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Abstract. We prove the Riemannian positive mass theorem in all dimen-
sions for asymptotically flat L∞-metrics with subcritical singular sets. More
precisely, we consider complete asymptotically flat manifolds whose metrics
are smooth away from a compact singular set of Minkowski dimension less
than n− 3 + 2

n , and whose scalar curvature is nonnegative on the regular set.
We show that the ADM mass of each asymptotically flat end is nonnegative,
and that the mass vanishes in some end only in the Euclidean case. For the
rigidity statement, we require additionally that the Minkowski dimension of
the singular set is not larger than n − 3 + 1

n−1 . This gives an asymptoti-
cally flat analogue of Schoen’s codimension-three conjecture for positive scalar
curvature. The proof combines a density theorem for singular asymptotically
flat metrics, capacity estimates across the singular set, conformal blow-up in-
spired by Bi–Hao–He–Shi–Zhu [3], and a µ-bubble dimension-descent argument
adapted from Brendle–Wang [6].

1. Introduction

The positive mass theorem is one of the central results in scalar curvature
geometry and mathematical relativity. In its Riemannian form it asserts that a
complete asymptotically flat manifold with nonnegative scalar curvature has non-
negative ADM mass, with equality only for Euclidean space. The theorem was
proved by Schoen and Yau in dimensions 3 ≤ n ≤ 7 using minimal hypersurfaces
[46, 47], and by Witten in the spin case in all dimensions using the Dirac operator
[56]. In the past few years there has been renewed interest in extending minimal-
hypersurface methods beyond the classical regularity range. In particular, we
mention the approaches of Schoen–Yau [49] and Lohkamp [39, 40] for arbitrary
dimensions, as well as the work of Smale [52] and Chodosh–Mantoulidis–Schulze
[13] who proved generic regularity results in dimensions 8, respectively 9 and
10, and the extension of this by Chodosh–Mantoulidis–Schulze–Wang [14] to di-
mension 11. Very recently, Bi–Hao–He–Shi–Zhu [3] blew up the singular set by
a harmonic conformal factor to extend the Riemannian positive mass theorem
up to dimension 19, and in a breakthrough Brendle–Wang [6] improved this to
all dimensions by using a different conformal factor based on the distance func-
tion to the singular set and a new inductive dimensional-descent scheme. These
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latter two results make use of Lesourd–Unger–Yau’s shielding principle [36] to
control the additionally created complete ends. Versions of the spacetime pos-
itive mass theorem were also recently established in all dimensions in both the
asymptotically flat and asymptotically hyperboloidal contexts, see [7, 26, 53].

The purpose of this paper is to prove a singular version of the Riemannian
positive mass theorem in all dimensions for asymptotically flat metrics which are
only L∞ across a codimension greater than 3 − 2

n
singular set. Thus, an L∞

singular set of subcritical dimension cannot be used to hide negative mass.

Theorem 1.1. Let (Mn, g), n ≥ 3, be a complete asymptotically flat L∞-manifold.
Suppose that the singular set S is compact.

Inequality. Assume that

dimM S < n− 3 +
2

n
. (1.1)

If the scalar curvature of g is nonnegative on Mn \ S, then the ADM mass of
each asymptotically flat end is nonnegative.

Rigidity. Assume in addition that

dimM S ≤ n− 3 +
1

n− 1
. (1.2)

If the ADM mass of some asymptotically flat end vanishes, then Mn has only one
end and there exists a homeomorphism Ψ :Mn → Rn such that

Ψ|Mn\S :Mn \ S −→ Rn \Ψ(S) (1.3)

is a smooth Riemannian isometry. Furthermore, the metric completion of the
length space (Mn \ S, dg) is isometric, as a metric space, to Euclidean space
(Rn, dδ).

Remark 1.2. The homeomorphism Ψ constructed in the rigidity statement is
actually locally bi-Lipschitz with respect to the background metric g0. However,
under the present L∞ hypotheses, Ψ need not be C1 across the singular set S, as
is shown by Example 5.1 below.

Remark 1.3. In the proof of the Inequality part of Theorem 1.1, the Minkowski
dimension assumption is used only in two places: in the density theorem, The-
orem 2.7, and in the blow-up argument for the singular set of an L∞-metric,
Proposition 3.2. Both ingredients are available under the corresponding Haus-
dorff dimension hypotheses. More precisely, Theorem 2.7 remains valid under
the assumption dimH S < n− 2, as explained in Remark 2.9. In addition, Propo-
sition 3.2 is stated under the Hausdorff dimension assumption dimH S < n−3+ 2

n
.

Consequently, the Inequality statement also holds if the Minkowski dimension
hypothesis is replaced by the Hausdorff dimension bound

dimH S < n− 3 +
2

n
. (1.4)
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The assumptions in Theorem 1.1 are essential. In particular, the L∞-hypothesis
cannot be omitted; see Definition 2.1 below for the notion of an L∞-manifold.
The negative mass Schwarzschild manifold has zero scalar curvature, a singular
set of Minkowski dimension zero, and negative ADM mass, but its singularity
is not L∞: the metric is not uniformly equivalent to a smooth background met-
ric near the singular set. Thus, the two-sided L∞ control rules out precisely
this type of degeneracy. The Minkowski dimension assumption is also sharp in
spirit. Codimension-two singularities may carry conical angle defects, and such
cone-type singularities can contribute a negative distributional scalar curvature
concentrated along the singular set; in asymptotically flat examples this can lead
to negative ADM mass despite nonnegative scalar curvature on the regular set.
Therefore, one cannot expect a positive mass theorem under the sole assumption
that the scalar curvature is nonnegative away from a singular set of codimension
two or lower. The theorem shows that any sharp Minkowski-codimension thresh-
old for the validity of the positive mass theorem must lie between codimensions
two and 3 − 2

n
. Determining the precise threshold remains an interesting open

problem.
This result may be viewed as an asymptotically flat analogue of Schoen’s

codimension-three conjecture for positive scalar curvature. In the compact set-
ting, this conjecture predicts that singular sets of codimension at least three
should be invisible from the point of view of positive scalar curvature: if an
L∞-metric is smooth and has nonnegative scalar curvature away from such a
set, then the singularities should not evade the usual obstructions to positive
scalar curvature. A formulation of this conjecture appears, for example, in the
work of Li–Mantoulidis [37, Conjecture 1.5]. Theorem 1.1 establishes a cor-
responding phenomenon in the asymptotically flat setting: the presence of a
codimension-three L∞-singular set does not invalidate the positive mass theo-
rem. In other words, codimension-three L∞-singularities cannot hide negative
mass in an asymptotically flat manifold.

There is a substantial literature on positive mass theorems and scalar curvature
problems for nonsmooth or singular metrics. Miao [44] proved a positive mass
theorem for metrics with corners along a hypersurface under a mean-curvature
jump condition, see also Shi–Tam [50]; related smoothing and Ricci-flow ap-
proaches were developed by McFeron–Szekelyhidi [43]. Lee [31] proved a positive
mass theorem for Lipschitz metrics with small singular sets, while Lee–LeFloch
[33] established a spin positive mass theorem for metrics with distributional scalar
curvature in the class C0∩W 1,n

loc . Other singular positive mass results include work
on boundary and fill-in phenomena [27, 41], incomplete manifolds [34], manifolds
with structured skeleton-type singularities [37], isolated conical singularities [17],
and C0-metrics [29, 35, 42]. We also mention the related work of Burkhardt-
Guim [8], who used Ricci flow to smooth L∞-metrics on Rn with nonnegative
scalar curvature away from a singular set of finite (n−α)-dimensional Minkowski
content, α > 2, under a small L∞-closeness assumption to the Euclidean metric.
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The compact positive scalar curvature problem with L∞-singularities has also
seen important recent developments. Li–Mantoulidis [37] treated the case of di-
mension three, and Kazaras [30] proved desingularization results in dimension
four. Dai–Sun–Wang [16] and Dai–Wang–Wang–Wei [18] established the case
of isolated singularities on restricted topologies, while Wang–Xie [55] and Shi–
Wang–Wu–Zhu [51] obtained further positive results for singular sets of codi-
mension greater than or equal to n

2
+ 1. Very recently and concurrently with the

present paper, Wang–Wang–Xie [54] treated the torus case when the singular set
has codimension greater than n− 3 + 2

n
, while Bi–Zhu [4] obtained an analogous

result for enlargeable manifolds under a similar hypothesis involving the Assouad
dimension. The latter assumption is more restrictive than the corresponding
Hausdorff or Minkowski dimension bounds, as it involves a uniform local packing
condition across all centers and scales. In contrast, Cecchini–Frenck–Zeidler [9]
showed that, in high dimensions, there are counterexamples to Schoen’s conjec-
ture with point singularities. These compact results show that the codimension-
three question is quite subtle. On the other hand, as Theorem 1.1 shows, these
subtleties disappear when the conjecture is considered in the noncompact context
of the positive mass theorem.

The proof of Theorem 1.1 involves three primary components. The first is a
density and deformation argument, that perturbs the metric to one of the same
type of singularities but with strictly positive scalar curvature away from the
singular set, harmonic asymptotics, and an ADM mass that is nearly unchanged.
The codimension-(3− 2

n
) assumption enters analytically partially through capac-

ity, namely, compact sets of Minkowski dimension less than n − 2 have vanish-
ing W 1,2-capacity. This permits integration by parts across S, yields the global
Sobolev inequality, and allows one to solve the elliptic equations needed for the
deformation. The second component consists of establishing a generalization
of the main positive mass-type theorem proven by Brendle–Wang [6, Theorem
1.5], so that it applies to what we call weak n-data sets. Here, the notion of
weak n-data set primarily differs from the Brendle–Wang n-data set concept by a
weakening of the weighted scalar curvature integral inequality. Lastly, the third
component of the proof is inspired by the work of Bi–Hao–He–Shi–Zhu [3] and
Brendle–Wang [6]. In particular, using the codimension threshold 3− 2

n
, we con-

formally blow up the singular set with Green’s functions, producing a complete
smooth manifold Mn \ S with the chosen asymptotically flat end preserved and
satisfying a pointwise weighted scalar curvature inequality. A stable µ-bubble is
then constructed, which serves as a lower-dimensional asymptotically flat space
carrying an integral weighted scalar curvature inequality, placing it within the
context of weak (n − 1)-data sets and their positive mass-type theorem. The
rigidity statement is obtained by extending the standard splitting argument to
show that the regular part is flat, while L∞-control across the singular set to-
gether with the capacity property rule out nontrivial singular behavior. However,
difficulties arise due to a lack of uniform Hessian control for harmonic functions
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near the singular set, and to overcome this, a stronger codimension threshold of
3− 1

n−1
is needed for our approach to rigidity.

The paper is organized as follows. In Section 2 we develop the elliptic theory
for L∞-metrics with codimension-greater-than-two singular sets, including inte-
gration by parts across S, a global Sobolev inequality, and the density theorem
producing harmonically asymptotically flat metrics. In Section 3 we blow up the
singular set and construct the µ-bubbles used in the dimension-reduction argu-
ment. Section 4 formulates and establishes the generalized positive mass-type
inequality for weak n-data sets, following Brendle–Wang [7], and this is applied
to obtain the inequality portion of Theorem 1.1. Finally, in Section 5 we prove
rigidity and complete the proof of the singular positive mass theorem.

Acknowledgements: MK would like to thank Sven Hirsch, Demetre Kazaras,
and Yiyue Zhang for discussions.

2. A Density Theorem for L∞-Metrics

In this section we develop the theory of elliptic PDE on L∞-asymptotically
flat manifolds with low-codimension singularities. This is then used to achieve
perturbations to positive scalar curvature and harmonic asymptotics. We begin
with several definitions.

Definition 2.1. Let Mn be a smooth manifold equipped with a smooth Riemann-
ian metric g0. A measurable symmetric (0, 2)-tensor g is called an L∞-metric
with respect to g0 if every point x ∈Mn admits a neighborhood Vx and a constant
Λx ≥ 1 such that

Λ−1
x g0 ≤ g ≤ Λxg0 a.e. on Vx (2.1)

as quadratic forms. We say that (Mn, g) is a complete L∞-Riemannian manifold
if g0 is complete and (2.1) holds with a uniform constant Λ ≥ 1. The regular set
of an L∞-metric g consists of those points having a neighborhood on which g is
smooth (admits a smooth representative), and the singular set is the complement
of the regular set.

Definition 2.2. A complete L∞-Riemannian manifold (Mn, g), with n ≥ 3, is
called asymptotically flat if there exists a compact set K ⊂ Mn such that the
following properties hold.

(1) The complement Mn \ K has finitely many components {Ei}ki=1, called
ends, each of which is diffeomorphic to Rn \B1.

(2) For each i the metric g|Ei is smooth, and after pulling back by the dif-
feomorphism Rn \ B1 → Ei, it asymptotes to the Euclidean metric δ in
Cartesian coordinates with decay

|∇̊l(g|Ei − δ)|δ = O(r−q−l), l = 0, 1, 2, (2.2)

for some q > n−2
2
, where ∇̊ denotes covariant differentiation with respect

to δ.

(3) For each i the scalar curvature of the end is integrable, Rg ∈ L1(Ei).
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Remark 2.3. By smoothly deforming the background metric g0, it may be as-
sumed that g0 agrees with the Euclidean metric in each asymptotically flat end.
Thus, we may take the background manifold (Mn, g0) itself to be asymptotically
flat in Definition 2.2.

Remark 2.4. By definition, the singular set of an L∞-Riemannian manifold is
closed. Furthermore, in the asymptotically flat context it is contained within a
compact set K, and hence the singular set for these type of manifolds is necessarily
compact.

For each asymptotically flat end, the ADM mass is defined by

m =
1

2(n− 1)ωn−1

lim
r→∞

∫
Sr

n∑
i,j=1

(∂igij − ∂jgii) ν
j dAδ, (2.3)

where ν and dAδ are respectively the Euclidean outward unit normal and hyper-
surface measure of the coordinate sphere Sr. Under the above decay assumptions,
and with the corresponding integrability of the scalar curvature, this quantity is
independent of the choice of asymptotically flat coordinates and hence is a well-
defined geometric invariant of the end, as shown by Bartnik and Chruściel [1, 15].

We next recall the class of asymptotically flat metrics with harmonic asymp-
totics. This special form is useful because it simplifies the asymptotics, and
the leading coefficient in the asymptotic expansion directly determines the ADM
mass.

Definition 2.5. An end (E , g) of an asymptotically flat (L∞)-Riemannian mani-
fold is called harmonically asymptotically flat if the following decay1 holds in the
asymptotic coordinate system

g −
(
1 +

2m

(n− 2)rn−2

)
δ ∈ C2,α

−q̊ (E), (2.4)

for some m ∈ R, q̊ > n− 2, and α ∈ (0, 1). In this case, m is the ADM mass of
E.

Remark 2.6. It will be convenient in some places to extend the definition of har-
monically asymptotically flat to accommodate 2-dimensional ends, by removing
the mass term from (2.4). In this situation the mass is defined to be zero.

The main result of this section is the following density theorem, which gener-
alizes a well-known result in the setting of smooth asymptotically flat manifolds
[5, Lemma 1].

Theorem 2.7. Let (Mn, g) be a complete asymptotically flat L∞-manifold. As-
sume that the singular set S satisfies the Minkowski dimension upper bound
dimM S < n − 2. Suppose that Rg ≥ 0 on Mn \ S. Then for each ε > 0
there exists a complete asymptotically flat L∞-metric g′ on Mn with the following
properties.

1See [32, Appendix A] for the definition of weighted Hölder spaces.
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(1) It holds that ∥g′ − g∥L∞(Mn,g0) < ε.

(2) g′ is smooth on Mn \ S and Rg′ > 0 on Mn \ S.
(3) On each asymptotically flat end, the new metric g′ is harmonically asymp-

totically flat.

(4) On each asymptotically flat end, if m′ and m denote the respective ADM
masses of g′ and g, then |m′ −m| < ε.

