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would imply Ng —Ng=1.

the equation b+ x = a with b =Ny and a = Xy and the equality Ng+ Ny = N
would imply No — No = No :

Therefore the difference Ny — Ny cannot be identified with any cardinal number.

In Calculus a similar phenomenon is known as “indeterminacy oco — oo ".
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i.e., fP(a) = f4(b) for some p,q € N.
Check if this is really an equivalence relation on X .
The equivalence classes are called grand orbits of f.
The set of all grand orbits of f is called the orbit set of f and denoted by X/ .

If fP(a) = a for some p € N, then a is said to be periodic of period p.
If the orbit of a does not contain a periodic element, then N — X : n — f"(a) is
Injective

and then X is infinite, because |N| < |X]|.
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Maps X Iy X and Y % Y are called conjugate if
they are isomorphic in the category of self-maps,
i.e., there exists a (conjugating) bijection h: X — Y suchthat g =h tofoh.

Therefore, Being conjugate is an equivalence relation. []
Conjugate maps have the same dynamical properties.

For example, if f: X — X and g:Y — Y are conjugate via a bijection h,
then the iterates f™ and ¢" are conjugate via the same h.

Proof for n =2: g2 =gog=(h~ fh)o(h~Lfh) = h L ffh=h"1f2h. O

Similarly, if X L X and Y LY are conjugate via h: X — Y, then grand
orbits of f are mapped by h: X — Y to grand orbits of g.
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If f:X — X is an injection,
then each element of a grand orbit may have at most one predecessor.

Theorem. Grand orbits of an injection can be one of the following three types:
o periodic, {a, f(a), f*(a),..., P (a), fP(a) = a}
e infinite orbit of a & Im(f), {a, f(a), f*(a),..., f*(a),...}

e grand orbit infinite in both directions,

{...,f™a),...,fa),a, fla),...,f"a),...}

Orbits of the latter two types are infinite.

An infinite set cannot be contained in a finite set.
Hence, we have proved

Theorem. In a finite set an injection may have only periodic grand orbits.
[]
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Corollary 3. For a map X — X of a finite set X, ¥

injectivity, surjectivity and bijectivity are equivalent. 32/ 3
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Corollary 4. Let X,Y be finite sets. If there existsamap f: X — Y
which is injective, but not surjective, then |X| < |Y|.

Proof. Existence of injection implies |X| <|Y].
Assume that | X| =|Y|. Then there exists a bijection ¢g:Y — X .

Consider h= fog:Y — Y . This is an injection as a composition of injections.
By Theorem, h is a bijection. But Im(h) =Im(fog) C Im(f) C Y.
Therefore Im(h) # Y . Contradiction. ]

Corollary 5. Let X,Y be finite sets. If there existsamap f: X — Y

which is surjective, but not injective, then |X| > |Y]|.

Proof. Exercise.
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For each f: X — X, there is a partition of X to grand-orbits.
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If A= X ,6 choose be X \ A,

and extend f4 toamap AU{b} — N,,;1 by mapping b to n+1.
This cannot be doneonly if X ~\ A=9,then A=X

and then the required bijection X — N,, has been found.

If this would never happen, then the union U of the subsets of X
which have been chosen will be mapped bijectively onto N = U>2 (N, .
Then | X| > |U| = |N|, which contradicts to the assumption that X is finite. [

35 /36



MAT 250
Finite cardinal numbers Lecture 9

Quotients

We have just proved that:

36 / 36



MAT 250
Finite cardinal numbers Lecture 9

Quotients

We have just proved that:

36 / 36



	Pecularities of cardinalities
	dblueN vs. dblueZ
	Addition of cardinal numbers
	No subtraction
	Multiplication of cardinal numbers
	dblue00
	Inequalities
	Redefine inequality via surjections
	Properties of inequalities
	Comparability Theorem
	Digression: grand orbits
	Cantor-Schröder-Bernstein Theorem
	Proof of C-B-S theorem. Part 2
	Finite, countable and uncountable
	dblueR is uncountable
	Proof of Cantor theorem
	The set of irrational numbers is uncountable
	The interval dblue(-1,1) is uncountable
	Any interval dblue(a,b) is uncountable
	Applications of Cantor-Schröder-Bernstein theorem
	Cardinality of power set
	Huge sets
	 dbluec20
	dblue20c
	dbluec2=c
	Category of maps
	Classification of maps
	Category of self-maps
	Dynamics of a map
	Conjugate maps
	Grand orbits of injection
	Maps of a finite set to itself
	Maps between finite sets
	Classification of self-maps in a finite set
	Model finite sets
	Finite cardinal numbers

