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bolic volume of a corresponding Schottky 3-manifold. We ex-
tend these results to the quasi-Fuchsian groups of type (g, n).
© 2016 Elsevier Inc. All rights reserved.
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1. Introduction

Weil introduced the Weil-Petersson (WP) metric on the moduli spaces of Riemann
surfaces by using the Petersson inner product on the holomorphic cotangent spaces, the
complex vector spaces of cusp forms of weight 4. Ahlfors proved that the WP metric
is Kéhler and its Ricci, holomorphic sectional and scalar curvatures are all negative [1,
2], and Wolpert found a closed formula for the Riemann tensor of the WP metric and
obtained explicit bounds for its curvatures [17].

In [19,20] it was shown that for the moduli space .4 , of marked Riemann surfaces
of type (0,n), n > 3 (n-pointed rational curves) and for the Schottky space &, of
compact Riemann surfaces of genus g > 1 the WP metric has global Kéhler potential,
the so-called classical Liouville action (for precise definitions, see Sects. 2 and 3). In
[12,13] a new Kéhler metric was introduced on the moduli space M, , of Riemann
surfaces of genus g with n > 0 punctures, 3¢ —3+n > 0. In [8,10,11,16,18] it was called
Takhtajan—Zograf (TZ) metric (for its precise definition, see Sect. 2.1.2). Unlike the WP
metric, the curvature properties of the TZ metric are not known.

Here we present explicit formula for a Kéhler potential h; of the i-th TZ metric on
the moduli space 4, i = 1,...,n. Specifically, in Proposition 1 we prove that h; is
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expressed in terms of the first Fourier coefficients of Fourier expansions of the Klein’s
Hauptmodul J at the cusps, introduced in (2.5)—(2.6). The functions h; on .#j ,, provide
explicit expressions for trivializations of the Hermitian metrics in the (holomorphically
trivial) tautological line bundles .%; on .4 ,, introduced in [16,18]. Proposition 1 is

the statement that the first Chern form of the Hermitian line bundle .%; is ngz,i, the
symplectic form of the i-th TZ metric on 4,7 =1,...,n.

The function H = hy ... hy—1/hy on Ay, determines a Hermitian metric in the line
bundle Ag ,, over the moduli space My, of type (0,n) Riemann surfaces, introduced by
Zograf [21] (see Lemma 1 and Sect. 2.2 for details). We show (see Corollary 2) that
on My,

4
c1(Mon, H) = 3wz,
where wtz = wrz; + -+ + wrz, is the symplectic form of the TZ metric on My 4.
Comparison with the known result (see [19,21])

1
c1(Aon, exp{S/n}) = —SWWP;
where S is the classical Liouville action and wwp is the symplectic form of the WP

metric, shows that a real-valued function . = S — 7H on My, is a global Kéhler
2

potential for a special linear combination wwp — 4inz of the WP and TZ metrics.

We also study WP and TZ metrics on the deformation spaces of punctured Riemann
surfaces of genus g > 1. Namely, we introduce the Schottky space &, of type (g, n)
Riemann surfaces as a holomorphic fibration &, — &, whose fibers are configuration
spaces of n points (for details, see Sect. 2.3). Denote by J the corresponding covering
map of the Schottky domain Q and put h; = |a;(1)|?, where a;(1) are the first Fourier
coefficients of J at the punctures z;, i = 1,...,n, given by (2.23). In Lemma 2 we prove
that h; determine Hermitian metrics on the tautological line bundles .%; — holomorphic
line bundles dual to the vertical tangent bundle on & ,, along the fibers of the projection
Di : Ggn = &4 n—1 which ‘forgets’ the marked point w;, 1 =1,...,n.

In Sect. 3.2 we define regularized classical Liouville action S and prove that exp{S/7}
determines a Hermitian metric in the holomorphic line bundle .¥ = 4 ® --- ® %,
over &, ,, (see Lemma 3). Sect. 4 contains the main results of the paper. Thus in Sect. 4.1
we present explicit potentials for the TZ metrics on .# ,,, and in Theorems 1 and 2 we
explicitly compute canonical connections and Chern forms of the Hermitian line bundles
(L, hi) and (£, exp{S/m}). Namely, we show that

4
Cl(a%,hi> = ngZ,% 1= 17...,7’L, (1.1)

(L, exp{S/m}) = %wwp. (1.2)
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Here wwp and wry are, respectively, symplectic forms of the WP and TZ metrics
on G .

The statement that the first Chern class of the line bundles .%; is %WTZ,i was proved
in [13] at the level of cohomology classes and in [16,18] at the level of Chern forms.
Hermitian metrics h; in the line bundles .} on & ,, provide explicit expressions for the
pullbacks of the Hermitian metrics in tautological line bundles over the moduli space
Mg of n-pointed curves of genus g > 1, introduced in [16,18].

The quantity

f:S—Wzn:loghi

=1

is a smooth real-valued function on the Schottky space &, ,,. It follows from (1.1) and
(1.2) that —¢ is a Kéhler potential for a special linear combination of the WP and TZ
metrics,

= 472
8&7 = —2\/ -1 wWwp — TwTZ 5 (13)

where 0 and 0 are (1,0) and (0, 1) components of the de Rham differential on &, ,,. This
linear combination, with the overall factor 1/12w, is precisely the one that appears in
the local index theorem for families on punctured Riemann surfaces for k = 0,1 in [13,
Theorem 1].

In Sect. 5 we extend the approach in [14] to quasi-Fuchsian groups of type (g, n).
Namely, we define the classical Liouville action and in Theorem 4 prove that it is a Kahler
potential of the WP metric on the quasi-Fuchsian deformation space. In Sect. 6 we study
renormalized volumes of the corresponding Schottky and quasi-Fuchsian 3-manifolds.
In Theorem 5 we prove that the renormalized hyperbolic volume of the corresponding
Schottky 3-manifold is related to the above-mentioned function . and in Theorem 6 we
prove that for quasi-Fuchsian 3-manifolds it is related to the regularized Liouville action.
These extend the results obtained in [14] to punctured Riemann surfaces.
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2. Basic facts

Here we recall the necessary basic facts from the complex-analytic theory of Teich-

miiller spaces (see the classic book [3] and [1,2], and the modern exposition in [5,9]) and
the results from [19,20].
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2.1. Teichmailler space T(T") of a Fuchsian group

Let I' C PSL(2,R) be a Fuchsian group of type (g,n) acting on the Lobachevsky
plane H = {z = 2 + v/—1y € C| Im z > 0}. The group I is generated by 2g hyperbolic
transformations A;, By,..., Ay, By and n parabolic transformations Si,...,S,, where
3g — 3+ n > 0, satisfying the single relation

A1BiAT BT AgBy AT B S -5, = 1L

The group T" with a given, up to a conjugation in PSL(2, R), set of generators Ay, By, ...,
Ag, By, S1,. ..,y is called a marked Fuchsian group.

Let A=L1(H,T) be the space of Beltrami differentials for I' — a complex Banach
space of y € L (H) satisfying

n(v2) ;E? =p(z) Vyel.

2

~—

2

For every u € A~bY(H,T) with
l#elloe = sup [u(z)] <1
zcH

there exists unique quasi-conformal (q.c.) homeomorphism f# : H — H satisfying the
Beltrami equation

¥ =pft, zeH,

and fixing the points 0,1,00. Then I'* = f# o T'o (f#)~! is a Fuchsian group of type
(9,m) and the Teichmiiller space T'(T') is defined by

T(N) ={pe AV HD) | flpllo <13/ ~.

Here p ~ v if and only if f#oyo (f#)"1 = fYoryo (f¥)~! for all ¥ € T (or equivalently,
f* = f¥ on R). The group T' corresponds to g = 0 and is the origin (the base point)
of T(T).

2.1.1. The complex structure

The Teichmiiller space T(I") admits a natural structure of a complex manifold, which
is uniquely determined by the condition that canonical projection which sends u €
ALHHLT) with ||p|leo < 1 to its equivalence class [u] € T(T') is a holomorphic map.
For the Fuchsian group T of type (g, n) the complex dimension of T'(T') is d = 3g — 3 +n.

Explicitly this complex structure is described as follows. Denote by s#~11(H,T') the
finite-dimensional subspace of harmonic Beltrami differentials for I' with respect to the
hyperbolic metric on H. It consists of u € A-LI(H,T) satisfying 9. (pp) = 0, where
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p(z) = y~2 and has complex dimension d = 3g — 3 + n. The complex vector space

A ~VL(H,T) is identified with the holomorphic tangent space ToT(I') to T'(I') at the
origin = 0. Every p € 2 ~1(I') has the form u(z) = 32q(2), where q € J#?°(H,T) is
a cusp form of weight 4 for I' — a holomorphic function on H that vanishes at the cusps
of " and satisfies

q(v2)7'(2)? = q(z) Vy €T,

Correspondingly, the holomorphic cotangent space Tg¢T(T') to T(T') at the origin is nat-
urally identified with the complex vector space #*°(H,T'), and the pairing between
T5T(T) and ToT'(T) is given by

(¢, ) = // q(2)p(2)d*z, where d*z = dxdy.
T\H

Choose a basis ju1, . .., g for 7V H,T), put g = e1pu1+- - +egquqg and for ||plleo < 1
let f* be the normalized solution of the Beltrami equation. Then the correspondence
(€1y...,€d) = [F = fr ol o (f*)~! defines the complex coordinates in a neighborhood
of the origin in T(T), called Bers coordinates.