2.1. Laplace-Beltrami operator. When the singular set S is of Minkowski
codimension greater than two, it has vanishing W 1,2-capacity. In particular,
it is invisible to W 1,2-analysis in the sense that W 1,2(Mn \ S, g) agrees with
W 1,2(Mn, g), and integration by parts is not disrupted.

Proposition 2.8 (Integration by parts across a codimension-two+ singular set).
Let (Mn, g) be an L∞-manifold. If the singular set S is compact and satisfies
the Minkowski dimension upper bound dimM S < n− 2, then the singular set has
vanishingW 1,2-capacity with respect to g. In particular consider u ∈ W 1,2(Mn, g),
and let v ∈ C∞(Mn \ S) have compact support in Mn in addition to

v ∈W 1,2(Mn, g), |∇v|g ∈ L∞(Mn \ S), ∆gv ∈ L2(Mn \ S), (2.5)

then ∫
Mn\S

u∆gv dVg = −
∫
Mn\S

⟨∇u,∇v⟩g dVg. (2.6)

Proof. Let g0 be the background metric. Since the Minkowski dimension of S
exists and is of codimension greater than two, for every δ satisfying

max{0, dimM S + 3− n} < δ < 1 (2.7)

there exists a constant Cδ such that, for all sufficiently small r > 0,

Volg0
(
Nr(S)

)
≤ Cδr

3−δ. (2.8)

Here Nr(S) denotes the r-neighborhood of S with respect to g0.
Choose smooth cut-off functions χr ∈ C∞

c (Mn) satisfying

0 ≤ χr ≤ 1, χr = 1 on Nr(S), suppχr ⊂ N2r(S), (2.9)

and

|∇χr|g0 ≤
C

r
. (2.10)

Since g and g0 are uniformly equivalent on a fixed compact neighborhood of S,
there is a constant C, independent of r, such that

|∇χr|2g dVg ≤ C|∇χr|2g0 dVg0 . (2.11)

Therefore ∫
Mn

|∇χr|2g dVg ≤
C

r2
Volg0

(
N2r(S)

)
≤ Cδr

1−δ. (2.12)

Since δ < 1, it follows that

∥∇χr∥L2(Mn,g) → 0 as r → 0. (2.13)

Thus S has vanishing W 1,2-capacity.
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Set ηr = 1 − χr. Then ηru vanishes in a neighborhood of S. Hence, by
integration by parts on the smooth manifold Mn \ S, and using the compact
support of v, we obtain∫

Mn\S
ηru∆gv dVg = −

∫
Mn\S

⟨∇(ηru),∇v⟩g dVg (2.14)

= −
∫
Mn\S

ηr⟨∇u,∇v⟩g dVg +
∫
Mn\S

u⟨∇χr,∇v⟩g dVg.

We now let r → 0. Since ηr → 1 almost everywhere and u∆gv ∈ L1(Mn \ S), we
have ∫

Mn\S
ηru∆gv dVg →

∫
Mn\S

u∆gv dVg. (2.15)

Similarly, ∫
Mn\S

ηr⟨∇u,∇v⟩g dVg →
∫
Mn\S

⟨∇u,∇v⟩g dVg. (2.16)

The remaining cut-off error satisfies∣∣∣∣∫
Mn\S

u⟨∇χr,∇v⟩g dVg
∣∣∣∣ ≤ ∥u∥L2(Mn,g)∥∇v∥L∞(Mn\S,g)∥∇χr∥L2(Mn,g). (2.17)

Since

∥∇χr∥L2(Mn,g) → 0, (2.18)

this error term vanishes. Therefore∫
Mn\S

u∆gv dVg = −
∫
Mn\S

⟨∇u,∇v⟩g dVg. (2.19)

□

Remark 2.9. Proposition 2.8 remains valid if the Minkowski dimension assump-
tion is replaced by the Hausdorff dimension assumption dimH S < n− 2. Indeed,
the Minkowski dimension bound is used only to construct cut-off functions χr

supported in shrinking neighborhoods of S and satisfying

∥∇χr∥L2(Mn,g) → 0.

Under the Hausdorff dimension assumption, one may instead use the cut-off func-
tions constructed by Donaldson–Sun [19, pp. 75–76], which have the same van-
ishing W 1,2-energy property. With these cut-off functions in place, the rest of the
proof is unchanged.

Consequently, all subsequent arguments in this section that rely on the dimen-
sion assumption only through Proposition 2.8 remain valid under the Hausdorff
dimension hypothesis. In particular, Theorem 2.7 also holds for dimH S < n− 2.
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2.2. Existence of positive solutions. Throughout the remainder of this sec-
tion, it will be assumed for convenience that Mn has a single end E . The case of
additional ends may be treated with minor modifications. Consider the equation
with prescribed asymptotics

∆gu− cu = 0 on Mn, u→ 1 as r → ∞, (2.20)

with c ∈ C0,α
−n−q0(E)∩C∞(Mn \ S)∩L∞(Mn) for some α ∈ (0, 1) and q0 > 0. To

study this problem, we record the following Sobolev inequality.

Lemma 2.10. Let (Mn, g) be a complete asymptotically flat L∞-manifold. As-
sume that the singular set S satisfies the Minkowski dimension upper bound
dimM S < n − 2. Then there exists a constant C∗ > 0, depending only on
the geometry of (Mn, g), such that for every compactly supported function u ∈
W 1,2(Mn, g), one has(∫

Mn

|u|
2n
n−2 dVg

)n−2
n

≤ C∗

∫
Mn

|∇u|2g dVg. (2.21)

Proof. Since the background metric g0 is complete, smooth, and asymptotically
flat, the usual Sobolev inequality holds on (Mn, g0); see [46, Lemma 3.1] for
n = 3 and note that the same proof holds in all dimensions. In particular, by
the uniform equivalence between g and g0, the inequality holds with respect to g
for all u ∈ C∞

c (Mn \ S). Since S is (Minkowski) codimension greater than two,
it has vanishing W 1,2-capacity by Proposition 2.8. Thus, C∞

c (Mn \ S) is dense
inside W 1,2(Mn, g), yielding the desired result. □

Theorem 2.11. Let (Mn, g) be a complete asymptotically flat L∞-manifold with
asymptotic end E. Assume that the singular set S satisfies the Minkowski dimen-
sion upper bound dimM S < n− 2. Suppose that c ∈ C0,α

−n−q0(E) ∩C∞(Mn \ S)∩
L∞(Mn) and satisfies(∫

Mn

|c−|
n
2 dVg

) 2
n

≤ 1

2C∗
, c− := min{0, c}, (2.22)

where C∗ is a constant from Lemma 2.10. Then there is a positive solution
u ∈ C∞(Mn \ S) ∩W 1,2(Mn, g) ∩ L∞(Mn) of (2.20) such that u− (1 + C

rn−2 ) ∈
C2,α

2−n−q′(E), where q′ = min{1, q0} and

C = − 1

(n− 2)ωn−1

∫
Mn

cu dVg. (2.23)

Moreover, u is bounded below by a positive constant in the essential-infimum
sense, that is

ess inf
Mn

u > 0. (2.24)

Proof. Let {Ωi}∞i=1 be an exhaustion of Mn by precompact connected open sets,
each of which has a boundary ∂Ωi ⊂ E that is a coordinate sphere. For each i,
the kernel of ∆g−c inW 1,2

0 (Ωi, g) is trivial. To see this, observe that if a function
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w ∈ ker(∆g−c)∩W 1,2
0 (Ωi, g) then utilizing Lemma 2.10, Hölder’s inequality, and

the notion of weak solution produces∫
Ωi

|∇w|2gdVg = −
∫
Ωi

cw2dVg ≤
(∫

Mn

|c−|
n
2 dVg

) 2
n
(∫

Mn

w
2n
n−2dVg

)n−2
n

(2.25)

≤ 1

2C∗

(∫
Mn

w
2n
n−2dVg

) n
n−2

≤ 1

2

∫
Mn

|∇w|2gdVg =
1

2

∫
Ωi

|∇w|2gdVg,

and hence w = 0 in Ωi. It follows by elliptic theory that there is then a unique
weak solution wi ∈ C∞(Ωi \ S) ∩W 1,2

0 (Ωi, g) to the Dirichlet problem

∆gwi − cwi = c in Ωi, wi = 0 on ∂Ωi. (2.26)

We will now make uniform estimates for the sequence {wi}∞i=1. The same
manipulations as in (2.25) yield∫

Mn

|∇wi|2gdVg = −
∫
Mn

cw2
i dVg −

∫
Mn

cwidVg (2.27)

≤ 1

2C∗

(∫
Mn

w
2n
n−2

i dVg

)n−2
n

+

(∫
Mn

c
2n
n+2dVg

)n+2
2n
(∫

Mn

w
2n
n−2

i dVg

)n−2
2n

.

This together with Lemma 2.10 implies that(∫
Mn

w
2n
n−2

i dVg

)n−2
2n

≤ 2C∗

(∫
Mn

c
2n
n+2dVg

)n+2
2n

. (2.28)

Note that the right-hand side is finite since c ∈ C0,α
−n−q0(E) ∩ L∞(Mn).

Moser iteration then provides a uniform L∞ bound on any fixed compact subset
of Mn. Note that this holds even across the singular set, since the coefficients
of ∆g, when expressed in divergence form, are controlled in L∞ near S. We
may then apply Schauder estimates to obtain uniform C2,α bounds on compact
subsets ofMn\S. Therefore, a diagonal argument may be used to extract a C2,α-
convergent subsequence (with notation unchanged for convenience) wi → w. This
limit solves the equation of (2.26) onMn, and by elliptic regularity as well as the
estimates above w ∈ C∞(Mn\S)∩W 1,2(Mn, g)∩L∞(Mn). Furthermore, the basic
asymptotic analysis of [32, Corollary A.38] shows that w− C

rn−2 ∈ C2,α
2−n−q′(E), for

some constant C where q′ = min{1, q0}. By setting u = 1 + w, we find that this
function satisfies equation (2.20) along with all other desired properties, except
perhaps positivity.

To show positivity, let u− = min{0, u} and observe that u− ∈ W 1,2
0 (Ωi, g).

Using the notion of weak solution and u− as a test function produces∫
Ωi

(⟨∇u,∇u−⟩g + cuu−) dVg = 0. (2.29)

We may then replace u with u− in this equation, and ignore the positive part of
c to find ∫

Ωi

|∇u−|2gdVg ≤
∫
Ωi

|c−|u2−dVg. (2.30)
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The same strategy as in (2.25) then implies that u− vanishes in Ωi \ S. Since
this sequence of domains is an exhaustion, we obtain u ≥ 0 on Mn \ S. The
weak Harnack inequality [22, Theorem 8.18] then shows that u must be strictly
positive away from the singular set. In fact, since the equation holds weakly
across S and g is uniformly equivalent to a smooth background metric, the same
weak Harnack inequality applies on balls intersecting S as well. Hence u has a
representative which is strictly positive on Mn, and

ess inf
B

u > 0 (2.31)

for every relatively compact ball B ⊂ Mn. Together with the asymptotic condi-
tion u→ 1, this gives a global positive lower bound for u in the essential-infimum
sense.

Lastly, to obtain the monopole expression let ϕr ∈ C∞
c (Mn) be smooth cut-off

functions such that ϕr = 1 on Mn
r and ϕr = 0 on Mn \Mn

2r with |∇ϕr|g ≤ 2/r,
in which Mn

r denotes the bounded component of Mn \ Sr where Sr ⊂ E is the
r-coordinate sphere. Then using the definition of weak solution and integrating
by parts produces∫

Mn

cuϕrdVg = −
∫
Mn

⟨∇u,∇ϕr⟩gdVg =
∫
Mn

2r\Mn
r

ϕr∆gudVg +

∫
Sr

ν(u)dAg (2.32)

=

∫
Mn

2r\Mn
r

ϕrcudVg − (n− 2)ωn−1C + o(1),

where ν is the unit normal pointing towards infinity. Since c = O(r−n−q0), the
bulk integral on the right-hand side tends to zero as r → ∞, and the desired
result follows. □

2.3. Proof of Theorem 2.7.

Proposition 2.12. Assume the setting and notation of Theorem 2.7. Then for
each ε > 0 there exists a complete asymptotically flat L∞-metric ĝ on Mn with
the following properties.

(1) There exists a uniform constant c > 0 such that ∥ĝ − g∥L∞(Mn,g0) ≤ cε.

(2) ĝ is smooth on Mn \ S and Rĝ > 0 on Mn \ S.
(3) If m and m̂ denote the ADM masses of g and ĝ on E, then m̂ = m+ 2ε.

Proof. Choose a negative function ĉ ∈ C∞(Mn) ∩ C0,α
−n−q0(E) for some α ∈ (0, 1)

and q0 > 0, with ∥ĉ∥Ln/2(Mn) ≤ 1
2C∗

, and consider the following equation with
prescribed asymptotics

∆gu− ĉu = 0 on Mn, u(x) → 1 as |x| → ∞. (2.33)

We now apply Theorem 2.11 to find a positive solution u ∈ C∞(Mn \ S) ∩
W 1,2(Mn, g) ∩ L∞(Mn) of (2.33) with u− (1 + Ĉ

rn−2 ) ∈ C2,α
2−n−q′(E), where

Ĉ = − 1

(n− 2)ωn−1

∫
Mn

ĉudVg > 0. (2.34)
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For each ε ∈ (0, Ĉ) set

f = Ĉ−1εu+ (1− Ĉ−1ε), ĝ = f
4

n−2 g. (2.35)

This defines a complete asymptotically flat L∞-metric on Mn, which clearly sat-
isfies property (1). Moreover, its scalar curvature is given by

f
4

n−2Rĝ = Rg −
4(n− 1)

n− 2

∆gf

f
= Rg −

4(n− 1)

n− 2

Ĉ−1εĉu

f
> 0 (2.36)

on Mn \ S. Lastly, a computation shows that the new mass takes the form

m̂ = m+ 2Ĉ−1ε · Ĉ = m+ 2ε. (2.37)

□

We next establish a slightly weaker version of Theorem 2.7, which differs from
the desired result by its nonnegative (instead of strictly positive) scalar curvature
conclusion.

Proposition 2.13. Assume the setting and notation of Theorem 2.7. Then for
each ε > 0 there exists a complete asymptotically flat L∞-metric g̃ on Mn with
the following properties.

(1) It holds that ∥g̃ − g∥L∞(Mn,g0) < ε.

(2) g̃ is smooth on Mn \ S and Rg̃ ≥ 0 on Mn \ S.
(3) On the end E the new metric g̃ is harmonically asymptotically flat.

(4) If m̃ and m denote the ADM masses of g̃ and g on E, then |m̃−m| < ε.

Proof. In the asymptotic end, choose a smooth one-parameter family of radial
cut-off functions 0 ≤ ϕs ≤ 1, s≫ 1, such that

ϕs(r) = 1 for r ≤ 2s, ϕs(r) = 0 for r ≥ 4s, (2.38)

and

|∇kϕs|δ ≤ Cks
−k on {2s ≤ r ≤ 4s}. (2.39)

Extend ϕs trivially to the rest of Mn. Let gmod be the following harmonically
asymptotically flat model metric on E with the same mass as g:

gmod =
(
1 +

m

2rn−2

) 4
n−2

δ, (2.40)

and define

gs = ϕsg + (1− ϕs)gmod. (2.41)

Then gs = g on {r ≤ 2s}, while gs = gmod on {r ≥ 4s}. In particular, gs is a
complete asymptotically flat L∞-metric with singular set S, and its chosen end
is harmonically asymptotically flat with mass m for each s. Moreover gs → g
uniformly on Mn \ S as s→ ∞.
Now choose a second family of radial cut-off functions 0 ≤ ψs ≤ 1 with

ψs(r) = 0 for r ≤ s, ψs(r) = 1 for r ≥ 2s, (2.42)
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and
|∇kψs|δ ≤ Cks

−k on {s ≤ r ≤ 2s}. (2.43)

Set

cs =
n− 2

4(n− 1)
ψsRgs . (2.44)

Since gs = g on {r ≤ 2s} and Rg ≥ 0 there, while gs = gmod for r ≥ 4s, the
negative part of cs is supported in the transition annulus {2s ≤ r ≤ 4s}. Note
that in this annulus |Rgs| ≤ Cr−q−2, and hence

∥cs−∥Ln/2(Mn,gs) ≤ C

(∫
2s≤r≤4s

r−
n
2
(q+2)rn−1 dr

)2/n

≤ Cs−q −→ 0. (2.45)

Thus, for s sufficiently large, the smallness hypothesis in Theorem 2.11 is satisfied.
We may therefore solve

∆gsus − csus = 0, us → 1 as r → ∞. (2.46)

Theorem 2.11 gives a solution us bounded below by a positive constant in the
essential-infimum sense, which is smooth on Mn \S, and with asymptotic expan-
sion

us = 1 +
Cs
rn−2

+O2,α(r
2−n−q′), Cs = − 1

(n− 2)ωn−1

∫
Mn

csus dVgs . (2.47)

Note that we may take q′ = 1 and any α ∈ (0, 1) since cs vanishes identically for
r ≥ 4s.

