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• Mathematical induction and strong induction are equivalent.
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For n = 2 , P (2) is a2 = 22 + 1 . Is it true? Yes, since a2 = 5 .
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Assume that P (k) holds true for all k = 1, 2, . . . , n
and prove that P (n+ 1) is also true in this case.

That is, assume that ak = 2k + 1 for all k = 1, 2, . . . , n
and prove that an+1 = 2n+1 + 1 in this case.

Indeed,
an+1 = 3an − 2an−1 by recursive formula

= 3(2n + 1)
︸ ︷︷ ︸

an

− 2(2n−1 + 1)
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an−1

by induction assumption for k = n and k = n− 1
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as required.

3. Conclusion: Therefore, by the principle of strong induction,

an = 2n + 1 for all n ∈ N .
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Leonardo Fibonacci (1175-1250), Italian mathematician

• wrote Liber Abaci, “The Book of Calculation”

• introduced Hindu-Arabic numeral system to the Europeans

• introduces Fibonacci sequence
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1 1 2 3 5 8 13 21 34 55 89 144 233 277 610 987 . . .

Fibonacci sequence {an}∞n=1 is defined by

a1 = a2 = 1 , an+1 = an + an−1 for all integers n ≥ 2 .
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is Binet’s formula for Fibonacci numbers
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This is called Binet’s formula,
named after French mathematician Jacques Philippe Marie Binet,
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an
︸︷︷︸

Fib. number

=
αn − βn

√
5

=

(

1 +
√
5

2

)n

−
(

1−
√
5

2

)n

√
5

(an integer!)

For example, if n = 7 , then a7 = 13 and

13 =

(

1 +
√
5

2

)7

−
(

1−
√
5

2

)7

√
5

This is called Binet’s formula,
named after French mathematician Jacques Philippe Marie Binet,
though it was already known by Abraham de Moivre and Daniel Bernoulli.
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It is presented by a diagram:

X Y

X Y

h

f g

h
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




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a

u

g
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




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
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
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
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f−→ X) → (Y

g−→ Y ) is a map X
h−→ Y such that h ◦ f = g ◦ h .

It is presented by a diagram:

X Y

X Y

h

f g

h

which is commutative: h ◦ f = g ◦ h .

Composition:







A Y

A Y

a

u

g

u







◦







Y X

Y X

g

h

f

h







=







A X

A X

a f

u◦h

u◦h





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The objects of the category of self-maps are
the simplest objects of the mathematical dynamical systems theory.

They are maps f : X → X .
X is considered as the set of states of the system, f describes an evolution.

A map f : X → X can be iterated (composed with itself): X
f−→ X

f−→ X . . .
This gives iterates f1 = f , f2 = f ◦ f , f3 = f ◦ f ◦ f , . . . of f .

The images of a ∈ X under iterations of f form the orbit

{a, f(a), f2(a), f3(a), . . . } of a .
A map f : X → X defines an equivalence relation on X :
elements a, b ∈ X are grand orbit equivalent if their orbits intersect,

i.e., fp(a) = fq(b) for some p, q ∈ N .
Check if this is really an equivalence relation on X .

The equivalence classes are called grand orbits of f .
The set of all grand orbits of f is called the orbit set of f and denoted by X/f .

If fp(a) = a for some p ∈ N , then a is said to be periodic of period p .

If the orbit of a does not contain a periodic element, then N → X : n 7→ fn(a) is injective
and then X is infinite, because |N| ≤ |X| .



MAT 250

Lecture 13

Ordered setsConjugate maps

10 / 20

Maps X
f−→ X and Y

g−→ Y are called conjugate if
they are isomorphic in the category of self-maps,

i.e., there exists a (conjugating) bijection h : X → Y such that g = h−1 ◦ f ◦ h .



MAT 250

Lecture 13

Ordered setsConjugate maps

10 / 20

Maps X
f−→ X and Y

g−→ Y are called conjugate if
they are isomorphic in the category of self-maps,

i.e., there exists a (conjugating) bijection h : X → Y such that g = h−1 ◦ f ◦ h .

