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A binary relation ≺ is called a partial order if it is
reflexive, anti-symmetric and transitive.

A set equipped with a partial order is called a poset or partially ordered set.

Examples of posets: (P(X),⊂) , (N, | ) ,

Elements a, b of poset (X,≺) are said to be comparable, if a ≺ b ∨ b ≺ a .

If any two elements of a poset (X,≺) are comparable,
then (X,≺) is said to be linearly ordered set or loset.

Notice that any loset is a poset.
Examples of losets: (R,≤) ,
(a dictionary, lexicographic order on the set of words),
direct product of two posets,
lexicographic product of two posets.

Let X,Y be posets, a map X → Y is called
monotonic, or monotone, or increasing if a ≺ b =⇒ f(a) ≺ f(b) .

Posets and their monotone maps form a category.

Losets and their monotone maps also form a category.
In both categories, isomorphism classes of objects are called order types.
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An element a ∈ X is called maximal if there is no x ∈ X such that a ≺ x .

An element a ∈ X is called minimal if there is no x ∈ X such that x ≺ a .

In a loset, an element is maximal iff it is the greatest,
and an element is minimal iff it is the least.

However, in a poset this may be wrong.
Moreover, the greatest element, if exists, is unique, as well as the least element,
while there may be many maximal or minimal elements.

For example, in (P(X)r {∅},⊂) each singleton is minimal,
while in (P(X),⊂) {∅} is the only minimal element and it is the least one.
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Theorem. Finite equipotent losets are isomorphic.

Proof. Any finite loset (X,≺) contains the least element.
Indeed, take any element of X ; if it is not the least, there exists a smaller element;
if this one is not yet the least, there exists a smaller element, and so on.
We get a decreasing sequence of elements.
Elements cannot repeat (as the sequence decrease).
Therefore it will eventually stop at the least element.
Let us construct an isomorphism (X,≺) → (Nn,≤) for some n .
Map the least element a ∈ X to 1 .
Map the least element of X r {a} to 2 , etc. �

Infinite losets may be equipotent, but non-isomorphic.
For example, (R,≤) and ([0, 1],≤) ,

(Z,≤) and (Q,≤) .



MAT 250

Lecture 13

Ordered setsDenumerable unbounded dense losets

4 / 38

Comparable elements of a poset are said to form a gap

if there is no element between them.



MAT 250

Lecture 13

Ordered setsDenumerable unbounded dense losets

4 / 38

Comparable elements of a poset are said to form a gap

if there is no element between them.

In other words, a ≺ b form a gap if there is no element c such that a ≺ c ≺ b .



MAT 250

Lecture 13

Ordered setsDenumerable unbounded dense losets

4 / 38

Comparable elements of a poset are said to form a gap

if there is no element between them.

In other words, a ≺ b form a gap if there is no element c such that a ≺ c ≺ b .

A poset which contain no gaps is said to be dense.



MAT 250

Lecture 13

Ordered setsDenumerable unbounded dense losets

4 / 38

Comparable elements of a poset are said to form a gap

if there is no element between them.
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Cantor Theorem. Any two denumerable dense losets which have
neither greatest nor least elements are isomorphic to (Q,≤) .
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Proof. Let X and Y be such losets.
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Proof. Let X and Y be such losets.
We will construct an order-isomorphism between X and Y inductively.
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if there is no element between them.

In other words, a ≺ b form a gap if there is no element c such that a ≺ c ≺ b .

A poset which contain no gaps is said to be dense.

Cantor Theorem. Any two denumerable dense losets which have
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Proof. Let X and Y be such losets.
We will construct an order-isomorphism between X and Y inductively.

On the nth step we will build an order-isomorphism between n -element subsets
Xn ⊂ X and Yn ⊂ Y . At the first step we take any singletons X1 ⊂ X and Y1 ⊂ Y .
Inductive step. The complement X rXn is divided by elements of Xn

into n− 1 open segments and two rays.
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Comparable elements of a poset are said to form a gap

if there is no element between them.

In other words, a ≺ b form a gap if there is no element c such that a ≺ c ≺ b .

A poset which contain no gaps is said to be dense.

Cantor Theorem. Any two denumerable dense losets which have
neither greatest nor least elements are isomorphic to (Q,≤) .

Proof. Let X and Y be such losets.
We will construct an order-isomorphism between X and Y inductively.

On the nth step we will build an order-isomorphism between n -element subsets
Xn ⊂ X and Yn ⊂ Y . At the first step we take any singletons X1 ⊂ X and Y1 ⊂ Y .
Inductive step. The complement X rXn is divided by elements of Xn

into n− 1 open segments and two rays.
We add one element from X rXn to Xn and map it to one element from the
corresponding part of Y r Yn .
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have to take care of including each element in Xn and Yn for some n .
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Cantor Theorem. Any two denumerable dense losets which have
neither greatest nor least elements are isomorphic to (Q,≤) .

