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In mathematics, many statements depend on variables
that can take values from a certain set (the universe or domain of discourse).

To express properties about “all” or “some” elements of this universe,
we use quantifiers.

These quantifiers allow us to convert predicates –
statements whose truth depends on variables –

into propositions – statements that are either true or false.

In this lecture, we will explore the two most common quantifiers:

● The universal quantifier ∀ , meaning “for all”

● The existential quantifier ∃ , meaning “there exists.”

We will study how to read, interpret, and manipulate
statements involving quantifiers,

and understand their crucial role in mathematical logic.
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a universal quantifier, denoted by the symbol ∀,
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The sentence “For all real x , x > 1 ” is written in symbols as

∀ x ∈ R x > 1 .
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The sentence “For some real x , x > 1 ” is written in symbols as
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existential quantifier

The two sentences above are called the quantified sentences.
A variable placed next to a quantifier is said to be bound by the quantifier.

A variable which is not bound by any quantifier is called free.
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Symbolically this statement is written as ∃! x ∈ Z 1 < x < 3 .

The symbol ∃! stands for the unique existential quantifier.

The unique existential quantifier
can be expressed in terms of the universal and existential quantifiers:

∃! x P (x) ⇐⇒ (∃ x P (x)) ∧ (∀x1∀x2 P (x1) ∧ P (x2) Ô⇒ x1 = x2)
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be the set of people.

Let W (x) be the predicate “x likes whisky” and
S(x) be the predicate “x is a Scot.”

Give a colloquial English expressions for the following quantified sentences:

∀x (S(x) Ô⇒ W (x)) All Scots like whisky.

∀x (W (x) Ô⇒ S(x)) Each person who likes whisky is a Scot.

∃x (S(x) ∧ ¬W (x)) Some Scots don’t like whisky.
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Example 1. Write the following sentence in a symbolic form:

Some integers are even.

universe

Z

∃ divisible by 2

We need to introduce a variable for an integer. Call it n .

Then the phrase “Some integers are even” gets the following symbolic writing:

∃n ∈ Z 2∣n . It may be written also as ∃n (n ∈ Z ∧ 2∣n) .
Example 2. Write the following sentence in a symbolic form:

Every rational number is a real number.

Q R∀ Ô⇒
Introduce a variable x . Then the sentence will be written as

∀x (x ∈ Q Ô⇒ x ∈ R)
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∃x ∀y P (x, y)

∃y ∀x P (x, y) ∀x ∃y P (x, y)
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Ô⇒

Ô⇒
Ô⇒

Ô⇒ Ô⇒

Ô⇒
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∀x ∃y x + y ≠ 0. This is true, since for any x there exists y , namely,
y = 1 − x , such that x + y
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to which we can add any number y and get 0 as the result.
This can’t be true, such special number doesn’t exist.

The justification above requires many words. Let us see how to reason more
efficiently. Consider the denial of the statement:

∀x ∃y x + y ≠ 0. This is true, since for any x there exists y , namely,
y = 1 − x , such that x + y

®
1−x

≠ 0 .

Therefore, the denial is true, and the original statement is false.

N Warning. Here is a typical example of incorrect reasoning.

The statement ∃x ∀y x + y = 0 is true,
since there is x , namely x = −y , such that for all y we have x®

−y

+y = 0 .

Why this reasoning is incorrect? The statement claims existence of some x that serves

all y . So x should not depend on y .
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3) ∀x ∃y x + y = 0 T Why?

No matter which x is chosen, we may always find y , namely, y = −x ,
such that x + y
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−x

= 0

N Warning. Here is a typical example of incorrect reasoning.

The statement ∀x ∃y x + y = 0 is true.
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Indeed, for x = 2 ,



MAT 200 Introduction to Logic
MAT 250 Introduction to Advanced Mathematics
Lecture 2 QuantifiersAll quantified sentences

18 / 27

3) ∀x ∃y x + y = 0 T Why?

No matter which x is chosen, we may always find y , namely, y = −x ,
such that x + y

®
−x

= 0

N Warning. Here is a typical example of incorrect reasoning.

The statement ∀x ∃y x + y = 0 is true.

Indeed, for x = 2 , there exists y , namely y = −2 ,



MAT 200 Introduction to Logic
MAT 250 Introduction to Advanced Mathematics
Lecture 2 QuantifiersAll quantified sentences

18 / 27

3) ∀x ∃y x + y = 0 T Why?
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N Warning. Here is a typical example of incorrect reasoning.

The statement ∀x ∃y x + y = 0 is true.