We claim that Cs −→ 0 as s→ ∞. Write∫
Mn

csus dVgs =

∫
Mn

cs dVgs +

∫
Mn

cs(us − 1) dVgs , (2.48)

and observe that the energy estimate (2.28) in the proof of Theorem 2.11 gives

∥us − 1∥L2n/(n−2)(Mn,gs) ≤ 2C∗∥cs∥L2n/(n+2)(Mn,gs), (2.49)

while ∥cs∥L2n/(n+2)(Mn,gs) → 0 because |Rgs| ≤ Cr−q−2 on the transition region
and q > (n− 2)/2. Hence Hölder’s inequality produces∣∣∣∣∫

Mn

cs(us − 1) dVgs

∣∣∣∣ ≤ ∥cs∥L2n/(n+2)∥us − 1∥L2n/(n−2) −→ 0. (2.50)

To see that the first integral on the right-hand side of (2.48) also converges to
zero, write gs = δ + hs on the transition annulus {2s ≤ r ≤ 4s}. Note that the
asymptotic flatness assumption implies

hs = O(r−q), ∂hs = O(r−q−1), ∂2hs = O(r−q−2), (2.51)

uniformly in s. Furthermore, the scalar curvature expansion in Cartesian coor-
dinates has the form

Rgs = ∂i∂j(hs)ij − ∂i∂i(hs)jj +Qs, (2.52)

where the quadratic error is estimated by

|Qs| ≤ C
(
|∂hs|2 + |hs| |∂2hs|

)
≤ Cr−2q−2, (2.53)



14 MARCUS KHURI, JIAN WANG, AND JINMIN WANG

and thus ∫
{2s≤r≤4s}

|Qs| dVδ ≤ Csn−2q−2 −→ 0. (2.54)

It remains to treat the linear part of (2.52). By integration by parts on the annuli
and by the ADM flux formula, its integral over the exterior region equals, up to
an error tending to zero, the difference between the ADM flux of gs through a
large coordinate sphere and the ADM flux of g through the inner sphere. The
outer flux is the ADM mass of gmod, while the inner flux converges to the ADM
mass of g. Since gmod was chosen to have the same ADM mass as g, these two
fluxes cancel. Consequently ∫

Mn

ψsRgs dVgs = o(1), (2.55)

and it follows that Cs → 0.

Finally define g̃s = u
4

n−2
s gs and set g̃ = g̃sε for sufficiently large sε depending on

ε. Then g̃ is a complete asymptotically flat L∞-metric on Mn, which is smooth
away from S. Observe that by the energy estimate (2.49) from Theorem 2.11
and Moser iteration ∥us − 1∥L∞(Mn,g0) < ε for large s, and thus the same holds
for the deviation of g̃s from g, establishing property (1). By equation (2.46) and
the conformal scalar curvature formula

Rg̃s = u
−n+2

n−2
s

(
−4(n− 1)

n− 2
∆gsus +Rgsus

)
= u

− 4
n−2

s (1− ψs)Rgs . (2.56)

On {r ≤ 2s} one has ψs ≤ 1 and gs = g, so Rg̃s ≥ 0 in this region away from S.
On {r ≥ 2s} one has ψs = 1 so Rg̃s = 0 in this region, establishing property (2).
Property (3) concerning the harmonic asymptotics of g̃s, follows directly from the
expansion (2.47) and structure of gmod. Furthermore, the relation between the
ADM masses is

m(g̃s) = m(gs) + 2Cs = m(g) + 2Cs. (2.57)

Property (4) then follows since Cs → 0. □

Proof of Theorem 2.7. Consider the case of a single asymptotically flat end. First,
apply Proposition 2.13 to obtain a new metric g̃ onMn satisfying all desired prop-
erties, except that its scalar curvature is only known to be nonnegative instead
of strictly positive. Next, apply Proposition 2.12 to (Mn, g̃) to obtain (Mn, ĝ),
which satisfies all desired properties including that of positive scalar curvature;
note that the conformal change in the proof of this proposition preserves the har-
monic asymptotics of the end. Thus, setting g′ = ĝ yields the desired conclusion.
The case of multiple asymptotically flat ends may be treated in an analogous way
with straightforward modifications. □

3. Blow-up of Singular Sets

In this section the singular set will be removed by a two-stage blow-up proce-
dure. First, using a Green’s function with pole on the codimension greater than
3 − 2

n
singular set, we conformally deform the original L∞-metric to obtain a
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complete metric on the regular set, and a positive scalar-curvature-type inequal-
ity. We then construct suitable µ-bubbles and derive a stability inequality strong
enough to pass to the next dimension. Finally, the GMT singular set arising
on the minimizing hypersurface is blown up by a second conformal deformation,
allowing the dimension-reduction argument to continue.

3.1. Blow-up of the singular set for L∞-metrics. Let (Mn, g) be a complete
harmonically asymptotically Euclidean L∞-manifold with background metric g0,
and let S denote its singular set. In order to build the desired conformal factor,
we will employ Green’s functions with pole at points of S. Choose precompact
open neighborhoods U1 and U2 of S, such that ∂U2 is smooth and

S ⊂ U1, U1 ⊂ U2. (3.1)

The existence of Green’s functions for uniformly elliptic operators with L∞ co-
efficients, and their basic properties, has been achieved in [24, Theorem 1.1], see
also [38] and [11, Lemma A.1]. The relevant form of this result, needed for our
purposes, is recorded here.

Lemma 3.1 (Existence and estimates for the Green’s function). Let (U2, g|U2)
and S be as above. Then there exists a Dirichlet Green’s function

G : U2 × U2 → R ∪ {∞} (3.2)

associated with the the Laplace-Beltrami operator on U2. Moreover, for each
x ∈ S, the function

y 7→ G(x, y) (3.3)

is positive and g-harmonic on U2 \ S. In addition, there exists a constant C > 0,
independent of x ∈ S, such that for all x ∈ S and y ∈ U1 \ S,

C−1dg0(x, y)
2−n ≤ G(x, y) ≤ Cdg0(x, y)

2−n. (3.4)

On the regular set U2 \ S, the function G(x, ·) is smooth.

These Green’s functions will now be used for the first blow-up, making Mn \S
into a complete manifold with scalar curvature satisfying a positivity property.
For the remainder of this section, it will be assumed for convenience that the
asymptotically flat manifold (Mn, g) has only one end.

Proposition 3.2 (Blow-up of low-codimension singular set). Let (Mn, g) be a
complete harmonically asymptotically flat L∞-manifold with end E, and assume
that its singular set satisfies the Hausdorff dimension upper bound, dimH S <
n − 3 + 2

n
. If the scalar curvature Rg is positive on Mn \ S, then there exists

a complete harmonically asymptotically flat smooth metric g′ on Mn \ S with
arbitrary ends, and a constant εn > 0 such that the following properties hold.

(1) The metric g′ agrees with g on the end E.
(2) For each ε ∈ (0, εn), there exists a positive function ρ ∈ C∞(Mn \S) such

that ρ = 1 on E and

Q := Rg′ − 2∆g′ log ρ−
(
n− 1

n
+ ε

)
|∇ log ρ|2g′ > 0 on Mn \ S. (3.5)
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Proof. Step 1: Construction of a Green’s function having pole S. Let σ ∈
(dimH S, n− 3 + 2

n
), and choose a value a satisfying

max

{
1,

2

n− 2
,

1

n− 2− σ

}
< a <

n

n− 2
. (3.6)

Since dimH S < σ and S is compact, there exists ℓ0 such that, for every integer
ℓ ≥ ℓ0, one can find a finite cover {Bg0

rℓ,j
(xℓ,j)}Nℓ

j=1 of S by g0-geodesic balls, with
xℓ,j ∈ S, satisfying

rℓ,j ≤ 2−ℓ,

Nℓ∑
j=1

rσℓ,j ≤ 1. (3.7)

After reindexing ℓ, we may assume this holds for all integers ℓ ≥ 1. Define the
atomic measure

νS :=
∞∑
ℓ=1

Nℓ∑
j=1

r n−2−a−1

ℓ,j δxℓ,j
. (3.8)

Set p := n− 2− a−1, and observe that since p− σ > 0 it follows from (3.7) that
for any measurable set X ⊂ U2 we have

νS(X) ≤
∞∑
ℓ=1

Nℓ∑
j=1

rpℓ,j =
∞∑
ℓ=1

Nℓ∑
j=1

rp−σ
ℓ,j rσℓ,j

≤
∞∑
ℓ=1

2−ℓ(p−σ)

Nℓ∑
j=1

rσℓ,j ≤
∞∑
ℓ=1

2−ℓ(p−σ) <∞.

(3.9)

Thus νS is a finite measure. Moreover, since each atom is centered at a point
xℓ,j ∈ S, and S is closed, νS is supported on S. Next set

GS(y) :=

∫
S
G(x, y) dνS(x) =

∞∑
ℓ=1

Nℓ∑
j=1

r n−2−a−1

ℓ,j G(xℓ,j, y). (3.10)

Since νS is finite and the Green’s functions are locally uniformly bounded for y in
compact subsets of U2 \ S by Lemma 3.1, this series converges locally uniformly
on U2 \ S. Hence GS is a positive harmonic function on U2 \ S. Furthermore, by
interior elliptic regularity, GS is smooth on U2 \ S.
We note that GS has pole set S. Indeed, fix x ∈ S. For each ℓ ≥ 1, choose jℓ

such that x ∈ Bg0
rℓ,jℓ

(xℓ,jℓ), and set sℓ := rℓ,jℓ . Then sℓ ≤ 2−ℓ, and hence sℓ → 0.

If y ∈ U2 \ S satisfies dg0(y, x) < sℓ, then

dg0(y, xℓ,jℓ) ≤ dg0(y, x) + dg0(x, xℓ,jℓ) < 2sℓ. (3.11)

Using the lower Green’s function estimate (3.4) and the definition of νS , we obtain

GS(y) ≥ sn−2−a−1

ℓ G(xℓ,jℓ , y) ≥ C−1sn−2−a−1

ℓ dg0(xℓ,jℓ , y)
2−n

≥ C−122−nsn−2−a−1

ℓ s 2−n
ℓ = c s−a−1

ℓ .
(3.12)

It follows that
GS(y) → +∞ as y → x, y ∈ U2 \ S. (3.13)
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For the completeness of the conformally blown-up metric, however, this point-
wise blow-up is not sufficient by itself. What is needed is the stronger integral
statement that Ga

S is non-integrable along every curve approaching S. The Wolff-
type potential introduced below encodes the scale-by-scale lower bounds for the
Green’s potential and will be used to prove precisely this nonintegrability.

Consider the Wolff-type potential on U2,

W (x) :=

∫ 1

0

(
νS(B

g0
r (x))r2−n

)a
dr. (3.14)

Fix x ∈ S, and as above for each ℓ ≥ 1 choose jℓ such that x ∈ Bg0
rℓ,jℓ

(xℓ,jℓ). Note

that for every r ∈ [sℓ, 2sℓ], one has xℓ,jℓ ∈ Bg0
r (x). Therefore

νS(B
g0
r (x)) ≥ sn−2−a−1

ℓ . (3.15)

It follows that, for r ∈ [sℓ, 2sℓ],(
νS(B

g0
r (x))r2−n

)a ≥ c
(
sn−2−a−1

ℓ s 2−n
ℓ

)a
= c s−1

ℓ . (3.16)

Since sℓ → 0, we may choose a subsequence ℓk such that 2sℓk+1
< sℓk , then the

intervals [sℓk , 2sℓk ] are pairwise disjoint. Consequently,

W (x) ≥
∞∑
k=1

∫ 2sℓk

sℓk

(
νS(B

g0
r (x))r2−n

)a
dr ≥ c

∞∑
k=1

∫ 2sℓk

sℓk

s−1
ℓk
dr = +∞. (3.17)

Thus W takes the value +∞ at all points of S.
Step 2: Construction of a complete metric onMn\S. Let φ be a smooth function
on Mn satisfying

0 ≤ φ ≤ 1, φ = 1 on U1, suppφ ⊂ U2. (3.18)

For a constant τ > 0, to be chosen later, define

w := 1 + τφGS , g′ := w2ag, (3.19)

where φGS is extended by zero outside U2. Since φ = 0 on the asymptotically
flat end E , we have g′ = g on E . Thus, the harmonically asymptotically flat
asymptotics are preserved.

We now prove completeness near S. Let γ : [0, L) → U1 \ S be a g-unit-speed
curve such that limt→L γ(t) = x ∈ S. Since g and g0 are uniformly equivalent on
U2, there is a constant C0 > 0 such that, for t ∈ [L− η, L) with η > 0 sufficiently
small, we have dg0(γ(t), x) ≤ C0(L− t). Set rt := 2C0(L− t). If z ∈ Bg0

rt (x), then

dg0(z, γ(t)) ≤ dg0(z, x) + dg0(x, γ(t)) ≤ 2rt. (3.20)

Using the lower Green’s function estimate (3.4), and the fact that νS is supported
on S, we obtain

GS(γ(t)) =

∫
S
G(z, γ(t)) dνS(z)

≥
∫
B

g0
rt (x)

G(z, γ(t)) dνS(z) ≥ c νS(B
g0
rt (x)) r

2−n
t .

(3.21)



18 MARCUS KHURI, JIAN WANG, AND JINMIN WANG

Therefore, as in [3, Lemma 2.20],∫ L

0

GS(γ(t))
a dt ≥ c

∫ L

L−η

(
νS(B

g0
rt (x))r

2−n
t

)a
dt

= c(2C0)
−1

∫ 2C0η

0

(
νS(B

g0
r (x))r2−n

)a
dr = +∞,

(3.22)

where the last equality follows from W (x) = +∞.
Since φ = 1 on U1, we have w ≥ τGS along γ for t sufficiently close to L.

Hence

Lg′(γ) =

∫ L

0

w(γ(t))a dt ≥ τa
∫ L

L−η

GS(γ(t))
a dt = +∞.

Thus every curve approaching S has infinite g′-length. Since g′ = g on the
asymptotically flat end and g′ is smooth on Mn \S, it follows that g′ is complete
on Mn \ S.

Step 3: The positivity of Q. Fix ε > 0, to be chosen sufficiently small, and set

µ :=
n− 1

n
+ ε, ρ := wb, (3.23)

where b ∈ R will be chosen below. Since g′ = w2ag, the conformal transformation
formulas give

w2aRg′ = Rg − 2a(n− 1)∆g logw − (n− 1)(n− 2)a2|∇ logw|2g,
w2a∆g′ logw = ∆g logw + a(n− 2)|∇ logw|2g,
w2a|∇ logw|2g′ = |∇ logw|2g.

(3.24)

Using log ρ = b logw, we obtain

w2aQ = Rg − 2
(
b+ a(n− 1)

)
∆g logw

−
(
2ab(n− 2) + (n− 1)(n− 2)a2 + µb2

)
|∇ logw|2g.