Proof. Let X and Y be such losets.
We will construct an order-isomorphism between X and Y inductively.

On the nth step we will build an order-isomorphism between n -element subsets
Xn ⊂ X and Yn ⊂ Y . At the first step we take any singletons X1 ⊂ X and Y1 ⊂ Y .
Inductive step. The complement X rXn is divided by elements of Xn

into n− 1 open segments and two rays.
We add one element from X rXn to Xn and map it to one element from the
corresponding part of Y r Yn . In order to obtain eventually a bijection X → Y , we
have to take care of including each element in Xn and Yn for some n .
For this, let us fix some enumerations of X and Y ,

and choose element with the least number
on odd steps from X rXn , and on even steps from Y r Yn . �
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Let (X,≺X) and (Y,≺Y ) be posets, and X ∐ Y be disjoint union of X and Y .
Define an order ≺ in X ∐ Y :
a1 ≺ a2 ⇐⇒ a1 ≺X a2 for a1, a2 ∈ X ;
b1 ≺ b2 ⇐⇒ b1 ≺Y b2 for b1, b2 ∈ Y and
a ≺ b for a ∈ X , b ∈ Y .

Example: ([0, 1],≤)∐ ([0, 1),≤) is order isomorphic to ([0, 1] ∪ [2,∞),≤) .

Example. Uncountable non-isomorphic losets which have neither greatest nor least
elements: (Q,≤)∐ (R,≤) ∼= (((0, 1) ∩Q) ∪ (2, 3),≤) and

(R,≤)∐ (Q,≤) ∼= ((0, 1) ∪ ((2, 3) ∩Q),≤) .
Compare with the Cantor Theorem.
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MAT 250

Lecture 13

Ordered setsAxiom of choice and its replacements

7 / 38

When we constructed infinite sets,
we used arguments related to infinite number of choices.

Most famous of them is the axiom of choice. It has many formulations.

The most common one: given any family {Xα} of non-empty sets,

one can construct a set by choosing one element from each of Xα .
It is called axiom, because it was controversial

and was not included into the axiomatic set theory by Zermelo-Fraenkel.

”The Axiom of Choice is necessary to select a set from an infinite number of pairs of
socks, but not an infinite number of pairs of shoes.”

Bertrand Russell



MAT 250

Lecture 13

Ordered setsAxiom of choice and its replacements

7 / 38

When we constructed infinite sets,
we used arguments related to infinite number of choices.

Most famous of them is the axiom of choice. It has many formulations.

The most common one: given any family {Xα} of non-empty sets,

one can construct a set by choosing one element from each of Xα .
It is called axiom, because it was controversial

and was not included into the axiomatic set theory by Zermelo-Fraenkel.

”The Axiom of Choice is necessary to select a set from an infinite number of pairs of
socks, but not an infinite number of pairs of shoes.”

Bertrand Russell

Anecdote: ”Tarski tried to publish his theorem [the equivalence between AC and ”every
infinite set A has the same cardinality as A×A ”, in Comptes Rendus, but Frêchet and
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Most famous of them is the axiom of choice. It has many formulations.

The most common one: given any family {Xα} of non-empty sets,

one can construct a set by choosing one element from each of Xα .
It is called axiom, because it was controversial

and was not included into the axiomatic set theory by Zermelo-Fraenkel.

”The Axiom of Choice is necessary to select a set from an infinite number of pairs of
socks, but not an infinite number of pairs of shoes.”

Bertrand Russell

Anecdote: ”Tarski tried to publish his theorem [the equivalence between AC and ”every
infinite set A has the same cardinality as A×A ”, in Comptes Rendus, but Frêchet and
Lebesgue refused to present it. Frêchet wrote that an implication between two well
known [true] propositions is not a new result, and Lebesgue wrote that an implication
between two false propositions is of no interest.”
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There are many statements about posets equivalent to the axiom of choice.

In this course, we used Hausdorff maximal principle (1914):

In any poset (X,≺) , any loset Y ⊂ X is contained in a maximal loset Z .

Maximality of Z means that any Z ′ with Z ⊂ Z ′ ⊂ X is not linearly orded.

Simplified version of the Hausdorff maximal principle:

Any poset contains a maximal loset .

This is equivalent to the
Zorn Lemma (Kuratowski 1922, Zorn 1935):

Any poset in which any losubset has upper bound has a maximal element.

In turn, it is equivalent to the well-ordering principle (Zermelo Theorem):

Every set can be well-ordered.

A loset is said to be well-ordered if its
every non-empty subset has the least element.
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For every infinite set A , there is a bijection A → A×A .

Either two sets have the same cardinality,
or one has a smaller cardinality than the other.

Given two non-empty sets, one has a surjection to the other.

Every surjective map has a right inverse.

