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1. (20 pts)

(a) Calculate the degree 2 Taylor polynomial T2(x) of xe2x centered at a = 1.

Answer:
We have that d

dx(xe2x) = e2x+2xe2x = (1+2x)e2x and d2

dx2 (xe2x) = 2e2x+2(1+2x)e2x =

(4 + 4x)e2x. Then T2(x) = e2 + 3e2(x− 1) + 4e2(x− 1)2.
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(b) Show that |xe2x − T2(x)| ≤ 4e3|x− 1|3 in the interval 0.5 ≤ x ≤ 1.5.

Answer:
We use Taylor’s Inequality. So if R2(x) = xe2x − T2(x) then |R2(x)| ≤ M

3! |x − 1|3

in the interval 0.5 ≤ x ≤ 1.5. Here M is the maximum of d3

dx3 (xe2x) in the interval

0.5 ≤ x ≤ 1.5. We have that d3

dx3 (xe2x) = (12 + 8x)e2x. To maximize this function
we need to find its critical points inside 0.5 ≤ x ≤ 1.5. Hence we need to calculate
d
dx(12 + 8x)e2x = (32 + 16x)e2x. This is never zero for 0.5 ≤ x ≤ 1.5 and hence its

maximum is on the endpoints x = 1.5 or x = 0.5. We have (12 + 8 × 0.5)e2×0.5 = 16e

and (12+8×1.5)e2×1.5 = 24e3. Hence M = 24e3. Hence |xe2x−T2(x)| ≤ 24e3

6 |x−1|3 =

4e3|x− 1|3.

Another way to show that M = 24e3: we can notice that (12 + 8x)e2x is an increasing
function, so the maximum is achieved at x = 1.5.
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2. (20 pts)
(a) For which c is y = xecx a solution of

y′′ − 4y′ + 4y = 0.

Answer:
y′ = (1+cx)ecx and y′′ = (2c+c2x)ecx. So: y′′−4y′+4 = (2c+c2x)ecx−4(1+cx)e2x +
4xecx = (2c− 4 + (c2 − 4c + 4)x)ecx = 0. So 2c− 4 = 0 and so c = 2.
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(b) What are the solutions of the equation y′′ = y2−2yx+x2 of the form y = ax+ b where
a and b are constants?

Solution: If y = ax + b is a solution then y′′ = 0 and hence y2 − 2yx + x2 = 0. Hence
(ax + b)2 − 2x(ax + b) + x2 = a2x2 + 2abx + b2 − 2ax2 − 2bx + x2 = (a2 − 2a + 1)x2 +
(2ab− 2b)x + b2 = 0. Hence b = 0 and a2 − 2a + 1 = 0. Therefore a = 1. Hence y = x
is the only such solution.
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3. (20 pts)
(a) Draw the direction field for y′ = y2− 5y + 6. Make sure you draw the region where the

slope is 0.

Answer:
We have that y′ = (y − 2)(y − 3). So our direction field is:

y=2

y=3

(b) Draw the direction field for y′ = (x+ y)2−1. Make sure you draw the region where the
slope is 0.

y = −x− 1, y = −x + 1 (where slope is 0)
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4. (10 pts)
Use Eulers method with step size 0.1 to estimate y(0.3) where y(x) satisfies:

y′ = x + y, y(0) = 1.

Solution:
So x0 = 0, x1 = 0.1, x2 = 0.2, x3 = 0.3. We have: y0 = 1, y1 = 1 + (0 + 1) × 0.1 = 1.1,

y2 = 1.1 + (0.1 + 1.1)× 0.1 = 1.22, y3 = 1.22 + (0.2 + 1.22)× 0.1 = 1.362.
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5. (20 pts)
Solve:

(yx2 − y)y′ = 1, y(0) = 1.

Answer:
We have:

yy′ =
1

x2 − 1
and so ∫

ydy =
y2

2
=

∫
1

x2 − 1
dx =

∫
1

(x− 1)(x + 1)
dx

We have that:
1

(x− 1)(x + 1)
=

A

x− 1
+

B

x + 1
and so:

1 = A(x + 1) + B(x− 1) = (A + B)x + A−B

and so A+B = 0 and A−B = 1. Hence A = −B and so 2A = 1 and so A = 1
2 and B = −1

2 .

Therefore
∫

1
(x−1)(x+1)dx =

∫
1

2(x−1) −
1

2(x+1)dx = 1
2(ln |x − 1| − ln |x + 1|) + C. Hence

y2

2 = 1
2(ln |x − 1| − ln |x + 1|) + C. And so y =

√
(ln |x− 1| − ln |x + 1|) + C/2 or y =

−
√

(ln |x− 1| − ln |x + 1|) + C/2. Because y(0) =
√

C/2 = 1, we get that C = 2. Hence

y =
√

(ln |x− 1| − ln |x + 1|) + 1.