Therefore, Being conjugate is an equivalence relation. �



MAT 250

Lecture 13

Ordered setsConjugate maps

10 / 20

Maps X
f−→ X and Y

g−→ Y are called conjugate if
they are isomorphic in the category of self-maps,

i.e., there exists a (conjugating) bijection h : X → Y such that g = h−1 ◦ f ◦ h .

Therefore, Being conjugate is an equivalence relation. �

Conjugate maps have the same dynamical properties.



MAT 250

Lecture 13

Ordered setsConjugate maps

10 / 20

Maps X
f−→ X and Y

g−→ Y are called conjugate if
they are isomorphic in the category of self-maps,

i.e., there exists a (conjugating) bijection h : X → Y such that g = h−1 ◦ f ◦ h .

Therefore, Being conjugate is an equivalence relation. �

Conjugate maps have the same dynamical properties.

For example, if f : X → X and g : Y → Y are conjugate via a bijection h ,
then the iterates fn and gn are conjugate via the same h .



MAT 250

Lecture 13

Ordered setsConjugate maps

10 / 20

Maps X
f−→ X and Y

g−→ Y are called conjugate if
they are isomorphic in the category of self-maps,

i.e., there exists a (conjugating) bijection h : X → Y such that g = h−1 ◦ f ◦ h .

Therefore, Being conjugate is an equivalence relation. �

Conjugate maps have the same dynamical properties.

For example, if f : X → X and g : Y → Y are conjugate via a bijection h ,
then the iterates fn and gn are conjugate via the same h .

Proof for n = 2 : g2 = g ◦ g = (h−1fh) ◦ (h−1fh) = h−1ffh = h−1f2h . �



MAT 250

Lecture 13

Ordered setsConjugate maps

10 / 20

Maps X
f−→ X and Y

g−→ Y are called conjugate if
they are isomorphic in the category of self-maps,

i.e., there exists a (conjugating) bijection h : X → Y such that g = h−1 ◦ f ◦ h .

Therefore, Being conjugate is an equivalence relation. �

Conjugate maps have the same dynamical properties.

For example, if f : X → X and g : Y → Y are conjugate via a bijection h ,
then the iterates fn and gn are conjugate via the same h .

Proof for n = 2 : g2 = g ◦ g = (h−1fh) ◦ (h−1fh) = h−1ffh = h−1f2h . �

Similarly, if X
f−→ X and Y

g−→ Y are conjugate via h : X → Y , then grand orbits of f
are mapped by h : X → Y to grand orbits of g .
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In the orbit of a , each element fq(a) has a unique successor fq+1(a) .
If f : X → X is an injection,

then each element of a grand orbit may have at most one predecessor.

Theorem. Grand orbits of an injection can be one of the following three types:
• periodic, {a, f(a), f2(a), . . . , fp−1(a), fp(a) = a}
• infinite orbit of a 6∈ Im(f) , {a, f(a), f2(a), . . . , fn(a), . . . }
• grand orbit infinite in both directions, {. . . , f−m(a), . . . , f−1(a), a, f(a), . . . ,

Orbits of the latter two types are infinite.
An infinite set cannot be contained in a finite set.

Hence, we have proved

Theorem. In a finite set an injection may have only periodic grand orbits. �
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Theorem. In a finite set an injection may have only periodic grand orbits. �

Corollary 1. If X is a finite set, then any injection X → X is a bijection.

Proof. X is partitioned into periodic orbits. A periodic map is bijective on each orbit. �

Corollary 2. If X is a finite set, then any surjection X → X is a bijection.

Proof. Let f : X → X be a surjection. For each a ∈ X choose b ∈ f−1(a) and put
b = g(a) . The choice is possible, since f is surjective and f−1(a) 6= ∅ .
If a1 6= a2 , then f−1(a1) ∩ f−1(a2) = ∅ .
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Theorem. In a finite set an injection may have only periodic grand orbits. �

Corollary 1. If X is a finite set, then any injection X → X is a bijection.