The Cartesian product of any family of nonempty sets is nonempty.

Every vector space has a basis (i.e., a linearly independent spanning subset).

Various corollaries. Additive groups R and R⊕ R are isomorphic.

A circle can be partitioned to denumerable set of congruent sets.

Banach-Tarski Paradox.
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A loset is said to be well-ordered if its every non-empty subset has the least element.

The main example of well-ordered set is (N,≤) .

Reformulation of the definition: A loset (X,≺) is well-ordered iff
there is no infinite strictly decreasing sequence of elements x0 ≻ x1 ≻ x2 ≻ . . .

Proof. =⇒ Infinite strictly decreasing sequence does not have the least element.
Therefore it cannot be contained in a well-ordered loset.

⇐= If (X,≺) contains a non-empty set B which has no minimal elements,
then we can find in B a strictly decreasing infinite sequence.

Indeed, take any b0 ∈ B . It is not minimal, therefore we can find b1 ∈ B with
b0 ≻ b1 . b1 is not minimal. Hence ∃ b2 ∈ B with b1 ≻ b2 . Etc. �
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we can add to M any c ∈ X rM and extend ≺M to c by x ≺ c for all x ∈ M .
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Any well-ordered set has the minimal element. (by the definition of well-ordered set).

Any non-greatest element of a well-ordered set is the least element of a gap.
I.e., for any x there exists y ≻ x such that there is no z with y ≻ z ≻ x .
In this situation, y is denoted by x+ 1 , the immediate successor of x+ 1

is denoted by x+ 2 , and so on.

Some elements of a well-ordered set may have no immediate predecessor.

As in (N,≤)∐ (N,≤) . Elements of this kind are said to be limit elements.

Any element of a well-ordered set is z + n , where z is a limit element and n ∈ N .

In a well-ordered set, any subset bounded from above has a unique supremum.
Ordinal numbers: 1, 2, 3, . . . , , Then N = ω ,
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Any well-ordered set has the minimal element. (by the definition of well-ordered set).

Any non-greatest element of a well-ordered set is the least element of a gap.
I.e., for any x there exists y ≻ x such that there is no z with y ≻ z ≻ x .
In this situation, y is denoted by x+ 1 , the immediate successor of x+ 1

is denoted by x+ 2 , and so on.

Some elements of a well-ordered set may have no immediate predecessor.

As in (N,≤)∐ (N,≤) . Elements of this kind are said to be limit elements.

Any element of a well-ordered set is z + n , where z is a limit element and n ∈ N .

In a well-ordered set, any subset bounded from above has a unique supremum.
Ordinal numbers: 1, 2, 3, . . . , , Then N = ω , ω + 1 , ω + 2 , . . . ,
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Any well-ordered set has the minimal element. (by the definition of well-ordered set).

Any non-greatest element of a well-ordered set is the least element of a gap.
I.e., for any x there exists y ≻ x such that there is no z with y ≻ z ≻ x .
In this situation, y is denoted by x+ 1 , the immediate successor of x+ 1

is denoted by x+ 2 , and so on.

Some elements of a well-ordered set may have no immediate predecessor.

As in (N,≤)∐ (N,≤) . Elements of this kind are said to be limit elements.

Any element of a well-ordered set is z + n , where z is a limit element and n ∈ N .

In a well-ordered set, any subset bounded from above has a unique supremum.
Ordinal numbers: 1, 2, 3, . . . , , Then N = ω , ω + 1 , ω + 2 , . . . , ω + ω = ω · 2 ,
ω · 2 + 1 ,
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Any non-greatest element of a well-ordered set is the least element of a gap.
I.e., for any x there exists y ≻ x such that there is no z with y ≻ z ≻ x .
In this situation, y is denoted by x+ 1 , the immediate successor of x+ 1

is denoted by x+ 2 , and so on.

Some elements of a well-ordered set may have no immediate predecessor.

As in (N,≤)∐ (N,≤) . Elements of this kind are said to be limit elements.

Any element of a well-ordered set is z + n , where z is a limit element and n ∈ N .
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Ordinal numbers: 1, 2, 3, . . . , , Then N = ω , ω + 1 , ω + 2 , . . . , ω + ω = ω · 2 ,
ω · 2 + 1 , ω · 2 + 2 , . . . ,



MAT 250

Lecture 13

Ordered setsStructure of a well-ordered set

12 / 38

Any well-ordered set has the minimal element. (by the definition of well-ordered set).

Any non-greatest element of a well-ordered set is the least element of a gap.
I.e., for any x there exists y ≻ x such that there is no z with y ≻ z ≻ x .
In this situation, y is denoted by x+ 1 , the immediate successor of x+ 1

is denoted by x+ 2 , and so on.

Some elements of a well-ordered set may have no immediate predecessor.

As in (N,≤)∐ (N,≤) . Elements of this kind are said to be limit elements.