There is a natural isomorphism between the Teichmiiller spaces T'(I') and T'(T'*),
which maps IV € T(T') to (I'*)* € T(I'*), where, in accordance with f¥ = f* o f*,

This isomorphism allows to identify the holomorphic tangent space T, T(I') at [u] €
T(T) with the complex vector space 5~ 11 (H, T'*), and the holomorphic cotangent space
17, T(I') — with the complex vector space 7#>°(H, I'). It also allows to introduce the
Bers coordinates in the neighborhood of I'* in T'(T"), and to prove that these coordinates
transform complex-analytically.

Remark 1. A marked Riemann surface of type (g,n) is a Riemann surface with a set
of standard generators of its fundamental group, defined up to an inner automorphism.
Whence the Teichmiiller space T'(T") can be interpreted as a Teichmiiller space of marked
Riemann surfaces of type (g,n) by assigning to each [u] € T'(T") a marked surface X* =
TA\H, with the surface X = I'\H playing the role of a base point. According to the
isomorphism T'(T") ~ T'(T'*), the choice of a base point is inessential and we will often

use the notation Ty ,, for T'(T").

Variation formulas of the hyperbolic metric p(z)|dz|? on H play an important role in
the complex-analytic theory of Teichmiiller spaces. Put

|22

(P () = s e
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The first formula is the classic result of Ahlfors [1] (the so-called Ahlfors lemma) that
for p € 2~ L1(H,T)

0
- EpY* = 0. 2.1
o ) (21)
The formula for the second variation
02 1
E1tE2V\* _ = > 22
AR NORE (22)

where p,v € #~11(H,T) and I'-automorphic function f,; is uniquely determined by

O fuv
Ol S=p ([ < o, (23)

T\H
was proved by S. Wolpert [17, Theorem 3.3].

Remark 2. It is shown in [15, Proposition 6.3], that formulas (2.2)—(2.3) can be obtained
from Ahlfors’ earlier result in [2].

2.1.2. Kdihler metrics on T'(T")

The cotangent spaces 1, T'(I') = 2*°(H, I'*) carry a natural inner product — the
Petersson’s inner product on the space of cusp forms of weight 4. It determines the
Weil-Petersson metric on the Teichmiiller space T'(I") by the formula

(1, p2)wp = // 1 (2)pa(2)p(2)d?z,  p, po € Ty T(L) = 5275 (H,TH).
Tr\H

The Weil-Petersson metric is real-analytic and Kéhler and is invariant with respect to
the Teichmiiller modular group Mod(T).

In case when I' is a Fuchsian group of type (g,n) and n > 0, a new Kéhler metric
on T(T') was introduced in [12,13]. Namely, let by z1,...,2, € RU {oo} be the set of
non-equivalent cusps for I' — the fixed points of the parabolic generators Si,...,.S,.
For each i = 1,...,n denote by T'; the cyclic subgroup (S;) and let o; € PSL(2,R) be
such that 0,00 = 2; and o; ' Sjo; = (1 i1) Let E;(z,5s) be the Eisenstein-Maass series
associated with the cusp z;, which for Res > 1 is defined by the following absolutely
convergent series

Ei(z,s) = Z Im(o; tyz)s.

“/€Fi\F
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The inner product

ﬂlaﬂ2z*///il

\H

in #~L1(H,T), and the corresponding inner products in all #~1Y(H, T#) determine
another Hermitian metric on T'(T"). It was proved in [12,13] that this metric is Kéhler for
eachi=1,...,n. In [10,16,18] it was called TZ metric and we will denote it by (, )1z ;.
The metric (, )z = (, )rz1+---+(, )1z, is invariant with respect to the Teichmiiller
modular group Mod(T"). Denote by wrz; the symplectic form of i-th TZ metric,

d
1
wrz,i = Z Hjs )Tz idej A dEy,

J.k=1

and put wrz = wrz,1 + -+ Wz N
The TZ metric is intrinsically related to the second variation of the hyperbolic metric
on H (see Sect. 2.1.1). Namely, the following result was proved in [13]

. 4 .
ylg{)lo Im(c;2) fup(0iz) = §<u, Vrzi, t=1,...,n, (2.4)

where p,v € # V1 (H,T) and f,5 is defined in (2.3).
2.2. The moduli space AMyrn

Here we consider the moduli space' .#( , of Riemann surfaces of type (0,n) with
labeled punctures (n-pointed rational curves). Each such surface is uniquely realized as
C=Cu {00} with n labeled punctures such that the last three of them are, respectively,
0,1 and oo. Let %, (C) be the configuration space of n ordered distinct points in C with
the PSL(2, C)-action. The moduli space is defined by .#; , = #,(C)/PSL(2,C) and is
realized as the following domain in C"~3,

Mo = {(w1,...,wp_3) € C" 3 |w; #0,1 and w; # wy for i # k}.

Let X = C\ {wy,...,w,_3,0,1} be a Riemann surface of type (0,n). By the uni-
formization theorem, X = I'\H, where type (0,n) Fuchsian group T is normalized such
that the fixed points of S,,_2, Sn_1, S, are, respectively, z,_o =0, z,_1 = 1, z, = 0.
Denote by H* the union of H and all cusps for I'. There is unique covering map J : HH — X
with the group of deck transformations I', which extends to a holomorphic isomorphism
J : T\H* 5 C that fixes 0,1, c0 and has the property that w; = J(z;), i =1,...,n — 3.

Y In [19,21] this moduli space was denoted by W,.
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In the classical terminology J is called Klein’s Hauptmodul. It is a unique I'-automorphic
function on H that fixes 0 and 1 and has a simple pole at co. The function J is univalent
in any fundamental domain for I" and has the following Fourier expansions at the cusps,

J(aiz):wi+§:ai(k)qk, i=1,...,n—1, (2.5)
J(onz) = Z an(k)q®, i=n, (2.6)
k=—1

where ¢ = €2™V~1%, The first Fourier coefficients of .J determine the following smooth
positive functions on 4 ,: h; = |a;(1)|?,i=1,...,n — 1, and h, = |a,(-1)[>.

The symmetric group Symm(n) acts on 4y, (see [21, §1]) and let My, =
Mo, /Symm(n) be the moduli of Riemann surfaces of type (0,n). As in [21], let
{fs}oesymm(n) be a l-cocycle for Symm(n) on .#; ,, defined by

HM k=1,....,n—3,
z:lw( kil)
1#£k
n—3
fO'kn(wl""?wn_B): 1_['(1)127 k:n—2,
=1
n—3
1_[(101-—1)27 k=n-—1
=1

where o, is the transposition interchanging the points with indices k and n, and ex-
tended to the full group by fo,0, = (fo, © 02)fs,. Let Ao, be the holomorphic line
bundle over 9y ,, determined by the 1-cocycle f, the quotient of the trivial line bundle
Mo n x C— My by the symmetric group action

(w,2) = (0w, fo(w)z), we My, z€C, oecSymm(n).

Lemma 1. A positive function H = hy---hyp_1/h, on My, determine a Hermitian
metric in the line bundle Ao, over Mo p,.

Proof. It readily follows from the description of the symmetric group action on .# ,, in
21, §1] that H(o - w)|f,(w)|?> = H(w) for all w € 4, and o € Symm(n). O

The hyperbolic metric e#(*)|dw|? on X is a push-forward by the map .J of the hyper-
bolic metric p(z)|dz|? on H,

ety _ [T @)

; 2.7
(Im J—1(w))? @7)
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and satisfies the Liouville equation

1
P = 5@“’, w e X. (2.8)

From the Fourier expansions (2.5)—(2.6) one gets the following asymptotic behavior of
p(w) as w — w; (see [19, Lemma 2])

o(w) = —2log |w — w;| — 2log |log U;If;]i + O(lw — wyl]), i +#n, (2.9)

p(w) = —2log |w| — 2loglog O(lw|™), i=n. (2.10)

ol

Denote by S(f) the Schwarzian derivative,

" n\ 2
sn=2-3 (%)

f f
We have
n—1 e
S(JH)(w) = Puww w — ), 2.11

) = puntw) = e =X (gt ) D

and
-1 _ -3
S(J )(w)—ﬁ+0(|w| ) as w— o0

where ¢; = —a;(2)/(a;(1))%,i=1,...,n—1, (see [19, Lemma 1]) are accessory parameters

of the Fuchsian uniformization of the surface X.