Proof. X is partitioned into periodic orbits. A periodic map is bijective on each orbit. �

Corollary 2. If X is a finite set, then any surjection X → X is a bijection.

Proof. Let f : X → X be a surjection. For each a ∈ X choose b ∈ f−1(a) and put
b = g(a) . The choice is possible, since f is surjective and f−1(a) 6= ∅ .
If a1 6= a2 , then f−1(a1) ∩ f−1(a2) = ∅ .
Hence g(a1) 6= g(a2) . Therefore g is injective.
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Theorem. In a finite set an injection may have only periodic grand orbits. �

Corollary 1. If X is a finite set, then any injection X → X is a bijection.

Proof. X is partitioned into periodic orbits. A periodic map is bijective on each orbit. �

Corollary 2. If X is a finite set, then any surjection X → X is a bijection.

Proof. Let f : X → X be a surjection. For each a ∈ X choose b ∈ f−1(a) and put
b = g(a) . The choice is possible, since f is surjective and f−1(a) 6= ∅ .
If a1 6= a2 , then f−1(a1) ∩ f−1(a2) = ∅ .
Hence g(a1) 6= g(a2) . Therefore g is injective. By Theorem, g is bijective.
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Theorem. In a finite set an injection may have only periodic grand orbits. �

Corollary 1. If X is a finite set, then any injection X → X is a bijection.

Proof. X is partitioned into periodic orbits. A periodic map is bijective on each orbit. �

Corollary 2. If X is a finite set, then any surjection X → X is a bijection.

Proof. Let f : X → X be a surjection. For each a ∈ X choose b ∈ f−1(a) and put
b = g(a) . The choice is possible, since f is surjective and f−1(a) 6= ∅ .
If a1 6= a2 , then f−1(a1) ∩ f−1(a2) = ∅ .
Hence g(a1) 6= g(a2) . Therefore g is injective. By Theorem, g is bijective.
Assume that f is not bijective.
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Theorem. In a finite set an injection may have only periodic grand orbits. �

Corollary 1. If X is a finite set, then any injection X → X is a bijection.

Proof. X is partitioned into periodic orbits. A periodic map is bijective on each orbit. �

Corollary 2. If X is a finite set, then any surjection X → X is a bijection.

Proof. Let f : X → X be a surjection. For each a ∈ X choose b ∈ f−1(a) and put
b = g(a) . The choice is possible, since f is surjective and f−1(a) 6= ∅ .
If a1 6= a2 , then f−1(a1) ∩ f−1(a2) = ∅ .
Hence g(a1) 6= g(a2) . Therefore g is injective. By Theorem, g is bijective.
Assume that f is not bijective.
Since f is assumed to be surjective, this means that f is not injective.
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Theorem. In a finite set an injection may have only periodic grand orbits. �

Corollary 1. If X is a finite set, then any injection X → X is a bijection.

Proof. X is partitioned into periodic orbits. A periodic map is bijective on each orbit. �

Corollary 2. If X is a finite set, then any surjection X → X is a bijection.

Proof. Let f : X → X be a surjection. For each a ∈ X choose b ∈ f−1(a) and put
b = g(a) . The choice is possible, since f is surjective and f−1(a) 6= ∅ .
If a1 6= a2 , then f−1(a1) ∩ f−1(a2) = ∅ .
Hence g(a1) 6= g(a2) . Therefore g is injective. By Theorem, g is bijective.
Assume that f is not bijective.
Since f is assumed to be surjective, this means that f is not injective.
Then there exists a ∈ X such that f−1(a) contains more than one element.
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Theorem. In a finite set an injection may have only periodic grand orbits. �

Corollary 1. If X is a finite set, then any injection X → X is a bijection.

Proof. X is partitioned into periodic orbits. A periodic map is bijective on each orbit. �

Corollary 2. If X is a finite set, then any surjection X → X is a bijection.