(3.25)

Since

∆g logw =
∆gw

w
− |∇ logw|2g, (3.26)

this becomes

w2aQ = Rg − 2
(
b+ a(n− 1)

)∆gw

w
+ c∗|∇ logw|2g, (3.27)

where

c∗ = −
(
2a(n− 2)− 2

)
b−

(
(n− 1)(n− 2)a2 − 2a(n− 1)

)
− µb2. (3.28)

We choose b so that the coefficient of the gradient term in (3.27) vanishes, namely
c∗ = 0. Because a > 2

n−2
this quadratic equation has a real root provided

µ <
(2a(n− 2)− 2)2

4
(
(n− 1)(n− 2)a2 − 2a(n− 1)

) . (3.29)
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Moreover, the choice a < n
n−2

implies

(2a(n− 2)− 2)2

4
(
(n− 1)(n− 2)a2 − 2a(n− 1)

) > n− 1

n
. (3.30)

Hence there exists εn > 0 such that (3.29) holds whenever

0 < ε < εn, µ =
n− 1

n
+ ε. (3.31)

For each such ε, choose a real root b = b(ε) of (3.28). The branch may be chosen
so that b(ε) remains uniformly bounded for ε ∈ (0, εn).
With this choice of b, the gradient term in (3.27) vanishes, and it follows that

w2aQ = Rg − 2
(
b+ a(n− 1)

)τ∆g(φGS)

w
. (3.32)

Because w ≥ 1, and because b = b(ε) is uniformly bounded for ε ∈ (0, εn), there
exists a constant C1 > 0, independent of ε, such that

w2aQ ≥ Rg − C1τ |∆g(φGS)|. (3.33)

Observe that ∆g(φGS) = 0 on U1 \ S, since φ = 1 there and GS is g-harmonic.
It also vanishes on Mn \ U2, since φGS is supported in U2. On the compact set

U2 \ U1, define

C2 := sup
U2\U1

|∆g(φGS)| <∞, C3 := inf
U2\U1

Rg > 0. (3.34)

Choose τ > 0 sufficiently small so that C1C2τ < C3. Then (3.33) gives

w2aQ > 0 on U2 \ U1. (3.35)

On U1 \ S and on Mn \ U2, we have ∆g(φGS) = 0, and hence on those sets
w2aQ = Rg > 0. Therefore, Q > 0 on Mn \ S. □

3.2. µ-bubble existence and stability. Although Proposition 3.2 shows that
Mn\S carries a complete smooth asymptotically flat metric satisfying the scalar-
curvature inequality (3.5), this is not by itself sufficient to carry out the dimension-
reduction argument in all dimensions. The obstruction is that the coefficient of
the gradient term in (3.5) is not preserved under dimension reduction. In this sub-
section we construct suitable µ-bubbles and derive a stability inequality in which
the coefficient of the gradient term is improved enough to allow the dimension-
reduction argument to be iterated.

3.2.1. Potential function. The metric produced in Proposition 3.2 is complete
and harmonically asymptotically flat, but it may have additional ends. In order
to construct the required µ-bubbles, we first construct a barrier potential which
vanishes on the prescribed asymptotically flat end and tends to −∞ along the
auxiliary ends.
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Lemma 3.3 (Existence of a barrier potential). Let (Mn, g) be a complete Rie-
mannian manifold with a harmonically asymptotically flat end E, possibly with
additional arbitrary ends, and let Q ∈ C∞(Mn) be positive. There exists a con-
stant δ0 > 0 such that, for every δ ∈ (0, δ0), there is a connected open set Ωδ ⊂Mn

that contains the prescribed end E with Ωδ \E precompact, and a smooth function
Φ ∈ C∞(Ωδ) satisfying

Φ = 0 on E , Φ(x) → −∞ as x→ ∂Ωδ, (3.36)

and

Q+ 2δ2Φ2 − 4|∇Φ|g ≥ 0 on Ωδ. (3.37)

Proof. Choose U ⊂ Mn, a connected open neighborhood of the prescribed end
E , with smooth compact boundary. Since Mn is complete, the distance function
dg(·, ∂U) is a proper 1-Lipschitz function onMn\U . After smoothing this function
and modifying it in a collar of ∂U , we may choose a smooth proper function
ϕ : Mn \ U → [0,∞) such that ϕ = 0 on ∂U and |∇ϕ|g ≤ 1. Choose a regular
value d0 > 0 of ϕ, and set

U ′ := U ∪ {x ∈Mn \ U : ϕ(x) < d0}. (3.38)

Then U ′ has smooth boundary, U ⊂ U ′, and V := U ′ \ U has compact closure.
Moreover, with

∂0V := ∂U, ∂1V := ∂U ′ = {ϕ = d0}, (3.39)

we have

ϕ = 0 on ∂0V, ϕ = d0 on ∂1V, |∇ϕ|g ≤ 1. (3.40)

Since Q > 0 and V is compact, there exists δ0 > 0 appropriately small such that

Q > 8δ20 on V, d0δ
2
0 <

π

2
. (3.41)

For δ ∈ (0, δ0), set

Lδ := d0 + δ−2 cot(δ2d0), (3.42)

and consider the open set

Ω̃δ := U ∪ {x ∈Mn \ U : ϕ(x) < Lδ}. (3.43)

We define Ωδ to be the connected component of Ω̃δ containing the prescribed end
E , and note that ∂Ωδ is a subset of the level set {ϕ = Lδ}. Next, define a barrier
function Φ on Ωδ by

Φ :=


0, on U,

−2 tan(δ2ϕ), on V,

− 2

cot(δ2d0)− δ2(ϕ− d0)
, on Ωδ \ U ′.

(3.44)

The two nonzero pieces agree in value along ∂1V , and both agree with 0 along
∂0V . After smoothing in arbitrarily small collars of ∂0V and ∂1V , and after
decreasing δ0 if necessary, we obtain a smooth function, still denoted Φ, satisfying
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the properties below. By (3.42), the denominator in the last line of (3.44) tends
to 0+ as ϕ→ Lδ. Hence Φ(x) → −∞ as x→ ∂Ωδ.

It remains to verify (3.37). On U , we have Φ = 0, and hence the desired
inequality holds on this set due to the positivity of Q. On V , using |∇ϕ|g ≤ 1,
we obtain

|∇Φ|g ≤ 2δ2 sec2(δ2ϕ) = 2δ2
(
1 +

Φ2

4

)
. (3.45)

Therefore, on V ,

Q+ 2δ2Φ2 − 4|∇Φ|g ≥ Q+ 2δ2Φ2 − 8δ2
(
1 +

Φ2

4

)
= Q− 8δ2 > 0, (3.46)

where the last inequality follows from (3.41). On Ωδ \ U ′, a direct computation

gives |∇Φ|g ≤ δ2

2
Φ2, and consequently on this region

Q+ 2δ2Φ2 − 4|∇Φ|g ≥ Q > 0. (3.47)

The smoothing near ∂0V and ∂1V is performed inside a fixed compact subset
of V , where Q has a positive lower bound; by choosing the smoothing collars
sufficiently small and then decreasing δ0 if necessary, the same desired inequality
remains valid there. □

3.2.2. Existence of µ-bubbles. Let (Mn, g) be a complete Riemannian manifold
with a harmonically asymptotically flat end E having negative mass m(E , g) < 0,
and possibly with additional arbitrary ends. We seek a complete asymptotically
flat hypersurface (the µ-bubble), that plays a role analogous to the stable minimal
surfaces in classical Schoen-Yau dimensional reduction, but now in the context of
arbitrary ends. The existence of such surfaces, which were originally introduced
by Gromov [23, Section 9], is well-known [12, 36, 57], and thus here we only
outline the argument with some detail pertinent to the current setting.

Let ρ ∈ C∞(Mn) be a positive weight function with ρ = 1 on E , and let Φ and
Ωδ be the barrier potential and domain constructed in Lemma 3.3 with respect
to a positive Q ∈ C∞(Mn), for some δ ∈ (0, δ0). Choose asymptotic Cartesian
coordinates x = (x′, xn) on the prescribed end E , where x′ ∈ Rn−1. For r, σ > 0
large, define

Zr,σ :=
(
Ωδ \ E

)
∪ {x ∈ E : |x′| ≤ r, −σ ≤ xn ≤ σ},

P±σ
r := {x ∈ E : |x′| ≤ r, xn = ±σ},

Dr,σ := {x ∈ E : |x′| = r, −σ ≤ xn ≤ σ}.
(3.48)

Since ρ = 1 and Φ = 0 on E , and m(Mn, g, E) < 0, the standard asymptotic
barrier estimates imply that, for all r and σ sufficiently large,

H + ν(log ρ)− Φ > 0 at P±σ
r ∪ Dr,σ, (3.49)

where ν is the unit outer normal and H is the mean curvature of these boundary
components of Zr,σ.
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Step 1: The truncated µ-bubble problem with free boundary. Decompose the
boundary of Zr,σ as

∂+ := P+σ
r , ∂− := P−σ

r ∪ ∂Ωδ, ∂0 := Dr,σ. (3.50)

Let Ω0 ⊂ ZR,σ be a fixed Caccioppoli set such that ∂+ ⊂ Ω0 and ∂− ∩ Ω0 = ∅.
We minimize the µ-bubble functional with free boundary

Fr,σ(Ω) :=

∫
∂∗Ω

ρ dHn−1 −
∫
Zr,σ

(χΩ − χΩ0)ρΦ dHn (3.51)

among Caccioppoli sets Ω ⊂ Zr,σ satisfying

Ω∆Ω0 ⋐ Z̊r,σ ∪ ∂0. (3.52)

Here χΩ is the characteristic function of Ω, dHn is the n-dimensional Hausdorff
measure, and ∂∗Ω denotes the reduced boundary relative to the region in which
variations are allowed; in particular, the fixed boundary faces ∂+ and ∂− are not
included in the first variation.

The inequalities (3.49), together with the fact that Φ → −∞ as x → ∂Ωδ,
provide the required barriers at ∂+ and ∂−. Therefore the standard compactness
and barrier argument for µ-bubbles [12, Sections 3 & 4] gives a minimizer Ωr,σ

of Fr,σ. The desired free boundary µ-bubble is defined to be the closure of the
reduced boundary

Σr,σ := ∂∗Ωr,σ. (3.53)

The side-barrier inequality along ∂0 implies that Σr,σ meets ∂0 orthogonally.

Step 2: Passing to the limit and asymptotics of the end. We now let r → ∞,
keeping σ fixed. By the compactness argument for µ-bubbles [36, Theorem 4.5]
and almost-minimizing boundaries [20, Lemma A.3], after passing to a subse-
quence rj → ∞, the hypersurfaces Σrj ,σ converge in the sense of currents to a
limiting (n− 1)-integral current, whose support we denote by Σn−1; we will refer
to this surface as a µ-bubble associated with (ρ,Φ). The regularity theory for
almost-minimizing hypersurfaces with prescribed mean curvature [20, Theorem
A.1] implies that Σn−1 is smooth outside a closed singular set SΣ of Hausdorff
codimension seven or greater. Away from this singular set, the first variation
formula implies that

HΣ = Φ− ν(log ρ), (3.54)

where HΣ denotes mean curvature with respect to the unit outer normal ν; here
the ‘outer’ direction is determined by the approximating Caccioppoli sets. Fur-
thermore, the corresponding Minkowski dimension bound for the singular set of
µ-bubbles follows from the Cheeger–Naber [10, Theorem 5.8]/Naber–Valtorta [45,
Theorem 1.6] stratification argument, as adapted to µ-bubbles by Brendle–Wang
[6, Theorem 3.34], thus

dimM(SΣ) ≤ n− 8. (3.55)

Moreover, SΣ is contained in a compact subset ofMn. In fact, stronger statements
about the asymptotics of the limiting µ-bubble Σn−1 are valid. Indeed, in [36,
Theorem 4.5] asymptotic estimates combined with Allard’s regularity theorem
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show that there exists r0 > 0 large enough, so that Σn−1 ∩ {|x′| > r0} may be
expressed as a graph xn = z(x′) for a smooth function z satisfying

z − a0 ∈ C3,α
−ϵ (Rn−1 \Br0) if n = 3,

z −
(
a0 + b0|x′|3−n

)
∈ C3,α

3−n−ϵ(Rn−1 \Br0) if n ≥ 4,
(3.56)

for some a0, b0 ∈ R, ϵ > 0, and α ∈ (0, 1). Since the ambient end (E , g) is
harmonically asymptotically flat, it follows that the corresponding asymptotic
end of the µ-bubble (EΣ, gΣ) is also harmonically asymptotically flat, and has
zero mass m(EΣ, gΣ) = 0 if n ≥ 4. We now record these results.

Proposition 3.4 (µ-bubble existence). Consider a complete Riemannian mani-
fold (Mn, g) with a harmonically asymptotically flat end E having negative mass
m(E , g) < 0, and possibly with additional arbitrary ends. Let ρ ∈ C∞(Mn) be a
positive weight function with ρ = 1 on E, and let Φ and Ωδ be the barrier potential
and domain constructed in Lemma 3.3 with respect to a positive Q ∈ C∞(Mn),
for some δ ∈ (0, δ0). Then there exists a µ-bubble Σn−1 ⊂ Ωδ associated with
(ρ,Φ), which is smooth outside a closed singular set SΣ residing within a compact
subset of Mn, such that if it is nonempty

dimM SΣ ≤ n− 8. (3.57)

Moreover, (Σn−1, gΣ) satisfies equation (3.54) away from the singular set, and has
a single harmonically asymptotically flat end2 EΣ, with the property that if n ≥ 4
then its mass vanishes, m(EΣ, gΣ) = 0.

Remark 3.5. Note that since Σn−1 is contained in Ωδ and Ωδ \E is a precompact
subset of Mn, the functions ρ and |∇ρ|g are uniformly controlled, namely there
is a positive constant C0 such that

0 < C−1
0 ≤ ρ ≤ C0, |∇ log ρ|g ≤ C0, on Σn−1. (3.58)

Moreover, since Σn−1 stays a positive distance away from ∂Ωδ, the function |Φ|
is uniformly bounded on the µ-bubble. Thus, equation (3.54) implies that

|HΣ| ≤ C1 on Σn−1 \ SΣ, (3.59)

for some positive constant C1.

3.2.3. The stability inequality. In this subsection we derive the stability inequality
satisfied by the limiting µ-bubble. The stability obtained here is stronger than
the usual compactly supported stability: following the strong-stability argument
of Lesourd–Unger–Yau [36], with the height-picking step replaced by the free-
boundary approximation, one may pass to the limit in stability inequalities for
variations which do not vanish at infinity. This yields a strong stability inequality
for test functions which differ from a constant by a weighted Sobolev function. We
then combine this strong stability with the scalar-curvature positivity property of

2When n = 3, the 2-dimensional end EΣ is still referred to as harmonically asymptotically
flat, where Definition 2.4 is extended to accommodate this case by removing the mass term
from (2.4) as in Remark 2.6. In this situation, the mass is defined to be zero.
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the ambient metric to obtain a refined inequality as in [6, Definition 1.3] although
with a modified coefficient, suitable for the dimension-reduction argument.

