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For example, (R, <) and ([0, 1], <),
(Z,<) and (Q,<).

3 /38



MAT 250
Denumerable unbounded dense losets Lecture 13

Ordered sets

Comparable elements of a poset are said to form a gap
if there is no element between them.

4 /38



MAT 250
Denumerable unbounded dense losets Lecture 13

Ordered sets

Comparable elements of a poset are said to form a gap
if there is no element between them.

In other words, a < b form a gap if there is no element ¢ such that a < c<b.

4 /38



MAT 250
Denumerable unbounded dense losets Lecture 13

Ordered sets

Comparable elements of a poset are said to form a gap
if there is no element between them.

In other words, a < b form a gap if there is no element ¢ such that a < c<b.

A poset which contain no gaps is said to be dense.

4 /38



MAT 250
Denumerable unbounded dense losets Lecture 13

Ordered sets

Comparable elements of a poset are said to form a gap
if there is no element between them.

In other words, a < b form a gap if there is no element ¢ such that a < c<b.

A poset which contain no gaps is said to be dense.

Cantor Theorem. Any two denumerable dense losets which have
neither greatest nor least elements are isomorphic to (Q, <).

4 /38



MAT 250
Denumerable unbounded dense losets Lecture 13

Ordered sets

Comparable elements of a poset are said to form a gap
if there is no element between them.

In other words, a < b form a gap if there is no element ¢ such that a < c<b.

A poset which contain no gaps is said to be dense.

Cantor Theorem. Any two denumerable dense losets which have
neither greatest nor least elements are isomorphic to (Q, <).

Proof. Let X and Y be such losets.

4 /38



MAT 250
Denumerable unbounded dense losets Lecture 13

Ordered sets

Comparable elements of a poset are said to form a gap
if there is no element between them.

In other words, a < b form a gap if there is no element ¢ such that a < c<b.

A poset which contain no gaps is said to be dense.

Cantor Theorem. Any two denumerable dense losets which have
neither greatest nor least elements are isomorphic to (Q, <).

Proof. Let X and Y be such losets.
We will construct an order-isomorphism between X and Y inductively.

4 /38



MAT 250
Lecture 13

Denumerable unbounded dense losets Ordlorod sots

Comparable elements of a poset are said to form a gap
if there is no element between them.

In other words, a < b form a gap if there is no element ¢ such that a < c<b.

A poset which contain no gaps is said to be dense.

Cantor Theorem. Any two denumerable dense losets which have
neither greatest nor least elements are isomorphic to (Q, <).

Proof. Let X and Y be such losets.
We will construct an order-isomorphism between X and Y inductively.

On the nth step we will build an order-isomorphism between n-element subsets
X, CX and Y, C Y.

4 /38



MAT 250
Lecture 13

Denumerable unbounded dense losets Ordlorod sots

Comparable elements of a poset are said to form a gap
if there is no element between them.

In other words, a < b form a gap if there is no element ¢ such that a < c<b.

A poset which contain no gaps is said to be dense.

Cantor Theorem. Any two denumerable dense losets which have
neither greatest nor least elements are isomorphic to (Q, <).

Proof. Let X and Y be such losets.
We will construct an order-isomorphism between X and Y inductively.

On the nth step we will build an order-isomorphism between n-element subsets
X, C X and Y,, C Y. At the first step we take any singletons X; C X and Y; C Y.

4 /38



MAT 250
Lecture 13

Denumerable unbounded dense losets Ordlorod sots

Comparable elements of a poset are said to form a gap
if there is no element between them.

In other words, a < b form a gap if there is no element ¢ such that a < c<b.

A poset which contain no gaps is said to be dense.

Cantor Theorem. Any two denumerable dense losets which have
neither greatest nor least elements are isomorphic to (Q, <).

Proof. Let X and Y be such losets.
We will construct an order-isomorphism between X and Y inductively.

On the nth step we will build an order-isomorphism between n-element subsets
X, C X and Y,, C Y. At the first step we take any singletons X; C X and Y; C Y.

Inductive step. The complement X ~ X,, is divided by elements of X,
into n — 1 open segments and two rays.

4 /38



MAT 250
Lecture 13

Denumerable unbounded dense losets Ordlorod sots

Comparable elements of a poset are said to form a gap
if there is no element between them.