Indeed, for x = 2 , there exists y , namely y = −2 , such that x®
2

+ y
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3) ∀x ∃y x + y = 0 T Why?

No matter which x is chosen, we may always find y , namely, y = −x ,
such that x + y

®
−x

= 0

N Warning. Here is a typical example of incorrect reasoning.

The statement ∀x ∃y x + y = 0 is true.

Indeed, for x = 2 , there exists y , namely y = −2 , such that x®
2

+ y
®
−2

= 0 .

Why this reasoning is incorrect? Since x stands under universal quantifier,
one can not assign any value for it.
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5) ∃y ∃x x + y = 0 is equivalent to ∃x ∃y x + y = 0 , so it is true, see 1).
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The denial is ∀ y ∃x x + y ≠ 0. This is true, since for any y one can find x ,
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such that x + y
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8) ∀ y ∀x x + y = 0 is equivalent to ∀x ∀ y x + y = 0 ,
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7) ∀ y ∃x x + y = 0 T Why?

No matter which y is chosen, we may always find x , namely, y = −x ,
such that x + y

®
−x

= 0

8) ∀ y ∀x x + y = 0 is equivalent to ∀x ∀ y x + y = 0 , so it is false, see 4).
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Consider the following problem:
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Our next two exercises will test how well we:

− handle symbolic writing

− understand sentences with several quantifiers
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Example. Consider the following statement:
For every real number x , one can find a real number y

such that x > 2 whenever x + y ≤ 3 .
a) Rewrite the statement in symbolic form (without words).
b) Construct a useful denial of the statement.
c) Determine the truth values of the statement and its denial.
d) Give a geometric interpretation of the statement.

Solution. a) ∀x ∃y x + y ≤ 3 Ô⇒ x > 2 .
b) For a denial, we need to switch the quantifiers and negate the implication.
We remember that ¬(P Ô⇒ Q) ⇐⇒ P ∧ ¬Q . Therefore,
¬(∀x ∃y x + y ≤ 3 Ô⇒ x > 2) ⇐⇒ (∃x ∀y x + y ≤ 3 ∧ x ≤ 2)
c) To determine the truth value of the statement, we rewrite it as a disjunction.
Remember: (P Ô⇒ Q) ⇐⇒ (¬P ∨Q) . Therefore,
(∀x ∃y x + y ≤ 3 Ô⇒ x > 2) ⇐⇒ (∀x ∃y x + y > 3 ∨ x > 2) , which is true.
Indeed, for any x ,
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such that x > 2 whenever x + y ≤ 3 .
a) Rewrite the statement in symbolic form (without words).
b) Construct a useful denial of the statement.
c) Determine the truth values of the statement and its denial.
d) Give a geometric interpretation of the statement.

Solution. a) ∀x ∃y x + y ≤ 3 Ô⇒ x > 2 .
b) For a denial, we need to switch the quantifiers and negate the implication.
We remember that ¬(P Ô⇒ Q) ⇐⇒ P ∧ ¬Q . Therefore,
¬(∀x ∃y x + y ≤ 3 Ô⇒ x > 2) ⇐⇒ (∃x ∀y x + y ≤ 3 ∧ x ≤ 2)
c) To determine the truth value of the statement, we rewrite it as a disjunction.
Remember: (P Ô⇒ Q) ⇐⇒ (¬P ∨Q) . Therefore,
(∀x ∃y x + y ≤ 3 Ô⇒ x > 2) ⇐⇒ (∀x ∃y x + y > 3 ∨ x > 2) , which is true.
Indeed, for any x , there exists y,
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Example. Consider the following statement:
For every real number x , one can find a real number y

such that x > 2 whenever x + y ≤ 3 .
a) Rewrite the statement in symbolic form (without words).
b) Construct a useful denial of the statement.
c) Determine the truth values of the statement and its denial.
d) Give a geometric interpretation of the statement.

Solution. a) ∀x ∃y x + y ≤ 3 Ô⇒ x > 2 .
b) For a denial, we need to switch the quantifiers and negate the implication.
We remember that ¬(P Ô⇒ Q) ⇐⇒ P ∧ ¬Q . Therefore,
¬(∀x ∃y x + y ≤ 3 Ô⇒ x > 2) ⇐⇒ (∃x ∀y x + y ≤ 3 ∧ x ≤ 2)
c) To determine the truth value of the statement, we rewrite it as a disjunction.
Remember: (P Ô⇒ Q) ⇐⇒ (¬P ∨Q) . Therefore,
(∀x ∃y x + y ≤ 3 Ô⇒ x > 2) ⇐⇒ (∀x ∃y x + y > 3 ∨ x > 2) , which is true.
Indeed, for any x , there exists y, namely y = 4− x,
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Example. Consider the following statement:
For every real number x , one can find a real number y

such that x > 2 whenever x + y ≤ 3 .
a) Rewrite the statement in symbolic form (without words).
b) Construct a useful denial of the statement.
c) Determine the truth values of the statement and its denial.
d) Give a geometric interpretation of the statement.