Proof. Let f : X → X be a surjection. For each a ∈ X choose b ∈ f−1(a) and put
b = g(a) . The choice is possible, since f is surjective and f−1(a) 6= ∅ .
If a1 6= a2 , then f−1(a1) ∩ f−1(a2) = ∅ .
Hence g(a1) 6= g(a2) . Therefore g is injective. By Theorem, g is bijective.
Assume that f is not bijective.
Since f is assumed to be surjective, this means that f is not injective.
Then there exists a ∈ X such that f−1(a) contains more than one element.
Besides g(a) , f−1(a) contains a different element c .
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Theorem. In a finite set an injection may have only periodic grand orbits. �

Corollary 1. If X is a finite set, then any injection X → X is a bijection.

Proof. X is partitioned into periodic orbits. A periodic map is bijective on each orbit. �

Corollary 2. If X is a finite set, then any surjection X → X is a bijection.

Proof. Let f : X → X be a surjection. For each a ∈ X choose b ∈ f−1(a) and put
b = g(a) . The choice is possible, since f is surjective and f−1(a) 6= ∅ .
If a1 6= a2 , then f−1(a1) ∩ f−1(a2) = ∅ .
Hence g(a1) 6= g(a2) . Therefore g is injective. By Theorem, g is bijective.
Assume that f is not bijective.
Since f is assumed to be surjective, this means that f is not injective.
Then there exists a ∈ X such that f−1(a) contains more than one element.
Besides g(a) , f−1(a) contains a different element c .
By the construction of g , that c cannot belong to Im(g) .
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Theorem. In a finite set an injection may have only periodic grand orbits. �

Corollary 1. If X is a finite set, then any injection X → X is a bijection.

Proof. X is partitioned into periodic orbits. A periodic map is bijective on each orbit. �

Corollary 2. If X is a finite set, then any surjection X → X is a bijection.

Proof. Let f : X → X be a surjection. For each a ∈ X choose b ∈ f−1(a) and put
b = g(a) . The choice is possible, since f is surjective and f−1(a) 6= ∅ .
If a1 6= a2 , then f−1(a1) ∩ f−1(a2) = ∅ .
Hence g(a1) 6= g(a2) . Therefore g is injective. By Theorem, g is bijective.
Assume that f is not bijective.
Since f is assumed to be surjective, this means that f is not injective.
Then there exists a ∈ X such that f−1(a) contains more than one element.
Besides g(a) , f−1(a) contains a different element c .
By the construction of g , that c cannot belong to Im(g) .

This contradicts to bijectivity of g . �
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Theorem. In a finite set an injection may have only periodic grand orbits. �

Corollary 1. If X is a finite set, then any injection X → X is a bijection.

Proof. X is partitioned into periodic orbits. A periodic map is bijective on each orbit. �

Corollary 2. If X is a finite set, then any surjection X → X is a bijection.

Proof. Let f : X → X be a surjection. For each a ∈ X choose b ∈ f−1(a) and put
b = g(a) . The choice is possible, since f is surjective and f−1(a) 6= ∅ .
If a1 6= a2 , then f−1(a1) ∩ f−1(a2) = ∅ .
Hence g(a1) 6= g(a2) . Therefore g is injective. By Theorem, g is bijective.
Assume that f is not bijective.
Since f is assumed to be surjective, this means that f is not injective.
Then there exists a ∈ X such that f−1(a) contains more than one element.
Besides g(a) , f−1(a) contains a different element c .
By the construction of g , that c cannot belong to Im(g) .

This contradicts to bijectivity of g . �

Corollary 3. For a map X → X of a finite set X ,

injectivity, surjectivity and bijectivity are equivalent.
�
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Corollary 4. Let X,Y be finite sets. If there exists a map f : X → Y
which is injective, but not surjective, then |X| < |Y | .
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Corollary 4. Let X,Y be finite sets. If there exists a map f : X → Y
which is injective, but not surjective, then |X| < |Y | .

Control question: Is this true for infinite sets?
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Corollary 4. Let X,Y be finite sets. If there exists a map f : X → Y
which is injective, but not surjective, then |X| < |Y | .

Proof. Existence of injection implies |X| ≤ |Y | .
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Corollary 4. Let X,Y be finite sets. If there exists a map f : X → Y
which is injective, but not surjective, then |X| < |Y | .

