡ 2 mod 3 since 3 ∣ (5 − 2)
−4 ≡ 20 mod 3 since 3 ∣ (−4 − 20)
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when divided by 3 .

5 ≡ 2 mod 3 since 3 ∣ (5 − 2)
−4 ≡ 20 mod 3 since 3 ∣ (−4 − 20)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
−24

16 ≡ 16 mod 3 since 3 ∣ (16 − 16)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

0

2019 ≡ 0 mod 3 since 3 ∣ (2019 − 0)
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≤ onR ≡ mod 3 on Z ⊂ on P(X) divisibility on N

reflexive reflexive reflexive reflexive

x ≤ x a ≡ a mod 3 A ⊂ A a ∣a
antisymmetric symmetric antisymmetric antisymmetric

x ≤ y ∧ y ≤ x

Ô⇒ x = y
a ≡ b mod 3

Ô⇒ b ≡ a mod 3

A ⊂ B ∧B ⊂ A

Ô⇒ A = B

a ∣ b ∧ b ∣a
Ô⇒ a = b

transitive transitive transitive transitive

x ≤ y ∧ y ≤ z

Ô⇒ x ≤ z

a ≡ b mod 3 ∧

b ≡ c mod 3

Ô⇒ a ≡ c mod 3

A ⊂ B ∧B ⊂ C

Ô⇒ A ⊂ C

a ∣ b ∧ b ∣ c
Ô⇒ a ∣ c

total
∀x, y ∈ R

x ≤ y ∨ y ≤ x
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In other words,

A partition of X is a subset Σ ⊂ P(X) such that
∀A ∈ Σ A /= ∅ ,
∀A,B ∈ Σ A ≠ B Ô⇒ A ∩B = ∅ ,
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Yet another reformulation:

A partition of a set X is a presentation of X
as a union of non-empty pairwise disjoint sets.
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Each element of X belongs to exactly one element of the partition.
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because it is neither reflexive, nor transitive.
Example 7. Is love an equivalence relation?
No Love is not an equivalence relation

because it is neither reflexive, nor symmetric, nor transitive.



MAT 250
Lecture 9
Modular ArithmeticExamples of equivalence relations

36 / 49

Example 4. Relation “to be parallel” is an equivalence relation
on the set of lines on a plane.

Example 5 (from linear algebra).
Two matrices A,B ∈Matn(R) are called similar

if there exists an invertible matrix C such that B = C−1AC .

Similarity is an equivalence relation on Matn(R) .
Example 6. Is friendship an equivalence relation?
No, Friendship is not an equivalence relation! Why?

because it is neither reflexive, nor transitive.
Example 7. Is love an equivalence relation?
No Love is not an equivalence relation

because it is neither reflexive, nor symmetric, nor transitive.
Example 8.
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Example 6. Is friendship an equivalence relation?
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Example 7. Is love an equivalence relation?
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Example 5 (from linear algebra).
Two matrices A,B ∈Matn(R) are called similar

if there exists an invertible matrix C such that B = C−1AC .

Similarity is an equivalence relation on Matn(R) .
Example 6. Is friendship an equivalence relation?
No, Friendship is not an equivalence relation! Why?

because it is neither reflexive, nor transitive.
Example 7. Is love an equivalence relation?
No Love is not an equivalence relation

because it is neither reflexive, nor symmetric, nor transitive.
Example 8. Value, exchange value in economics.
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Example 4. Relation “to be parallel” is an equivalence relation
on the set of lines on a plane.

Example 5 (from linear algebra).
Two matrices A,B ∈Matn(R) are called similar

if there exists an invertible matrix C such that B = C−1AC .

Similarity is an equivalence relation on Matn(R) .
Example 6. Is friendship an equivalence relation?
No, Friendship is not an equivalence relation! Why?

because it is neither reflexive, nor transitive.
Example 7. Is love an equivalence relation?
No Love is not an equivalence relation

because it is neither reflexive, nor symmetric, nor transitive.
Example 8. Value, exchange value in economics.

Example 9.
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Example 5 (from linear algebra).
Two matrices A,B ∈Matn(R) are called similar

if there exists an invertible matrix C such that B = C−1AC .

Similarity is an equivalence relation on Matn(R) .
Example 6. Is friendship an equivalence relation?
No, Friendship is not an equivalence relation! Why?

because it is neither reflexive, nor transitive.
Example 7. Is love an equivalence relation?
No Love is not an equivalence relation

because it is neither reflexive, nor symmetric, nor transitive.
Example 8. Value, exchange value in economics.

Example 9. Color,
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Example 4. Relation “to be parallel” is an equivalence relation
on the set of lines on a plane.

Example 5 (from linear algebra).
Two matrices A,B ∈Matn(R) are called similar

if there exists an invertible matrix C such that B = C−1AC .

Similarity is an equivalence relation on Matn(R) .
Example 6. Is friendship an equivalence relation?
No, Friendship is not an equivalence relation! Why?

because it is neither reflexive, nor transitive.
Example 7. Is love an equivalence relation?
No Love is not an equivalence relation

because it is neither reflexive, nor symmetric, nor transitive.
Example 8. Value, exchange value in economics.

Example 9. Color, being of the same color.
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Example 4. Relation “to be parallel” is an equivalence relation
on the set of lines on a plane.