Solution. a) ∀x ∃y x + y ≤ 3 Ô⇒ x > 2 .
b) For a denial, we need to switch the quantifiers and negate the implication.
We remember that ¬(P Ô⇒ Q) ⇐⇒ P ∧ ¬Q . Therefore,
¬(∀x ∃y x + y ≤ 3 Ô⇒ x > 2) ⇐⇒ (∃x ∀y x + y ≤ 3 ∧ x ≤ 2)
c) To determine the truth value of the statement, we rewrite it as a disjunction.
Remember: (P Ô⇒ Q) ⇐⇒ (¬P ∨Q) . Therefore,
(∀x ∃y x + y ≤ 3 Ô⇒ x > 2) ⇐⇒ (∀x ∃y x + y > 3 ∨ x > 2) , which is true.
Indeed, for any x , there exists y, namely y = 4− x, such that x + y = x + (4− x) = 4 > 3,
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Example. Consider the following statement:
For every real number x , one can find a real number y

such that x > 2 whenever x + y ≤ 3 .
a) Rewrite the statement in symbolic form (without words).
b) Construct a useful denial of the statement.
c) Determine the truth values of the statement and its denial.
d) Give a geometric interpretation of the statement.

Solution. a) ∀x ∃y x + y ≤ 3 Ô⇒ x > 2 .
b) For a denial, we need to switch the quantifiers and negate the implication.
We remember that ¬(P Ô⇒ Q) ⇐⇒ P ∧ ¬Q . Therefore,
¬(∀x ∃y x + y ≤ 3 Ô⇒ x > 2) ⇐⇒ (∃x ∀y x + y ≤ 3 ∧ x ≤ 2)
c) To determine the truth value of the statement, we rewrite it as a disjunction.
Remember: (P Ô⇒ Q) ⇐⇒ (¬P ∨Q) . Therefore,
(∀x ∃y x + y ≤ 3 Ô⇒ x > 2) ⇐⇒ (∀x ∃y x + y > 3 ∨ x > 2) , which is true.
Indeed, for any x , there exists y, namely y = 4− x, such that x + y = x + (4− x) = 4 > 3,

which makes the part x > 2 irrelevant.
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Example. Consider the following statement:
For every real number x , one can find a real number y

such that x > 2 whenever x + y ≤ 3 .
a) Rewrite the statement in symbolic form (without words).
b) Construct a useful denial of the statement.
c) Determine the truth values of the statement and its denial.
d) Give a geometric interpretation of the statement.

Solution. a) ∀x ∃y x + y ≤ 3 Ô⇒ x > 2 .
b) For a denial, we need to switch the quantifiers and negate the implication.
We remember that ¬(P Ô⇒ Q) ⇐⇒ P ∧ ¬Q . Therefore,
¬(∀x ∃y x + y ≤ 3 Ô⇒ x > 2) ⇐⇒ (∃x ∀y x + y ≤ 3 ∧ x ≤ 2)
c) To determine the truth value of the statement, we rewrite it as a disjunction.
Remember: (P Ô⇒ Q) ⇐⇒ (¬P ∨Q) . Therefore,
(∀x ∃y x + y ≤ 3 Ô⇒ x > 2) ⇐⇒ (∀x ∃y x + y > 3 ∨ x > 2) , which is true.
Indeed, for any x , there exists y, namely y = 4− x, such that x + y = x + (4− x) = 4 > 3,

which makes the part x > 2 irrelevant.
The negation of the statement is therefore false.
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d) For a geometric interpretation of the original statement
∀x ∃y x + y ≤ 3 Ô⇒ x > 2,
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d) For a geometric interpretation of the original statement
∀x ∃y x + y ≤ 3 Ô⇒ x > 2, we use its disjunctive form:
(∀x ∃y x + y ≤ 3 Ô⇒ x > 2) ⇐⇒ (∀x ∃y x + y > 3 ∨ x > 2) .
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d) For a geometric interpretation of the original statement
∀x ∃y x + y ≤ 3 Ô⇒ x > 2, we use its disjunctive form:
(∀x ∃y x + y ≤ 3 Ô⇒ x > 2) ⇐⇒ (∀x ∃y x + y > 3 ∨ x > 2) .
Let us draw on the coordinate system the set of all points (x, y)
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d) For a geometric interpretation of the original statement
∀x ∃y x + y ≤ 3 Ô⇒ x > 2, we use its disjunctive form:
(∀x ∃y x + y ≤ 3 Ô⇒ x > 2) ⇐⇒ (∀x ∃y x + y > 3 ∨ x > 2) .
Let us draw on the coordinate system the set of all points (x, y)

