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1. (20 pts)
(a) Calculate the degree 2 Taylor polynomial T5(z) of xe** centered at a = 1.

Answer:

We have that & (ze2?) = €2 422¢2* = (14-22)e*® and %(xem) = 262 4+2(142x)e?® =
(4 + 4z)e?®. Then Ty(x) = €% + 3e?(x — 1) + 4e?(z — 1)%
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(b) Show that |ze?® — Ty(x)| < 4e®|x — 1|3 in the interval 0.5 < z < 1.5.

Answer:
We use Taylor’s Inequality. So if Ra(z) = ze®® — Ty(z) then |Rp(z)| < 3|z — 1
2:1:)

in the interval 0.5 < z < 1.5. Here M is the maximum of %(xe in the interval

0.5 <z < 1.5. We have that %(me%) = (12 + 8z)e**. To maximize this function
we need to find its critical points inside 0.5 < x < 1.5. Hence we need to calculate
%(12 + 87)e?® = (32 + 16x)e?®. This is never zero for 0.5 < z < 1.5 and hence its
maximum is on the endpoints x = 1.5 or # = 0.5. We have (12 + 8 x 0.5)e?*0-5 = 16e
and (12+8 x 1.5)e?*15 = 24¢3. Hence M = 24e3. Hence |ze** —Ty(z)| < %[w—lfg =
4ed|lz — 13

Another way to show that M = 24e®: we can notice that (12 + 82)e?* is an increasing
function, so the maximum is achieved at z = 1.5.
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2. (20 pts)
(a) For which ¢ is y = ze“" a solution of

Y’ — 4y + 4y = 0.

Answer:
y = (1+cx)e and iy’ = (2c+c?z)e™. So: y' — 4y +4 = (2c+2x)e —4(1+cx)e?® +
4re™ = (2c — 4+ (2 —4dc+4)x)e® = 0. So 2c —4 =0 and so ¢ = 2.
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(b) What are the solutions of the equation 3" = y? — 2yx + 2 of the form y = ax + b where
a and b are constants?

Solution: If y = ax + b is a solution then y” = 0 and hence y? — 2yx + 22 = 0. Hence
(ax +b)? — 2z(az + b) + 2% = a®2? + 2abx + b* — 2a2? — 2bz + 22 = (a® — 2a + 1)2? +
(2ab — 2b)z + b?> = 0. Hence b = 0 and a? — 2a + 1 = 0. Therefore a = 1. Hence y = x
is the only such solution.
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3. (20 pts)

(a) Draw the direction field for 4 = y? — 5y + 6. Make sure you draw the region where the

slope is 0.

Answer:

We have that o/
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y — 3). So our direction field is:

f f f f f
! / ! ! ! ! ! !
7 7 e e e 7/ e e e
7 7 e e e 7/ e e e
/ / / / / / / /
I I I | | | I I
t I t t t t t t
| | | | | | | |
1 1 1 I I 1 1 1
| | | | | | | |
1 1 1 } } 1 1 1
| | | | | | | |
1 1 1 1 I I } 1 1
(b) Draw the direction field for (x4 y)? — 1. Make sure you
slope is 0.
% 1 I I } } 1
NN / | |
7 1 I } } } 1
AN | | |
7 7 I I 1 1 1
/ AN I | | | |
1 % 1 1 { 1 1
I / / I | | |
t 1 % 7 1 t 1 l
| I / / I | |
| | I AN / I |
I I t % 1 t
| | | AN / I
1 1 { 7 7 1
| | | / AN /
1 1 { 1 % %
| | | I / \
1 1 1 I f 7
=—x— 1,y =—x + 1 (where slope is 0)

draw the region where the
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4. (10 pts)
Use Eulers method with step size 0.1 to estimate y(0.3) where y(z) satisfies:

v =x+y, y(0)=1
Solution:

So xg =0, x1 =0.1, 29 = 0.2, 3 = 0.3. We have: yg=1,y1 =1+ (0+1) x 0.1 = 1.1,
yo = 1.1+ (0.1+1.1) x 0.1 = 1.22, y3 = 1.22 + (0.2 + 1.22) x 0.1 = 1.362.
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5. (20 pts)
Solve:
(ya* —y)y' =1, y(0)=1
Answer:
We have:
;o 1
yy - .’,172 _ 1
and so )
Y 1 1
dy = = de = | ———d
/‘” 2 /x?—l ! /(as—l)(scﬂ) )
We have that:
1 A B

G—Da+1) z-1" z+1
and so:
1=A(z+1)+Bz—-1)=(A+B)x+A-B

andso A+ B=0and A-B =1. HenceA:—BandsoQAzlandsoA:%andB:—%.

Therefore fmdx = fﬁ—ﬁdw = i(lnjz — 1| —In|z + 1|) + C. Hence
% = i(lnjz — 1 —Injz+ 1)) +C. Andsoy = /(In|z—1[—Infz+1])+C/2 or y =
—/(Infz — 1] = Infz + 1]) + C/2. Because y(0) = 1/C/2 = 1, we get that C' = 2. Hence
y=+/(nlz—1—Injz+ 1) + 1.