Proposition 3.6 (Stability inequality). Consider the hypotheses and setting of
Proposition 3.4, and let Σn−1 ⊂ Ωδ be the constructed µ-bubble associated with
(ρ,Φ). For any c ∈ R let f ∈ C∞(Σn−1 \ SΣ) be a test function such that
f vanishes in a neighborhood of SΣ, and f − c ∈ W 1,2

−n−3
2

(EΣ) when n ≥ 4 or

supp(f − c) is compact in EΣ when n = 3. Then∫
Σn−1

(
ρ|∇Σf |2gΣ−ρ

(
Ric(ν, ν)+|AΣ|2−∇2 log ρ(ν, ν)+ν(Φ)

)
f 2
)
dVgΣ ≥ 0. (3.60)

Furthermore, if additionally

Q = Rg − 2∆g log ρ−
(
n− 1

n
+ ε

)
|∇ log ρ|2g > 0 on Ωδ (3.61)

for some ε > 0, then there exists a constant δn,ε < δ0 depending only on n and
ε, and a positive function Q1 ∈ C∞(Σn−1 \ SΣ), such that for any δ ∈ (0, δn,ε) it
holds that∫

Σn−1

(
ρ|∇Σf |2gΣ+

1

2
ρ

(
RgΣ− 2∆gΣ log ρ−

(
n− 1

n
+ ε

)
|∇Σ log ρ|2gΣ

)
f 2

)
dVgΣ

≥
∫
Σn−1

ρQ1f
2dVgΣ . (3.62)

Proof. The inequality (3.60) follows from the second variation formula for µ-
bubbles with free boundaries. Indeed, ordinary stability yields the inequality for
compactly supported variations. In the present free-boundary construction, the
approximating bubbles meet the side cylinder ∂0 = Dr,σ freely. Since the vertical
vector field ∂xn is tangent to ∂0, the free-boundary stability inequality may be
applied to variations which do not vanish on ∂0. This plays the same role as the
height-picking argument in [36, Section 4.3]. Passing to the limit as r → ∞ gives
the strong stability inequality for the limiting noncompact µ-bubble, namely for
test functions f with f − c in the appropriate weighted Sobolev space, as in [36,
Theorem 4.21].

It remains to verify the stability inequality (3.62). All calculations to follow
will be computed on the regular set of Σn−1. Recall that two traces of the Gauss
equations combined with the Cauchy-Schwarz inequality produces

Ricg(ν, ν) + |AΣ|2 =
1

2
Rg −

1

2
RgΣ +

1

2
H2

Σ +
1

2
|AΣ|2

≥ 1

2
Rg −

1

2
RgΣ +

n

2(n− 1)
H2

Σ

(3.63)

where AΣ denotes the second fundamental form, and the standard decomposition
of ambient Laplacian with respect to a hypersurface gives

∇2 log ρ(ν, ν) = ∆g log ρ−∆gΣ log ρ−HΣ ν(log ρ). (3.64)
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It follows that

−Ric(ν, ν)− |AΣ|2 +∇2 log ρ(ν, ν)− ν(Φ)

≤ 1

2
RgΣ −∆gΣ log ρ−

(
1

2
Rg −∆g log ρ

)
− n

2(n− 1)
H2

Σ −HΣ ν(log ρ) + |ν(Φ)|

≤ 1

2
RgΣ −∆gΣ log ρ−

1

2
Q− 1

2

(
n− 1

n
+ ε

)
|∇ log ρ|2g + |ν(Φ)| (3.65)

− n

2(n− 1)
Φ2 +

1

n− 1
Φ ν(log ρ) +

n− 2

2(n− 1)
|ν(log ρ)|2,

where we have used (3.54) and (3.61). The right-hand side of the last inequality
can be decomposed into the following three parts.

Part 1.
1

2
RgΣ −∆gΣ log ρ−

1

2

(
n− 1

n
+ ε

)
|∇Σ log ρ|2gΣ − 1

4
Q

Part 2. − δ2

2
Φ2 + |ν(Φ)| − 1

4
Q ≤ 0

Part 3.−
(

n

2(n− 1)
− δ2

2

)
Φ2+

1

n− 1
Φ ν(log ρ)−

(
1

2n(n− 1)
+
ε

2

)
|ν(log ρ)|2≤ 0

Observe that Part 1 is the desired part, while the nonpositivity of Part 2 follows
from (3.37) for δ ∈ (0, δ0). Next, choose a positive δn,ε < δ0 depending on n and
ε so that (

1

n− 1

)2

− 4

(
n

2(n− 1)
−
δ2n,ε
2

)(
1

2n(n− 1)
+
ε

2

)
< 0. (3.66)

Then for each δ ∈ (0, δn,ε) the inequality of Part 3 is satisfied. It follows that for
such δ we have

−Ric(ν, ν)− |AΣ|2 +∇2 log ρ(ν, ν)− ν(Φ)

≤ 1

2
RgΣ −∆gΣ log ρ−

1

2

(
n− 1

n
+ ε

)
|∇Σ log ρ|2gΣ − 1

4
Q.

(3.67)

Inequality (3.62) is now obtained by applying (3.60) and setting Q1 =
1
4
Q. □

3.3. The second blow up. The purpose of this subsection is to find a complete
metric on Σn−1 \ SΣ by a conformal blow-up of the singular set, while preserving
the ADM mass. The next result will place the blown-up µ-bubble in the context
of so called weak n-data sets, which are studied in the next section.

Theorem 3.7 (Blow-up of GMT singularities). Assume the hypotheses and set-
ting of Proposition 3.6, with Q ∈ C∞(Mn) ∩ C0,α

−n−q0(EΣ) where α ∈ (0, 1) and
q0 > 0. Then there exists a positive constant ε′n such that for any ε ∈ (0, ε′n),
there exists a positive function Q′ ∈ C∞(Σn−1 \SΣ)∩C0,α

−n−q0(EΣ), a positive func-
tion ρ′ ∈ C∞(Σn−1 \ SΣ), and a complete harmonically asymptotically flat metric
g′Σ on Σn−1 \ SΣ with arbitrary ends such that

ρ′ = 1 on EΣ, and m(EΣ, g′Σ) = 0. (3.68)
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Furthermore, for any c ∈ R and f ∈ C∞(Σn−1 \ SΣ) with the property that
f vanishes in a neighborhood of SΣ, and f − c ∈ W 1,2

−n−3
2

(EΣ) when n ≥ 4 or

supp(f − c) is compact in EΣ when n = 3, it holds that∫
Σn−1

(
ρ′|∇Σf |2g′Σ +

1

2
ρ′
(
Rg′Σ

−2∆g′Σ
log ρ′−

(
n− 1

n
+ ε

)
|∇Σ log ρ′|2g′Σ

)
f 2

)
dVg′Σ

≥
∫
Σn−1

ρ′Q′f 2dVg′Σ . (3.69)

3.3.1. Local blow-up function. Because the geometry of Σn−1 may be poorly con-
trolled near the singular set SΣ, we cannot directly construct a blow-up function
on Σn−1 by using a Green’s function with pole set SΣ. Instead, we use the am-
bient manifold (Mn, g). The ambient distance function has controlled Hessian
estimates, and this allows us to construct a local blow-up function on Σn−1 which
replaces the Green’s function used in the first blow-up. We first establish a local
blow-up function following the construction of Brendle–Wang [6, Section 3.7]. In
order for this to be meaningful we must have n ≥ 8.

Lemma 3.8 (Blow-up function near singularities). Let U1 ⊂Mn be a precompact
open set containing SΣ, and assume that n ≥ 8. Then there is a precompact open
set U2 ⊂Mn with

SΣ ⊂ U2 ⊂ U1, (3.70)

and a nonnegative function ψS ∈ C∞(Mn \ SΣ) with suppψS ⊂ U1 such that

ψS(x) ≥ Cdg(x,SΣ)
−2 for x ∈ U2 \ SΣ (3.71)

and for some constant C > 0, and

∆gΣψS + (n− 3)(n−1 − ε)gΣ(∇ΣψS ,∇Σ log ρ) < 0 on (Σn−1 \ SΣ)∩U2. (3.72)

Proof. Step 1: Construction of the one-point blow-up function. Choose a suffi-
ciently small t∗ > 0 so that {x ∈ Mn : dg(x,SΣ) ≤

√
t∗} is contained in U1, and

pick a smooth monotone nonnegative function ζ : R+ → R+ with

ζ(t) = t
3−n
2 + t

7−2n
4 for t ∈ (0, t∗/2], ζ(t) = 0 for t ∈ [t∗,∞). (3.73)

For any point p ∈ SΣ define

ηp(x) = d2g(x, p), ψp(x) = ζ(ηp(x)). (3.74)

Note that by choosing t∗ smaller if necessary to achieve
√
t∗ <

1
2
inj(Mn,g)(p) for all

p ∈ SΣ, we can ensure that ψp ∈ C∞(Mn \ SΣ). Moreover, suppψp ⊂ U1. Since
U1 is compact, there exists a constant C > 0 such that on the (Mn, g)-geodesic
ball B√

t∗/2
(p) it holds that

|∇2ηp−2g|g ≤Cηp, ψp = η
3−n
2

p + η
7−2n

4
p , |∇ψp|g ≤ C(η

2−n
2

p + η
5−2n

4
p ), (3.75)
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and

∇2ψp =
((

3−n
2

)
η

1−n
2

p +
(
7−2n

4

)
η

3−2n
4

p

)
∇2ηp (3.76)

+
((

3−n
2

) (
1−n
2

)
η
− 1+n

2
p +

(
7−2n

4

) (
3−2n

4

)
η
− 1+2n

4
p

)
dηp ⊗ dηp.

Combining this with (3.58) and (3.59), on (Σn−1 \ SΣ) ∩B√t∗/2
(p), produces

∆gΣψp+(n− 3)(n−1 − ε)gΣ(∇Σψp,∇Σ log ρ)

≤ ∆gψp −∇2ψp(ν, ν)−HΣ ν(ψp) + C1|∇ψp|g (3.77)

≤ ∆gψp −∇2ψp(ν, ν) + C2|∇ψp|g

≤ −
(
2n−7

4

)
η

3−2n
4

p + C3(η
2−n
2

p + η
3−n
2

p + η
5−2n

4
p + η

7−2n
4

p ) ≤ −
(
2n−7

8

)
η

3−2n
4

p

where the last two inequalities follow by choosing t∗ even smaller, if necessary;
here and below uniform positive constants will be denoted by Ci, i ∈ Z+. More-
over, on the complimentary domain (Σn−1 \ SΣ) ∩B√t∗/2

(p)c we have

∆gΣψp + (n− 3)(n−1 − ε)gΣ(∇Σψp,∇Σ log ρ) ≤ C4. (3.78)

Step 2: Construction of the desired blow-up function. A subset T ⊂ SΣ is called
an r-separated subset if Br(p) ∩ Br(p

′) = ∅ for any two distinct points p, p′ ∈ T .
Set rl = 2−l

√
t∗ and take a maximal rl-separated subset Tl ⊂ SΣ, for each l ∈

Z+. The Minkowski dimension bound dimM SΣ ≤ n − 8, and compactness of
the singular set, imply that Tl is a finite and satisfies the cardinality inequality
|Tl| ≤ C5r

å−n
l , for any å < 8. By restricting further so that å ∈ (5, 8), we also

obtain
∞∑
l=1

rn−5
l |Tl| <∞. (3.79)

Define the blow-up function ψS :Mn \ SΣ → R+ by

ψS(x) =
∞∑
l=1

∑
p∈Tl

rn−5
l ψp(x), (3.80)

and note that

ψS(x) ≤ C6

∞∑
l=1

rn−5
l |Tl|dg(x,SΣ)

3−n ≤ C7dg(x,SΣ)
3−n. (3.81)

This shows that ψS is well-defined, and similar estimates show that it is smooth
on Mn \ SΣ. Moreover, suppψS ⊂ U1.

Step 3: Construct U2 and verify the properties of ψS . Let t∗∗ ∈ (0, t∗) be suffi-
ciently small, to be chosen below, and set

U2 := { x ∈Mn : dg(x,SΣ) < t∗∗}.
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Take l∗ > 1 depending on t∗∗ such that for any x ∈ U2 \ SΣ, there is an integer
lx > l∗ with the property

rlx+1 ≤ dg(x,SΣ) ≤ rlx . (3.82)

This ensures the existence of a point plx ∈ Tlx with dg(x, plx) ≤ 2rlx . It follows
that

ψS(x) ≥ rn−5
lx

ψplx
(x) = rn−5

lx
dg(x, plx)

3−n ≥ C8r
−2
lx

≥ C9dg(x,SΣ)
−2, (3.83)

which establishes (3.71).
It remains to verify (3.72). Let x ∈ (Σn−1 \ SΣ) ∩ U2. For convenience set

LΣ := ∆gΣ + (n− 3)(n−1 − ε)gΣ(∇Σ(·),∇Σ log ρ). (3.84)

By the choice of l∗, the point x lies in B√
t∗/2

(plx). Hence (3.77) gives

LΣψplx
(x) ≤ −C10 r

3−2n
2

lx
(3.85)

for some constant C10 > 0, while (3.78) implies that all other terms appearing in
the sum LΣψS have a uniform upper bound LΣψp(x) ≤ C11. Therefore

LΣψS(x) ≤ −C10 r
− 7

2
lx

+ C11

∞∑
ℓ=1

∑
p∈Tℓ

rn−5
ℓ ≤ −C10 r

− 7
2

lx
+ C12. (3.86)

Finally, by choosing t∗∗ sufficiently small, we can ensure that rlx is sufficiently

small for every x ∈ U2 \ SΣ, to achieve −C10 r
− 7

2
lx

+ C12 < 0, which yields the
desired result. □

3.3.2. Gobal blow-up function.

Lemma 3.9. Consider the hypotheses and setting of Proposition 3.6, with n ≥ 8.
Then there exists a function w ∈ C∞(Mn \ SΣ) with w ≥ 1, such that w = 1 on
EΣ, for some constant C > 0 it holds that

w(x) ≥ Cdg(x,SΣ)
−2 for x ∈ U2 \ SΣ (3.87)

where U2 ⊃ SΣ is as in Lemma 3.8, and

Q1 −
n+ 1

n− 3

(
∆gΣw

w
+ (n− 3)(n−1 − ε)gΣ(∇Σ log ρ,∇Σ logw)

)
> 0 (3.88)

on Σn−1 \ SΣ.

Proof. Let τ > 0 be a constant to be determined, and set

w = 1 + τψS . (3.89)

where τ is a positive constant to be determined. Then immediately w ≥ 1, and
also (3.71) implies (3.87). Furthermore, since suppψS ⊂ U1 we find that (3.88)
holds on Σn−1 ∩ (Mn \U1) due to the positivity of Q1. On the other hand, (3.72)
implies (3.88) on (Σn−1 \SΣ)∩U2. Moreover, since U1 \U2 is precompact and Q1

is positive there, it follows that we can find τ > 0 to ensure that (3.88) holds on
Σn−1 ∩ (U1 \ U2) as well. □
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3.3.3. Proof of Theorem 3.7. Consider a complete Riemannian manifold (Mn, g)
with a harmonically asymptotically flat end E having negative mass m(E , g) < 0,
and possibly with additional arbitrary ends. Let ρ ∈ C∞(Mn) be a positive
weight function with ρ = 1 on E , and let Φ and Ωδ be the barrier potential and
domain constructed in Lemma 3.3 with respect to a positive Q ∈ C∞(Mn) ∩
C0,α

−n−q0(EΣ), for some δ ∈ (0, δ0). Let Σ
n−1 ⊂ Ωδ be the µ-bubble associated with

(ρ,Φ) given by Proposition 3.4, with singular set denoted by SΣ. For n ≥ 8 define

g′Σ = w
n+1
n−3 gΣ, ρ′ = w−n+1

2 ρ, (3.90)

where the positive function w ∈ C∞(Mn \ SΣ) is provided by Lemma 3.9, and
for 3 ≤ n ≤ 7 define g′Σ = gΣ and ρ′ = ρ. Clearly ρ′ ∈ C∞(Σn−1 \ SΣ) and
ρ′ = 1 on EΣ. Moreover, g′Σ is harmonically asymptotically flat with zero mass,
m(EΣ, g′Σ) = 0.