for which x + y > 3 or x > 2 .
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∀x ∃y x + y ≤ 3 Ô⇒ x > 2, we use its disjunctive form:
(∀x ∃y x + y ≤ 3 Ô⇒ x > 2) ⇐⇒ (∀x ∃y x + y > 3 ∨ x > 2) .
Let us draw on the coordinate system the set of all points (x, y)

for which x + y > 3 or x > 2 .
It’s a union of two half-planes determined by the inequalities x+y > 3 and x > 2 :
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∀x ∃y x + y ≤ 3 Ô⇒ x > 2, we use its disjunctive form:
(∀x ∃y x + y ≤ 3 Ô⇒ x > 2) ⇐⇒ (∀x ∃y x + y > 3 ∨ x > 2) .
Let us draw on the coordinate system the set of all points (x, y)

for which x + y > 3 or x > 2 .
It’s a union of two half-planes determined by the inequalities x+y > 3 and x > 2 :
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y

x = 2 x + y = 3

The statement says that
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d) For a geometric interpretation of the original statement
∀x ∃y x + y ≤ 3 Ô⇒ x > 2, we use its disjunctive form:
(∀x ∃y x + y ≤ 3 Ô⇒ x > 2) ⇐⇒ (∀x ∃y x + y > 3 ∨ x > 2) .
Let us draw on the coordinate system the set of all points (x, y)

for which x + y > 3 or x > 2 .
It’s a union of two half-planes determined by the inequalities x+y > 3 and x > 2 :

x

y

x = 2 x + y = 3

The statement says that for any value of x
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d) For a geometric interpretation of the original statement
∀x ∃y x + y ≤ 3 Ô⇒ x > 2, we use its disjunctive form:
(∀x ∃y x + y ≤ 3 Ô⇒ x > 2) ⇐⇒ (∀x ∃y x + y > 3 ∨ x > 2) .
Let us draw on the coordinate system the set of all points (x, y)

for which x + y > 3 or x > 2 .
It’s a union of two half-planes determined by the inequalities x+y > 3 and x > 2 :
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y

x = 2 x + y = 3

The statement says that for any value of x

(draw vertical line x = c ,
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d) For a geometric interpretation of the original statement
∀x ∃y x + y ≤ 3 Ô⇒ x > 2, we use its disjunctive form:
(∀x ∃y x + y ≤ 3 Ô⇒ x > 2) ⇐⇒ (∀x ∃y x + y > 3 ∨ x > 2) .
Let us draw on the coordinate system the set of all points (x, y)

for which x + y > 3 or x > 2 .
It’s a union of two half-planes determined by the inequalities x+y > 3 and x > 2 :
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x = 2 x + y = 3

c

y

The statement says that for any value of x

(draw vertical line x = c , where c is an arbitrary number)
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d) For a geometric interpretation of the original statement
∀x ∃y x + y ≤ 3 Ô⇒ x > 2, we use its disjunctive form:
(∀x ∃y x + y ≤ 3 Ô⇒ x > 2) ⇐⇒ (∀x ∃y x + y > 3 ∨ x > 2) .
Let us draw on the coordinate system the set of all points (x, y)

for which x + y > 3 or x > 2 .
It’s a union of two half-planes determined by the inequalities x+y > 3 and x > 2 :

x
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x = 2 x + y = 3
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y

The statement says that for any value of x

(draw vertical line x = c , where c is an arbitrary number)
there exists y



MAT 200 Introduction to Logic
MAT 250 Introduction to Advanced Mathematics
Lecture 2 QuantifiersGeometric interpretation