Example 5 (from linear algebra).
Two matrices A,B ∈Matn(R) are called similar

if there exists an invertible matrix C such that B = C−1AC .

Similarity is an equivalence relation on Matn(R) .
Example 6. Is friendship an equivalence relation?
No, Friendship is not an equivalence relation! Why?

because it is neither reflexive, nor transitive.
Example 7. Is love an equivalence relation?
No Love is not an equivalence relation

because it is neither reflexive, nor symmetric, nor transitive.
Example 8. Value, exchange value in economics.

Example 9. Color, being of the same color.

Example 10.
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Example 4. Relation “to be parallel” is an equivalence relation
on the set of lines on a plane.

Example 5 (from linear algebra).
Two matrices A,B ∈Matn(R) are called similar

if there exists an invertible matrix C such that B = C−1AC .

Similarity is an equivalence relation on Matn(R) .
Example 6. Is friendship an equivalence relation?
No, Friendship is not an equivalence relation! Why?

because it is neither reflexive, nor transitive.
Example 7. Is love an equivalence relation?
No Love is not an equivalence relation

because it is neither reflexive, nor symmetric, nor transitive.
Example 8. Value, exchange value in economics.

Example 9. Color, being of the same color.

Example 10. Smell.
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Definition. Let ∼ be an equivalence relation on a set X . Let a ∈X .
The set [a] = {x ∈X ∣ x ∼ a} of all elements equivalent to a is called

the equivalence class of a .
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Definition. Let ∼ be an equivalence relation on a set X . Let a ∈X .
The set [a] = {x ∈X ∣ x ∼ a} of all elements equivalent to a is called

the equivalence class of a .

Theorem. For any equivalence relation ∼ on X ,
the equivalence classes form a partition of X .
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Definition. Let ∼ be an equivalence relation on a set X . Let a ∈X .
The set [a] = {x ∈X ∣ x ∼ a} of all elements equivalent to a is called

the equivalence class of a .

Theorem. For any equivalence relation ∼ on X ,
the equivalence classes form a partition of X .

Proof. We have to prove the following three statements:



MAT 250
Lecture 9
Modular ArithmeticEquivalence classes

37 / 49

Definition. Let ∼ be an equivalence relation on a set X . Let a ∈X .
The set [a] = {x ∈X ∣ x ∼ a} of all elements equivalent to a is called

the equivalence class of a .

Theorem. For any equivalence relation ∼ on X ,
the equivalence classes form a partition of X .

Proof. We have to prove the following three statements:
(a) Any equivalence class is not empty.
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Definition. Let ∼ be an equivalence relation on a set X . Let a ∈X .
The set [a] = {x ∈X ∣ x ∼ a} of all elements equivalent to a is called

the equivalence class of a .

Theorem. For any equivalence relation ∼ on X ,
the equivalence classes form a partition of X .

Proof. We have to prove the following three statements:
(a) Any equivalence class is not empty.
(b) Any element of X belongs to some equivalence class.
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Definition. Let ∼ be an equivalence relation on a set X . Let a ∈X .
The set [a] = {x ∈X ∣ x ∼ a} of all elements equivalent to a is called

the equivalence class of a .

Theorem. For any equivalence relation ∼ on X ,
the equivalence classes form a partition of X .

Proof. We have to prove the following three statements:
(a) Any equivalence class is not empty.
(b) Any element of X belongs to some equivalence class.
(c) Any two equivalence classes either coinside or are disjoint.
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Definition. Let ∼ be an equivalence relation on a set X . Let a ∈X .
The set [a] = {x ∈X ∣ x ∼ a} of all elements equivalent to a is called

the equivalence class of a .

Theorem. For any equivalence relation ∼ on X ,
the equivalence classes form a partition of X .

Proof. We have to prove the following three statements:
(a) Any equivalence class is not empty.
(b) Any element of X belongs to some equivalence class.
(c) Any two equivalence classes either coinside or are disjoint.
Proof of (a): Any equivalnce class [a] is not empty, because a ∈ [a] . ◻
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Definition. Let ∼ be an equivalence relation on a set X . Let a ∈X .
The set [a] = {x ∈X ∣ x ∼ a} of all elements equivalent to a is called

the equivalence class of a .

Theorem. For any equivalence relation ∼ on X ,
the equivalence classes form a partition of X .

Proof. We have to prove the following three statements:
(a) Any equivalence class is not empty.
(b) Any element of X belongs to some equivalence class.
(c) Any two equivalence classes either coinside or are disjoint.
Proof of (a): Any equivalnce class [a] is not empty, because a ∈ [a] . ◻

Proof of (b): Any a ∈X belongs to the equivalence class [a] . ◻
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Definition. Let ∼ be an equivalence relation on a set X . Let a ∈X .
The set [a] = {x ∈X ∣ x ∼ a} of all elements equivalent to a is called

the equivalence class of a .

Theorem. For any equivalence relation ∼ on X ,
the equivalence classes form a partition of X .

