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non-empty pairwise disjoint subsets of X which cover the whole X .

In other words,

A partition of X is a subset ¥ c P(X) such that
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on the set of lines on a plane.

Example 5 (from linear algebra).
Two matrices A, B € Mat,(R) are called similar
if there exists an invertible matrix C' such that B=C1AC'.
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Definition. Let ~ be an equivalence relation on aset X. Let ae X .

The set [a] ={x e X |x ~a} of all elements equivalent to a is called
the equivalence class of a.

Theorem. For any equivalence relation ~ on X,
the equivalence classes form a partition of X .

Proof. We have to prove the following three statements:

(a) Any equivalence class is not empty.

(b) Any element of X belongs to some equivalence class.

(c) Any two equivalence classes either coinside or are disjoint.

Proof of (a): Any equivalnce class [a] is not empty, because a € [a].
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Then Fce X such that ce[a] and ce [b].
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la] c [b]. Symmetrically, [b] c[a].
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We have seen two constructions:

1. each partition X of a set X gives rise to the equivalence relation ~x» on X
2. and each equivalence relation on X gives rise to the partition

formed by equivalence classes.
It is easy to see that these constructions defines bijections

between the set of all equivalence relations on a set X
and the set of all partitions on X
inverse to each other.

Exercise. Verify that these two maps are really inverse to each other.
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Definition. Let ~ be an equivalence relation on a set X .
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Obviously, ~ is an equivalence relation. What is the quotient set X /.. 7
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the representatives of each class are mapped to the same element in Y .

Thatis, [z]=f"'f(2).

Therefore, the map f/: X /., - Y defined by [x]+~ f(x) is an injection.
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and the quotient map f/: X/. - Imf.

Beside this, there is the quotient projection pr., X - X/,
and the inclusion map Im f - Y.
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Proof. = mod m is reflexive: YVaeZ a=a modm
since m|(a—a).

= mod m is symmetric: Va,beZ a=b modm = b=a modm since
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Hence, a—c=(a—-b)+(b-c¢)

N, e N ——
~ -~

div.bym  div.bym
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la] +[b] =[a+0b] and [a][b] = [ab] is a commutative ring with unity.

It is called the ring of congruence classes modulo m
or ring of integers modulo m.

Proof is by checking the ring axioms. For any a,b,ceZ/,,

a+beZ/n

a-beZ/n

(a+b)+c=a+(b+c)

a+b=b+a

30eZ),  a+0=a

i-a€Z/y, a+(-a)=0

(a-b)-c=a-(b-c)

a-(b+c)=a-b+a-c and (b+c)-a=b-a+c-a
a-b=b-a

31e€Z/p, l-a=a-1=a

¢ e ONOU A WN L
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Is this map well-defined?
Solution. We have to check if the map gives the same value

regardless of which representative is chosen.
Let 21 =29 mod 6. We have to check if 29 =23 mod 3.

If x1 =22 mod 6, then x1 — x5 is divisible by 6, and so by 3.
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If a is invertible and ab =0, then
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any injective map of a finite set to itself is surjective.
It follows that there exists be Z/,, ~ {0} such that b-[a] =1,
that is b=[a]™'.
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