24 / 27

d) For a geometric interpretation of the original statement
∀x ∃y x + y ≤ 3 Ô⇒ x > 2, we use its disjunctive form:
(∀x ∃y x + y ≤ 3 Ô⇒ x > 2) ⇐⇒ (∀x ∃y x + y > 3 ∨ x > 2) .
Let us draw on the coordinate system the set of all points (x, y)

for which x + y > 3 or x > 2 .
It’s a union of two half-planes determined by the inequalities x+y > 3 and x > 2 :

x

y

x = 2 x + y = 3

c

y

The statement says that for any value of x

(draw vertical line x = c , where c is an arbitrary number)
there exists y such that the point (c, y) belongs to the
shaded region .
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d) For a geometric interpretation of the original statement
∀x ∃y x + y ≤ 3 Ô⇒ x > 2, we use its disjunctive form:
(∀x ∃y x + y ≤ 3 Ô⇒ x > 2) ⇐⇒ (∀x ∃y x + y > 3 ∨ x > 2) .
Let us draw on the coordinate system the set of all points (x, y)

for which x + y > 3 or x > 2 .
It’s a union of two half-planes determined by the inequalities x+y > 3 and x > 2 :

x

y

x = 2 x + y = 3

c

y

The statement says that for any value of x

(draw vertical line x = c , where c is an arbitrary number)
there exists y such that the point (c, y) belongs to the
shaded region .

For example, we can take y = 4−x
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d) For a geometric interpretation of the original statement
∀x ∃y x + y ≤ 3 Ô⇒ x > 2, we use its disjunctive form:
(∀x ∃y x + y ≤ 3 Ô⇒ x > 2) ⇐⇒ (∀x ∃y x + y > 3 ∨ x > 2) .
Let us draw on the coordinate system the set of all points (x, y)

for which x + y > 3 or x > 2 .
It’s a union of two half-planes determined by the inequalities x+y > 3 and x > 2 :

x

y

x = 2 x + y = 3

c

y

The statement says that for any value of x

(draw vertical line x = c , where c is an arbitrary number)
there exists y such that the point (c, y) belongs to the
shaded region .

For example, we can take y = 4−x to ensure that x+ y
will be greater than 3
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d) For a geometric interpretation of the original statement
∀x ∃y x + y ≤ 3 Ô⇒ x > 2, we use its disjunctive form:
(∀x ∃y x + y ≤ 3 Ô⇒ x > 2) ⇐⇒ (∀x ∃y x + y > 3 ∨ x > 2) .
Let us draw on the coordinate system the set of all points (x, y)

for which x + y > 3 or x > 2 .
It’s a union of two half-planes determined by the inequalities x+y > 3 and x > 2 :

x

y

x = 2 x + y = 3

c

y

The statement says that for any value of x

(draw vertical line x = c , where c is an arbitrary number)
there exists y such that the point (c, y) belongs to the
shaded region .

For example, we can take y = 4−x to ensure that x+ y
will be greater than 3 and so the statement
x + y > 3 ∨ x > 2 will hold true.
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Find all values of a for which each of the propositional forms below holds true.
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Problem. Let a and x be real numbers.
Find all values of a for which each of the propositional forms below holds true.
(a) ∃x a2x − x + 1 = 0 (b) ∀x a2x − x + 1 = 0 (c) ∃x a2x − x + 1 > 0
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Problem. Let a and x be real numbers.
Find all values of a for which each of the propositional forms below holds true.
(a) ∃x a2x − x + 1 = 0 (b) ∀x a2x − x + 1 = 0 (c) ∃x a2x − x + 1 > 0

Solution. (a) What does it mean that ∃x a2x − x + 1 = 0 ?
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Problem. Let a and x be real numbers.
Find all values of a for which each of the propositional forms below holds true.
(a) ∃x a2x − x + 1 = 0 (b) ∀x a2x − x + 1 = 0 (c) ∃x a2x − x + 1 > 0

Solution. (a) What does it mean that ∃x a2x − x + 1 = 0 ? It means that
there is x which is a solution of the equation a2x − x + 1 = 0 .
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Find all values of a for which each of the propositional forms below holds true.
(a) ∃x a2x − x + 1 = 0 (b) ∀x a2x − x + 1 = 0 (c) ∃x a2x − x + 1 > 0

Solution. (a) What does it mean that ∃x a2x − x + 1 = 0 ? It means that
there is x which is a solution of the equation a2x − x + 1 = 0 .
Can we solve this equation?
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Problem. Let a and x be real numbers.
Find all values of a for which each of the propositional forms below holds true.
(a) ∃x a2x − x + 1 = 0 (b) ∀x a2x − x + 1 = 0 (c) ∃x a2x − x + 1 > 0