Consider the Riemann surface X = C\ {wy,...,w,—3,0,1} 2 '\H as a base point in
To.n- For each [u] € Tp,, the Fuchsian group I'* = f# o' o (f#)~! is normalized and we
realize the Riemann surface X# = I'"\H as X* = C \ {w},...,w"_5,0,1,00}. Denote
by J, the corresponding normalized covering map J, : Hl — X* and consider the map
p: 1o — Mo,n, defined by

Ton 3 [ = p(lp]) = (W, wy_3) € Mo,  where wy' = (J, 0 f*) ().

?

According to [19, Lemma 3], the map p is a complex-analytic covering. Consider the
commutative diagram

fH
H— H

l ; l 7 (2.12)

FP'
x 2 xw
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It follows from (2.12) that

Ft' = MF", where M = (ﬂOJ_l)( (2.13)

The function f#(z) is real-analytic in ¢ for all z € C. Put f#(z) = 9fH/0e|c—o. It
satisfies fg = u and is given by

: 1 z(z—1)
“z=——// R(C,2)d*¢, where R((,2)= ——— 2 .
0= =2 [ mom ke (€9 = o
Correspondingly, the function F¢* is holomorphic in € and

Fr(w) = f% //M(v)R(v,w)dzv, (2.14)
c

where F* = (OF"/9e)|__,.
Denote by r;, i = 1,...,n — 3, the basis in #%(H,T") = T Ty, defined as

ri(2) = Ri(J(2))J'(2)?, where R;(w)= —%R(u),wi)7

and let ¢;(2), i = 1,...,n — 3, be the basis in J#>°(H,T'), dual to r;(z) with respect
to the Petersson inner product. Finally, let u;(z) = y%¢;(2) be the corresponding basis
in 7~ LYH,T) = ToTy,, (see [19, Sects. 2.4-2.6]). The bases r!'(z) in #%°(H,T'*) and
ph(z) in ~HYH,TH) for [u] € Ty, are defined similarly. Then for the covering map
p: Ton — Ao, we have (see [19, Lemma 3])

7 . _
dpp (1) = p and pf,(dw;) =r}, i=1,...,n-3. (2.15)

We also have

n

n—3
ST (w) =Y E(w) _WZCiRi(w)v (2.16)

i=1
where
1 1 1
&(w) = - L itn, E(w)= —— . 2.17
(w) 2w —w;)?  2w(w-—1) ifn (w) 2w(w — 1) (2.17)
The corresponding functions e;(z) = &(J(z))J'(2)? on H are automorphic forms of

weight 4 for I' with non-zero constant term at the cusp z;, i =1,...,n.
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Put F* = F# j=1,...,n — 3. The functions F'(w) are given by (2.14) where
Mi(v) = e P OG0),  Qu(v) = (T () (T (0. (2.18)
It follows from (2.15) that
Fi(wj) =i, 4,j=1,...,n—3

and

Also we have

: W — wj
F* = —w;)F} — 2.1
() = 8-+ (0= ) ) o =) (2.19)
as w — wj, j #n, and
Fi(w) = wE? (w) + o [l as w — o0. (2.20)
w log ]

Remark 3. One can easily prove (2.19)—(2.20) (with better error terms) using integral
representation (2.14) and asymptotic behavior (2.9)—(2.10). Here is the sketch of the
proof of (2.20). We have

S = T

where the integral is understood in the principal value sense as in [3]. Putting v = uw

Fi(w) — wE? (w :——//M uw { 12)2 %}dQu.

It follows from (2.18) that

we have

2
Mi(w)0(10g| ||w|> as  w — 00,
w

whence the integral over |u| > 2 is estimated by O(log? |w|). Now choose a® =

log? |w|/|w|. Estimating the integral over |u| < « by the area, and the integral over

a < |u| < 2 — by the estimate of M;(a|wl|), we obtain that both of these integrals are

4/3

estimated by |w|a® = |w|"/3log"? |w|.
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Let " (®)|dw|? be the hyperbolic metric on the Riemann surface X*. It follows from
commutative diagram (2.12) that F# o J = J, o f*, and we have

(F#)* (") = (I ()" (p).

Whence the first and second variations of the family of hyperbolic metrics ™" (*)|dw|?
on the Riemann surfaces X# = F*(X) are given by the same formulas (2.1)—(2.3),
where p is replaced by €% and f,; — by (J7')*(fuz) = fus © J 1. Moreover, since for
any o € R we have

(P () = (P (e))”
we get from (2.1) and (2.2)

0

oo (Fe) =0 (2.21)

e=0

and

62
0e10€9

(F61M+52u)*(60¢90€”) = %empfﬂﬁ oJ L (222)
e=0

Finally, each TZ metric (, )1z, on Tp , is invariant with respect to the automorphism
group of the covering p : Ty, — #p , and determines a Kéhler metric on .4 ,, which
we continue to denote by (, )1z, i =1,...,n.

2.8. The Schottky space & p,

A Schottky group X is a free finitely generated strictly loxodromic Kleinian group. Its
limit set A is a Cantor set and the region of discontinuity = C\ A is connected. Let
Y be a Schottky group of rank g > 1, considered as a discrete subgroup of PSL(2,C).
The group X acts on € freely, and the quotient space ¥\ is compact Riemann surface
of genus g. A Schottky group > of rank g with a relation-free system of generators
Ly,..., Ly is called marked. For each such system of free generators there is a fundamental
domain D for ¥ in Q which is a region in C bounded by 2¢ disjoint Jordan curves
Ci,...,Cy,C1, ..., Cf with Cf = —Li(Cy), i = 1,...,g. Here C; and C] are oriented as
components of the boundary of D, and the minus sign means the reverse orientation.
Each element L; can be represented in the normal form

Lyw — a; w— a; -
=\ weC
Llw—bz z’Ll}—bl" ’

where a; and b; are the respective attracting and repelling fixed points of the transfor-
mation L; and 0 < |A;| < 1. In what follows we always assume that a marked Schottky
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is normalized, that is a; = 0, by = 0o and as = 1. In particular, this implies that co ¢ D.
The mapping

(Z; L1y, Lyg) = (ag, ... ag,ba, ... bgy A1y ey Ag) € CP973

establishes an one-to-one correspondence between the set of normalized marked Schottky
groups and a region &, in C3973, called the Schottky space.

Equivalently, the Schottky space is defined as follows. Let .A~11(£2, ¥) be the complex
Banach space of L*°(2) of Beltrami differentials for X (cf. Sect. 2.1). Let D(X) be a
deformation space of the Schottky group X,

D(X) = {pe ALY [[lulle < 1}/ ~,

where p ~ v if and only if FFogo(F*)™1 = F¥ogo(F¥)™! forall 0 € ¥ (or equivalently,
F* = F" on A).? The group ¥ corresponds to = 0 and is the origin (the base point) of
D(X). The deformation space D (X)) is complex-analytically isomorphic to the Schottky
space &, with the choice of a base point.

The Schottky space & ,, of type (g,n) Riemann surfaces is defined by a holomorphic
fibration 5 : &,, — &, whose fibers over the points [u| € &, are configuration spaces
Fn(ZH\QH), where XF = FF o Yo (F#)~! and Q* = F*(Q). Equivalently it is defined
as follows. Consider the deformation space of a Schottky group ¥ together with a point
(w1,...,wy) € Fn(D),

D(S;wi, e ywy) = {(wwh, .. wh) € AN E) x Fn (DM | | 1lloo < 1}/ ~ .

Here w! = F*(w;), D* = F*(D) and p ~ v if and only if F#ogo(F#)~! = F¥ogo(F¥)~!
for all ¢ € ¥ and w!' = wY

79

it = 1,...,n. The deformation space D(X;wy,...,wy,) is
complex-analytically isomorphic to the Schottky space &, , with the choice of a base
point.

Let X = ¥\ be compact Riemann surface of genus g with n marked points x1, ..., x,,
and let T be a Fuchsian group of type (g, n) such that Xo = X\ {z1,...,2,} = T\H. One
can choose generators Ay, B1,...,A,, By and S1,...,5, of I' such that ¥ is isomorphic
to the quotient group I'/N, where N is the smallest normal subgroup of I" which contains
Aq,...,Ajand Sy,...,S,. Asin Sect. 2.2, let H* be the union of H and all cusps for I'.
The complex-analytic covering np : H — I'\H = X extends to the map nf : H* — X

such that 7f(z;) = x;, where z; are fixed points of S;, i =1,...,n.

The Schottky uniformization of a compact Riemann surface X with n marked points
Z1,...,2T, is related to the Fuchsian uniformization of a punctured surface Xy = X \
{z1,...,2,} by the commutative diagram

2 Here and in what follows F* is a normalized solution of the Beltrami equation on C with Beltrami
coefficient p.
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m 75 Q

I
X

where 7y is unramified while J and nf are branched covering maps. The map J is
considered as a meromorphic function on H which is automorphic with respect to IV and
satisfies Jo B; = L; 0o J, j = 1,...,g. It has the following Fourier series expansions at
the cusps of T,

J(0;2) :wiJrZai(k)qk, i=1,...,n, (2.23)
k=1

where w; = J(z;). (Cf. (2.5) and note that since ¥ is normalized, oo ¢ €.)