Any element of a well-ordered set is z + n , where z is a limit element and n ∈ N .

In a well-ordered set, any subset bounded from above has a unique supremum.
Ordinal numbers: 1, 2, 3, . . . , , Then N = ω , ω + 1 , ω + 2 , . . . , ω + ω = ω · 2 ,
ω · 2 + 1 , ω · 2 + 2 , . . . , ω · 3 , . . . ,
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Any well-ordered set has the minimal element. (by the definition of well-ordered set).

Any non-greatest element of a well-ordered set is the least element of a gap.
I.e., for any x there exists y ≻ x such that there is no z with y ≻ z ≻ x .
In this situation, y is denoted by x+ 1 , the immediate successor of x+ 1

is denoted by x+ 2 , and so on.

Some elements of a well-ordered set may have no immediate predecessor.

As in (N,≤)∐ (N,≤) . Elements of this kind are said to be limit elements.

Any element of a well-ordered set is z + n , where z is a limit element and n ∈ N .

In a well-ordered set, any subset bounded from above has a unique supremum.
Ordinal numbers: 1, 2, 3, . . . , , Then N = ω , ω + 1 , ω + 2 , . . . , ω + ω = ω · 2 ,
ω · 2 + 1 , ω · 2 + 2 , . . . , ω · 3 , . . . , ω2 , ω2 + 1 , . . . ,
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Let (X,≻) be a well-ordered set and A ⊂ X . Suppose that
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Then A = X .

Proof. Assume the contrary: A 6= X .
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• A contains the minimal element m of X , and
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Then A = X .

Proof. Assume the contrary: A 6= X . Then the complement X rA of A is not
empty
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Mathematical induction can be extended to induction on well-ordered sets.

Let (X,≻) be a well-ordered set and A ⊂ X . Suppose that
• A contains the minimal element m of X , and
• If b ∈ A for all b ≺ a , then a ∈ A .
Then A = X .

Proof. Assume the contrary: A 6= X . Then the complement X rA of A is not
empty and X rA has the minimal element a .
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Let (X,≻) be a well-ordered set and A ⊂ X . Suppose that
• A contains the minimal element m of X , and
• If b ∈ A for all b ≺ a , then a ∈ A .
Then A = X .

Proof. Assume the contrary: A 6= X . Then the complement X rA of A is not
empty and X rA has the minimal element a . All b ≺ a belong to A .
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Mathematical induction can be extended to induction on well-ordered sets.

Let (X,≻) be a well-ordered set and A ⊂ X . Suppose that
• A contains the minimal element m of X , and
• If b ∈ A for all b ≺ a , then a ∈ A .
Then A = X .

Proof. Assume the contrary: A 6= X . Then the complement X rA of A is not
empty and X rA has the minimal element a . All b ≺ a belong to A . Hence a ∈ A

by the assumption on A .
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Mathematical induction can be extended to induction on well-ordered sets.

Let (X,≻) be a well-ordered set and A ⊂ X . Suppose that
• A contains the minimal element m of X , and
• If b ∈ A for all b ≺ a , then a ∈ A .
Then A = X .

Proof. Assume the contrary: A 6= X . Then the complement X rA of A is not
empty and X rA has the minimal element a . All b ≺ a belong to A . Hence a ∈ A

by the assumption on A . This contradicts to a ∈ X rA . �
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Mathematical induction can be extended to induction on well-ordered sets.

Let (X,≻) be a well-ordered set and A ⊂ X . Suppose that
• A contains the minimal element m of X , and
• If b ∈ A for all b ≺ a , then a ∈ A .
Then A = X .

Proof. Assume the contrary: A 6= X . Then the complement X rA of A is not
empty and X rA has the minimal element a . All b ≺ a belong to A . Hence a ∈ A

by the assumption on A . This contradicts to a ∈ X rA . �

Let (X,≻) be a well-ordered set and P (a) be a predicate on X .
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by the assumption on A . This contradicts to a ∈ X rA . �

Let (X,≻) be a well-ordered set and P (a) be a predicate on X . Suppose that
• P (m) is true, if m ∈ X is the minimal element of X ,
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Mathematical induction can be extended to induction on well-ordered sets.

Let (X,≻) be a well-ordered set and A ⊂ X . Suppose that
• A contains the minimal element m of X , and
• If b ∈ A for all b ≺ a , then a ∈ A .
Then A = X .

Proof. Assume the contrary: A 6= X . Then the complement X rA of A is not
empty and X rA has the minimal element a . All b ≺ a belong to A . Hence a ∈ A

by the assumption on A . This contradicts to a ∈ X rA . �

Let (X,≻) be a well-ordered set and P (a) be a predicate on X . Suppose that
• P (m) is true, if m ∈ X is the minimal element of X ,
• If P (b) is true for all b ≺ a , then P (a) is also true.
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Mathematical induction can be extended to induction on well-ordered sets.