Solution. (a) What does it mean that ∃x a2x − x + 1 = 0 ? It means that
there is x which is a solution of the equation a2x − x + 1 = 0 .
Can we solve this equation? Sure!
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Problem. Let a and x be real numbers.
Find all values of a for which each of the propositional forms below holds true.
(a) ∃x a2x − x + 1 = 0 (b) ∀x a2x − x + 1 = 0 (c) ∃x a2x − x + 1 > 0

Solution. (a) What does it mean that ∃x a2x − x + 1 = 0 ? It means that
there is x which is a solution of the equation a2x − x + 1 = 0 .
Can we solve this equation? Sure! This is a linear equation
a2x − x + 1 = 0
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Problem. Let a and x be real numbers.
Find all values of a for which each of the propositional forms below holds true.
(a) ∃x a2x − x + 1 = 0 (b) ∀x a2x − x + 1 = 0 (c) ∃x a2x − x + 1 > 0

Solution. (a) What does it mean that ∃x a2x − x + 1 = 0 ? It means that
there is x which is a solution of the equation a2x − x + 1 = 0 .
Can we solve this equation? Sure! This is a linear equation
a2x − x + 1 = 0 ⇐⇒ (a2 − 1)x + 1 = 0 .
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Problem. Let a and x be real numbers.
Find all values of a for which each of the propositional forms below holds true.
(a) ∃x a2x − x + 1 = 0 (b) ∀x a2x − x + 1 = 0 (c) ∃x a2x − x + 1 > 0

Solution. (a) What does it mean that ∃x a2x − x + 1 = 0 ? It means that
there is x which is a solution of the equation a2x − x + 1 = 0 .
Can we solve this equation? Sure! This is a linear equation
a2x − x + 1 = 0 ⇐⇒ (a2 − 1)x + 1 = 0 .

It has a solution x = 1

1 − a2
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Problem. Let a and x be real numbers.
Find all values of a for which each of the propositional forms below holds true.
(a) ∃x a2x − x + 1 = 0 (b) ∀x a2x − x + 1 = 0 (c) ∃x a2x − x + 1 > 0

Solution. (a) What does it mean that ∃x a2x − x + 1 = 0 ? It means that
there is x which is a solution of the equation a2x − x + 1 = 0 .
Can we solve this equation? Sure! This is a linear equation
a2x − x + 1 = 0 ⇐⇒ (a2 − 1)x + 1 = 0 .

It has a solution x = 1

1 − a2
provided a ≠ ±1 .
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Problem. Let a and x be real numbers.
Find all values of a for which each of the propositional forms below holds true.
(a) ∃x a2x − x + 1 = 0 (b) ∀x a2x − x + 1 = 0 (c) ∃x a2x − x + 1 > 0

Solution. (a) What does it mean that ∃x a2x − x + 1 = 0 ? It means that
there is x which is a solution of the equation a2x − x + 1 = 0 .
Can we solve this equation? Sure! This is a linear equation
a2x − x + 1 = 0 ⇐⇒ (a2 − 1)x + 1 = 0 .

It has a solution x = 1

1 − a2
provided a ≠ ±1 .

Therefore, for any a ≠ ±1 , there is x such that a2x − x + 1 = 0 .
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Problem. Let a and x be real numbers.
Find all values of a for which each of the propositional forms below holds true.
(a) ∃x a2x − x + 1 = 0 (b) ∀x a2x − x + 1 = 0 (c) ∃x a2x − x + 1 > 0

Solution. (a) What does it mean that ∃x a2x − x + 1 = 0 ? It means that
there is x which is a solution of the equation a2x − x + 1 = 0 .
Can we solve this equation? Sure! This is a linear equation
a2x − x + 1 = 0 ⇐⇒ (a2 − 1)x + 1 = 0 .

It has a solution x = 1

1 − a2
provided a ≠ ±1 .

Therefore, for any a ≠ ±1 , there is x such that a2x − x + 1 = 0 .
So we have found all values of a such that ∃x a2x − x + 1 = 0 .
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Problem. Let a and x be real numbers.
Find all values of a for which each of the propositional forms below holds true.
(a) ∃x a2x − x + 1 = 0 (b) ∀x a2x − x + 1 = 0 (c) ∃x a2x − x + 1 > 0

Solution. (a) What does it mean that ∃x a2x − x + 1 = 0 ? It means that
there is x which is a solution of the equation a2x − x + 1 = 0 .
Can we solve this equation? Sure! This is a linear equation
a2x − x + 1 = 0 ⇐⇒ (a2 − 1)x + 1 = 0 .

It has a solution x = 1

1 − a2
provided a ≠ ±1 .

Therefore, for any a ≠ ±1 , there is x such that a2x − x + 1 = 0 .
So we have found all values of a such that ∃x a2x − x + 1 = 0 .