Let & be i-th the relative dualizing sheaf on &, — a holomorphic line bundle dual
to the vertical tangent bundle on &, , along the fibers of the projection p; : &4, —
Sy,n—1 which ‘forget’ the marked point w;, 7 = 1,...,n. The bundles .7}, also called
tautological line bundles, are characterized by the property that the fiber of .%; over a
point ([X];wi,...,w,) € &y, is the cotangent line T;; (3\0Q).

Since J o By = Ly o J, the points wq,..., Lyw;,...,w, correspond to the cusps
21y...,Brzi,. .., zn, and the first Fourier coefficient of J(z) at the equivalent cusp Byz;
is L}, (w;)a;(1). Correspondingly, h; = |a;(1)|? 2
the above interpretation of the line bundles .Z; we arrive at the following statement.

gets replaced by h;|L) (w;)|?, and using

Lemma 2. The quantities h; determine Hermitian metrics in the holomorphic line bun-
dles &, i=1,...,n.

Let e‘/’(w)|dw|2 be the push-forward of the hyperbolic metric on H by the map J. It
is given by the same formula (2.7), where p(w) is smooth on Qp = Q\ X - {wy,...,w,},

a complement in  of the 3-orbit of {wy,...,w,}. The function p(w) satisfies
p(ow) = p(w) —log|d’ (w)|?, Vo €%, we Q, (2.24)
and has the same asymptotics (2.9) as w — w;, 1 =1,...,n.

Remark 4. From asymptotics (2.9) it follows that

2¢—¥(w)/2
log h; = lim <10g|w—wi|2—l——)7 i=1,...,n.
w—rw; |w — w;|

To each marked Fuchsian group T of type (g,n) there is a unique marked normalized
Schottky group ¥ ~ I'/N with the domain of discontinuity € such that T\H* = 3\Q.
This determines a map

T :Tgn — Ggn
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by putting w; = J(2;), i = 1,...,n. As in n = 0 case (see [20, Sect. 2.4]), the map 7 is
a complex-analytic covering. It plays the same role as the corresponding covering map p
in Sect. 2.2.

Specifically, the push-forward by the map J of the vector space 5% (H,T) is a vector
space #%0(Q, %) of holomorphic functions on €, defined as

Q(w) = q(J " (w) (I (w)?,  q(z) € #*°(H,T).

They are automorphic forms of weight 4 for group ¥ which admit a meromorphic ex-
tension to © with at most simple poles at ¥ - {wy,...,w,}. The space #*°(Qp, ) is
naturally identified with the holomorphic cotangent space 1Ty&, , to &4, at the ori-
gin. Correspondingly, the holomorphic tangent space 798, ,, is the complex vector space
110, Y) of Beltrami differentials, harmonic with respect to the hyperbolic metric
on Q. Namely, each M € s ~11(Qp, %) has the form

M(w) = e ?WQ(w), Qe >N, %).

The tangent and cotangent spaces to &, ,, at each point (¥, wf, ..., wk) are identified,
respectively, with 7~ 51(QF, $#) and s#%0(Qf, ©#), where Q) = F*(). We have the
following analog of commutative diagram (2.12),

m |

lJ JJM (2.25)

FM
Q —

Here F°* satisfies Beltrami equation (2.13), is complex-analytic in ¢ and F" is given
by (2.14).

From the fibration j: &,, — &, it follows that T &, ,, has a subspace j*(1;&,) =
2%9(, X) with a natural basis Py (w), ..., Psg—3(w) given by holomorphic automorphic
forms of weight 4 for ¥ which represent the cotangent vectors dA1,...,d\g, das, ..., dag,
dba,...,dby as in [21, formulas (2.2)]. The complementary subspace to 7*(ITj&,) in
T3S, is isomorphic to the subspace T %, (X), the cotangent space to the configu-
ration space at the base point (wy,...,wy,). Its natural basis, as it follows from (2.14),
is given by the following meromorphic automorphic forms of weight 4,

1
P3g_sii(w) = - Z R(ow,w;)o’ (w)?, w e Q, (2.26)
oeY

which represent dw;, i =1,...,n.
Denote by M;(w),. .., My(w) the basis in 5 ~11(Q, ¥), dual to the basis P;(w),...,
Py(w) in 5#%°(Q, ¥) with respect to the pairing
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(Q, M) = // Qw) M (w)dw. (2.27)
D

Here M34_341,. .., M3g_34, represent the tangent vectors 9/0ws, ...,0/0w, in ToS, .
The corresponding bases in tangent and cotangent spaces to &4, at arbitrary point

(S wy, ... wh) are defined similarly.

As in Sect. 2.2, we have S(J 1) (w) = Quw(w) — 3w (w)?. It follows from the asymp-

totic behavior of p(w) as w — w;, that

n 3g—3+n
ST =Y &) -7 Y aP(w), (2.28)
i=1 =1

where (cf. (2.16) and (2.17))

1 1

Si(w) =5 > ( - )> o(w)?, i=1,...,n, (2.29)

ogw — w; ow{ow —
oEX ? 1

are meromorphic automorphic forms of weight 4 for ¥ with the second order poles at
¥ -w;, and ¢, ..., cq are the analogs of accessory parameters.’

For the first and second variations of the family of hyperbolic metrics on the Schottky
domains Q* we have the same formulas (2.21)—(2.22). Finally, each TZ metric (, )7z ; on
Ty » is invariant with respect to the automorphism group of the covering 7 : T, ,, = &4 p,
and determines a Kéhler metric on &, ,, which we continue to denote by (', )12
1=1,...,n.

3. Liouville action
3.1. Punctured spheres

Let X = C\ {ws,...,wn_3,0,1} be a marked Riemann surface of type (0,n). The
regularized classical Liouville action is defined by the following formula (see [19]),

S(wl, PN ,wn_g)
= 511%1+ //(|<,0w|2 + e#)d*w + 2mnlog & + 4n(n — 2)log |logd| | , (3.1)
—
Xs

where X; = C\ Ul M|w — w;| < 6} U {Jw| > 1/6}. Tt is a critical value of the Liouville
action, the Euler-Lagrange functional for the Liouville equation (2.8) with the asymp-
totic behavior (2.9)—(2.10) on the Riemann surface X, and defines the smooth function

3 Note that for i = 1,... ,39 — 3 parameters ¢; introduced here are —1/m times accessory parameters
in [20].
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S : Moy, — R. Denote by d and 9 the (1,0) and (0, 1) components of de Rham differential
on My, It is proved in [19, Theorem 1],

n—3
0S8 = —271'2 CiRZ‘,
i=1

so that the regularized Liouville action is a generating function for the accessory param-
eters,

108
2 8’[1)1‘7

i=1,...,n—3.

C; =

Also, according to [19, Theorem 2|, the function —S is a Kéhler potential for the Weil—
Petersson metric on .4,

58S = —2\/ —lwwp.

Let My, = Ao /Symm(n) be the moduli space of Riemann surfaces of type (0,n).
It is proved in [21, §1] that exp{S/n} determines a Hermitian metric in a holomorphic
line bundle Xg,, over My, (see Sect. 2.2), so that

1
c1(Aon,exp{S/}) = —SWwWP- (3.2)
3.2. Schottky domains

Let ¥ be a marked normalized Schottky group of rank g > 1. The classical Liouville
action is a critical value of the Liouville action functional and is defined by the following
formula [20] (see [14] for the cohomological interpretation),

s =Y [+ ka [t (33)
D =20,

where
w() = (lpwl® + e#)dw A diw

and for o € PSL(2,C)

1 o o
Oy—1(p) = <<p -5 log |0'|? — log |c(a)|2> (Fdw - :/dw) .

g

Here for o = (‘: g) we put ¢(y) = ¢, so that 0,-1(p) =0 if ¢(o) = 0.
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The classical Liouville action is independent of the choice of a fundamental domain D
for the marked Schottky group ¥ and determines a smooth function S : &, — R. As in
Sect. 3.1, denoting by d and 0 the (1,0) and (0,1) components of de Rham differential
on &, we have’ (see [20, Theorems 1,2])

3g—3
0S8 = 27 Z P, and 008 = —2v—1lwwp,

=1

so that —S is a Kéhler potential for the Weil-Petersson metric on &,.

To define the classical Liouville action for the hyperbolic metric on 9 = Q\ X -
{w1,...,w,} one needs to regularize the area integral in (3.3), which diverges due to the
asymptotic behavior (2.9) of ¢ as w — w;. We do it in the same way as in genus 0 case.
Namely, suppose that all wy,...,w, € IntD, the interior of D, and for sufficiently small
d > 0 define Ds = D\ U, D;(9), where D;(§) = {|lw —w;| <d} C D,i=1,...,n. It
follows from (2.9) that the following limit exists

Spuik(p) = lim | ——— / / )+ 2mn(log & + 2log |log d]) | . (3.4)

§—0+

Remark 5. Equivalently, one can define Spuk(¢) by cutting out the interiors D; C D of
arbitrary simple closed curves [; around w; such that w; ¢ D; for i # j. Namely, let

21 —w;|  2log(l —w;])?
[] « +Z/< oglw —wi __2log (log|w — wi) )dw.
w — w; w — w;

D\U;_, D; =1 li

Then it easily follows from Stokes’ theorem and (2.9) that
Sputk() = lim Sy (),
r—0
where r = max{diam(l;), ..., diam({,)}.