Proof. Existence of injection implies |X| ≤ |Y | .
Assume that |X| = |Y | . Then there exists a bijection g : Y → X .
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Corollary 4. Let X,Y be finite sets. If there exists a map f : X → Y
which is injective, but not surjective, then |X| < |Y | .

Proof. Existence of injection implies |X| ≤ |Y | .
Assume that |X| = |Y | . Then there exists a bijection g : Y → X .
Consider h = f ◦ g : Y → Y . This is an injection as a composition of injections.
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Corollary 4. Let X,Y be finite sets. If there exists a map f : X → Y
which is injective, but not surjective, then |X| < |Y | .

Proof. Existence of injection implies |X| ≤ |Y | .
Assume that |X| = |Y | . Then there exists a bijection g : Y → X .
Consider h = f ◦ g : Y → Y . This is an injection as a composition of injections.
By Theorem, h is a bijection.
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Corollary 4. Let X,Y be finite sets. If there exists a map f : X → Y
which is injective, but not surjective, then |X| < |Y | .

Proof. Existence of injection implies |X| ≤ |Y | .
Assume that |X| = |Y | . Then there exists a bijection g : Y → X .
Consider h = f ◦ g : Y → Y . This is an injection as a composition of injections.
By Theorem, h is a bijection. But Im(h) = Im(f ◦ g) ⊂ Im(f) ( Y .
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Corollary 4. Let X,Y be finite sets. If there exists a map f : X → Y
which is injective, but not surjective, then |X| < |Y | .

Proof. Existence of injection implies |X| ≤ |Y | .
Assume that |X| = |Y | . Then there exists a bijection g : Y → X .
Consider h = f ◦ g : Y → Y . This is an injection as a composition of injections.
By Theorem, h is a bijection. But Im(h) = Im(f ◦ g) ⊂ Im(f) ( Y .

Therefore Im(h) 6= Y . Contradiction. �
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Corollary 4. Let X,Y be finite sets. If there exists a map f : X → Y
which is injective, but not surjective, then |X| < |Y | .

Proof. Existence of injection implies |X| ≤ |Y | .
Assume that |X| = |Y | . Then there exists a bijection g : Y → X .
Consider h = f ◦ g : Y → Y . This is an injection as a composition of injections.
By Theorem, h is a bijection. But Im(h) = Im(f ◦ g) ⊂ Im(f) ( Y .

Therefore Im(h) 6= Y . Contradiction. �

Corollary 5. Let X,Y be finite sets. If there exists a map f : X → Y
which is surjective, but not injective, then |X| > |Y | .
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Corollary 4. Let X,Y be finite sets. If there exists a map f : X → Y
which is injective, but not surjective, then |X| < |Y | .

Proof. Existence of injection implies |X| ≤ |Y | .
Assume that |X| = |Y | . Then there exists a bijection g : Y → X .
Consider h = f ◦ g : Y → Y . This is an injection as a composition of injections.
By Theorem, h is a bijection. But Im(h) = Im(f ◦ g) ⊂ Im(f) ( Y .

Therefore Im(h) 6= Y . Contradiction. �

Corollary 5. Let X,Y be finite sets. If there exists a map f : X → Y
which is surjective, but not injective, then |X| > |Y | .

Proof. Exercise.
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Let X be a finite set.
Find invariants which determine a self-map f : X → X up to isomorphism.

How many classes of self-maps are out there?

List the isomorphism classes of maps X
f−→ X .
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How many classes of self-maps are out there?

List the isomorphism classes of maps X
f−→ X .

For each f : X → X , there is a partition of X to grand-orbits.
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Let X be a finite set.
Find invariants which determine a self-map f : X → X up to isomorphism.

How many classes of self-maps are out there?

List the isomorphism classes of maps X
f−→ X .

For each f : X → X , there is a partition of X to grand-orbits.

A grand orbit is non-empty.
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Let X be a finite set.
Find invariants which determine a self-map f : X → X up to isomorphism.