Let (X,≻) be a well-ordered set and A ⊂ X . Suppose that
• A contains the minimal element m of X , and
• If b ∈ A for all b ≺ a , then a ∈ A .
Then A = X .

Proof. Assume the contrary: A 6= X . Then the complement X rA of A is not
empty and X rA has the minimal element a . All b ≺ a belong to A . Hence a ∈ A

by the assumption on A . This contradicts to a ∈ X rA . �

Let (X,≻) be a well-ordered set and P (a) be a predicate on X . Suppose that
• P (m) is true, if m ∈ X is the minimal element of X ,
• If P (b) is true for all b ≺ a , then P (a) is also true.
Then P (a) holds true for all a ∈ X .
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Mathematical induction can be extended to induction on well-ordered sets.

Let (X,≻) be a well-ordered set and A ⊂ X . Suppose that
• A contains the minimal element m of X , and
• If b ∈ A for all b ≺ a , then a ∈ A .
Then A = X .

Proof. Assume the contrary: A 6= X . Then the complement X rA of A is not
empty and X rA has the minimal element a . All b ≺ a belong to A . Hence a ∈ A

by the assumption on A . This contradicts to a ∈ X rA . �

Let (X,≻) be a well-ordered set and P (a) be a predicate on X . Suppose that
• P (m) is true, if m ∈ X is the minimal element of X ,
• If P (b) is true for all b ≺ a , then P (a) is also true.
Then P (a) holds true for all a ∈ X .

Usually the proof of the second condition is broken into the
Successor case: ∀a P (a) =⇒ P (a+ 1) and
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Mathematical induction can be extended to induction on well-ordered sets.

Let (X,≻) be a well-ordered set and A ⊂ X . Suppose that
• A contains the minimal element m of X , and
• If b ∈ A for all b ≺ a , then a ∈ A .
Then A = X .

Proof. Assume the contrary: A 6= X . Then the complement X rA of A is not
empty and X rA has the minimal element a . All b ≺ a belong to A . Hence a ∈ A

by the assumption on A . This contradicts to a ∈ X rA . �

Let (X,≻) be a well-ordered set and P (a) be a predicate on X . Suppose that
• P (m) is true, if m ∈ X is the minimal element of X ,
• If P (b) is true for all b ≺ a , then P (a) is also true.
Then P (a) holds true for all a ∈ X .

Usually the proof of the second condition is broken into the
Successor case: ∀a P (a) =⇒ P (a+ 1) and

Limit case: for any limit a ∈ X P (a) follows from P (b) for all b ≺ a .
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Problem. Given a 16× 16 square. Cut off a quarter.
Prove that it is possible to tile the remaining shape by the corners

Discussion. The problem seems to be difficult.
There are too many small squares...

Can we think about a simpler yet easier problem?
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Can we solve now the problem about 16× 16 shape? Not quite yet...
Let’s do the 8× 8 shape:

Do you see the previous 4× 4 shapes here?
For each of these 4× 4 shapes the problem has been already solved!
We can tile each of 4× 4 shapes by the small corners,

so we can tile the 8× 8 shape by the small corners.
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Let us now solve the original problem about 16× 16 shape.

Do you see 8× 8 shapes here?
We can tile each of the 8× 8 shapes by the small corners,

so we can tile the 16× 16 shape by the small corners.
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Solution. We have shown how to solve 4× 4 problem,
and how to pass to the solution for 8× 8 problem,
and how then to pass to the solution for 16× 16 problem:

4× 4 −→ 8× 8 −→ 16× 16 .

We can go further to 32× 32 problem
by tiling the 32× 32 shape by four 16× 16 shapes:



MAT 250

Lecture 13

Ordered setsGo further!

18 / 38

The 16× 16 problem has been solved, but we may go further!

Let us generalize the problem.

Problem. Given a 2n × 2n square with a lower right quarter removed.
Prove that this shape can be tiled by small corners .

Solution. We have shown how to solve 4× 4 problem,
and how to pass to the solution for 8× 8 problem,
and how then to pass to the solution for 16× 16 problem:

4× 4 −→ 8× 8 −→ 16× 16 .

We can go further to 32× 32 problem
by tiling the 32× 32 shape by four 16× 16 shapes:



MAT 250

Lecture 13

Ordered setsGeneralized problem

19 / 38

By continuing the procedure,



MAT 250

Lecture 13

Ordered setsGeneralized problem

19 / 38

By continuing the procedure, we will reach 2n × 2n shape:



MAT 250

Lecture 13

Ordered setsGeneralized problem

19 / 38

By continuing the procedure, we will reach 2n × 2n shape:

4× 4 −→ 8× 8 −→ 16× 16 −→ 32× 32 −→ · · · −→ 2n × 2n



MAT 250

Lecture 13

Ordered setsGeneralized problem

19 / 38

By continuing the procedure, we will reach 2n × 2n shape:

4× 4 −→ 8× 8 −→ 16× 16 −→ 32× 32 −→ · · · −→ 2n × 2n −→ . . .