Proof. We have to prove the following three statements:
(a) Any equivalence class is not empty.
(b) Any element of X belongs to some equivalence class.
(c) Any two equivalence classes either coinside or are disjoint.
Proof of (a): Any equivalnce class [a] is not empty, because a ∈ [a] . ◻

Proof of (b): Any a ∈X belongs to the equivalence class [a] . ◻

Proof of (c): Take any a, b ∈X and assume that [a] ∩ [b] /= ∅ .
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Definition. Let ∼ be an equivalence relation on a set X . Let a ∈X .
The set [a] = {x ∈X ∣ x ∼ a} of all elements equivalent to a is called

the equivalence class of a .

Theorem. For any equivalence relation ∼ on X ,
the equivalence classes form a partition of X .

Proof. We have to prove the following three statements:
(a) Any equivalence class is not empty.
(b) Any element of X belongs to some equivalence class.
(c) Any two equivalence classes either coinside or are disjoint.
Proof of (a): Any equivalnce class [a] is not empty, because a ∈ [a] . ◻

Proof of (b): Any a ∈X belongs to the equivalence class [a] . ◻

Proof of (c): Take any a, b ∈X and assume that [a] ∩ [b] /= ∅ .
Then ∃ c ∈X such that c ∈ [a] and c ∈ [b] .
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Definition. Let ∼ be an equivalence relation on a set X . Let a ∈X .
The set [a] = {x ∈X ∣ x ∼ a} of all elements equivalent to a is called

the equivalence class of a .

Theorem. For any equivalence relation ∼ on X ,
the equivalence classes form a partition of X .

Proof. We have to prove the following three statements:
(a) Any equivalence class is not empty.
(b) Any element of X belongs to some equivalence class.
(c) Any two equivalence classes either coinside or are disjoint.
Proof of (a): Any equivalnce class [a] is not empty, because a ∈ [a] . ◻

Proof of (b): Any a ∈X belongs to the equivalence class [a] . ◻

Proof of (c): Take any a, b ∈X and assume that [a] ∩ [b] /= ∅ .
Then ∃ c ∈X such that c ∈ [a] and c ∈ [b] .
This means that c ∼ a and c ∼ b
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Definition. Let ∼ be an equivalence relation on a set X . Let a ∈X .
The set [a] = {x ∈X ∣ x ∼ a} of all elements equivalent to a is called

the equivalence class of a .

Theorem. For any equivalence relation ∼ on X ,
the equivalence classes form a partition of X .

Proof. We have to prove the following three statements:
(a) Any equivalence class is not empty.
(b) Any element of X belongs to some equivalence class.
(c) Any two equivalence classes either coinside or are disjoint.
Proof of (a): Any equivalnce class [a] is not empty, because a ∈ [a] . ◻

Proof of (b): Any a ∈X belongs to the equivalence class [a] . ◻

Proof of (c): Take any a, b ∈X and assume that [a] ∩ [b] /= ∅ .
Then ∃ c ∈X such that c ∈ [a] and c ∈ [b] .
This means that c ∼ a and c ∼ b , therefore a ∼ b .
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Definition. Let ∼ be an equivalence relation on a set X . Let a ∈X .
The set [a] = {x ∈X ∣ x ∼ a} of all elements equivalent to a is called

the equivalence class of a .

Theorem. For any equivalence relation ∼ on X ,
the equivalence classes form a partition of X .

Proof. We have to prove the following three statements:
(a) Any equivalence class is not empty.
(b) Any element of X belongs to some equivalence class.
(c) Any two equivalence classes either coinside or are disjoint.
Proof of (a): Any equivalnce class [a] is not empty, because a ∈ [a] . ◻

Proof of (b): Any a ∈X belongs to the equivalence class [a] . ◻

Proof of (c): Take any a, b ∈X and assume that [a] ∩ [b] /= ∅ .
Then ∃ c ∈X such that c ∈ [a] and c ∈ [b] .
This means that c ∼ a and c ∼ b , therefore a ∼ b . Let us prove that [a] = [b] .
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Definition. Let ∼ be an equivalence relation on a set X . Let a ∈X .
The set [a] = {x ∈X ∣ x ∼ a} of all elements equivalent to a is called

the equivalence class of a .

Theorem. For any equivalence relation ∼ on X ,
the equivalence classes form a partition of X .

Proof. We have to prove the following three statements:
(a) Any equivalence class is not empty.
(b) Any element of X belongs to some equivalence class.
(c) Any two equivalence classes either coinside or are disjoint.
Proof of (a): Any equivalnce class [a] is not empty, because a ∈ [a] . ◻

Proof of (b): Any a ∈X belongs to the equivalence class [a] . ◻

Proof of (c): Take any a, b ∈X and assume that [a] ∩ [b] /= ∅ .
Then ∃ c ∈X such that c ∈ [a] and c ∈ [b] .
This means that c ∼ a and c ∼ b , therefore a ∼ b . Let us prove that [a] = [b] . Take
any x ∈ [a] .
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Definition. Let ∼ be an equivalence relation on a set X . Let a ∈X .
The set [a] = {x ∈X ∣ x ∼ a} of all elements equivalent to a is called

the equivalence class of a .

Theorem. For any equivalence relation ∼ on X ,
the equivalence classes form a partition of X .