In other words, a < b form a gap if there is no element ¢ such that a < c<b.

A poset which contain no gaps is said to be dense.

Cantor Theorem. Any two denumerable dense losets which have
neither greatest nor least elements are isomorphic to (Q, <).

Proof. Let X and Y be such losets.

We will construct an order-isomorphism between X and Y inductively.
On the nth step we will build an order-isomorphism between n-element subsets
X, C X and Y,, C Y. At the first step we take any singletons X; C X and Y; C Y.
Inductive step. The complement X ~ X,, is divided by elements of X,

into n — 1 open segments and two rays.

We add one element from X ~ X,, to X,, and map it to one element from the
corresponding part of Y \'Y,,.

4 /38



MAT 250
Lecture 13

Denumerable unbounded dense losets Ordlorod sots

Comparable elements of a poset are said to form a gap
if there is no element between them.

In other words, a < b form a gap if there is no element ¢ such that a < c<b.

A poset which contain no gaps is said to be dense.

Cantor Theorem. Any two denumerable dense losets which have
neither greatest nor least elements are isomorphic to (Q, <).

Proof. Let X and Y be such losets.

We will construct an order-isomorphism between X and Y inductively.
On the nth step we will build an order-isomorphism between n-element subsets
X, C X and Y,, C Y. At the first step we take any singletons X; C X and Y; C Y.
Inductive step. The complement X ~ X,, is divided by elements of X,

into n — 1 open segments and two rays.

We add one element from X ~ X,, to X,, and map it to one element from the
corresponding part of Y \\Y,,. In order to obtain eventually a bijection X — Y, we
have to take care of including each element in X,, and Y,, for some n.

4 /38



MAT 250
Lecture 13

Denumerable unbounded dense losets Ordlorod sots

Comparable elements of a poset are said to form a gap
if there is no element between them.

In other words, a < b form a gap if there is no element ¢ such that a < c<b.

A poset which contain no gaps is said to be dense.

Cantor Theorem. Any two denumerable dense losets which have
neither greatest nor least elements are isomorphic to (Q, <).

Proof. Let X and Y be such losets.

We will construct an order-isomorphism between X and Y inductively.
On the nth step we will build an order-isomorphism between n-element subsets
X, C X and Y,, C Y. At the first step we take any singletons X; C X and Y; C Y.
Inductive step. The complement X ~ X,, is divided by elements of X,

into n — 1 open segments and two rays.

We add one element from X ~ X,, to X,, and map it to one element from the
corresponding part of Y \\Y,,. In order to obtain eventually a bijection X — Y, we
have to take care of including each element in X,, and Y,, for some n.
For this, let us fix some enumerations of X and Y,

4 /38



MAT 250
Lecture 13

Denumerable unbounded dense losets Ordlorod sots

Comparable elements of a poset are said to form a gap
if there is no element between them.

In other words, a < b form a gap if there is no element ¢ such that a < c<b.

A poset which contain no gaps is said to be dense.

Cantor Theorem. Any two denumerable dense losets which have
neither greatest nor least elements are isomorphic to (Q, <).

Proof. Let X and Y be such losets.

We will construct an order-isomorphism between X and Y inductively.
On the nth step we will build an order-isomorphism between n-element subsets
X, C X and Y,, C Y. At the first step we take any singletons X; C X and Y; C Y.

Inductive step. The complement X ~ X,, is divided by elements of X,
into n — 1 open segments and two rays.

We add one element from X ~ X,, to X,, and map it to one element from the
corresponding part of Y \\Y,,. In order to obtain eventually a bijection X — Y, we
have to take care of including each element in X,, and Y,, for some n.
For this, let us fix some enumerations of X and Y,

and choose element with the least number
on odd steps from X ~ X,,, and on even steps from Y \ Y, . ]

4 /38



MAT 250

Embedding countable losets to (Q, <). Lecture 13

Ordered sets

Any countable loset is order-isomorphic to a susbset of (Q, <).

5/ 38



MAT 250

Embedding countable losets to (Q, <). Lecture 13

Ordered sets

Any countable loset is order-isomorphic to a susbset of (Q, <).