MAT 250

Lecture 13

Ordered setsGeneralized problem

19 / 38

By continuing the procedure, we will reach 2n × 2n shape:

4× 4 −→ 8× 8 −→ 16× 16 −→ 32× 32 −→ · · · −→ 2n × 2n −→ . . .

It’s natural to start with 2× 2 problem, representing the small corner



MAT 250

Lecture 13

Ordered setsGeneralized problem

19 / 38

By continuing the procedure, we will reach 2n × 2n shape:

4× 4 −→ 8× 8 −→ 16× 16 −→ 32× 32 −→ · · · −→ 2n × 2n −→ . . .

It’s natural to start with 2× 2 problem, representing the small corner

2× 2 −→ 4× 4 −→ 8× 8 −→ 16× 16 −→ 32× 32 −→ · · · −→ 2n × 2n −→ . . .



MAT 250

Lecture 13

Ordered setsGeneralized problem

19 / 38

By continuing the procedure, we will reach 2n × 2n shape:

4× 4 −→ 8× 8 −→ 16× 16 −→ 32× 32 −→ · · · −→ 2n × 2n −→ . . .

It’s natural to start with 2× 2 problem, representing the small corner

2× 2 −→ 4× 4 −→ 8× 8 −→ 16× 16 −→ 32× 32 −→ · · · −→ 2n × 2n −→ . . .

This step-by-step process of deriving each statement from the previous one



MAT 250

Lecture 13

Ordered setsGeneralized problem

19 / 38

By continuing the procedure, we will reach 2n × 2n shape:

4× 4 −→ 8× 8 −→ 16× 16 −→ 32× 32 −→ · · · −→ 2n × 2n −→ . . .

It’s natural to start with 2× 2 problem, representing the small corner

2× 2 −→ 4× 4 −→ 8× 8 −→ 16× 16 −→ 32× 32 −→ · · · −→ 2n × 2n −→ . . .

This step-by-step process of deriving each statement from the previous one
is called induction.
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Here P (n) is the statement 1 + 3 + 5 + · · ·+ (2n− 1) = n2 .
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Prove that 1 + 3 + 5 + · · ·+ (2n− 1) = n2 for all n ∈ N.

Here P (n) is the statement 1 + 3 + 5 + · · ·+ (2n− 1) = n2 .
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Prove that 1 + 3 + 5 + · · ·+ (2n− 1) = n2 for all n ∈ N.

Here P (n) is the statement 1 + 3 + 5 + · · ·+ (2n− 1) = n2 .
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Examples 1.

Prove that 1 + 3 + 5 + · · ·+ (2n− 1) = n2 for all n ∈ N.

Here P (n) is the statement 1 + 3 + 5 + · · ·+ (2n− 1) = n2 .
We have to prove that ∀n ∈ N P (n)

It means that we have to prove infinitely many statements:
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Mathematical induction is a special technique
to prove statements of type ∀n ∈ N P (n) .

Examples 1.

Prove that 1 + 3 + 5 + · · ·+ (2n− 1) = n2 for all n ∈ N.

Here P (n) is the statement 1 + 3 + 5 + · · ·+ (2n− 1) = n2 .
We have to prove that ∀n ∈ N P (n)

It means that we have to prove infinitely many statements:

1 = 12 n = 1
1 + 3 = 22 n = 2
1 + 3 + 5 = 32 n = 3
1 + 3 + 5 + 7 = 42 n = 4
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Mathematical induction is a special technique
to prove statements of type ∀n ∈ N P (n) .

Examples 1.

Prove that 1 + 3 + 5 + · · ·+ (2n− 1) = n2 for all n ∈ N.

Here P (n) is the statement 1 + 3 + 5 + · · ·+ (2n− 1) = n2 .
We have to prove that ∀n ∈ N P (n)

It means that we have to prove infinitely many statements:

1 = 12 n = 1
1 + 3 = 22 n = 2
1 + 3 + 5 = 32 n = 3
1 + 3 + 5 + 7 = 42 n = 4
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
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Example 2. Prove that
n∑

k=1

k =
(1 + n)n

2
for any n = 1, 2, 3, . . .

Notice that
n∑

k=1

k is a compact notation for the sum 1 + 2 + 3 + · · ·+ n .

k is a summation index.
One can use any other letter (besides n ) instead of k :

n∑

k=1

k =
n∑

i=1

i =
n∑

j=1
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Notice that
n∑

k=1

k is a compact notation for the sum 1 + 2 + 3 + · · ·+ n .

k is a summation index.
One can use any other letter (besides n ) instead of k :

n∑

k=1

k =
n∑

i=1

i =
n∑

j=1

j.