Answer: a ≠ ±1 .
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In (b), we need to find all values of a for which the sentence
∀x a2x − x + 1 = 0 holds true.
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∀x a2x − x + 1 = 0 holds true.

This sentence means that
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In (b), we need to find all values of a for which the sentence
∀x a2x − x + 1 = 0 holds true.

This sentence means that any x is a solution of the linear equation
a2x − x + 1 = 0 .
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In (b), we need to find all values of a for which the sentence
∀x a2x − x + 1 = 0 holds true.

This sentence means that any x is a solution of the linear equation
a2x − x + 1 = 0 .
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In (b), we need to find all values of a for which the sentence
∀x a2x − x + 1 = 0 holds true.

This sentence means that any x is a solution of the linear equation
a2x − x + 1 = 0 .

Can this happen for whatever a ? No, since
a2x − x + 1 = 0 ⇐⇒ (a2 − 1)x + 1 = 0 .
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In (b), we need to find all values of a for which the sentence
∀x a2x − x + 1 = 0 holds true.

This sentence means that any x is a solution of the linear equation
a2x − x + 1 = 0 .

Can this happen for whatever a ? No, since
a2x − x + 1 = 0 ⇐⇒ (a2 − 1)x + 1 = 0 .
To make our reasoning clear, let us consider a denial of the original statement.
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In (b), we need to find all values of a for which the sentence
∀x a2x − x + 1 = 0 holds true.

This sentence means that any x is a solution of the linear equation
a2x − x + 1 = 0 .

Can this happen for whatever a ? No, since
a2x − x + 1 = 0 ⇐⇒ (a2 − 1)x + 1 = 0 .
To make our reasoning clear, let us consider a denial of the original statement.
¬(∀x a2x − x + 1 = 0)
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In (b), we need to find all values of a for which the sentence
∀x a2x − x + 1 = 0 holds true.

This sentence means that any x is a solution of the linear equation
a2x − x + 1 = 0 .

Can this happen for whatever a ? No, since
a2x − x + 1 = 0 ⇐⇒ (a2 − 1)x + 1 = 0 .
To make our reasoning clear, let us consider a denial of the original statement.
¬(∀x a2x − x + 1 = 0) ⇐⇒ ∃x a2x − x + 1 ≠ 0 .
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In (b), we need to find all values of a for which the sentence
∀x a2x − x + 1 = 0 holds true.

This sentence means that any x is a solution of the linear equation
a2x − x + 1 = 0 .

Can this happen for whatever a ? No, since
a2x − x + 1 = 0 ⇐⇒ (a2 − 1)x + 1 = 0 .
To make our reasoning clear, let us consider a denial of the original statement.
¬(∀x a2x − x + 1 = 0) ⇐⇒ ∃x a2x − x + 1 ≠ 0 .
The denial is true:
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In (b), we need to find all values of a for which the sentence
∀x a2x − x + 1 = 0 holds true.

This sentence means that any x is a solution of the linear equation
a2x − x + 1 = 0 .

Can this happen for whatever a ? No, since
a2x − x + 1 = 0 ⇐⇒ (a2 − 1)x + 1 = 0 .
To make our reasoning clear, let us consider a denial of the original statement.
¬(∀x a2x − x + 1 = 0) ⇐⇒ ∃x a2x − x + 1 ≠ 0 .
The denial is true: no matter what a is,
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In (b), we need to find all values of a for which the sentence
∀x a2x − x + 1 = 0 holds true.

This sentence means that any x is a solution of the linear equation
a2x − x + 1 = 0 .

Can this happen for whatever a ? No, since
a2x − x + 1 = 0 ⇐⇒ (a2 − 1)x + 1 = 0 .
To make our reasoning clear, let us consider a denial of the original statement.
¬(∀x a2x − x + 1 = 0) ⇐⇒ ∃x a2x − x + 1 ≠ 0 .
The denial is true: no matter what a is, there is x ,
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In (b), we need to find all values of a for which the sentence
∀x a2x − x + 1 = 0 holds true.

This sentence means that any x is a solution of the linear equation
a2x − x + 1 = 0 .

Can this happen for whatever a ? No, since
a2x − x + 1 = 0 ⇐⇒ (a2 − 1)x + 1 = 0 .
To make our reasoning clear, let us consider a denial of the original statement.
¬(∀x a2x − x + 1 = 0) ⇐⇒ ∃x a2x − x + 1 ≠ 0 .
The denial is true: no matter what a is, there is x , namely x = 0 ,
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In (b), we need to find all values of a for which the sentence
∀x a2x − x + 1 = 0 holds true.