How many classes of self-maps are out there?

List the isomorphism classes of maps X
f−→ X .

For each f : X → X , there is a partition of X to grand-orbits.

A grand orbit is non-empty.
Each self-map is a disjoint union of self-maps with a single grand orbit.
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Let X be a finite set.
Find invariants which determine a self-map f : X → X up to isomorphism.

How many classes of self-maps are out there?

List the isomorphism classes of maps X
f−→ X .

For each f : X → X , there is a partition of X to grand-orbits.

A grand orbit is non-empty.
Each self-map is a disjoint union of self-maps with a single grand orbit.

Theorem. In a finite set with a self-map,

each grand orbit contains a unique maximal periodic orbit.
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Let X be a finite set.
Find invariants which determine a self-map f : X → X up to isomorphism.

How many classes of self-maps are out there?

List the isomorphism classes of maps X
f−→ X .

For each f : X → X , there is a partition of X to grand-orbits.

A grand orbit is non-empty.
Each self-map is a disjoint union of self-maps with a single grand orbit.

Theorem. In a finite set with a self-map,

each grand orbit contains a unique maximal periodic orbit.

In a finite set the sequence a, f(a), f2(a), . . . of images of a finishes with repeating
sequence.
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Let X be a finite set.
Find invariants which determine a self-map f : X → X up to isomorphism.

How many classes of self-maps are out there?

List the isomorphism classes of maps X
f−→ X .

For each f : X → X , there is a partition of X to grand-orbits.

A grand orbit is non-empty.
Each self-map is a disjoint union of self-maps with a single grand orbit.

Theorem. In a finite set with a self-map,

each grand orbit contains a unique maximal periodic orbit.

In a finite set the sequence a, f(a), f2(a), . . . of images of a finishes with repeating
sequence.

The repeating final sequences coincide.
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Let X be a finite set.
Find invariants which determine a self-map f : X → X up to isomorphism.

How many classes of self-maps are out there?

List the isomorphism classes of maps X
f−→ X .

For each f : X → X , there is a partition of X to grand-orbits.

A grand orbit is non-empty.
Each self-map is a disjoint union of self-maps with a single grand orbit.

Theorem. In a finite set with a self-map,

each grand orbit contains a unique maximal periodic orbit.

In a finite set the sequence a, f(a), f2(a), . . . of images of a finishes with repeating
sequence.

The repeating final sequences coincide. �
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Let X be a finite set.
Find invariants which determine a self-map f : X → X up to isomorphism.

How many classes of self-maps are out there?

List the isomorphism classes of maps X
f−→ X .

For each f : X → X , there is a partition of X to grand-orbits.

A grand orbit is non-empty.
Each self-map is a disjoint union of self-maps with a single grand orbit.

Theorem. In a finite set with a self-map,

each grand orbit contains a unique maximal periodic orbit.

In a finite set the sequence a, f(a), f2(a), . . . of images of a finishes with repeating
sequence.

The repeating final sequences coincide. �

How is organized the complement in a grand orbit of the maximal periodic orbit?
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Let X be a finite set.
Find invariants which determine a self-map f : X → X up to isomorphism.

How many classes of self-maps are out there?

List the isomorphism classes of maps X
f−→ X .

For each f : X → X , there is a partition of X to grand-orbits.

A grand orbit is non-empty.
Each self-map is a disjoint union of self-maps with a single grand orbit.

Theorem. In a finite set with a self-map,

each grand orbit contains a unique maximal periodic orbit.

In a finite set the sequence a, f(a), f2(a), . . . of images of a finishes with repeating
sequence.

The repeating final sequences coincide. �

How is organized the complement in a grand orbit of the maximal periodic orbit?

Graphical reformulation of the problem?
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Let X be a finite set.
Find invariants which determine a self-map f : X → X up to isomorphism.

How many classes of self-maps are out there?

List the isomorphism classes of maps X
f−→ X .

For each f : X → X , there is a partition of X to grand-orbits.

A grand orbit is non-empty.
Each self-map is a disjoint union of self-maps with a single grand orbit.

