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The properties are called the axioms of a ring.
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5. M,(R), square n xn matrices with real coefficients form a ring.
(Commutative? With unity?)

6. Z,,, residues modulo m (to be discussed later in the course) form a ring.

7. F={f|f:R —R}, real valued functions with the operations of
addition (f+g)(x) = f(x) + g(x) and multiplication (f-g)(x) = f(x)-g(x)
form a ring.

Important: To prove that each of the listed above objects is a ring,
we have to verify all ring axioms.
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A reading starts with determining the structure of the text and sorting out important
and not very important elements.

The second round is to focus on the primary parts of the text: definitions and
statements of theorems.

Next come examples and detailed reading of proofs.
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Definitions in mathematics

Let’s try to read an excerpt from a math textbook. We are not expected to understand
the mathematical content, but we should be able to analyze the logical structure of the
text. Determine and indicate definitions, notations, theorems, proofs, examples,
exercises, etc. in the text.

As the first step towards classifying the lengths which can be constructed by
straightedge and compass, this chapter introduces the concept of an algebraic
number. Each such number will satisfy many polynomial equations and our
immediate goal is to choose the simplest one.

A number o € C is said to be algebraic over a field IF c C if there exists a nonzero
polynomial f(x) € F[x] such that « is a zero of f(z).

For each field IF, every number o in [ is algebraic over I because « is a zero of
the polynomial f(x) =z — a € F[x]. This implies that e and 7 are algebraic over
R, though they are not algebraic over Q as we will prove later.
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The number /2 is algebraic over Q because it is zero of the polynomial
f(z) = 2 — 2, which is nonzero and has coefficients in Q.

In order to show that a number is algebraic, we look for a suitable polynomial
having that number as zero. Try to prove that 1 ++/3 is algebraic over Q.

It is useful to be able to recognize the definition of “algebraic over a field "
when it appears in different guises: a number « € C is algebraic over F ¢ C if and
only if there is a positive integer n such that {1,a,a?,...,a" 1, a"} are linearly

dependent over IF.

Indeed, if a € C is algebraic over [F € C then there exists a polynomial
f(x)=ag+ajx+---+apx™, whose coefficients ag,a1,...,a, all belong to I, at
least one of these coefficients is nonzero, and f(«) =0, that is

ap + ara+ asa’ -+ ap_1a” M+ a,a” = 0. (%)
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Definitions in mathematics

Since F is a subfield of C, we can regard C as a vector space over F. The

numbers 1, a, 0%, ..., a" 1 a™ are all elements in C, and hence can be regarded

as vectors in the vector space C over F.

The coefficients ag, a1, a9, ...,a,-1,a,, on the other hand, are all in F so we can
regard them as scalars. Thus, the equality (*) can be interpreted as a linear
dependence of vectors 1,a,a?,...,a" 1 a™ in C.

You will often meet the terms “algebraic number” and “transcendental number”
where no field is specified. In such cases the field is taken to be Q. We formalize
this as follows.

A complex number is said to be an algebraic number if it is algebraic over Q;
a transcendental number if it is not algebraic over Q.
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