This sentence means that any x is a solution of the linear equation
a2x − x + 1 = 0 .

Can this happen for whatever a ? No, since
a2x − x + 1 = 0 ⇐⇒ (a2 − 1)x + 1 = 0 .
To make our reasoning clear, let us consider a denial of the original statement.
¬(∀x a2x − x + 1 = 0) ⇐⇒ ∃x a2x − x + 1 ≠ 0 .
The denial is true: no matter what a is, there is x , namely x = 0 ,

such that a2x − x + 1∣
x=0
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In (b), we need to find all values of a for which the sentence
∀x a2x − x + 1 = 0 holds true.

This sentence means that any x is a solution of the linear equation
a2x − x + 1 = 0 .

Can this happen for whatever a ? No, since
a2x − x + 1 = 0 ⇐⇒ (a2 − 1)x + 1 = 0 .
To make our reasoning clear, let us consider a denial of the original statement.
¬(∀x a2x − x + 1 = 0) ⇐⇒ ∃x a2x − x + 1 ≠ 0 .
The denial is true: no matter what a is, there is x , namely x = 0 ,

such that a2x − x + 1∣
x=0

= 1 ≠ 0 .
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In (b), we need to find all values of a for which the sentence
∀x a2x − x + 1 = 0 holds true.

This sentence means that any x is a solution of the linear equation
a2x − x + 1 = 0 .

Can this happen for whatever a ? No, since
a2x − x + 1 = 0 ⇐⇒ (a2 − 1)x + 1 = 0 .
To make our reasoning clear, let us consider a denial of the original statement.
¬(∀x a2x − x + 1 = 0) ⇐⇒ ∃x a2x − x + 1 ≠ 0 .
The denial is true: no matter what a is, there is x , namely x = 0 ,

such that a2x − x + 1∣
x=0

= 1 ≠ 0 .

Therefore, the denial is true for any a ,
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In (b), we need to find all values of a for which the sentence
∀x a2x − x + 1 = 0 holds true.

This sentence means that any x is a solution of the linear equation
a2x − x + 1 = 0 .

Can this happen for whatever a ? No, since
a2x − x + 1 = 0 ⇐⇒ (a2 − 1)x + 1 = 0 .
To make our reasoning clear, let us consider a denial of the original statement.
¬(∀x a2x − x + 1 = 0) ⇐⇒ ∃x a2x − x + 1 ≠ 0 .
The denial is true: no matter what a is, there is x , namely x = 0 ,

such that a2x − x + 1∣
x=0

= 1 ≠ 0 .

Therefore, the denial is true for any a ,
so the original statement is false for any a .



MAT 200 Introduction to Logic
MAT 250 Introduction to Advanced Mathematics
Lecture 2 QuantifiersA problem with parameter

26 / 27

In (b), we need to find all values of a for which the sentence
∀x a2x − x + 1 = 0 holds true.

This sentence means that any x is a solution of the linear equation
a2x − x + 1 = 0 .

Can this happen for whatever a ? No, since
a2x − x + 1 = 0 ⇐⇒ (a2 − 1)x + 1 = 0 .
To make our reasoning clear, let us consider a denial of the original statement.
¬(∀x a2x − x + 1 = 0) ⇐⇒ ∃x a2x − x + 1 ≠ 0 .
The denial is true: no matter what a is, there is x , namely x = 0 ,

such that a2x − x + 1∣
x=0

= 1 ≠ 0 .

Therefore, the denial is true for any a ,
so the original statement is false for any a .

Answer: There no such values of a .
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In (c), we need to find all values of a for which the sentence
∃x a2x − x + 1 > 0

holds true.
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In (c), we need to find all values of a for which the sentence
∃x a2x − x + 1 > 0

holds true.

Simple observation gives us x = 0 which guarantees that a2x − x + 1∣
x=0
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Simple observation gives us x = 0 which guarantees that a2x − x + 1∣
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In (c), we need to find all values of a for which the sentence
∃x a2x − x + 1 > 0

holds true.

Simple observation gives us x = 0 which guarantees that a2x − x + 1∣
x=0

= 1 > 0

no matter what a is.
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In (c), we need to find all values of a for which the sentence
∃x a2x − x + 1 > 0

holds true.

Simple observation gives us x = 0 which guarantees that a2x − x + 1∣
x=0

= 1 > 0

no matter what a is.

Answer: For any a ∈ R , the statement hols true.
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