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Leopold Kronecker (1823-1891)

“Die ganzen Zahlen hat der liebe Gott

gemacht, alles andere ist Menschenwerk.”

“The integers have been made by God,
everything else is a human work.”

Let us do this human work.
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It would be great

• to extend the ordered sequence of numbers 1, 2, 3, 4, . . . to the left;

• to solve equations of type x+ 2 = 1 ;

• to have mathematical objects for description of debt, loss, deficit, etc.

How to get negative numbers out of positive ones?

What is, for example, −1 ?

−1 = 1− 2 = 2− 3 = 3− 4 = 4− 5 = . . .

It seems that −1 can be understood
as a pair of positive numbers (1, 2) or (2, 3) or (3, 4) or (4, 5) etc.

Different pairs (a, b) may give rise to the same negative number a− b .

It’s easy to figure out which pairs (a, b), (c, d) of natural numbers give the same
negative number: a− b = c− d ⇐⇒ a+ d = b+ c .

Notice that a+ d, b+ c are natural numbers.
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Introduce a relation ∼ on N× N as follows:

(a, b) ∼ (c, d) ⇐⇒ a+ d = b+ c .

One can easily prove that ∼ is an equivalence relation on N× N .

This equivalence relation gives rise to equivalence classes

[(a, b)] = {(c, d) ∈ N× N | a+ d = b+ c} .
For example, [(1, 2)] = {(2, 3), (3, 4), (4, 5), . . . }
One can think about [(a, b)] as of the formal difference a− b .

The equivalence classes form the quotient set N× N/
∼
.

Denote this quotient set by Z : Z = N× N/
∼

Where is N in Z ? The map N → Z defined by n 7→ [(n+ 1, 1)] is injective.

So we may identify a natural number n with the integer [(n+ 1, 1)] :
∀n ∈ N n = [(n+ 1, 1)] . So N ⊂ Z .
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0 = [(1, 1)] . Indeed, let x = [(a, b)] . Then
x+ 0 = [(a, b)] + [(1, 1)] = [(a+ 1, b+ 1)] = [(a, b)] = x .
What is a negative integer? −n = [(1, n+ 1)] .



MAT 250

Section 10

Numbers
Addition and multiplication in Z

5 / 16

Define addition and multiplication on Z as follows:
if x = [(a, b)] ∈ Z , y = [(c, d)] ∈ Z , then
x+ y = [(a+ c, b+ d)] , xy = [(ac+ bd, ad+ bc)] .

In formal differences: if x = a− b, y = c− d , then
x+ y = (a+ c)− (b+ d), xy = (ac+ bd)− (ad+ bc).

One can prove that these operations

• are well-defined, that is don’t depend on the choice of class representative;

• agree with addition and multiplication on N :
n+m = [(n+ 1, 1)] + [(m+ 1, 1)] = [(n+m+ 2, 2)] = [(n+m+ 1, 1)] .
• possess usual properties of operations: associativity, commutativity, distributivity.

What is 0 , that is an element in Z such that x+ 0 = x for any x ∈ Z ?
0 = [(1, 1)] . Indeed, let x = [(a, b)] . Then
x+ 0 = [(a, b)] + [(1, 1)] = [(a+ 1, b+ 1)] = [(a, b)] = x .
What is a negative integer? −n = [(1, n+ 1)] . Indeed,
−n+ n = [(1, n+ 1)] + [(n+ 1, n)] = [(n+ 2, n+ 2)] = [(1, 1)] = 0 .
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As we know, a ring is a set
with operations of addition, subtraction and multiplication.

A formal definition of a ring was given in Sections 1 and 7.

Z is a ring, while N is not.

A larger set of integers with more operations on it
was made out of a smaller set of natural numbers!

A strict total order on Z is defined as follows:

∀x, y ∈ Z x < y ⇐⇒ y − x ∈ N .

Exercise. Prove that the relation < above is indeed a strict total order.
Show also that it agrees with the strict total order on N .

Definition. An ordered ring is a ring with total order < satisfying the following:
• if a < b then a+ c < b+ c for any a, b, c ;
• if 0 < a and 0 < b then 0 < ab for any a, b .

Exercise. Prove that Z is an ordered ring.
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Simple necessities like solving equations of type 3x = 2
bring us to the idea of quotients.

What is, for example, 2/3 ?

2/3 = 4/6 = 6/9 = −8/(−12) = . . .

It seems that 2/3 can be understood
as a pair of integers (2, 3) or (4, 6) or (6, 9) or (−8,−12) etc.

Different pairs (a, b) may give rise to the same quotient a/b .

It’s easy to say which pairs (a, b), (c, d) of integers give the same quotient:
a/b = c/d ⇐⇒ ad = bc .

Notice that

• ad, bc are integers.

• b, d 6= 0
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Introduce a relation ∼ on Z× (Z r {0}) as follows:

(a, b) ∼ (c, d) ⇐⇒ ad = bc .

One can easily prove that ∼ is an equivalence relation on Z× (Z r {0}) .
This equivalence relation gives rise to equivalence classes

[(a, b)] = {(c, d) ∈ Z× (Z r {0}) | ad = bc} .
For example, [(2, 3)] = {(2, 3), (4, 6), (−8,−12), . . . }
One can think about [(a, b)] as of the formal quotient a/b .

The equivalence classes form the quotient set Z× (Z r {0})/
∼
.

Denote this quotient set by Q : Q = Z× (Z r {0})/
∼

Where is Z in Q ?