Theorem. In a finite set with a self-map,

each grand orbit contains a unique maximal periodic orbit.

In a finite set the sequence a, f(a), f2(a), . . . of images of a finishes with repeating
sequence.

The repeating final sequences coincide. �

How is organized the complement in a grand orbit of the maximal periodic orbit?

Graphical reformulation of the problem? Oriented graphs.
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Therefore, |Np| < |Nq| .
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Theorem. Any finite set is equipotent to some of Nn .
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For a positive integer n , let Nn = {1, 2, , . . . , n} . Let N0 = ∅ .

The sets Nn for n = 0, 1, 2, 3, . . . will be our model finite sets.
They will help us to understand events in the world of finite sets.

For p < q , the inclusion map Np → Nq is injective, but not surjective.
Therefore, |Np| < |Nq| .

Theorem. Any finite set is equipotent to some of Nn .

Proof. Let X be a finite set. Recall that this means that |X| < ℵ0 = |N| .
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They will help us to understand events in the world of finite sets.

For p < q , the inclusion map Np → Nq is injective, but not surjective.
Therefore, |Np| < |Nq| .

Theorem. Any finite set is equipotent to some of Nn .

Proof. Let X be a finite set. Recall that this means that |X| < ℵ0 = |N| .
There exists a subset A ⊂ X such that there exists a bijection fA : A → Nn .
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For a positive integer n , let Nn = {1, 2, , . . . , n} . Let N0 = ∅ .

The sets Nn for n = 0, 1, 2, 3, . . . will be our model finite sets.
They will help us to understand events in the world of finite sets.

For p < q , the inclusion map Np → Nq is injective, but not surjective.
Therefore, |Np| < |Nq| .

Theorem. Any finite set is equipotent to some of Nn .

Proof. Let X be a finite set. Recall that this means that |X| < ℵ0 = |N| .
There exists a subset A ⊂ X such that there exists a bijection fA : A → Nn .
For example A = ∅ and n = 0 .
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For a positive integer n , let Nn = {1, 2, , . . . , n} . Let N0 = ∅ .

The sets Nn for n = 0, 1, 2, 3, . . . will be our model finite sets.
They will help us to understand events in the world of finite sets.

For p < q , the inclusion map Np → Nq is injective, but not surjective.
Therefore, |Np| < |Nq| .

Theorem. Any finite set is equipotent to some of Nn .

Proof. Let X be a finite set. Recall that this means that |X| < ℵ0 = |N| .
There exists a subset A ⊂ X such that there exists a bijection fA : A → Nn .
For example A = ∅ and n = 0 .
If A 6= X , choose b ∈ X rA ,

and extend fA to a map A ∪ {b} → Nn+1 by mapping b to n+ 1 .
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For a positive integer n , let Nn = {1, 2, , . . . , n} . Let N0 = ∅ .

The sets Nn for n = 0, 1, 2, 3, . . . will be our model finite sets.
They will help us to understand events in the world of finite sets.

For p < q , the inclusion map Np → Nq is injective, but not surjective.
Therefore, |Np| < |Nq| .

Theorem. Any finite set is equipotent to some of Nn .

Proof. Let X be a finite set. Recall that this means that |X| < ℵ0 = |N| .
There exists a subset A ⊂ X such that there exists a bijection fA : A → Nn .
For example A = ∅ and n = 0 .
If A 6= X , choose b ∈ X rA ,

and extend fA to a map A ∪ {b} → Nn+1 by mapping b to n+ 1 .
This cannot be done only if X rA = ∅ , then A = X

and then the required bijection X → Nn has been found.
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For a positive integer n , let Nn = {1, 2, , . . . , n} . Let N0 = ∅ .

The sets Nn for n = 0, 1, 2, 3, . . . will be our model finite sets.
They will help us to understand events in the world of finite sets.

For p < q , the inclusion map Np → Nq is injective, but not surjective.
Therefore, |Np| < |Nq| .

Theorem. Any finite set is equipotent to some of Nn .

