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If A+ X, choose be X \ A,

and extend f4 toamap Au{b} - N, 1 by mapping b to n+1.
This cannot be done only if X N\ A=@, then A=X

and then the required bijection X — N,, has been found.

If this would never happen, then the union U of the subsets of X
which have been chosen will be mapped bijectively onto N =u>?  N,, .
Then |X| > |U| = |N|, which contradicts to the assumption that X is finite. O
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Categories of maps

We have just proved that:

any finite set has the same cardinality as one of the model sets N,,
and the cardinal numbers of these model finite sets are pairwise different.

This allows to identify
cardinal numbers of finite sets with the non-negative integers: [N, |=n.
Arithmetic operations match: |N, x N, | = |N,,|, etc.
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then at least one pigeonhole contains more than one pigeon.

Proof of Pigeonhole principle. Existence of injection N, - N, would mean
IN,,| < |N,|. This would contradict to the inequality |N,|>N,| for p > ¢ that follow from
existence of injection N, - N,, (the inclusion) and Corollary 4 above.
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e Generalized pigeonhole principle:
If there are more than km pigeons sitting in m pigeonholes,
then at least one pigeonhole contains more than &k pigeons.

Example 4. Prove that among any 12 integers
there are two with the difference divisible by 11.

Example 5. Does there exists a number written by the digits 1 only
which is divisible by 20237

15 / 16



MAT 250
Section 10
Categories of maps

Pigeonhole principle. Examples 6-9

16 / 16



MAT 250
Section 10
Categories of maps

Pigeonhole principle. Examples 6-9

Example 6. Five points are placed randomly

inside an equilateral triangle with a side of length 1 inch.
Prove that among these five points

there are two points which are at most 1/2 inches apart.

Example 7. Prove that there exists a power of 3 that ends up with digits 01.

Example 8. Prove that if 51 points are placed randomly in a unit square,
then one can always find three points
that can be covered by a circle of radius 1/7.

Example 9. Given 6 points inside a unit circle. Prove that some two of them
are within 1 unit from each other.
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