We next show that the metric g′Σ is complete, and assume that n ≥ 8 otherwise
there is nothing to prove. Since Σn−1 \SΣ has ends, namely EΣ and (Σn−1 \SΣ)∩
U2, and (EΣ, g′Σ) is harmonically asymptotically flat, it is sufficient to study the
behavior of a g′Σ-unit-speed curve γ : [0, L) → (Σn−1 \SΣ)∩U2 with limt→L γ(t) ∈
SΣ. Indeed, observe that (3.87) implies

Lg′Σ
(γ) =

∫ L

0

|γ′(t)|gΣw(γ(t))
n+1

2(n−3)dt ≥ c

∫ L

0

(L− t)−
n+1
n−3dt = ∞ (3.91)

where c > 0 is a constant, from which the desired conclusion follows.
It remains to verify the stability inequality (3.69). Recall the following standard

formulas for a conformal change

w
n+1
n−3Rg′Σ

= RgΣ − (n− 2)(n+ 1)

n− 3

∆gΣw

w
− (n+ 1)(n− 2)

4
|∇Σ logw|2gΣ ,

w
n+1
n−3∆g′Σ

log ρ′ = ∆gΣ log ρ
′ +

n+ 1

2
gΣ(∇Σ logw,∇Σ log ρ′).

(3.92)

Therefore by setting

Q′ =
1

2
w−n+1

n−3Q1, (3.93)

a calculation combined with (3.88) shows that

Rg′Σ
− 2∆g′Σ

log ρ′ −
(
n− 1

n
+ ε

)
|∇Σ log ρ′|2g′Σ − 2Q′

= w−n+1
n−3

(
RgΣ − 2∆gΣ log ρ−

(
n− 1

n
+ ε

)
|∇Σ log ρ|2gΣ

)
(3.94)

− w−n+1
n−3

(
Q1 +

n+ 1

n− 3

(
∆gΣw

w
+ (n− 3)(n−1 − ε)gΣ(∇Σ log ρ,∇Σ logw)

))
+

(
n+ 1

4n
− (n+ 1)2

4
ε

)
|∇Σ logw|2gΣw

−n+1
n−3

≥ w−n+1
n−3

(
RgΣ − 2∆gΣ log ρ−

(
n− 1

n
+ ε

)
|∇Σ log ρ|2gΣ

)
− 2w−n+1

n−3Q1,
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where we have chosen ε′n > 0 such that n+1
4n

− (n+1)2

4
ε′n ≥ 0, and have taken

ε ∈ (0, ε′n). The desired stability inequality now follows by integrating (3.94)
against test functions, and applying (3.62). □

4. Weak n-Data Sets and the Generalized PMT

This section isolates the analytic structure needed for the dimension-reduction
argument. Brendle–Wang [6, Definition 1.3] introduced n-data sets as the induc-
tive objects in their dimension-descent proof of the positive mass theorem, and
our proof of the generalized positive mass theorem follows their overall strategy.
The definition used here is a weakened version adapted to the codimension greater
than 3− 2

n
singularities in our main theorem. In particular, the weighted stability

inequality below contains a gradient term involving |∇ log ρ|2 with a coefficient
of smaller absolute value than that appearing in [6].

Definition 4.1. Let (Mn, g, E) be a complete Riemannian manifold of dimension
n ≥ 3 with arbitrary ends, and having a designated harmonically asymptotically
flat end E. A weak n-data set consists of these objects together with a triple
(ρ,Q, ε), where ρ, Q are smooth functions on Mn and ε is a constant, all satis-
fying the following properties.

(1) The functions ρ and Q are globally positive and ε ∈ (0, 1
n(n+1)

).

(2) Q ∈ C0,α
−n−q0(E) and ρ − (1 + βr2−n) ∈ C2,α

2−n−q0
(E) for some α ∈ (0, 1),

q0 > 0, and β ∈ R.
(3) For any c ∈ R and f ∈ C∞(Mn) with the property that (supp f) \ E is

precompact, and f − c ∈ W 1,2

−n−2
2

(E), it holds that∫
Mn

(
ρ|∇f |2g +

1

2
ρ

(
Rg−2∆g log ρ−

(
n

n+ 1
+ ε

)
|∇ log ρ|2g

)
f 2

)
dVg

≥
∫
Mn

ρQf 2dVg. (4.1)

The next theorem is the main result of this section. It may be considered as
an extension of the positive mass theorem, and generalizes [6, Theorem 1.5].

Theorem 4.2. Let (Mn, g, E , ρ, Q, ε) be a weak n-data set, then

m(E , g) +
(
n−2
n−1

)
β > 0. (4.2)

The quantity m(E , g)+
(
n−2
n−1

)
β will be referred to as the generalized mass asso-

ciated with the weak n-data set. There is a loose analogy with the positive mass
theorem involving charge [2, Theorem 11.9]. In the present setting, the coefficient
β is the monopole coefficient of the weight ρ, and it enters the generalized mass
in the same spirit that a charge contributes an additional asymptotic invariant
in the charged positive mass theorem, with ρ playing the role of potential for a
static electric field. The strict positivity in (4.2) is a consequence of the global
positivity of Q. This strict positivity is essential for our proof of Theorem 1.1,
which is given at the end of this section. Indeed, Theorem 3.7 produces a weak
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n-data set with zero generalized mass, and the strict positivity obtained here is
precisely that which provides the desired contradiction.

4.1. Construction of the auxiliary weight factor. In this subsection we
construct a positive auxiliary factor v which modifies the weight ρ. The purpose
of this step is to replace ρ by the improved weight ρ̂ := ρv so that the weak
stability inequality yields a pointwise scalar-curvature inequality for ρ̂. This
improved weight will provide the positivity needed for the µ-bubble construction
in the next subsection.

Let (Mn, g, E , ρ, Q, ε) be a weak n-data set, and define the smooth function

Q :=
1

2

(
Rg − 2∆g log ρ−

(
n

n+ 1
+ ε

)
|∇ log ρ|2g −Q

)
. (4.3)

The decay assumptions on ρ, Q, and the harmonically asymptotically flat end
imply that

∇ log ρ ∈ C1,α
1−n(E), Q ∈ C0,α

−n−q1(E), (4.4)

where q1 = min{q0, n − 2, q̊ + 2 − n} > 0. Let Ω ⊂ Mn be a connected open
set that contains E , such that Ω \ E is precompact. Then from (4.4) and the
positivity of ρ, there is a constant C0 > 0 for which

C−1
0 ≤ ρ ≤ C0 and |Q| ≤ C0 on Ω. (4.5)

In this setting, consider the following Dirichlet problem for v ∈ C∞(Ω) with
prescribed asymptotics at infinity

divg(ρ∇v)− ρQv = 0 in Ω, v = 0 on ∂Ω, v(x) → 1 as x→ ∞. (4.6)

To study this problem we introduce the bilinear form BΩ : W 1,2
0 (Ω)×W 1,2

0 (Ω) → R
given by

BΩ(u,w) =

∫
Ω

(ρ⟨∇u,∇w⟩g + ρQuw) dVg. (4.7)

Although the potential term Q need not be nonnegative, the weak n-data in-
equality implies that BΩ is coercive in the Sobolev sense.

Lemma 4.3 (Coercive Sobolev inequality). There exists a constant CΩ > 0,
depending on Ω and the weak n-data, such that for every u ∈ W 1,2

0 (Ω),(∫
Ω

|u|
2n
n−2 dVg

)n−2
n

≤ CΩ

∫
Ω

(
ρ|∇u|2g + ρQu2

)
dVg. (4.8)

Proof. Suppose by way of contradiction that there is a sequence of {ui}∞i=1 ⊂
C∞

c (Ω) with

BΩ(ui, ui) → 0,

∫
Ω

|ui|
2n
n−2dVg = 1. (4.9)

Then according to (4.1) we have

1

2

∫
Ω

ρQu2i dVg ≤ BΩ(ui, ui) → 0. (4.10)
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Recall that the Sobolev inequality holds on asymptotically flat manifolds (Ω, g|Ω)
with boundary, see [46, Lemma 3.1] for n = 3 and note that the same proof holds
in all dimensions. Thus, there is a constant C∗ > 0 such that(∫

Ω

|ui|
2n
n−2dVg

)n−2
n

≤ C∗

∫
Ω

|∇ui|2gdVg. (4.11)

Next, observe that ρQ ∈ L
n
2 (Ω) by (4.4). Hence, there is a large constant

r0 > 0 such that (∫
Er0

|ρQ|
n
2 dVg

) 2
n

≤ 1

2C∗C0

, (4.12)

where in the Cartesian coordinates of the end, Er0 := {x ∈ E : |x| ≥ r0}. We will
decompose Ω into two parts, namely Er0 and Ω \ Er0 . Since Ω \ Er0 is precompact
and ρQ is positive, there is a constant C1 > 0 such that ρQ ≥ C1 on this domain.
It follows from (4.10) that

C1

2

∫
Ω\Er0

u2i dVg ≤
1

2

∫
Ω

ρQu2i dVg ≤ BΩ(ui, ui) → 0, (4.13)

and with the help of (4.5) this implies∫
Ω\Er0

|ρQ|u2i dVg → 0. (4.14)

By utilizing again (4.5), as well as (4.11) and (4.12) we obtain

BΩ(ui, ui) ≥
∫
Ω

ρ|∇ui|2gdVg +
∫
Er0
ρQu2i dVg −

∫
Ω\Er0

|ρQ|u2i dVg (4.15)

≥ 1

C0

∫
Ω

|∇ui|2gdVg − ∥ρQ∥
L

n
2 (Er0 )

(∫
Ω

|ui|
2n
n−2dVg

)n−2
n

−
∫
Ω\Er0

|ρQ|u2i dVg

≥ 1

2C∗C0

(∫
Ω

|ui|
2n
n−2dVg

)n−2
n

−
∫
Ω\Er0

|ρQ|u2i dVg.

Combing this with (4.14) produces∫
Ω

|ui|
2n
n−2dVg → 0, (4.16)

which yields a contradiction with (4.9). □

Proposition 4.4. Let (Mn, g, E , ρ, Q, ε) be a weak n-data set. Then there exists
a solution v ∈ C∞(Ω) of (4.6), which is positive in Ω, such that

v −
(
1 +

C
rn−2

)
∈ C2,α

2−n−q′1
(E), (4.17)

where q′1 = min{1, q1} and

(n− 2)ωn−1C = −BΩ(v, v) ≤ −1

2

∫
Mn

ρQv2dVg < 0. (4.18)



RIEMANNIAN PMT WITH LOW-CODIMENSION SINGULARITIES 33

Proof. Let {Ωi}∞i=1 be an exhaustion of Ω by precompact connected open sets
whose closure contains ∂Ω, and such that ∂Ωi \ ∂Ω ⊂ E is a coordinate sphere.
For convenience, set

L := ∆g + ⟨∇ log ρ,∇(·) ⟩g −Q. (4.19)

Then for each i, the kernel of L in W 1,2
0 (Ωi) is trivial. To see this, observe that

if a function w ∈ kerL ∩W 1,2
0 (Ωi) then with the help of (4.1) we have

0 = −
∫
Ωi

ρwL(w)dVg = BΩi
(w,w) ≥ 1

2

∫
Ωi

ρQw2dVg. (4.20)

Hence w = 0, since both ρ and Q are positive.
Choose a function v0 ∈ C∞(Ω) such that

v0 = 1 in E and v0 = 0 on ∂Ω. (4.21)

It follows by elliptic theory that there is then a unique solution wi ∈ C∞(Ωi) to
the Dirichlet problem

L(wi) = −L(v0) in Ωi, wi = 0 on ∂Ωi. (4.22)

Multiplying this equation by ρwi and integrating by parts produces

BΩi
(wi, wi) =

∫
Ωi

ρwiL(v0)dVg ≤ ∥ρL(v0)∥
L

2n
n+2 (Ω)

∥wi∥
L

2n
n−2 (Ωi)

. (4.23)

Lemma 4.3 then implies that

∥wi∥
L

2n
n−2 (Ωi)

≤ CΩ∥ρL(v0)∥
L

2n
n+2

(Ω). (4.24)

Note that since v0 = 1 in E we find that ρL(v0) = −ρQ ∈ C0,α
−n−q1(E) by (4.4),

which implies that the right-hand side of (4.24) is finite.
Using the same convergence argument as in the proof of Theorem 2.11 shows

that after passing to a subsequence, {wi} converges to w ∈ C∞(Ω) with w|∂Ω = 0.
The decay of the coefficients of L as recorded in (4.4), together with the basic
asymptotics analysis of [32, Corollary A.38] implies that w − C

rn−2 ∈ C2,α
2−n−q′1

(E),
for some constant C where q′1 = min{1, q1}. By setting v = w + v0, we find
that this function satisfies equations (4.6) and (4.17). Moreover, the monopole
estimate (4.18) follows from the stability inequality (4.1), and the positivity of v
in Ω arises from a similar argument as in the proof of Theorem 2.11. □

Corollary 4.5. Let v ∈ C∞(Ω) be the function given by Proposition 4.4, and set
ρ̂ = ρv. If ε ∈ (0, 2n+1

n(n+1)
) then it holds that

Rg − 2∆g log ρ̂−
(
n− 1

n
+ ε

)
|∇ log ρ̂|2g ≥ Q on Ω. (4.25)
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Proof. Using (4.3) and (4.6), and substituting log ρ̂ = log ρ+log v we obtain that

Rg − 2∆ log ρ̂ = 2g(∇ log ρ̂,∇ log v) +

(
n

n+ 1
+ ε

)
|∇ log ρ̂−∇ log v|2g +Q

= Q+

(
n

n+ 1
+ ε

)
|∇ log ρ̂|2g (4.26)

+ 2

(
1

n+ 1
− ε

)
g(∇ log ρ̂,∇ log v) +

(
n

n+ 1
+ ε

)
|∇ log v|2g

= Q+

(
n− 1

n
+ ε

)
|∇ log ρ̂|2g +

1

n(n+ 1)
|∇ log ρ̂|2g

+ 2

(
1

n+ 1
− ε

)
g(∇ log ρ̂,∇ log v) +

(
n

n+ 1
+ ε

)
|∇ log v|2g.

The last three terms form a quadratic expression in ∇ log ρ̂ and ∇ log v. By the
allowable range for ε, its discriminant is negative(

1

n+ 1
− ε

)2

− 1

n(n+ 1)

(
n

n+ 1
+ ε

)
< 0. (4.27)

The desired inequality (4.25) now follows. □

4.2. Construction of µ-bubble. For each δ ∈ (0, δ0), Lemma 3.3 provides a

connected open set Ωδ and a potential function Φ̂ ∈ C∞(Ωδ) with the following
properties:

E ⊂ Ωδ, Ωδ \ E ⋐Mn, (4.28)

and Φ̂ satisfies (3.36) and (3.37) on Ωδ. By applying Proposition 4.4 on Ωδ,
we obtain a positive function v ∈ C∞(Ωδ) satisfying (4.6), together with the
asymptotic properties (4.17) and (4.18). Define ρ̂ = ρv.

Proposition 4.6 (Existence of µ-bubble). Under the setting and hypotheses of
Theorem 4.2, if

m(E , g) +
(
n−2
n−1

)
β ≤ 0, (4.29)

then there exists a µ-bubble Σn−1 ⊂ Ωδ associated with (ρ̂, Φ̂), which is smooth
outside a closed singular set SΣ residing within a compact subset of Mn, such
that if it is nonempty

dimM SΣ ≤ n− 8. (4.30)

Moreover, (Σn−1, gΣ) satisfies

HΣ = Φ̂− ν(log ρ̂) (4.31)

away from the singular set where ν is the unit outer normal, and it has a single
harmonically asymptotically flat end EΣ, with the property that if n ≥ 4 then the
mass vanishes, m(EΣ, gΣ) = 0.
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Proof. It is enough to verify the barrier conditions along the boundary of the
truncated regions; the rest of the construction is identical to the proof of Propo-
sition 3.4. First, observe that using the expansions of ρ and v shows that

ρ̂−
(
1 + β̂r2−n

)
∈ C2,α

2−n−q′1
(E), β̂ = β + C. (4.32)

Therefore, the assumed nonpositivity of the generalized mass, and the fact that
C < 0 by (4.18), gives the strict inequality

m := m(E , g) + n− 2

n− 1
β̂ = m(E , g) + n− 2

n− 1
β +

n− 2

n− 1
C < 0. (4.33)

We now verify the boundary barriers. Since Φ̂ = 0 in the prescribed asymp-
totically flat end, the (ρ̂, Φ̂)-barrier quantity on a hypersurface with unit normal
ν is

H + ν(log ρ̂)− Φ̂ = H + ν(log ρ̂). (4.34)

In the harmonically asymptotically flat coordinates, the horizontal slices {xn = t}
satisfy, with respect to the normal ν = η ∂xn + o(1), where η = ±1,

H + ν(log ρ̂) = −(n− 1)m ηt r−n +O(r−n−q′1). (4.35)

On the top face Pσ
r = {xn = σ}, the outward normal of Zr,σ is asymptotic to

+∂xn , so ηt = σ > 0. On the bottom face P−σ
r = {xn = −σ}, the outward normal

is asymptotic to −∂xn , and again ηt = σ > 0. Since m < 0, it follows that, after
choosing σ and then r sufficiently large,

H + ν(log ρ̂)− Φ̂ > 0 on P±σ
r ∪ Dr,σ, (4.36)

where the slow 1
r
-decay of the mean curvature is responsible for this inequality

on the side cylinder Dr,σ. □

The relevant stability inequality may be established in the same manner as
Proposition 3.6, and is recorded here. Note that Corollary 4.5 guarantees that
the scalar curvature quantity positivity hypothesis (3.61), needed for the proof
of Proposition 3.6, is satisfied in the current setting.