Now we define the regularized action® as

1
§=5(Diwr,..,wn) = Spunelp) + 5= Y [ p1(9). (3.5)

k=2 Ch

This completes the definition of S provided that fundamental domain D is such that
wi,...,w, € Int D. As in the compact case, S does not depend on the choice of D

4 See the previous footnote.
5 It should be always clear from the context for which space the action S stands for.
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with the property that ws,...,w, € Int D. However, S(D;wy,...,w,) depends on the
choice of representatives in ¥ - {wy, ..., w,} and no longer determines a function oh the
Schottky space &, ,,. Its geometric meaning is the following (cf. Lemma 2).

Lemma 3. The regularized Liouville action determines a Hermitian metric exp{S/n} in
the holomorphic line bundle £ = 21 ® --- @ £, over & .

Proof. It is sufficient to prove that for i =1,...,n,
S(D;wr, ..., Lyws, ..., w,) —S(D;wy,...,w,) = mlog|L}(w;)|?

where wy,...,w, € Int D and wy, ..., w;—1, Lyw;, wit+1,...,w, € Int D. Moreover, it is
sufficient to consider the case when

D = (D\ Do) U Li(D)
and Dy C D is such that 0Dy N 0D C Cy and w; € Dy, while all other w; € D\ Dy,

j # 1. Indeed, any choice of a fundamental domain for ¥ is obtained from D by a finite
combination of such transformations.

Put
(0w, = [[ot 4 [0, (3.
Ds kZQCk

Since Cj = C; for j # k and Cj, = Cj, — 9Dy, we have

Als = Is(D;ws, ..., Lyw;, ..., w,) — Is(D;wy, . .. w,)
= [ e ] st [
Li(Do)\D; (5) Do\D; (6 0Dg

It follows from (2.24) that
Li(w(p)) = w(p) o Li| Li[* = w(p) + db, 1 (¢),

and by Stokes theorem we get

si= [ L [ we- [ o0

Do\ L *(D;(6)) Do\D;(8) 9Do

[ o [feo [ g

Do\Ly *(D;(8)) Do\D;(9) AL M (D (5))
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I 0[] soran 50

Do\D($) Do\D; (o

where § = 6/|L} (w;)|. Thus for | L} (w;)| < 1 we have

Al = —//|<pw|2dw/\du‘;—i—o(l)7
K;

where K; is the annulus § < |w — w;| < 4. It now follows from (2.9) that

Als = —4mv/—1log | L (w;)] + o(1).

In case |Lj (w;)| > 1 we have

Als = / |w|?dw A diw + o(1) = —4m/—1log | L}, (w;)| + o(1),
K;
where K; is the annulus 6 < |lw—w;| <46. O
Combining with Lemma 2 we obtain

Corollary 1. Put H=hy---hy,. Then

S =8 —nlogH (3.7)
determines a smooth real-valued function on &g p,.
Remark 6. Let D(w;;6;) = {w € C: |w —w;| < &;}, where §; = |a;(1)|d. Since a;(1) —

L) (w;)a;(1) under the transformation w; + Ly (w;), we have that up to O(6?) terms
D(Lyw;; 0;) = L (D(w;;6;)). This shows that (3.7) can be also defined as

& = lim // ) + 2mn(log ¢ + 2log |log d]) (3.8)
5—0+
Ds(h)
\/_
o Z /eLgl(‘P)a
k=2,

where Ds(h) = D\ U1 D(w;; ;).
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4. Potentials for the WP and TZ metrics

Here using first Fourier coefficients of Klein’s Hauptmodul we construct a global po-
tential for the TZ metric on .4 ,. For the Schottky space &, ,, we prove that the first

Chern forms of the line bundles .%; with Hermitian metrics h; are ngZ’i. We also prove

1
that —wwp is the first Chern form of the line bundle ' = £ ® --- ® £, with the
T

Hermitian metric exp{S/7n}, where S is the regularized classical Liouville action (3.7).

4 2
As a corollary, the following combination wwp — %wq_«z of WP and TZ metrics has a

global Kéhler potential on &g ,.
4.1. Potential for the TZ metric on Hy

As in Sect. 2.2, let I' be marked normalized Fuchsian group of type (0, n) uniformizing
the Riemann surface X = C\ {wy,...,w,—3,0,1}, let J : H — X be the normalized
covering map, and let h; = |a;(1)|?, i = 1,...,n — 1, and h,, = |a,(—1)|* be smooth
positive functions on .# ,,. According to Remark 4 we have

L 2e-e(w)2
log h; = lim <1ogw—wi| —&-7), i1=1,...,n—1,
w—w; |w — w;]

and

2¢—P(w)/2
log h, = lim <log |w|? — 67> ,
w-sao ]

where the last formula follows from (2.10).

Lemma 4. We have for alli=1,...,n,

L Ol

h:
8wk

K2

:Ff)(wz), k=1,...,n—3.

Proof. For given X = C\ {wy,...,w,—3,0,1} ~ I'\H there is an isomorphism T}, ~
T(T') (see Sect. 2.1.1). Consider first the case ¢ = n. According to (2.15), it is sufficient

to show that
Olog heH .
<&> = Fk(c0), where pu= .
Oe =0
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Using that F'** is holomorphic in ¢ at € = 0 and formulas (2.10), (2.20), (2.21), we get

OhEH
Oe

0
9 L en | FEp
T v epn|2 ERNK (L~ 5P w
s {(5)] ., (st et |5 o)
‘ (Fk w) e PW/2(wEk(w) — F’“(w))|w|>
= lim - o
w—00 w wew
= Fy(c0)

Interchanging the order of the limit w — oo and differentiation is legitimate since con-
vergence in the above formula and in the definition of h,, is uniform in a neighborhood
of an arbitrary point (w1, ..., w,—3) € #),,. The case i # n is considered similarly. O

Let 0 and 9 be, respectively, (1,0) and (0, 1) components of the de Rham differential
d on 4 . We have the following result.

Proposition 1. The functions —logh; : My, — Rso, i =1,...,n— 1, and logh,, are
Kahler potential for the 4w /3 multiples of TZ metrics,

8my/—1
3

8my/—1
3

ddlogh; = — wrzi, (#n and 0 log h,, = WTZ -

Proof. First consider the case i = n. We need to prove that

d*loghy, dm /9 0
a’wjaﬁ}k 3

— , L k=1,....n—3.
(9wj E)wk >TZ,n
By polarization, it is sufficient to consider the case j = k. According to Sect. 2.1.1, for

given X = C\ {ws,...,wp—3,0,1} >~ I'\H we can use the isomorphism T, , ~ T'(T).
Thus we need to show that

02 log het An
(W;)‘ = ?HNHQTZJ“ where u = ug.
e=0

Using that F°* is holomorphic in € at € = 0 and formulas (2.20), (2.21), (2.22), (2.10),

we get
0? log heH
0c0g £=0

82 1, .&p
= i ep|2 _ EUN* (L, — 5P
<8685) L:O {wlgréo <10g |F | 2(F ) (6 )

EH
Fw
Fenr

)
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1, en

(F) (e 2% ) (w)

e=0
ey’

1 (o
=-21 —
wroo |w] ((9638)

2

0

Oe

+ e %@(w)

1 B 1 i
=wlgnoo{§logw|fw(=7 Hw) = ge 2o

) 4
= wqﬂlgnooyfw(«Z) = ?HMH%Z,W

The case i # n is considered similarly. Here

log |w — w;]|
wowe Im(oy ! (J 71 (w))

= —2m,

and we get the different sign from the case of i =n. O

Remark 7. One can also prove Proposition 1 by using Lemma 4 and another Wolpert’s
formula

0 pNE [ €l B g 5,0
o e == (g ) )

e=0

(see [17, Theorem 2.9]).

Remark 8. Let .Z; be the tautological line bundle on .#, , — a holomorphic line bun-
dle dual to the vertical tangent bundle of .#;, along the fibers of the projection
pi @ Mom — Mon—1 which ‘forget’ the marked point z;, ¢ = 1,...,n. The line bun-
dles .Z; are holomorphically trivial over .4 ,, (but not over %), and the functions h;
on A,y are trivializations of the Hermitian metrics in .%;, introduced in [16,18].