Proof. We have to prove the following three statements:
(a) Any equivalence class is not empty.
(b) Any element of X belongs to some equivalence class.
(c) Any two equivalence classes either coinside or are disjoint.
Proof of (a): Any equivalnce class [a] is not empty, because a ∈ [a] . ◻

Proof of (b): Any a ∈X belongs to the equivalence class [a] . ◻

Proof of (c): Take any a, b ∈X and assume that [a] ∩ [b] /= ∅ .
Then ∃ c ∈X such that c ∈ [a] and c ∈ [b] .
This means that c ∼ a and c ∼ b , therefore a ∼ b . Let us prove that [a] = [b] . Take
any x ∈ [a] . Then x ∼ a ,
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Definition. Let ∼ be an equivalence relation on a set X . Let a ∈X .
The set [a] = {x ∈X ∣ x ∼ a} of all elements equivalent to a is called

the equivalence class of a .

Theorem. For any equivalence relation ∼ on X ,
the equivalence classes form a partition of X .

Proof. We have to prove the following three statements:
(a) Any equivalence class is not empty.
(b) Any element of X belongs to some equivalence class.
(c) Any two equivalence classes either coinside or are disjoint.
Proof of (a): Any equivalnce class [a] is not empty, because a ∈ [a] . ◻

Proof of (b): Any a ∈X belongs to the equivalence class [a] . ◻

Proof of (c): Take any a, b ∈X and assume that [a] ∩ [b] /= ∅ .
Then ∃ c ∈X such that c ∈ [a] and c ∈ [b] .
This means that c ∼ a and c ∼ b , therefore a ∼ b . Let us prove that [a] = [b] . Take
any x ∈ [a] . Then x ∼ a , but a ∼ b ,
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Definition. Let ∼ be an equivalence relation on a set X . Let a ∈X .
The set [a] = {x ∈X ∣ x ∼ a} of all elements equivalent to a is called

the equivalence class of a .

Theorem. For any equivalence relation ∼ on X ,
the equivalence classes form a partition of X .

Proof. We have to prove the following three statements:
(a) Any equivalence class is not empty.
(b) Any element of X belongs to some equivalence class.
(c) Any two equivalence classes either coinside or are disjoint.
Proof of (a): Any equivalnce class [a] is not empty, because a ∈ [a] . ◻

Proof of (b): Any a ∈X belongs to the equivalence class [a] . ◻

Proof of (c): Take any a, b ∈X and assume that [a] ∩ [b] /= ∅ .
Then ∃ c ∈X such that c ∈ [a] and c ∈ [b] .
This means that c ∼ a and c ∼ b , therefore a ∼ b . Let us prove that [a] = [b] . Take
any x ∈ [a] . Then x ∼ a , but a ∼ b , by transitivity x ∼ b
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Definition. Let ∼ be an equivalence relation on a set X . Let a ∈X .
The set [a] = {x ∈X ∣ x ∼ a} of all elements equivalent to a is called

the equivalence class of a .

Theorem. For any equivalence relation ∼ on X ,
the equivalence classes form a partition of X .

Proof. We have to prove the following three statements:
(a) Any equivalence class is not empty.
(b) Any element of X belongs to some equivalence class.
(c) Any two equivalence classes either coinside or are disjoint.
Proof of (a): Any equivalnce class [a] is not empty, because a ∈ [a] . ◻

Proof of (b): Any a ∈X belongs to the equivalence class [a] . ◻

Proof of (c): Take any a, b ∈X and assume that [a] ∩ [b] /= ∅ .
Then ∃ c ∈X such that c ∈ [a] and c ∈ [b] .
This means that c ∼ a and c ∼ b , therefore a ∼ b . Let us prove that [a] = [b] . Take
any x ∈ [a] . Then x ∼ a , but a ∼ b , by transitivity x ∼ b so x ∈ [b] .
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Definition. Let ∼ be an equivalence relation on a set X . Let a ∈X .
The set [a] = {x ∈X ∣ x ∼ a} of all elements equivalent to a is called

the equivalence class of a .

Theorem. For any equivalence relation ∼ on X ,
the equivalence classes form a partition of X .

Proof. We have to prove the following three statements:
(a) Any equivalence class is not empty.
(b) Any element of X belongs to some equivalence class.
(c) Any two equivalence classes either coinside or are disjoint.
Proof of (a): Any equivalnce class [a] is not empty, because a ∈ [a] . ◻

Proof of (b): Any a ∈X belongs to the equivalence class [a] . ◻

Proof of (c): Take any a, b ∈X and assume that [a] ∩ [b] /= ∅ .
Then ∃ c ∈X such that c ∈ [a] and c ∈ [b] .
This means that c ∼ a and c ∼ b , therefore a ∼ b . Let us prove that [a] = [b] . Take
any x ∈ [a] . Then x ∼ a , but a ∼ b , by transitivity x ∼ b so x ∈ [b] . Therefore,
[a] ⊂ [b] .
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Definition. Let ∼ be an equivalence relation on a set X . Let a ∈X .
The set [a] = {x ∈X ∣ x ∼ a} of all elements equivalent to a is called

the equivalence class of a .

Theorem. For any equivalence relation ∼ on X ,
the equivalence classes form a partition of X .