Proposition 4.7 (Stability inequality). Consider the hypotheses and setting of
Proposition 4.6, and let Σn−1 ⊂ Ωδ be the constructed µ-bubble associated with
(ρ̂, Φ̂). For any c ∈ R let f ∈ C∞(Σn−1 \ SΣ) be a test function such that
f vanishes in a neighborhood of SΣ, and f − c ∈ W 1,2

−n−3
2

(EΣ) when n ≥ 4 or

supp(f − c) is compact in EΣ when n = 3. Then there exists a constant δn,ε <

δ0 depending only on n and ε, and a positive function Q̂ ∈ C∞(Σn−1 \ SΣ) ∩
C0,α

−n+1−q′1
(EΣ), such that for any δ ∈ (0, δn,ε) it holds that∫

Σn−1

(
ρ̂|∇Σf |2gΣ+

1

2
ρ̂

(
RgΣ− 2∆gΣ log ρ̂−

(
n− 1

n
+ ε

)
|∇Σ log ρ̂|2gΣ

)
f 2

)
dVgΣ

≥
∫
Σn−1

ρ̂ Q̂f 2dVgΣ . (4.37)
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Combined with the blow-up procedure for GMT singularities in Section 3.3, the
preceding construction yields a complete harmonically asymptotically Euclidean
manifold with arbitrary ends carrying a weak (n− 1)-data set.

Corollary 4.8. Let (Mn, g, E , ρ, Q, ε) be a weak n-data set with n ≥ 4. If the
generalized mass satisfies

m(E , g) +
(
n−2
n−1

)
β ≤ 0, (4.38)

then there exists a weak (n − 1)-data set (Mn−1, g′, E ′, ρ′, Q′, ε′) with vanishing
mass

m(E ′, g′) = 0. (4.39)

Proof. Let (Σn−1, gΣ, EΣ, ρ̂, Q̂, ε) be as in Proposition 4.7. Note that here ρ̂ is
restricted to Σn−1, and satisfies ρ̂ − 1 ∈ C2,α

3−n−q′1
(EΣ). According to Proposition

4.6 the mass is zero m(EΣ, gΣ) = 0, and for δ ∈ (0, δn,ε) it admits the stability
inequality (4.37). If n < 8 then the singular set is empty SΣ = ∅, and thus this
forms the desired weak (n− 1)-data set.

Consider now the case when n ≥ 8. The GMT singular set may be blown-up
using the construction of Section 3.3. In particular let w ∈ C∞(Σn−1 \ SΣ), with
w = 1 on EΣ, be the function constructed in Lemma 3.9, and set

g′ = w
n+1
n−3 gΣ, ρ′ = w−n+1

2 ρ̂, Q′ =
1

2
w−n+1

n−3 Q̂. (4.40)

By Theorem 3.7, the blown-up manifold (Σn−1 \ SΣ, g
′) is complete and harmon-

ically asymptotically flat with vanishing mass m(EΣ, g′) = 0. Moreover, it satis-
fies the stability inequality (3.69) if ε ∈ (0, ε′n), where we may take ε′n = 1

n(n+1)
.

Note also that Q′ ∈ C0,α
1−n−q′1

(EΣ) and ρ′ − 1 ∈ C2,α
3−n−q′1

(EΣ). Therefore, setting

Mn−1 = Σn−1 \ SΣ, E ′ = EΣ, and ε′ = ε yields the desired weak (n − 1)-data
set. □

4.3. Proof of Theorem 4.2. We will first establish Theorem 4.2 in the 3-
dimensional case. For general n, we will argue by contradiction and use Corollary
4.8 inductively to reduce the problem to dimension three.

Lemma 4.9. Theorem 4.2 holds for n = 3.

Proof. Suppose to the contrary that m(E , g) +
(
n−2
n−1

)
β ≤ 0. As in the proof of

Corollary 4.8, we obtain a weak 2-data set (Σ2, gΣ, EΣ, ρ̂, Q̂, ε). In particular, for
any f ∈ C1

c (Σ
2) the following stability inequality is satisfied∫

Σn−1

(
ρ̂|∇Σf |2gΣ+

1

2
ρ̂

(
RgΣ− 2∆gΣ log ρ̂−

(
2

3
+ ε

)
|∇Σ log ρ̂|2gΣ

)
f 2

)
dVgΣ

≥
∫
Σn−1

ρ̂ Q̂f 2dVgΣ . (4.41)

We now rearrange this inequality so that it is adapted to the logarithmic cut-off
argument. Thus, write f = ρ̂−1/2ψ where ψ ∈ C1

c (Σ
2), integrate by parts, and
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apply Young’s inequality to the mixed term to obtain∫
Σ2

(
4|∇Σψ|2gΣ +KgΣψ

2
)
dVgΣ ≥

∫
Σ2

Q̂ψ2dVgΣ , (4.42)

where KgΣ denotes Gaussian curvature.
Following standard arguments, let x denote Cartesian coordinates on the asymp-

totically flat end EΣ, and for r0 > 1 define the logarithmic cut-off function

ψr(x) =


1 if |x| ≤ r

2− log |x|
log r

if r < |x| ≤ r2

0 if |x| ≥ r2
. (4.43)

Smoothing this function at the radii r and r2 and using the same notation, we
note that since the end has quadratic area growth∫

Σ2

|∇Σψr|2gΣdVgΣ → 0 as r → ∞. (4.44)

Combining this with the positivity of Q̂, and the decay of the metric, it follows
that ∫

Σ2

KgΣdVgΣ > 0. (4.45)

On the other hand, let Dr ⊂ Σ2 be the compact connected domain bounded
by the coordinate circle {|x| = r}. Since the end EΣ is asymptotically flat, the
geodesic curvature of the boundary circle satisfies

κgΣ = r−1 + o(r−1),

∫
∂DR

κgΣds = 2π + o(1). (4.46)

Therefore, since the Euler characteristic admits the bound χ(Dr) ≤ 1, Gauss-
Bonnet implies

lim
r→∞

∫
Dr

KgΣdVgΣ = lim
r→∞

(
2πχ(Dr)−

∫
∂Dr

κgΣds

)
≤ 0, (4.47)

yielding a contradiction. □

Proof of Theorem 4.2 for n > 3. Suppose the contrary that the generalized mass
satisfies

m(E , g) +
(
n−2
n−1

)
β ≤ 0. (4.48)

Corollary 4.8 provides a weak (n − 1)-data set (Mn−1, g′, E ′, ρ′, Q′, ε′) with van-
ishing mass, and strong decay for the weight function

m(E ′, g′) = 0, ρ′ − 1 ∈ C2,α
3−n−q′1

(E ′). (4.49)

In particular, the generalized mass of this new data set is zero. By repeating this
dimensional reduction finitely many times, we arrive at a weak 3-data set with
zero generalized mass, which contradicts Lemma 4.9. □
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4.4. Proof of the inequality in Theorem 1.1. Proceeding by contradiction,
assume that the mass of some asymptotically flat end is negative, m(E , g) < 0.
By Theorem 2.7, we may further assume that (Mn, g) has strictly positive scalar
curvature Rg > 0 on Mn \ S, and that all ends including E are harmonically
asymptotically flat. By blowing-up the singular set as in Proposition 3.2, we
obtain a complete manifold (Mn\S, g′) such that g′ agrees with g on E . Moreover,
for each ε ∈ (0, εn), there exists a positive function ρ ∈ C∞(Mn \ S) such that
ρ = 1 on E and

Rg′ − 2∆g′ log ρ−
(
n− 1

n
+ ε

)
|∇ log ρ|2g′ > 0 on Mn \ S. (4.50)

Now apply Propositions 3.4 and 3.6 to obtain a µ-bubble Σn−1 ⊂ Mn \ S asso-
ciated with (ρ,Φ), that satisfies the stability inequality (3.62); here the barrier
potential Φ is constructed in Lemma 3.3. Furthermore, (Σn−1, gΣ) has a single
asymptotically flat end EΣ of zero mass, m(EΣ, gΣ) = 0. If n = 3, we immediately
obtain a contradiction between the stability inequality and the Gauss-Bonnet
theorem, as in the proof of Lemma 4.9. If n > 3, then by blowing-up any poten-
tial GMT singularities of the µ-bubble, Theorem 3.7 gives rise to an (n− 1)-data
set (Σn−1 \ SΣ, g

′
Σ, EΣ, ρ′, Q′, ε) with

m(EΣ, g′Σ) = 0, ρ′ = 1 on EΣ. (4.51)

In particular, the generalized mass of this data set vanishes, which yields a con-
tradiction with Theorem 4.2. □

5. Rigidity Statement of the Singular PMT

The purpose of this section is to prove the rigidity statement in the equality case
of Theorem 1.1. In the smooth setting, the vanishing of the ADM mass is usually
treated by combining Ricci-flatness with harmonic coordinates and then applying
the classical splitting or Bartnik-type rigidity argument. In the present singular
setting, however, the lack of uniform Hessian control for harmonic functions near
the singular set prevents a direct application of these methods. We overcome
this difficulty by first proving Ricci-flatness on the regular set Mn \ S, then
constructing global harmonic coordinates with Hölder control near S, and finally
deriving a weighted Hessian estimate using cut-offs adapted to the Minkowski
dimension bound on S.

Throughout this section, it will be assumed for convenience that Mn has a
single end. The case of additional ends may be treated with minor modifications.

5.1. Ricci-flatness and harmonic coordinates.

Lemma 5.1. Let (Mn, g, E) be a complete asymptotically flat L∞-manifold. Sup-
pose that the singular set S is compact and satisfies the Minkowski dimension
upper bound, dimMS < n− 3 + 2

n
. If the scalar curvature of g is nonnegative on

Mn \ S, and the mass vanishes m(E , g) = 0, then the Ricci curvature vanishes
on Mn \ S.
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Proof. We first establish a weak version of Lemma 5.1 for scalar curvature. As-
sume by way of contradiction that there is a point p ∈ Mn \ S with Rg(p) > 0.
Then there is a small geodesic ball B2r(p) ⋐ Mn \ S on which the scalar curva-
ture is strictly positive. Choose a cut-off function φ ∈ C∞

c (B2r(p)) with φ = 1
on Br(p), and 0 ≤ φ ≤ 1. Consider the following equation with prescribed
asymptotics on the end E :

∆gu−
n− 2

4(n− 1)
φRgu = 0 on Mn, u→ 1 as r → ∞. (5.1)

Theorem 2.11 provides a positive solution u ∈ C∞(Mn \ S) ∩ W 1,2(Mn, g) ∩
L∞(Mn) such that

u−
(
1 +

C
rn−2

)
∈ C2,α

2−n−q′(E) C = − 1

4(n− 1)ωn−1

∫
Mn

φRgu dVg < 0. (5.2)

Moreover, u is uniformly bounded below by a positive constant. Then the con-

formal change ĝ = u
4

n−2 g, yields a complete asymptotically flat L∞-manifold
(Mn, ĝ, E) satisfying

Rĝ = u−
4

n−2 (1− φ)Rg ≥ 0 on Mn \ S, m(E , ĝ) = m(E , g) + 2C < 0, (5.3)

giving a contradiction to the inequality statement of Theorem 1.1. Note that
here we use the codimension thrshold of 3 − 2

n
, in order to apply the positive

mass inequality. We conclude that the scalar curvature vanishes, Rg = 0, away
from the singular set.

We next show that Ricg = 0 onMn\S, following the classic strategy of Schoen–
Yau [46]. Suppose, to the contrary, that Ricg(p) ̸= 0 for some p ∈Mn\S. Choose
a geodesic ball B2r(p) ⋐Mn\S, and a cut-off function φ ∈ C∞

c (B2r(p)) as above.
For t > 0 sufficiently small, define

gt := g − tφ Ricg . (5.4)

Then gt = g outside B2r(p). In particular, gt has the same asymptotics and the
same ADM mass as g:

m(E , gt) = m(E , g) = 0. (5.5)

Recall the linearization of the scalar curvature

d

dt

∣∣∣∣
t=0

Rgt = −DRg(φRicg), (5.6)

where
DRg(h) = −∆g(trg h) + divg divg h− ⟨Ricg, h⟩g. (5.7)

Using that Rg = 0 and integrating by parts produces∫
Mn

Rgt dVgt = t

∫
Mn

φ|Ricg |2 dVg +O(t2) > 0 (5.8)

for all sufficiently small t > 0.
Now solve

∆gtut −
n− 2

4(n− 1)
Rgtut = 0 on Mn, ut → 1 as r → ∞. (5.9)
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Note that for t > 0 sufficiently small, the negative part of Rgt is small, and thus
Theorem 2.11 applies to give a positive solution ut ∈ C∞(Mn\S)∩W 1,2(Mn, gt)∩
L∞(Mn) such that

ut −
(
1 +

Ct
rn−2

)
∈ C2,α

2−n−q′(E) C = − 1

4(n− 1)ωn−1

∫
Mn

Rgtut dVgt . (5.10)

Since ut → 1 as t → 0, the positivity of the total scalar curvature (5.8) implies
that Ct < 0 for all sufficiently small t > 0.

Next, define ĝt := u
4

n−2

t gt and observe that these metrics are scalar flat Rĝt = 0,
on Mn \ S. Furthermore, (Mn, ĝt, E) is again a complete asymptotically flat L∞-
manifold with mass

m(E , ĝt) = m(E , gt) + 2Ct = 2Ct < 0. (5.11)

This contradicts the inequality statement of Theorem 1.1. Hence, Ricg = 0 away
from the singular set. □

On the asymptotically flat end E , there are Cartesian coordinates x=(x1, . . . , xn)
such that

gij(x)− δij = O2(r
−q), ∆gx

i = O1(r
−1−q), i, j = 1, . . . , n, (5.12)

where q > n−2
2
. Thus each coordinate function xi is asymptotically harmonic, and

the error may be solved away to produce global harmonic functions yi, referred to
as harmonic coordinates, which play an important role in the rigidity argument.