The sum
n∑

k=1

k doesn’t depend on k .

We have to prove that ∀n ∈ N P (n) ,

where P (n) is the statement
n∑

k=1

k =
(1 + n)n

2
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Principle of Mathematical Induction (to prove ∀n ∈ N P (n) ):

If P (1) is true and ∀k P (k) =⇒ P (k + 1) then P (n) is true for all n ∈ N .

Method.

1. Base case: Show that P (1) is true.

2. Inductive step: Assume that P (k) is true for some k ∈ N

and prove that P (k + 1) is true in this case.

(that is prove that ∀k P (k) =⇒ P (k + 1) )

3. Conclusion: Therefore, by the principle of mathematical induction,
∀n P (n) .

P (1)

base

=⇒ P (2) =⇒ P (3) =⇒ · · · =⇒ P (k) =⇒ P (k + 1)

inductive step

=⇒ . . .
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In the inductive step,
we prove the implication ∀k P (k) =⇒ P (k + 1) ,

and not the statement ∀k P (k) .

If you write in the inductive step
“Assume that ∀k P (k) ”

this would mean affirming the consequent,
and will result in failure of the proof.

Correct: Assume P (k) for some k .

Wrong: Assume P (k) for all k .

The phrase “Assume P (k) for some k ” is called the induction assumption.
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Example 1. Use induction to prove that ∀n ∈ N n < 2n .

We have to prove that

1 < 21
︸ ︷︷ ︸

P (1)

, 2 < 22
︸ ︷︷ ︸

P (2)

, 3 < 23
︸ ︷︷ ︸

P (3)
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Example 1. Use induction to prove that ∀n ∈ N n < 2n .

We have to prove that

1 < 21
︸ ︷︷ ︸

P (1)

, 2 < 22
︸ ︷︷ ︸

P (2)

, 3 < 23
︸ ︷︷ ︸

P (3)

, . . . , n < 2n
︸ ︷︷ ︸

P (n)

, . . .

Proof.

Base case: Check if P (1) is true.
P (1) says that 1 < 21 , which is true.

Inductive step: Assume that P (k) holds true for some k ∈ N .

That is, k < 2k for some k ∈ N induction assumption

We have to prove that P (k + 1) is true in this case. That is, k + 1 < 2k+1 .
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Indeed,

By induction assumption, k < 2k .

Therefore, k + 1 < 2k + 1.

Since 1 < 2k for any positive integer k ,

2k + 1 < 2k + 2k = 2 · 2k = 2k+1.

We have got that k + 1 < 2k + 1 < 2k+1 , that is, k + 1 < 2k+1

P (k + 1)

Therefore, ∀k ∈ N P (k) =⇒ P (k + 1)

and inductive step is completed.

3. Conclusion: By the principle of mathematical induction, ∀n ∈ N P (n)

that is, ∀n ∈ N n < 2n. �
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Remark. Proofs by induction leave an impression
that the actual reason is not revealed.

Why n is always less than 2n ?

Using calculus tools, one can prove that x < 2x for any real x .

x

y

y = x

y = 2x

Actual proof involves limits or derivatives.

The implication

∀x ∈ R x < 2x =⇒ ∀n ∈ N n < 2n

is called specialization.
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j=1

(2j − 1) = n2 for all n ∈ N .

Discussion. Do we understand what the sum represents?
n∑

j=1

(2j − 1) = (2 · 1− 1)
︸ ︷︷ ︸

j=1

+(2 · 2− 1)
︸ ︷︷ ︸

j=2

+(2 · 3− 1)
︸ ︷︷ ︸

j=3

+ · · ·+ (2 · n− 1)
︸ ︷︷ ︸

j=n

= 1 + 3 + 5 + · · ·+ (2n− 1)

In other words, we have to prove that 1 + 3 + 5 + · · ·+ (2n− 1) = n2 .
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1. Bases case: Let n = 1. We have to check if
1∑

j=1

(2j − 1) = 12

Since
1∑

j=1

(2j − 1) = 2 · 1− 1 = 1 ,
1∑

j=1

(2j − 1)
X
= 12

2. Inductive step: Assume that
k∑

j=1

(2j − 1) = k2 for some k ∈ N

induction assumption

and prove that
k+1∑

j=1

(2j − 1) = (k + 1)2 .
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2n(n+ 1)
=

n+ 2

2(n+ 1)
,

as required.
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2. Inductive step: Assume that
n∏

k=2

(

1−
1

k2

)

=
n+ 1

2n
for some n ≥ 2 ,

and prove that
n+1∏

k=2

(

1−
1

k2

)

=
(n+ 1) + 1

2(n+ 1)
in this case.