Proof. We have to prove the following three statements:
(a) Any equivalence class is not empty.
(b) Any element of X belongs to some equivalence class.
(c) Any two equivalence classes either coinside or are disjoint.
Proof of (a): Any equivalnce class [a] is not empty, because a ∈ [a] . ◻

Proof of (b): Any a ∈X belongs to the equivalence class [a] . ◻

Proof of (c): Take any a, b ∈X and assume that [a] ∩ [b] /= ∅ .
Then ∃ c ∈X such that c ∈ [a] and c ∈ [b] .
This means that c ∼ a and c ∼ b , therefore a ∼ b . Let us prove that [a] = [b] . Take
any x ∈ [a] . Then x ∼ a , but a ∼ b , by transitivity x ∼ b so x ∈ [b] . Therefore,
[a] ⊂ [b] . Symmetrically, [b] ⊂ [a] .
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Definition. Let ∼ be an equivalence relation on a set X . Let a ∈X .
The set [a] = {x ∈X ∣ x ∼ a} of all elements equivalent to a is called

the equivalence class of a .

Theorem. For any equivalence relation ∼ on X ,
the equivalence classes form a partition of X .

Proof. We have to prove the following three statements:
(a) Any equivalence class is not empty.
(b) Any element of X belongs to some equivalence class.
(c) Any two equivalence classes either coinside or are disjoint.
Proof of (a): Any equivalnce class [a] is not empty, because a ∈ [a] . ◻

Proof of (b): Any a ∈X belongs to the equivalence class [a] . ◻

Proof of (c): Take any a, b ∈X and assume that [a] ∩ [b] /= ∅ .
Then ∃ c ∈X such that c ∈ [a] and c ∈ [b] .
This means that c ∼ a and c ∼ b , therefore a ∼ b . Let us prove that [a] = [b] . Take
any x ∈ [a] . Then x ∼ a , but a ∼ b , by transitivity x ∼ b so x ∈ [b] . Therefore,
[a] ⊂ [b] . Symmetrically, [b] ⊂ [a] .
Together this gives us that [a] = [b] . ◻
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1. each partition Σ of a set X gives rise to the equivalence relation ∼Σ on X

2. and each equivalence relation on X gives rise to the partition
formed by equivalence classes.



MAT 250
Lecture 9
Modular ArithmeticEquivalence relations and partitions

38 / 49
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1. each partition Σ of a set X gives rise to the equivalence relation ∼Σ on X

2. and each equivalence relation on X gives rise to the partition
formed by equivalence classes.

It is easy to see that these constructions defines bijections



MAT 250
Lecture 9
Modular ArithmeticEquivalence relations and partitions

38 / 49
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1. each partition Σ of a set X gives rise to the equivalence relation ∼Σ on X

2. and each equivalence relation on X gives rise to the partition
formed by equivalence classes.

It is easy to see that these constructions defines bijections
between the set of all equivalence relations on a set X
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We have seen two constructions:
1. each partition Σ of a set X gives rise to the equivalence relation ∼Σ on X

2. and each equivalence relation on X gives rise to the partition
formed by equivalence classes.

It is easy to see that these constructions defines bijections
between the set of all equivalence relations on a set X

and the set of all partitions on X
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We have seen two constructions:
1. each partition Σ of a set X gives rise to the equivalence relation ∼Σ on X

2. and each equivalence relation on X gives rise to the partition
formed by equivalence classes.

It is easy to see that these constructions defines bijections
between the set of all equivalence relations on a set X

and the set of all partitions on X

inverse to each other.
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We have seen two constructions:
1. each partition Σ of a set X gives rise to the equivalence relation ∼Σ on X

2. and each equivalence relation on X gives rise to the partition
formed by equivalence classes.

It is easy to see that these constructions defines bijections
between the set of all equivalence relations on a set X

and the set of all partitions on X

inverse to each other.

Exercise. Verify that these two maps are really inverse to each other.
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Definition. Let ∼ be an equivalence relation on a set X .
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Definition. Let ∼ be an equivalence relation on a set X .
The set of all equivalence classes is called

the quotient set of X with respect to ∼
and denoted by X/∼ .
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Definition. Let ∼ be an equivalence relation on a set X .
The set of all equivalence classes is called

the quotient set of X with respect to ∼
and denoted by X/∼ .

By definition, X/∼ = {[x] ∣ x ∈X} .
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Definition. Let ∼ be an equivalence relation on a set X .
The set of all equivalence classes is called

the quotient set of X with respect to ∼
and denoted by X/∼ .

By definition, X/∼ = {[x] ∣ x ∈X} .
In other words, the quotient set X/∼

is the partition of X by equivalence classes for ∼ .
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Definition. Let ∼ be an equivalence relation on a set X .
The set of all equivalence classes is called

the quotient set of X with respect to ∼
and denoted by X/∼ .

By definition, X/∼ = {[x] ∣ x ∈X} .
In other words, the quotient set X/∼
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Definition. Let ∼ be an equivalence relation on a set X .
The set of all equivalence classes is called

the quotient set of X with respect to ∼
and denoted by X/∼ .

By definition, X/∼ = {[x] ∣ x ∈X} .
In other words, the quotient set X/∼

is the partition of X by equivalence classes for ∼ .
The partition and the quotient set are

sets which consist of the same elements,
hence they coincide.
Why the same set has two names? partition and quotient set.
There is a stylistic difference between usage of these terms.