By Lemma 1 and Proposition 1, we have

Corollary 2. The function —log H = logh,, —loghy — --- —logh,,_1 is a potential for
the 4 /3 multiple of the TZ metric on My . The first Chern form of the Hermitian line
bundle (Ao n, H) over Mo, is given by

4
c1(Aon, H) = FwWrz:

For each marked Fuchsian group I" denote by 7(z) the projection of the regular auto-
morphic form —S(J)(z) of weight 4 to the subspace of cusp forms,
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n—3
r(z) = a;ri(z), where a; =— S(I)(2)pi(2)d?=.
&)= Ltz [ stemt)

I\H

According to Sect. 2.2, the family of cusp forms r(z) for varying I" determines a (1, 0)-form
r on T ,,. Denote by ¥ = Zf;lg a;dw; the corresponding (1, 0)-form on . ,. It follows
from (2.15), (2.16) that p*(9¥) = r, where p : Ty, = Mo p-

Put .¥ = S — wlog H. Combining Lemma 4 with the proof of Theorem 1 in [19] and

using Proposition 1 and Theorem 2 in [19], we obtain the following result.
Corollary 3. The function . : My, — R satisfies
0. =20

and

= 472
86«5” = _2\/ -1 wWwp — YLUTZ . (41)

Remark 9. Since both H and exp{S/7n} are Hermitian metrics in the line bundle Ag

over My, (see Sects. 2.2 and 3.1), we conclude that . = S — wlog H determines a
2

function on My, ,. The combination wwp— %sz, with the overall factor 1/127, appears
in the local index theorem for families on punctured Riemann surfaces for k = 0,1 (see
[13, Theorem 1]). Equation (4.1) agrees with the fact that the analog of the Hodge line
bundle A; over M ,, is trivial. The function % plays the role of the Quillen metric in A,
defined in [13].

4.2. Chern forms and potential on &g,

As in Sect. 2.3, let X = Y\Q be a compact Riemann surface of genus g with n
marked points 1,...,2,, let T' be a Fuchsian group of type (g,n) such that X, =
X\ {z1,...,z,} 2 T\H, and let J : H* — Q be the corresponding branched covering
map. Similar to the previous section, denote by R the projection of the automorphic form
S(J71) of weight 4 for ¥ to the subspace J#*%(Q,¥) = T3S, .. Using pairing (2.27),
we get

3g—3+n

R(w) = Z B;Pj(w), where B; = (S(J1),M;).

Corresponding automorphic forms over each point (X wf,...,wk) determine a
(1,0)-form Z on & ,,.
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Using (2.28) we have

=1
where
39—3+n 3g—3+n
Ro(w)=— > ¢Pi(w), Ri(w)= > (& M;)P;(w).
j=1 j=1

In the next theorem, using identification of cotangent spaces to &, at each point
(SH,wh Lo wk) with 2220(QF, 3F) (see Sect. 2.3), we explicitly describe canonical con-
nections on the Hermitian line bundles .%; and .Z.

Theorem 1. Let & and 9 be (1,0) and (0,1) components of de Rham differential on G, ,.
The following statement holds.

i) In a local holomorphic frame canonical connection on the Hermitian line bundle
4
(ﬁ,hz) 18 given by

2
hi'oh;i = —-=R;, i=1,...,n.
o

(ii) In a local holomorphic frame canonical connection on the Hermitian line bundle
(Z,exp{S/7}) is given by

1
—0S = 2R,.
m

(i) The function . : &4, — R given by (3.7) satisfies

0. =2%.

Proof. To prove part (i), it is sufficient to show that

Olog h;“f‘
Oe

Repeating verbatim computation in the proof of Lemma 4 we get

dlog h3"
Oe

2
= —2(&, M)
— (&5, M;)

e=0

= F (w;).

e=0
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Now using (2.14) and (2.29) we obtain

) //M (wlwnfw(wll))d%‘ 205, M),

and the result follows.

To prove part (ii), it is sufficient to show that

0 v
% S(Xetwit o wit) = =27y, i=1,...,3g — 3 +n.
e=0
We have
0 . v-1 0
-2 S ) = Y lim | T
o Oe 5:03( Pl 2 550 0= 06(5)
and

10 = [[ote+ 30 [ oz o™

) k=2 )
ey =
Ds Cy

The calculation of .# almost verbatim repeats the corresponding computation in the
proof of Theorem 1 in [20], where regularization at the punctures is treated as in the
proof of Theorem 1 in [19]. Namely, using commutative diagram (2.25) and the change
of variables w — F¢#i(w), we get

o = [f @ tomny + 30 [y G ),
Ds(e) kZQCk
where
Ds(e) = D\Uj_ {w € D[[F™ (w) — F (w;)| < 6}

To compute 0I5(g)/0e|.=o, we need to differentiate under the integral sign as well as
over the variable integration domain Ds(e). The first computation repeats verbatim the
one in [20, Theorem 1], with the only change that now integration goes over Ds and 9Ds
instead of D and 0D as in [20]. For the second contribution we use an elementary formula
for differentiating a given 2-form € over a smooth family of variable domains D(e),

where V' is a vector field along 9D corresponding to the family of curves 9D(g). In our

case we readily obtain
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n

e=0 //w T« / lwl® (F'(w) — F'(w;)) di,

Ds (=) = ap;(s)

where 0D, (0) are oriented as a boundary of D;(d) (which is opposite to the orientation

from 9Ds).
Thus as in [20] we get
1
85 —2//3 M;(w)dw A dib
3 [ leul () — )it o+ T 1,
7= oD, (9)
where

L=-2)" / pulpdi, I=-_ / ©uFl dw,
I=Yop;(5) =L op;(s)
n
I3 = — Z / (prfudw.
7= oD, (9)

As in the proof of Theorem 1 in [19], we obtain that I, Is and I3 are o(1) as § — 0.
Also,

lim //s Mi(w)dw A dis = —2/=T(S(T~1), M;) = —2v/=T8;,
—
and it follows from asymptotic behavior (2.9) that

n

Y [ leu ) — )

—0
=L ap,(6)
o Fiw) = Filwy) | 2(Fi(w) - Fiw)) )
60 4 |w—wj|2 |lw — w;|?log |w — wj]|
770D, (9)
=2mV/=1> _ Fj(w;).

j=1
Thus we have
I =20+ WZF&(U}J‘) = —2m¢;.
j=1

Part (iii) immediately follows from (i) and (ii). O
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Remark 10. One can also restate the proof using cohomological methods developed
in [14].

Theorem 2. The following statements hold.

(i) The first Chern form of the Hermitian line bundle (£, h;) is given by

4
Cl(%vhi) = §WTZ,i7 i = 1) <oy .

(ii) The first Chern form of the Hermitian line bundle (£, exp{S/m}) is given by

c1(Z,exp{S/7}) = iwwp.

T2

(iii) The function .7 given by (3.7) satisfies

= 472
00 = =2/ -1 | wwp — TWTZ )

i.e., =% is a potential for this special combination of WP and TZ metrics.

Proof. Since

V=1 -
C1 (,,%, hi) = 2—88 IOg hi,
i
the proof of part (i) is exactly the same as that of Proposition 1. Using part (ii) of
Theorem 1, we obtain the proof of part (ii) by repeating, line by line, the computation

in [20, Theorem 2|. Part (iii) immediately follows from (i) and (ii). O

Remark 11. As in case of the moduli space My ,, (see Remark 9), the combination wywp —

42
——wryz, with the overall factor 1/127, appears in the local index theorem for families on

punctured Riemann surfaces for k = 0,1 (see [13, Theorem 1]). Part (iii) of Theorem 2
agrees with the fact that the Hodge line bundle A; is holomorphically trivial over &g ;.
It would be interesting to relate the function . with the Quillen metric in A1, defined
in [13] (see [21, §3]).

Remark 12. Let .#,, , be the moduli space of n-pointed algebraic curves of genus g. The
Hermitian metrics h; in the line bundles .%; provide explicit expressions for the pullbacks
of the Hermitian metrics in tautological line bundles over .# ,, introduced in [16,18].

5. Generalization to quasi-Fuchsian deformation spaces

Here we define the Liouville action functional on the quasi-Fuchsian deformation
spaces of punctured Riemann surfaces and prove that it is a Kéahler potential for the
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Weil-Petersson metric. The construction follows very closely our work [14] for compact
Riemann surfaces, so here we just highlight the necessary modifications and refer to [14]
for the details. For the convenience of the reader here we are using the same notations
as in [14].

Let T" be a marked, normalized, quasi-Fuchsian group of type (g, n) such that 3g —3+
n > 0. Its region of discontinuity {2 has two invariant components 2; and (2, separated
by a quasi-circle C. There exists a quasiconformal homeomorphism J; of C such that

QF1 J; is holomorphic on U and J1(U) = Qq, J1(L) = Qo, J1(R) = C, where U and L
are, respectively, upper and lower half-planes.

QF2 J; fixes 0,1 and oco.

QF3 I'; = Jfl oI' o J; is a marked, normalized Fuchsian group.