∀n ∈ Z n = [(n, 1)] . So Z ⊂ Q .
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Define addition and multiplication on Q as follows:

Let x = [(a, b)] , y = [(c, d)] . Then

x+ y = [(ad+ bc, bd)] , xy = [(ac, bd)] .

In formal quotients: if x = a/b, y = c/d , then
x+ y = (ad+ bc)/bd, xy = ac/bd.

One can prove that these operations

• are well-defined, that is don’t depend on the choice of class representative;

• agree with addition and multiplication on Z :
n+m = [(n, 1)] + [(m, 1)] = [(n+m, 1)] .
• possess usual properties of operations:

associativity, commutativity, distributivity.

What is a reciprocal for a non-zero x ∈ Q ? If x = [(a, b)] , then 1/x = [(b, a)] .

Indeed, x · (1/x) = [(a, b)][(b, a)] = [(ab, ba)] = [(1, 1)] = 1 .
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The set of rational numbers admits more operations then the set of integers.

Besides addition, subtraction and multiplication which we have in Z ,
a division is possible in Q :

for any x, y ∈ Q with y 6= 0 , x/y = x · (1/y) .
An algebraic structure, where
addition, subtraction, multiplication, and division by a non-zero element

are allowed,
is called a field.

Definition. A ring commutative ring with unity is called a field

if any non-zero element has a multiplicative inverse.

There is a strict total order in Q inherited from the strict total order < in Z .

Q is an ordered field.
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The set of rational numbers is too small:
it doesn’t contain, for example, the solution of the equation x2 = 2 .

Consider the set A = {x ∈ Q | x2 ≤ 2} . It is bounded from above.

Remind that a set X ⊂ Q is bounded from above if
there exists M ∈ Q such that x ≤ M for all x ∈ X .

Such constant M is called an upper bound of X .

What are the upper bounds of A = {x ∈ Q | x2 ≤ 2} ?
They are positive numbers M such that M2 ≥ 2 .

Does there exist the least upper bound of A ? Yes,
√
2 ,

but it’s not a rational number.

The least upper bound of a set is called its supremum.

We want any bounded from above set to have a supremum.

Which sets do have the same supremum?
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Let B+(Q) be the set of all subsets of Q which are bounded from above.

Define a relation ∼ on B+(Q) as follows:

A ∼ B ⇐⇒ A and B have the same set of upper bounds.

Obviously, ∼ is an equivalence relation.

If A and B have the same set of upper bounds,
then they have the same least upper bound:

A ∼ B ⇐⇒ supA = supB , provided the supremums exist in Q .

Real numbers are introduced as the equivalence classes
so that supA is the equivalence class of the set A .

The quotient set B+(Q)/
∼

consists of all supremums of bounded from above sets

and is denoted by R : R = B+(Q)/
∼
.
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Where are the rational numbers in R = B+(Q)/
∼
?

The map Q → B+(Q)/
∼
, x 7→ [{x}] is injective,

so we may identify a rational number x with the class [{x}] ∈ R .

Introduce an order on R :

∀ [A], [B] ∈ R [A] ≤ [B] ⇐⇒ any upper bound for B is an upper
bound for A .

Exercise. Prove that the relation ≤ above is a non-strict total order.
Show also that it agrees with ≤ on Q .
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Define addition on R as follows.

Let x = [A] ∈ R, y = [B] ∈ R , where A,B ∈ B+(Q) . Then
x+ y = [A+B] , where A+B = {a+ b | a ∈ A, b ∈ B}

is the Minkowski sum of sets A and B .

For x ≥ 0 , y ≥ 0 , define multiplication on R as follows:
xy = [AB] , where A and B contain only non-negative numbers

and AB = {ab | a ∈ A, b ∈ B} .
Then this definition extends to arbitrary x, y as usual.

One can prove that these operations

• are well-defined, that is don’t depend on the choice of class representative;

• agree with addition and multiplication on Q :
• possess usual properties of operations:

associativity, commutativity, distributivity.
R is a field, most suitable for Analysis and studied there.
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Complex numbers emerged from attempts to solve equations like x2 + 1 = 0 .

x2 + 1 is a polynomial, so let us start with
the ring R[x] of polynomials in one variable with real coefficients.

We want to have a number i which is a solution of x2 + 1 = 0 . Also, it is a
solution of (x2 + 1)s(x) = 0 for any polynomial s(x) .

Introduce the following relation on R[x] :

p(x) ≡ q(x) mod (x2 + 1) ⇐⇒ (x2 + 1) |
(

p(x)− q(x)
)

⇐⇒ p(x)− q(x) = (x2 + 1)s(x) for some polynomial s(x) .

One can easily prove that ≡ mod (x2 + 1) is an equivalence relation on R[x] .
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Any polynomial p(x) ∈ R[x] can be divided by x2 + 1 with a remainder:

p(x) = (x2 + 1)q(x) + r(x) , where q, r are polynomials
and deg r(x) ≤ 1 (since deg r(x) < deg(x2 + 1) = 2 ).

So r(x) = a+ bx for some a, b ∈ R .

Therefore, for any p ∈ R[x] , p(x) ≡ a+ bx mod (x2 + 1) .

The quotient set is

R[x]/(x2+1) = {a+bx | a, b ∈ R and x2 = −1} = {a+ib | a, b ∈ R and i2 = −1} .

Arithmetic operations and their properties
are extended in a natural way from R to C ,

turning C into a field.

C can not be ordered as a field, that is there is no order in C

which is respected by addition and multiplication.
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