If we remember that the equivalence classes are subsets of X

and keep track of their internal structure, then we speak on a partition.

If we think of them as atoms, ignoring their possible internal structure,
then we speak about a quotient set.

Moreover, for a partition Σ of X , we use notation X/Σ .
Thus, formally speaking, Σ =X/Σ !
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Example. The quotient projection Z→ Zm , x↦ xmodm



MAT 250
Lecture 9
Modular ArithmeticQuotient projection

40 / 49

Let ∼ be an equivalence relation on a set X . It defines the quotient set X/∼ , whose
elements are the equivalence classes.

The map pr∼ ∶ X →X/∼ defined by x↦ [x] is called the quotient projection.
The quotient projection is surjective.

Example. The quotient projection Z→ Zm , x↦ xmodm
is called the reduction modulo m .
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Assume that ∀x1, x2 ∈X x1 ∼ x2 Ô⇒ f(x1) = f(x2) .
Then f is constant on every equivalence class.
Define f/∼ ∶X/∼ → Y ∶ [x]↦ f(x) ,

where [x] denotes the equivalence class that contains x .

Notice that f/∼([x]) does not depend on the choice of x from [x] .
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Let f ∶ X → Y be a map, and ∼ be an equivalence relation in X .

Assume that ∀x1, x2 ∈X x1 ∼ x2 Ô⇒ f(x1) = f(x2) .
Then f is constant on every equivalence class.
Define f/∼ ∶X/∼ → Y ∶ [x]↦ f(x) ,

where [x] denotes the equivalence class that contains x .

Notice that f/∼([x]) does not depend on the choice of x from [x] .
The map f/∼ is called a quotient map of f .
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Its elements are equivalence classes,
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That is, [x] = f−1f(x) .
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Let f ∶ X → Y be a map. Consider the relation on X defined as follows:

x1 ∼f x2 ⇐⇒ f(x1) = f(x2) for x1, x2 ∈X .

Obviously, ∼f is an equivalence relation. What is the quotient set X/∼f ?
Its elements are equivalence classes,

the representatives of each class are mapped to the same element in Y .

That is, [x] = f−1f(x) .
Therefore, the map f/ ∶ X/∼f → Y defined by [x]↦ f(x)
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Let f ∶ X → Y be a map. Consider the relation on X defined as follows:

x1 ∼f x2 ⇐⇒ f(x1) = f(x2) for x1, x2 ∈X .

Obviously, ∼f is an equivalence relation. What is the quotient set X/∼f ?
Its elements are equivalence classes,

the representatives of each class are mapped to the same element in Y .

That is, [x] = f−1f(x) .
Therefore, the map f/ ∶ X/∼f → Y defined by [x]↦ f(x) is an injection.
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Let f ∶ X → Y be a map. Consider the relation on X defined as follows:

x1 ∼f x2 ⇐⇒ f(x1) = f(x2) for x1, x2 ∈X .

Obviously, ∼f is an equivalence relation. What is the quotient set X/∼f ?
Its elements are equivalence classes,

the representatives of each class are mapped to the same element in Y .

That is, [x] = f−1f(x) .
Therefore, the map f/ ∶ X/∼f → Y defined by [x]↦ f(x) is an injection.
It is called the injective quotient of f .
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Given a map f ∶X → Y , one can define the quotients set X/∼f

and the quotient map f/ ∶X/∼f → Im f .

Beside this, there is the quotient projection pr∼f ∶ X →X/∼f
and the inclusion map Imf → Y .

These maps are organized in the following commutative diagram:
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and the quotient map f/ ∶X/∼f → Im f .
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Let us put all pieces together.
Given a map f ∶X → Y , one can define the quotients set X/∼f

and the quotient map f/ ∶X/∼f → Im f .

Beside this, there is the quotient projection pr∼f ∶ X →X/∼f
and the inclusion map Imf → Y .

These maps are organized in the following commutative diagram:

X Y

X/∼f Im f

f

pr
∼f

f/
∼

in f = in ○ f/ ○ pr∼f
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Given a map f ∶X → Y , one can define the quotients set X/∼f

and the quotient map f/ ∶X/∼f → Im f .

Beside this, there is the quotient projection pr∼f ∶ X →X/∼f
and the inclusion map Imf → Y .

These maps are organized in the following commutative diagram:
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f
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f/
∼
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Therefore, any map can be presented
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and the quotient map f/ ∶X/∼f → Im f .

Beside this, there is the quotient projection pr∼f ∶ X →X/∼f
and the inclusion map Imf → Y .

These maps are organized in the following commutative diagram:

X Y
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∼f
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∼
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Therefore, any map can be presented
as a composition of a surjection, bijection and injection:



MAT 250
Lecture 9
Modular ArithmeticCanonical factorization of a map

43 / 49

Let us put all pieces together.
Given a map f ∶X → Y , one can define the quotients set X/∼f

and the quotient map f/ ∶X/∼f → Im f .

Beside this, there is the quotient projection pr∼f ∶ X →X/∼f
and the inclusion map Imf → Y .