Let X ~T\Q; and Y ~ T'\Qs be corresponding marked punctured Riemann surface
of type (g, n) with opposite orientations. There is also a quasiconformal homeomorphism
Jo of @, holomorphic on I with a Fuchsian group I'y = J{l ol o Jy so that X ~T';\U
and Y ~ T,\L. The hyperbolic metric e?w»(®)|dw|? on Q = Q; U Qs is explicitly given
by

ot _ 1)

it weQ, i=1,2, 5.1
I wpp S (51)

and is a pull-back by the map J~! : Q; UQy — UUL of the hyperbolic metric on UL L,
where J‘U = Jl‘[U and J|[L = J2|]L.

Denote by D(I") the deformation space of the quasi-Fuchsian group I'. It is a complex
manifold of complex dimension 6g — 6+ 2n with the Weil-Petersson Kéhler form (see [14,
Sect. 3] and references therein). As in [14], we define the smooth function S : (') — R,
the critical value of the Liouville action functional, using homology and cohomology
double complexes associated with the I'-action on €.

5.1. Homology construction

Start with marked normalized Fuchsian group I' of type (g,n) with 2¢g hyperbolic
generators oq,...,aq,01,...,84 and n parabolic generators Aj,..., A, satisfying the
single relation

71’79)\1)\n:1d7

where v, = [, Bk] = akﬂkaglﬁkfl. Here the attracting and repelling fixed points of a;
are, respectively, 0 and oo, and the attracting fixed point of 57 is 1.

The double homology complex K,  is defined as S, ®zr Be, a tensor product over the
integral group ring ZI', where Sq = S¢(U) is the singular chain complex of U with the
differential &’, considered as a right ZI'-module, and B, = B4(ZI") is the standard bar
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resolution complex for I' with the differential &”. The associated total complex Tot K is
equipped with the total differential 9 = &’ + (—1)?9” on K, ,.

The analog of the total 2-cycle that represents the fundamental class of the compact
Riemann surface in [14, Sect. 2.2.1] is the following 2-chain

S=F+L-V,
satisfying
n
i=1

where z; € R are fixed points of the parabolic generators A;.

Remark 13. Note that ¥ — X, where ¥ = F + L — V, is a total 2-cycle in the double
complex associated with UU L,

(X — %) =0.

Here the elements F' >~ F @[] € Koo, L € Ky 1 and V' € Kg 2 are defined as follows.
The element F' is a standard fundamental domain for I' in U — a closed non-Euclidean
polygon with 4¢g+ 2n edges labeled by ay, ay,, b}, bx, k=1,...,g,and ¢;, ¢, i=1,...,n,
satisfying ay(a),) = a, Br(b),) = by and A;(c}) = ¢;. The orientation of the edges is such
that

n

g
OF = Z(ak + b% — aﬁc —bg) + Z(Cl — C;)
k=1 i=1
Set &'ay, = ak(l)—ak(O), o'b, = bk(l)—bk(O), Jc; = Ci(l)—ci(O), so that ak(O) = bk_1(0),
kE=2,...,9 a(0) = ¢,(0), ¢(0) =c;_1(0), i =2,...,n, c1(0) = by(0). The elements
L eKy1and V € Ko are given by

g
L= Z bk & ﬂk —ar ® Otk ch Z] (5.3)
k=1
and
g
V:Z ax(0) ® [0k |Br] — br(0) @ [Brlok] + br(0) @ [v; awBr])
k=1
g1 o (5.4)
=3 b0 ® [y v e T A D (0) @ A AilAiga]
k=1 i=1
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Finally let P, be I'-contracting paths in U connecting 0 to by (0) (see [14, Definition 2.3]),
and let

g
W= Z (Pr—1 ® [0k |Br] — P @ [Brlow] + Pr @ [y MawBr])
k=
g

’—‘»—-

- Pg®[7971"'716_4&1”1@_1]+ZPg®[)\1"'/\i\/\i+ﬂ-
1 i—

=~
Il

Now let I be a marked, normalized, quasi-Fuchsian group of type (g,n) with the 2¢
loxodromic generators ai,...,aq4,01,. .., B¢ and n parabolic generators Aq, ..., A,, and
let I'y be the Fuchsian group such that I'y = J; LoTo.J;. The double complex associated
with Q = Q7 U Qs and the group I' is a push-forward by the map J; of the double
complex associated with U LI . and the group I'y. The corresponding total 2-cycle for
this complex is given by

Y=Y =N(8) - h(E)=F —Fo+ Ly — Ly — Vi + Vs,

where Fy = Jy(F), Fp = Ji(F), Ly = Ji(L), Ly = Ji(L), Vi = Ji(V), V2 = Ji(V), and
we continue to denote by ¥ — X the total 2-cycle for the double complex associated with
U UL and the group I'y.

5.2. Cohomology construction

The corresponding double complex in cohomology C®*® is defined as CP? =
Homc(Bgy, AP), where A® is the complexified de Rham complex on Q = Q; U Q. The
associated total complex Tot C is equipped with the total differential D = d + (—1)P§
on Cp 4, where d is the de Rham differential and ¢ is the group coboundary. The natural
pairing (, ) between C”? and K, , is given by the integration over chains (see [14] for
details).

Put ¢ = ¢nyp. As in [14], starting from the 2-form

wle] = (|pw|® +€%) dw A dw € C*°

(cf. the corresponding 2-form in Sect. 3.2), one constructs the total 2-cocycle ¥[p] and
defines the Liouville action as

Sp = %<\D[(p]721 — ¥a),

provided that integrals over F and F» exist (as we will show below). Moreover, Sr does
not depend on the choice of the fundamental domains F; and F5 for I' in 2; and .
Simplifying as in [14, Sect. 2.3.3], we finally obtain
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S = 5 ({(wlel Fr = Fa) = (0], In — L) + (i, W1 = W3)) (5:5)

(cf. [14, formula (2.27)]). Here Wy = Jy (W), Wy = J; (W), and

v

1 /12 2 ’YN 7 —
O -1[@] = | o — 5 log |7'|* — 21log 2 — log |¢(7)] de — wa (5.6)

(cf. the corresponding 1-form in Sect. 3.2) and

5 1 c(72)]? V3 W
Uyt = (51025 11+ g 20 ) (20— = omndw

()P \ 5
1 c 2 " N ~
+ (— log |75 0 71| + log lebyay)l® (7271)4 ) 7—%dw - ’Yzidw :
2 le(y1)] 7 v,

Denote by 214, 20; € R, i =1,...,n, the fixed points of the parabolic generators of I';
and I's, and by w; = J1(21;) = J2(22;) € C — the fixed points of the parabolic generators
>\i of I'. Let 014,02 € PSL(Q,R) be such that 01;00 = 215 and 02,00 = Z9;, = 1, e,

Lemma 5. Let e#()|dw|? be the hyperbolic metric on Q = Qy Q. Then

(poJiooy)(z) =2logy+O(1) as y=Imz— oo,
(poJaoog)(z) =2logly| +O(1) as y=Imz— —oco.

Proof. It is sufficient to prove the first formula. By definition,
(po J1)(2) +log|Ji(2)* = —2logy.

Let o; € PSL(2,C) be such that ¢;(c0) = w;. The map Jp = 0’;1 o Jy o oy; is univalent
and preserves oo, so that in the neighborhood of oo

jl(z) =aiz+ag+a_1z ' +a_sz?+..., where a; #0.
Whence
(Jl 00'1,')(2) :wier_lz*l +b_2272 +b_32’73+...7 where b_l #0

Thus as y — oo we obtain

(poJi)(o1:2) = —log |J{(01iz)|2 — loglm(aliz)2
= —log|(J1 0 01;) (2)|* — logy”
=4logy —2logy + O(1). O
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Corollary 4. The integrals in definition (5.5) of St are convergent.

Proof. Since St does not depend on the choices of fundamental domains for I' in £2; and
s, we can choose Fj to be the push-forward by J; of a fundamental domain for I'; in U
and Fy — the push-forward by J5 of a fundamental domain for I's in L. It immediately
follows from Lemma 5 that the pullback Jj(w[y]) is integrable over the fundamental
domain for I'; in U, and J5 (w[p]) — over the fundamental domain for I'y in L. The line
integrals in the definition of St converge as well. O

Using formula (5.5), we define a function S : ©(I') — R by setting S(I') = Sp for
every IV € ©(T).

5.3. Potential for the WP metric on ©(T")

Let

28 (J7Y) (2),  if ze

z2) = 20,, — 3:
() =20z =4 {23(J21)(z), if ze€.

It follows from Lemma 5 that an automorphic form ¥ of weight 4 for I vanishes at
the cusps wi, ..., wy,. As in [14, Sect. 4], the family of automorphic forms ¥ for every
IV € D(I') determines a (1,0)-form 9 on ®(T). Denote by d = d + 0 the decomposition
of de Rham differential on ®(I') into (1,0) and (0,1) components.

The following result is an exact analog of Theorem 4.1 in [14].

Theorem 3. On D(T),
25 =9.

The proof repeats that of Theorem 4.1 in [14]. The only modification is a §-truncation
of fundamental domains F; and F5 near the cusps wy, . .., w,, needed for the application
of Stokes’ theorem. Lemma 5 shows that in the limit § — 0 the corresponding boundary
terms vanish.