Indeed,
n+1∏

k=2

(

1−
1

k2

)

=

(
n∏

k=2

(

1−
1

k2

))

︸ ︷︷ ︸

product of first n terms

·

(

1−
1

(n+ 1)2

)

︸ ︷︷ ︸

the last term

=
n+ 1

2n
·

(n+ 1)2 − 1

(n+ 1)2
=

n2 + 2n

2n(n+ 1)
=

n+ 2

2(n+ 1)
,

as required.
3. Conclusion: Therefore, by the principle of mathematical induction,

n∏

k=2

(

1−
1

k2

)

=
n+ 1

2n
for all n ≥ 2 .
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Problem 4. Prove that 42n−1 + 3n+1 is divisible by 13 for any n ∈ N .

Proof (by induction).

Base case: n = 1. Is is true that 42·1−1 + 31+1 is divisible by 13 ?

42·1−1 + 31+1 = 41 + 32 = 4 + 9 = 13 . Yes, it is.

Inductive step: Assume that 42n−1 + 3n+1 is divisible by 13 for some n ∈ N

and prove that 42(n+1)−1 + 3(n+1)+1 is divisible by 13 in this case.
Indeed,

42(n+1)−1 + 3(n+1)+1 = 42n+1 + 3n+2 = 4(2n−1)+2 + 3(n+1)+1

= 16 · 42n−1 + 3 · 3n+1 = 16 (42n−1 + 3n+1)
︸ ︷︷ ︸

div. by 13 by ind. ass.

− 13 · 3n+1
︸ ︷︷ ︸

div. by 13

which is divisible by 13 , as required.

Conclusion. Therefore, 42n−1 + 3n+1 is divisible by 13 for any n ∈ N .
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Mathematical induction:
P (1)

base

=⇒ P (2) =⇒ P (3) =⇒ · · · =⇒ P (n) =⇒ P (n+ 1)

inductive step

=⇒ . . .

Although the limit case is not needed,
there is a version of induction, in which the induction step looks like the limit case.

It is called strong induction:

P (2)
P (1)

base

=⇒ P (3)
P (2)
P (1)

=⇒ . . . =⇒ P (n)
P (n− 1)
...
P (1)

=⇒ P (n+ 1)

inductive step

=⇒ . . .

• Mathematical induction and strong induction are equivalent.
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initial values

and an+1 = 3an − 2an−1 for n ≥ 2 .
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n=1 is defined as follows:

a1 = 3, a2 = 5
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initial values

and an+1 = 3an − 2an−1
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recursive formula

for n ≥ 2 .

Show that an = 2n + 1
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for all n ∈ N .

Solution. Given: a1 = 3, a2 = 5, an+1 = 3an − 2an−1 for n ≥ 2 .
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1. Base case: For n = 1 , P (1) is a1 = 21 + 1 . Is it true? Yes, since a1 = 3 .
For n = 2 , P (2) is a2 = 22 + 1 . Is it true? Yes, since a2 = 5 .
For n = 3 , P (3) is a3 = 23 + 1 = 9 . Is it true? Yes, since
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a2
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︸︷︷︸

a1

= 9 .
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by induction assumption for k = n and k = n− 1

= 3 · 2n + 3− 2 · 2n−1 − 2 = 3 · 2n − 2n + 1 = 2 · 2n + 1
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and prove that P (n+ 1) is also true in this case.

That is, assume that ak = 2k + 1 for all k = 1, 2, . . . , n
and prove that an+1 = 2n+1 + 1 in this case.

Indeed,
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an−1

by induction assumption for k = n and k = n− 1

= 3 · 2n + 3− 2 · 2n−1 − 2 = 3 · 2n − 2n + 1 = 2 · 2n + 1 = 2n+1 + 1 ,
as required.
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and prove that an+1 = 2n+1 + 1 in this case.

Indeed,
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− 2(2n−1 + 1)
︸ ︷︷ ︸

an−1
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2. Inductive step:

Assume that P (k) holds true for all k = 1, 2, . . . , n
and prove that P (n+ 1) is also true in this case.

That is, assume that ak = 2k + 1 for all k = 1, 2, . . . , n
and prove that an+1 = 2n+1 + 1 in this case.

Indeed,
an+1 = 3an − 2an−1 by recursive formula

= 3(2n + 1)
︸ ︷︷ ︸

an

− 2(2n−1 + 1)
︸ ︷︷ ︸

an−1

by induction assumption for k = n and k = n− 1

= 3 · 2n + 3− 2 · 2n−1 − 2 = 3 · 2n − 2n + 1 = 2 · 2n + 1 = 2n+1 + 1 ,
as required.

3. Conclusion: Therefore, by the principle of strong induction,

an = 2n + 1 for all n ∈ N .
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Leonardo Fibonacci (1175-1250), Italian mathematician

• wrote Liber Abaci, “The Book of Calculation”

• introduced Hindu-Arabic numeral system to the Europeans

• introduces Fibonacci sequence
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