These maps are organized in the following commutative diagram:

X Y

X/∼f Im f

f

pr
∼f

f/
∼

in f = in ○ f/ ○ pr∼f

Therefore, any map can be presented
as a composition of a surjection, bijection and injection:

f = in®
injection

○ f/
¯

bijection

○ pr∼f
±
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Let us put all pieces together.
Given a map f ∶X → Y , one can define the quotients set X/∼f

and the quotient map f/ ∶X/∼f → Im f .

Beside this, there is the quotient projection pr∼f ∶ X →X/∼f
and the inclusion map Imf → Y .

These maps are organized in the following commutative diagram:

X Y

X/∼f Im f

f

pr
∼f

f/
∼

in f = in ○ f/ ○ pr∼f

Therefore, any map can be presented
as a composition of a surjection, bijection and injection:

f = in®
injection

○ f/
¯

bijection

○ pr∼f
±

surjection

This presentation is called the canonical factorization of f .
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Let C be a category. Dual or opposite category is the category which has the same
objects, but each morphism f ∶ A→ B is considered as a morphism B → A of the
opposite direction. Composition A→ B → C turns to C → B → A .
Verify that this is a category, indeed.

Category of morphisms. Here is another way to cook up a new category from C :
Objects are morphisms of C .

A morphism (V g
Ð→W )→ (X f

Ð→ Y ) is a pair (V α
Ð→X,W
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Ð→ Y ) of maps such that

β ○ g = f ○ α .



MAT 250
Lecture 9
Modular ArithmeticConstructing new categories

44 / 49
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objects, but each morphism f ∶ A→ B is considered as a morphism B → A of the
opposite direction. Composition A→ B → C turns to C → B → A .
Verify that this is a category, indeed.

Category of morphisms. Here is another way to cook up a new category from C :
Objects are morphisms of C .
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Ð→W )→ (X f

Ð→ Y ) is a pair (V α
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Let C be a category. Dual or opposite category is the category which has the same
objects, but each morphism f ∶ A→ B is considered as a morphism B → A of the
opposite direction. Composition A→ B → C turns to C → B → A .
Verify that this is a category, indeed.

Category of morphisms. Here is another way to cook up a new category from C :
Objects are morphisms of C .

A morphism (V g
Ð→W )→ (X f

Ð→ Y ) is a pair (V α
Ð→X,W

β
Ð→ Y ) of maps such that

β ○ g = f ○ α .

It is presented by a diagram:

V X

W Y

α

g f

β

which is commutative .
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Let C be a category. Dual or opposite category is the category which has the same
objects, but each morphism f ∶ A→ B is considered as a morphism B → A of the
opposite direction. Composition A→ B → C turns to C → B → A .
Verify that this is a category, indeed.

Category of morphisms. Here is another way to cook up a new category from C :
Objects are morphisms of C .

A morphism (V g
Ð→W )→ (X f

Ð→ Y ) is a pair (V α
Ð→X,W

β
Ð→ Y ) of maps such that

β ○ g = f ○ α .

It is presented by a diagram:

V X

W Y

α

g f

β

which is commutative: β ○ g = f ○ α .
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Let C be a category. Dual or opposite category is the category which has the same
objects, but each morphism f ∶ A→ B is considered as a morphism B → A of the
opposite direction. Composition A→ B → C turns to C → B → A .
Verify that this is a category, indeed.

Category of morphisms. Here is another way to cook up a new category from C :
Objects are morphisms of C .
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α

f

β
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Let C be a category. Dual or opposite category is the category which has the same
objects, but each morphism f ∶ A→ B is considered as a morphism B → A of the
opposite direction. Composition A→ B → C turns to C → B → A .
Verify that this is a category, indeed.

Category of morphisms. Here is another way to cook up a new category from C :
Objects are morphisms of C .

A morphism (V g
Ð→W )→ (X f

Ð→ Y ) is a pair (V α
Ð→X,W

β
Ð→ Y ) of maps such that

β ○ g = f ○ α .
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Which morphisms are inverse?
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Let C be a category. Dual or opposite category is the category which has the same
objects, but each morphism f ∶ A→ B is considered as a morphism B → A of the
opposite direction. Composition A→ B → C turns to C → B → A .
Verify that this is a category, indeed.

Category of morphisms. Here is another way to cook up a new category from C :
Objects are morphisms of C .

A morphism (V g
Ð→W )→ (X f

Ð→ Y ) is a pair (V α
Ð→X,W

β
Ð→ Y ) of maps such that

β ○ g = f ○ α .

It is presented by a diagram:
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Let C be a category. Dual or opposite category is the category which has the same
objects, but each morphism f ∶ A→ B is considered as a morphism B → A of the
opposite direction. Composition A→ B → C turns to C → B → A .
Verify that this is a category, indeed.

Category of morphisms. Here is another way to cook up a new category from C :
Objects are morphisms of C .

A morphism (V g
Ð→W )→ (X f

Ð→ Y ) is a pair (V α
Ð→X,W

β
Ð→ Y ) of maps such that

β ○ g = f ○ α .

It is presented by a diagram:

V X

W Y

α

g f

β

which is commutative: β ○ g = f ○ α .
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⎛
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⎝
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g

δ

⎞
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⎠

○

⎛
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⎝
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α

f
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⎞
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⎠
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⎝
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Identity morphism:

X X

Y Y

idX

f f

idY

Which morphisms are inverse? Invertible?
Isomorphisms?
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Classification problem for surjections.