The next result is exact analog of Theorem 4.2 in [14].

Theorem 4. The following formula holds on D(T),
d9 = 908 = —2iwwp,
so that —S is a Kdhler potential of the WP metric on ©(T').

The proof repeats that of Theorem 2 and uses Lemma 5. We leave details to the
interested reader.



890 J. Park et al. / Advances in Mathematics 305 (2017) 856—-894

6. Holography and renormalized volume
6.1. Renormalized volume of Schottky 3-manifolds

Here we prove the holography principle, a precise relation between the renormalized
hyperbolic volume of the corresponding Schottky 3-manifold and the function . =
S — wlog H, where S is the regularized Liouville action and H is the Hermitian metric
in the line bundle .Z over &, ,, (see Sects. 3.2 and 4.2). In case of the classical Liouville
action on &g, this relation was proved in [7] for classical Schottky groups and in [14,
Remark 6.2] for the general case.

As in Sect. 2.3, let ¥ C PSL(2,C) be marked normalized Schottky group with the
region of discontinuity @ ¢ C, and let M = Y\U? be the corresponding hyperbolic
3-manifold with the conformal boundary at infinity X = X\Q. Here U? = {(2,t) : z €
C, t > 0} is the Lobachevsky (hyperbolic) space.

As in [14, Sect. 5], let Koo = Se ®z5 Be be the corresponding double homology
complex, where Sq = S¢(U?) is the singular chain complex of U? with the differential &’
and B, = B4(ZY) is the standard bar resolution complex for ¥ with the differential 9”.

Let R C U? be the fundamental region for the marked Schottky group ¥ in U3,
identified with R ® [] € K3 9. We have "R = 0 and

g
OR=-D+) (H;—Li(H;))=-D+09"S (6.1)
i=1

where D is the fundamental domain for ¥ in Q as in Sect. 2.3, H; is a topological
hemisphere® with the boundary C;, and S € Ko 1 is defined by

g
S=-Y H;®L"
i=1

Putting L=37_,C;® L;l € K11, we have 8'S = —L and

O(R—S)=0R—985-0"S

(6.2)
=—-D+9'S+L—-9"S=—-D+ L.

Let e#(")|dw|? be the hyperbolic metric on Qp = Q\ ¥ - {wy,...,w,} (see Sect. 2.3).
As in [14, Lemma 5.1], there is a ¥ automorphic function f € C°°(U? U ) which is
positive on U3 and uniformly on a compact subsets of Qq satisfies

f(Z) =te?P/2 L O(F?) as t—0,

6 It is a Euclidean hemisphere when ¥ is a classical Schottky group.
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where Z = (z,t). However near (w;,0), as it follows from (2.9), the function f satisfies
f(Z) =te? 2 L Oz —wi|72) as t—0, (6.3)
so that the level surface f = € meets (w;, 0) and is non-compact. Hence in order to use f

as a level defining function for the truncated fundamental region RN {f > ¢}, one also
needs to remove a neighborhoods in U? of the points (w1,0),. .., (wy,,0). Define

Re=R0{f =\ [J{(z0) e Ul(z1) = (wi, 0)[| < elai(1)]},

i=1
where || || is the Euclidean distance in T (cf. the definition of S(Z;wsq,...,wy) in
Remark 6). As in (6.1),
g
O'R.=-D:.+ Y (Hic— Li(H;.)), (6.4)
i=1

where D, is the complement in a level surface f(Z) = ¢ of its intersection with the set
U {1 Z = (w;,0)|| < ela;(1)|}, and H; . = R N H;.

Following [14], we define the regularized volume of the Schottky 3-manifold M (the
regularized on-shell Einstein—Hilbert action) by

1 1
Vieg(M) = lim <V5 - §AE — g (loge + 2log|loge|) — m x(X) log5> ,

e—0

where V; is the hyperbolic volume of R. and

a= [far
Ds

where dA is the area form on D, induced by the hyperbolic metric on U3. Note that the
only difference with the [14, Def. 5.1] is the extra subtraction of 27n (loge + 2log | loge|),
which is due the fact that f(Z) blows up as Z — (w;,0).

Repeating almost verbatim computations in [14, Sect. 5.2] and using (6.3), we arrive
at the following statement.

Theorem 5. Let e?(")|dw|? be hyperbolic metric on Q\X-{w,...,w,}. The reqularized
hyperbolic volume Vieg(M) of the Schottky 3-manifold M = ¥\U? is well-defined and

1
Vieg(M) = 717 +7(g—1),

where . is given by (3.7).
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Remark 14. Equivalently, the regularized volume Vieg(M) is —1/4 times the function
S =8- mwlog H, where S is the Liouville action without the area term.

6.2. Renormalized volume of quasi-Fuchsian 3-manifolds

Here we define the renormalized hyperbolic volume of quasi-Fuchsian 3-manifolds and
establish its relation with the classical Liouville action in Sect. 5. For the renormal-
ized hyperbolic volume, another approach to the case of geometrically finite hyperbolic
3-manifolds was developed in [4].

6.2.1. Rank one cusps

Let T’ be marked, normalized, quasi-Fuchsian group of type (g,n) and let A1,..., A, be
its parabolic generators with fixed points vy, ..., v, € C (see Sect. 5). Since the stabilizer
of a parabolic fixed point vy in T" is a cyclic subgroup (), it is a rank one cusp. Denote
by M = T'\U? the corresponding quasi-Fuchsian 3-manifold and let X UY = '\ LI
be its conformal boundary at infinity.

If A\(2) = z+1, there exists a so > 0 such that the image of the projection 7 : U> — M
of an open horoball

He = {(2,t) € U3 |t > s}

is embedded into M for s > s¢. In this case, m(H,) C M is homeomorphic to {0 < |z| <
1} x R and 7({(2,t) € U3|t = s}) corresponds to {|z| = 1} x R. The set m(#,) is called
a solid cusp tube.

In general, if a rank one cusp v = oo is associated to the parabolic subgroup generated

by A = ((1) %), we have

1 o 1 1 B q% 0
o )\J—(O 1> where O’—(O ) (6.5)

and o maps an open horoball Hs onto H4s. In this case, the corresponding solid cusp
tube is 7(H|qs). When a rank one cusp v; is finite and is associated with the parabolic

N\ — (1 +qvi —qv? )
1 T ) 1 _ ,U b)
q7/ ql 1

subgroup generated by

we have
3 -3
o7 Nioi = <(1) _11> where o; = 4V T4 ) (6.6)
qf 0

It is easy to see that o;(Hs) is an open horoball tangent to C at o;(c0) = v;, which
is an Euclidean ball with radius of (2|g;|s)™!, and the corresponding solid cusp tube is
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7(0;(Hs)). In our case the normalization of T' is such that all cusps are finite and the
solid cusp tubes corresponding to v; can be chosen to be mutually disjoint in M. We
denote H;. = 0(Hyje2),i=1,...,n.

6.2.2. Truncation of a fundamental region
Let R C U? be a fundamental region for I' in U3. Put H., = U, (H; ., \ Pi.c, ), Where
Pie = 0;(P:) and

P.i={(2,t) € U |z =z +iy, ly| > '}
The proof of T-automorphic partition of unity in [6, Lemma V.3.1] can be easily adapted
to the case of Kleinian groups with parabolic elements. As in [14, Lemma 5.1], we

conclude that there exist £g > 0 and a I'-automorphic function f € C*°(U3), where
U} = Uyery(R\ He, ), satisfying

f(Z2)=te?E/2 L O@W%) as t—0, (6.7)

uniformly on compact subsets of U3. Here e?(#)|dz|? is the hyperbolic metric on Q; LI1Qs
(see Sect. 5).

Using the level defining function f we truncate a non-compact fundamental region R
as follows:

R.=R\ ({ZGR\HEO:f(Z) <el U Om>

k=1

Similar to the Schottky case, we define a renormalized hyperbolic volume of the quasi-
Fuchsian 3-manifold M by

1
Vieg(M) = lim (VE ——A. —mx(XUY) loge) ,
e—0 2
where V. is the hyperbolic volume of R. and A. is the area of the surface —F, =
d'R.N{f =€} in the induced metric. Repeating computation in [14] and analyzing the

extra terms due to the removal of a solid cusp tubes from M, on can show that their
contribution vanishes as € — 0. Thus we arrive at the following statement.

Theorem 6. Let e?(*) |dz|? be the hyperbolic metric on Q1 L Qo. The regularized hyperbolic
volume Vieg (M) of the quasi-Fuchsian 3-manifold M = T'\U® is well-defined and

1«
Weg(M) = _ZSIH
where Sp is the Liouville action (5.5) without the area term,

Sp = Sp — // e?d*z + 4y (X UY)log2.
F
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Note that in this case the statement of the theorem is exactly the same as in the
compact case [14, Theorem 5.1]. We leave details to the interested reader.
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