The proof is similar. Given a countable loset, enumerate its elements and construct the
required order embedding to (Q, <) element by element.

5/ 38



MAT 250

Embedding countable losets to (Q, <). Lecture 13

Ordered sets

Any countable loset is order-isomorphic to a susbset of (Q, <).

The proof is similar. Given a countable loset, enumerate its elements and construct the
required order embedding to (Q, <) element by element. []

5/ 38



MAT 250
Sums of losets Lecture 13

Ordered sets

Let (X,<x) and (Y,<y) be posets, and X II1 Y be disjoint union of X and Y .
Define an order < in X I1Y:

6/ 38



MAT 250
Lecture 13

Sums of losets Ordered sets

Let (X,<x) and (Y,<y) be posets, and X II1 Y be disjoint union of X and Y .

Define an order < in X IIY :
a1 < ay <= a1 <x ag for al,aQEX;
by < by <= by <y by for bl,bg cY and

6/ 38



Sums of losets

MAT 250
Lecture 13
Ordered sets

Let (X,<x) and (Y,<y) be posets, and X II1 Y be disjoint union of X and Y .

Define an order < in X IIY :

a1 < ay <= a1 <x as for a;,as € X ;
b1 < by <= by <y by for bl,bg €Y and
a<bforac X, beY.

6/ 38



MAT 250
Lecture 13

Sums of losets Ordered sets

Let (X,<x) and (Y,<y) be posets, and X II1 Y be disjoint union of X and Y .
Define an order < in X IIY :

a1 < ay <= a1 <x as for a;,as € X ;

b1 < by <= by <y by for bl,bg €Y and

a<bforac X, beY.

Example: (]0,1],<)1I(]0,1), <) is order isomorphic to ([0,1]U [2,00),<).

6/ 38



MAT 250
Lecture 13

Sums of losets Ordered sets

Let (X,<x) and (Y,<y) be posets, and X II1 Y be disjoint union of X and Y .
Define an order < in X IIY :

a1 < ay <= a1 <x as for a;,as € X ;

b1 < by <= by <y by for bl,bg €Y and

a<bforac X, beY.

Example: (]0,1],<)1I(]0,1), <) is order isomorphic to ([0,1]U [2,00),<).

Example. Uncountable non-isomorphic losets which have neither greatest nor least
elements:

6/ 38



MAT 250
Lecture 13

Sums of losets Ordered sets

Let (X,<x) and (Y,<y) be posets, and X II1 Y be disjoint union of X and Y .
Define an order < in X IIY :

a1 < ay <= a1 <x as for a;,as € X ;

b1 < by <= by <y by for bl,bg €Y and

a<bforac X, beY.

Example: (]0,1],<)1I(]0,1), <) is order isomorphic to ([0,1]U [2,00),<).

Example. Uncountable non-isomorphic losets which have neither greatest nor least
elements: (Q,<)II (R, <) = (((0,1)NQ)U(2,3),<) and
(R, <) I (Q,<)=((0,1)U((2,3)nQ),<).

6/ 38



MAT 250
Lecture 13

Sums of losets Ordered sets

Let (X,<x) and (Y,<y) be posets, and X II1 Y be disjoint union of X and Y .
Define an order < in X IIY :

a1 < ay <= a1 <x as for a;,as € X ;

b1 < by <= by <y by for bl,bg €Y and

a<bforac X, beY.

Example: (]0,1],<)1I(]0,1), <) is order isomorphic to ([0,1]U [2,00),<).

Example. Uncountable non-isomorphic losets which have neither greatest nor least
elements: (Q,<)II (R, <) = (((0,1)NQ)U(2,3),<) and
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In turn, it is equivalent to the well-ordering principle (Zermelo Theorem):
Every set can be well-ordered.

A loset is said to be well-ordered if its
every non-empty subset has the least element.
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Either two sets have the same cardinality,
or one has a smaller cardinality than the other.

Given two non-empty sets, one has a surjection to the other.

Every surjective map has a right inverse.

The Cartesian product of any family of nonempty sets is nonempty.

Every vector space has a basis (i.e., a linearly independent spanning subset).
Various corollaries. Additive groups R and R @& R are isomorphic.

A circle can be partitioned to denumerable set of congruent sets.

Banach-Tarski Paradox.
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