A surjection X
f
Ð→ Y is isomorphic to the projection X →X/∼f .
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Two special kinds of objects: injections and surjections.

Classification problem for injections.
Invariants:

Cardinalities of source, target, and the complement of the image.
A complete system of invariants:

the cardinality of source, the cardinality of the complement of the image.

X
f
Ð→ Y = f(X) ∪ (Y ∖ f(X)) .

X
f ∣
Ð→ f(X) ∐ (Y ∖ f(X))

Classification problem for surjections.

A surjection X
f
Ð→ Y is isomorphic to the projection X →X/∼f .

Invariant: a family of sets,
which form the partition of X to f−1(b) with b ∈ Y (or equivalence relation ∼f ).

Families of sets form a category.
Families Γ and ∆ of sets are equivalent

if there exists a bijection Γ→∆ formed of bijections.
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Objects are maps f ∶ X →X , where X is a set.

A morphism (X f
Ð→X)→ (Y g

Ð→ Y ) is a map X
h
Ð→ Y such that h ○ f = g ○ h .

It is presented by a diagram:

X Y

X Y

h

f g

h

which is commutative: h ○ f = g ○ h .

Composition:

⎛
⎜⎜⎜⎜
⎝

A Y

A Y

a

u

g

u

⎞
⎟⎟⎟⎟
⎠

○

⎛
⎜⎜⎜⎜
⎝

Y X

Y X

g

h

f

h

⎞
⎟⎟⎟⎟
⎠
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Objects are maps f ∶ X →X , where X is a set.

A morphism (X f
Ð→X)→ (Y g

Ð→ Y ) is a map X
h
Ð→ Y such that h ○ f = g ○ h .

It is presented by a diagram:

X Y

X Y

h

f g

h

which is commutative: h ○ f = g ○ h .

Composition:

⎛
⎜⎜⎜⎜
⎝

A Y

A Y

a

u

g

u

⎞
⎟⎟⎟⎟
⎠

○

⎛
⎜⎜⎜⎜
⎝

Y X

Y X

g

h

f

h

⎞
⎟⎟⎟⎟
⎠
=

⎛
⎜⎜⎜⎜
⎝

A X

A X

a f

u○h

u○h

⎞
⎟⎟⎟⎟
⎠
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Objects are maps f ∶ X →X , where X is a set.

A morphism (X f
Ð→X)→ (Y g

Ð→ Y ) is a map X
h
Ð→ Y such that h ○ f = g ○ h .

It is presented by a diagram:

X Y

X Y

h

f g

h

which is commutative: h ○ f = g ○ h .

Composition:

⎛
⎜⎜⎜⎜
⎝

A Y

A Y

a

u

g

u

⎞
⎟⎟⎟⎟
⎠

○

⎛
⎜⎜⎜⎜
⎝

Y X

Y X

g

h

f

h

⎞
⎟⎟⎟⎟
⎠
=

⎛
⎜⎜⎜⎜
⎝

A X

A X

a f

u○h

u○h

⎞
⎟⎟⎟⎟
⎠

Categories in Linear Algebra.
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often elements may be avoided and everything can be done on the categorical level,
replacing elements by compositions of maps.
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A morphism f ∶ A→ B in a category C is called monic
if for any morphisms α1, α2 ∶ X → A the equality f ○ α1 = f ○ α2 implies α1 = α2 .

In the category of sets, monic = injective.

A morphism f ∶ A→ B in a category C is called epi
if for any morphisms α1, α2 ∶ B →X the equality α1 ○ f = α2 ○ f implies α1 = α2 .

In the category of sets, epi = surjective.

One might expect that monic + epi = isomorphism,

but in some categories this is not true.
Categories of Linear Algebra
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A binary relation ≺ is called a partial order if it is
reflexive, anti-symmetric and transitive.

A set equipped with a partial order is called a poset or partially ordered set.

Examples of posets: (P(X),⊂) , (N, ∣ ) ,
Elements a, b of poset (X,≺) are said to be comparable, if a ≺ b ∨ b ≺ a .

If any two elements of a poset (X,≺) are comparable,
then (X,≺) is said to be linearly ordered set or loset.

Notice that any loset is a poset.
Examples of losets: (R,≤) , (a dictionary, lexicographic order on the set of words).

Direct product of two posets: (X,≺X) × (Y,≺Y ) = (X × Y,≺X×Y )
with (a, b) ≺X×Y (c, d) ∶= a ≺X c ∧ b ≺Y d

Lexicographic product of two posets: (X,≺X)LG × (Y,≺Y ) = (X × Y,≺X×Y )
with (a, b) ≺X×Y (c, d) ∶= (a ≺X c ∧ a ≠ c) ∨ (a = c ∧ b ≺Y d)

Let X,Y be posets, a map X → Y is called
monotonic, or monotone, or increasing if a ≺ b Ô⇒ f(a) ≺ f(b) .
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Posets and their monotone maps form a category.

Losets and their monotone maps also form a category.

In both categories, isomorphism classes of objects are called order types.

Each poset (X,≺) is a category, in which X is the set of objects
and for any a, b ∈X with a ≺ b there is a unique morphism a→ b .

If a ≺ b is false, then there is no morphism a→ b .
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