Proof. Let X be a finite set. Recall that this means that |X| < ℵ0 = |N| .
There exists a subset A ⊂ X such that there exists a bijection fA : A → Nn .
For example A = ∅ and n = 0 .
If A 6= X , choose b ∈ X rA ,

and extend fA to a map A ∪ {b} → Nn+1 by mapping b to n+ 1 .
This cannot be done only if X rA = ∅ , then A = X

and then the required bijection X → Nn has been found.
If this would never happen, then the union U of the subsets of X
which have been chosen will be mapped bijectively onto N = ∪∞

n=0Nn .
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For a positive integer n , let Nn = {1, 2, , . . . , n} . Let N0 = ∅ .

The sets Nn for n = 0, 1, 2, 3, . . . will be our model finite sets.
They will help us to understand events in the world of finite sets.

For p < q , the inclusion map Np → Nq is injective, but not surjective.
Therefore, |Np| < |Nq| .

Theorem. Any finite set is equipotent to some of Nn .

Proof. Let X be a finite set. Recall that this means that |X| < ℵ0 = |N| .
There exists a subset A ⊂ X such that there exists a bijection fA : A → Nn .
For example A = ∅ and n = 0 .
If A 6= X , choose b ∈ X rA ,

and extend fA to a map A ∪ {b} → Nn+1 by mapping b to n+ 1 .
This cannot be done only if X rA = ∅ , then A = X

and then the required bijection X → Nn has been found.
If this would never happen, then the union U of the subsets of X
which have been chosen will be mapped bijectively onto N = ∪∞

n=0Nn .
Then |X| ≥ |U | = |N| , which contradicts to the assumption that X is finite. �
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We have just proved that:

any finite set has the same cardinality as one of the model sets Nn

and the cardinal numbers of these model finite sets are pairwise different.

This allows to identify
cardinal numbers of finite sets with the non-negative integers: |Nn| = n .
Arithmetic operations match: |Np × Nq| = |Npq| , etc.
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Did he, really?

Let us create integers from scratch.

0 := ∅
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Leopold Kronecker (1823-1891)

“Die ganzen Zahlen hat der liebe Gott gemacht,

alles andere ist Menschenwerk.”

“The integers have been made by God,
everything else is a human work.”

Did he, really?

Let us create integers from scratch.

0 := | ∅ |
1 := | {∅} |
2 := | {∅, {∅}} |
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Theorem (Pigeonhole Principle). There is no injection Np → Nq if p > q .

Rephrazing. If there are more than q pigeons sitting in q pigeonholes,
then at least one pigeonhole contains more than one pigeon.

Proof of Pigeonhole principle. Existence of injection Np → Nq would mean
|Np| ≤ |Nq| . This would contradict to the inequality |Np| > Nq| for p > q that follow
from existence of injection Nq → Np (the inclusion) and Corollary 4 above.
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Example 1. Prove that in any group of 13 people,
there are at least 2 persons with birthdays in the same month.

Example 2. 145 points have been placed randomly in a 1 ft×1 ft square. Prove that
there are 2 points which can be covered by a 1 in×1 in square.

Example 3. Show that in NYC there are at least 9 non-bald people
with exactly the same number of hairs on their heads.

We need extra data to solve the problem. Which data?

• Generalized pigeonhole principle:

If there are more than km pigeons sitting in m pigeonholes,
then at least one pigeonhole contains more than k pigeons.

Example 4. Prove that among any 12 integers
there are two with the difference divisible by 11 .

Example 5. Does there exists a number written by the digits 1 only
which is divisible by 2023 ?
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Example 6. Five points are placed randomly
inside an equilateral triangle with a side of length 1 inch.

Prove that among these five points
there are two points which are at most 1/2 inches apart.

Example 7. Prove that there exists a power of 3 that ends up with digits 01 .

Example 8. Prove that if 51 points are placed randomly in a unit square,
then one can always find three points

that can be covered by a circle of radius 1/7 .

Example 9. Given 6 points inside a unit circle. Prove that some two of them
are within 1 unit from each other.
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