Lemma 5.2. Let (Mn, g, E) be a complete asymptotically flat L∞-manifold. Sup-
pose that the singular set S is compact and satisfies the Minkowski dimension
upper bound, dimM S < n − 2. If the order of decay of this end satisfies q ∈
(n−2

2
, n− 2), then there exist functions yi ∈ C∞(Mn \ S) such that

∆gy
i = 0 on Mn, yi − xi ∈ C2,α

1−q(E), i = 1, . . . , n, (5.13)

for α ∈ (0, 1). Moreover, yi ∈ C0,γ
loc (M

n) for some γ ∈ (0, 1), and there exists a
constant C > 0 such that

|∇yi(p)|g ≤ Cmax{dg0(p,S)γ−1, 1}, p ∈Mn \ S. (5.14)

Proof. Choose a smooth cut-off function ζ which is equal to 1 on the asymptotic
end outside a compact set and which vanishes on a neighborhood of the singular
set. Set x̃i := ζxi. Then x̃i = xi near infinity and, by the asymptotic flatness of
the end,

∆gx̃
i = O1(r

−q−1) on E . (5.15)

We solve
∆gw

i = −∆gx̃
i on Mn, (5.16)

with wi = o(r) on the asymptotic end. Since dimM S < n − 2, the set S has
zero W 1,2-capacity; hence no boundary condition is imposed along S, and the
weak equation across S is equivalent to the equation on Mn \ S. The weighted
elliptic theory on asymptotically flat manifolds [32, Theorem A.40], implies that
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wi ∈ C2,α
1−q(E). Define yi := x̃i + wi, then this function is weakly harmonic on

Mn, is smooth on Mn \ C, and satisfies yi − xi = wi ∈ C2,α
1−q(E).

It remains to show the Hölder regularity of yi and the gradient estimate near S.
Since (Mn, g) is an L∞-manifold, the operator ∆g may be written as a divergence-
form elliptic operator with L∞ coefficients that are uniformly elliptic. Standard
De Giorgi–Nash–Moser theory [25, Theorem 8.9] applies, even across the singular
set, to yield γ ∈ (0, 1) such that yi ∈ C0,γ(Mn).
We now prove the desired gradient estimate. Because the metric g is smooth

outside S, standard gradient estimates for harmonic functions give a uniform
bound for |∇yi|g outside of Nr0(S), the closed r0-neighborhood of S with respect
to the background metric g0, where r0 > 0 is fixed. Take p ∈ Nr0(S) \ S, and set
rp := dg0(p,S) > 0. Then Brp/2(p) ⊂Mn \ S. Since the Ricci curvature vanishes
in this ball, we can apply the Cheng–Yau gradient estimate [48, Corollary 3.2,
Chapter I] to obtain

|∇yi(p)|g ≤ sup
Brp/4

|∇(yi − inf
Brp/2(p)

yi)|g ≤ cr−1
p sup

Brp/2(p)

|yi − inf
Brp/2(p)

yi|. (5.17)

Furthermore, by the Hölder estimate above

sup
p′,p′′∈Brp/2(p)

|yi(p′)− yi(p′′)| ≤ c0dg0(p
′, p′′)γ ≤ c1r

γ
p . (5.18)

Combining (5.17) and (5.18) yields the desired result. We note that the final
constant obtained is uniform, since Nr0(S) is compact. □

Define functions gij = g(∂yi , ∂yj) and gij = g(dyi, dyj), then by Bochner’s
formula
1

2
∆gg

ii =
1

2
∆g|∇yi|2g = |∇2yi|2g +Ricg(∇yi,∇yi) = |∇2yi|2g ∈ C0,α

−2−2q(E), (5.19)

where q ∈ (n−2
2
, n−2). Therefore, the basic asymptotic analysis of [32, Corollary

A.38] shows that

gij −
(
δij −

cij
rn−2

)
∈ C2,α

2−n−q0
(E) (5.20)

for some set of constants cij = cji, where q0 > 0. By performing a rotation
of y-coordinates if necessary, it may be assumed without loss of generality that
cij = ciδij for i, j = 1, . . . , n. The metric satisfies the following asymptotics

gij =
(
1 +

ci
rn−2

)
δij +O2(r

2−n−q0). (5.21)

Corollary 5.3. Under the hypotheses and setting of Lemma 5.2, it holds that

m(E , g) = (n− 2)

2n

n∑
i=1

ci. (5.22)

Proof. In the harmonic coordinates (y1, . . . , yn), we have the following expansions
n∑

i=1

∂igij = (2− n)cjr
1−nνj +O(r1−n−q0), (5.23)
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and
n∑

i=1

∂jgii = (2− n)

(
n∑

i=1

ci

)
r1−nνj +O(r1−n−q0), (5.24)

where νj = yj

|y| . Therefore, the ADM mass flux density satisfies

n∑
i,j=1

(
∂igij − ∂jgii

)
νj = (n− 2)

(
n∑

i=1

ci −
n∑

i=1

ci(ν
i)2

)
r1−n +O(r1−n−q0). (5.25)

Integrating over the coordinate sphere Sr and using∫
Sr

(νi)2 dAδ =
1

n
ωn−1r

n−1, (5.26)

we obtain∫
Sr

n∑
i,j=1

(
∂igij − ∂jgii

)
νj dAδ =

(n− 2)(n− 1)

n
ωn−1

n∑
i=1

ci + o(1), (5.27)

from which the desired result follows. □

5.2. Proof of rigidity in Theorem 1.1. Let (Mn, g, E) be a complete asymp-
totically flat L∞-manifold with a single end E . Assume that the singular set
S is compact and satisfies the Minkowski dimension upper bound, dimM S ≤
n− 3 + (n− 1)−1, and that

Rg ≥ 0 on Mn \ S, m(E , g) = 0. (5.28)

Note that since (n − 1)−1 < 2n−1, the hypotheses for the inequality portion of
Theorem 1.1 are satisfied. According to Lemma 5.1, we have Ricg = 0 onMn \S.
From Lemma 5.2, there are global harmonic functions {yi}ni=1 on Mn, and on E
these functions form a coordinate system such that

gij −
(
1 +

ci
rn−2

)
δij ∈ C2,α

2−n−q0
(E). (5.29)

The presence of the singular set S prevents us from obtaining the standard
Hessian estimates for the harmonic coordinates yi near S. Consequently, the
classical rigidity argument does not apply directly in the present setting. We
overcome this difficulty by deriving new estimates which control the relevant
gradient and Hessian terms. To this end, we introduce the following quantities

ui = (|∇yi|2g + 1)b, b =
1

2
− 1

2(n− 1)
+

nϵ

2(n− 1)
, (5.30)



RIEMANNIAN PMT WITH LOW-CODIMENSION SINGULARITIES 43

where ϵ > 0 is an arbitrarily small parameter. A direct computation yields that
on Mn \ S,

∆gu
i =b(|∇yi|2g + 1)b−1∆g|∇yi|2 + 4b(b− 1)(|∇yi|2g + 1)b−2|∇yi|2g|∇|∇yi|g|2g
≥2b(|∇yi|2g + 1)b−1

(
|∇2yi|2g + 2(b− 1)|∇|∇yi|g|2g

)
≥2b(|∇yi|2g + 1)b−1

(
1 + 2(b− 1)

n− 1

n

)
|∇2yi|2g (5.31)

=2bϵ(|∇yi|2g + 1)b−1|∇2yi|2g
where we have used the Bochner’s formula and the refined Kato inequality

|∇2yi|2g ≥
n

n− 1
|∇|∇yi|g|2g. (5.32)

Choose the same cut-off function χr ∈ C∞
c (Mn) used in the proof of Proposition

2.8, which satisfies 0 ≤ χr ≤ 1 and additionally

χr = 1 on Nr(S), suppχr ⊂ N2r(S)
∫
Mn

|∇χr|2g ≤ Cδr
1−δ, (5.33)

where δ ∈ ( 1
n−1

, 1). Set r ≤ r0/4 and ηr = 1 − χr, where r0 is as in the proof of
Lemma 5.2. According to Lemma 5.2 we have

|∇yi| ≤ Crγ−1 on N2r(S) \Nr(S). (5.34)

Multiplying both sides of (5.31) by η2r , integrating by parts, and applying Young’s
inequality produces∫

Mn

2ϵbη2r(|∇yi|2g + 1)b−1|∇2yi|2gdVg

= lim
R→∞

∫
SR

ν(ui)dAg − 2

∫
N2r(S)\Nr(S)

ηrg(∇ηr,∇ui)dVg (5.35)

≤ (n− 2)ciωn−1 + 4b

∫
N2r(S)\Nr(S)

ηr|∇ηr|g(|∇yi|2g + 1)b−1|∇yi|g|∇|∇yi|g|gdVg

≤ (n− 2)ciωn−1 + ϵb

∫
Mn

η2r(|∇yi|2g + 1)b−1|∇2yi|2gdVg

+
4b

ϵ

∫
N2r(S)\Nr(S)

|∇ηr|2g(|∇yi|2g + 1)bdVg,

where ν is the unit outer normal to the coordinate sphere SR, and we have used
(5.20) in the third line. Next employ (5.33) and (5.34) to obtain

ϵb

∫
Mn

η2r(|∇yi|2g + 1)b−1|∇2yi|2gdVg ≤ (n− 2)ciωn−1 + Cϵr
2b(γ−1)

∫
Mn

|∇χr|2gdVg

≤ (n− 2)ciωn−1 + CϵCδr
2b(γ−1)+1−δ. (5.36)

Now choose ϵ sufficiently small, and δ sufficiently close to 1
n−1

to achieve

2b(γ − 1) + 1− δ > 0. (5.37)
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By sending r → 0 it follows that

ϵb

n∑
i=1

∫
Mn

(|∇yi|2g + 1)b−1|∇2yi|2gdVg ≤ (n− 2)ωn−1

n∑
i=1

ci = 0, (5.38)

where we have used Corollary 5.3 and m(E , g) = 0. Thus,

|∇2yi|g = 0 on Mn \ S, i = 1, . . . , n. (5.39)

We now complete the rigidity argument. Since

dimM S ≤ n− 3 +
1

n− 1
< n− 1, (5.40)

we have dimH S < n − 1. By Szpilrajn’s theorem [28, Chapter VII, Section
4], the topological dimension (an integer) of a metric space is bounded above
by its Hausdorff dimension, so that dimtop S ≤ n − 2. According to the classi-
cal dimension-theoretic separation theorem, a closed subset of an n-manifold of
topological dimension at most n−2 does not separate the manifold; see [21, The-
orem 1.8.13]. Hence Mn \S is connected. Moreover, in light of (5.39), the vector
fields ∇yi are parallel on Mn \S. It follows that the functions gij := g(∇yi,∇yj)
are constant on Mn \ S; note that connectedness is used here. Since gij → δij on
the asymptotically flat end, we obtain

g(∇yi,∇yj) = δij on Mn \ S. (5.41)

Hence, the map

Ψ = (y1, . . . , yn) :Mn → Rn, (5.42)

yields

g =
n∑

i=1

dyi ⊗ dyi = Ψ∗δ on Mn \ S. (5.43)

In particular, Ψ|Mn\S is a smooth local isometry onto its image.
We now show that Ψ is surjective. Since Ψ(x) = x+o(r) on the unique asymp-

totically flat end, Ψ is proper. Moreover, on each sufficiently large coordinate
sphere SR ⊂ E , the map

x 7→ Ψ(x)

|Ψ(x)|
(5.44)

is homotopic to the standard radial map x 7→ x/|x|. Hence the induced boundary
map has mod 2 degree one. By the relative degree formula, the proper continuous
map Ψ : Mn → Rn has mod 2 topological degree one. This does not require
orientability of M or C1-regularity of Ψ along S. Thus Ψ is onto.
We next prove that Ψ is injective. Set

A := Rn \Ψ(S), U := Ψ−1(A), (5.45)

and note that U ⊂ Mn \ S. Thus, the restricted map Ψ : U → A is a smooth
local isometry. We first observe that A is connected. Indeed, after the vanishing
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of the Hessians, the functions yi have uniformly bounded gradients with respect
to a fixed smooth background metric. Hence Ψ is Lipschitz on Mn. Therefore

dimH Ψ(S) ≤ dimH S < n− 1. (5.46)

By the dimension-theoretic separation theorem, Ψ(S) does not disconnect Rn.
Thus A = Rn \Ψ(S) is connected.

We claim that the restricted map is a global isometry. To see this, recall that
Ψ : U → A is a proper local homeomorphism. Moreover, since Ψ is surjective, this
restriction map is onto. Therefore it is a covering map. On the asymptotically
flat end, the functions yi agree with the asymptotic coordinates up to lower-order
terms. Hence, after passing sufficiently far out in the end, Ψ is one-to-one and its
image contains the complement of a large compact set in Rn. Thus the covering
has one sheet near infinity. Since A is connected, the number of sheets of the
covering is constant. Consequently, Ψ : U → A is a one-sheeted covering, and
yields a global isometry.

It remains to rule out the possibility that two distinct points of Mn map to a
single point of Ψ(S). Let

B :=Mn \ U = Ψ−1(Ψ(S)). (5.47)

Note that B is closed since Ψ(S) is compact, as it is the image of the compact set
S and Ψ is continuous. Moreover, dimHB < n− 1. Indeed, B ∩S ⊂ S, while on
Mn\S the map Ψ is a local diffeomorphism; hence, locally on the regular set, the
preimage of Ψ(S) has the same Hausdorff dimension as Ψ(S), which is strictly
less than n− 1. Since g is uniformly equivalent to a smooth background metric,
removing a closed set of Hausdorff dimension strictly less than n − 1 does not
change the metric completion. Thus the metric completion of (U , g) is (Mn, dg).
Similarly, the metric completion of (A, δ) is (Rn, dδ). The isometry Ψ : U → A
therefore extends uniquely to an isometry between the metric completions,

Ψ : (Mn, dg) → (Rn, dδ). (5.48)

This extension agrees with the original continuous map Ψ. This, of course, im-
plies global injectivity, since if p, q ∈ Mn satisfy Ψ(p) = Ψ(q), then dg(p, q) =
dδ(Ψ(p),Ψ(q)) = 0.

We now have that Ψ : Mn → Rn is a continuous bijection; in fact, as noted
above Ψ is Lipschitz with respect to the background metric g0, and the same is
true of its inverse. Moreover, the extended map (5.48) is an isometry, so its inverse
is also an isometry and is therefore continuous. Hence Ψ is a homeomorphism,
and

Ψ|Mn\S :Mn \ S −→ Rn \Ψ(S) (5.49)

is a smooth isometry.
The case of multiple ends may be treated with minor modifications. We briefly

indicate the steps here. If E0 is the zero-mass end, then the harmonic functions
yi may be chosen so that

yi − xi → 0 on E0, yi → 0 on every other end. (5.50)
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Once it is established that |∇2yi|g = 0 on Mn \ S, the quantities g(∇yi,∇yj) are
constant on the connected set Mn \ S. Their limits are δij on E0, but would be
0 on any other end, yielding a contradiction to the presence of additional ends.
Thus the multiple-end case reduces to the single-end case considered above. □

Example 5.1 (Failure of smooth removability under the L∞ hypothesis). The
metric-space rigidity conclusion cannot in general be strengthened to smooth
removability of the singular set under only an L∞ assumption on the metric. To
show this we provide an example.

Let Mn = Rn and S = {0}. Choose a smooth diffeomorphism

ϕ : Sn−1 → Sn−1, (5.51)

which is isotopic to the identity but is not the restriction of a linear orthogonal
transformation. Let ϕs, s ∈ [0, 1], be a smooth isotopy from the identity to ϕ.
Choose a smooth nonnegative cut-off function χ : [0,∞) → [0, 1] such that χ = 1
for r ≤ 1 and χ = 0 for r ≥ 2. Define a map

Ψ : Rn → Rn (5.52)

by Ψ(0) = 0 and, for x = (r, θ), r > 0, θ ∈ Sn−1,

Ψ(r, θ) = r ϕχ(r)(θ). (5.53)

Then Ψ is a bi-Lipschitz homeomorphism of Rn, is a smooth diffeomorphism on
Rn \ {0}, and agrees with the identity map outside a compact set. However, Ψ
is not C1 at the origin: if DΨ(0) existed, then

lim
r→0

Ψ(r, θ)

r
= ϕ(θ) (5.54)

would have to be the restriction to Sn−1 of a linear map, contrary to the choice
of ϕ.

Now define

g := Ψ∗δ on Rn \ {0}. (5.55)

Then g is smooth and flat on Mn \ S, is uniformly equivalent to the Euclidean
metric, and hence defines an L∞-metric on Mn. Moreover, since Ψ = Id outside
a compact set, the metric g is asymptotically flat with zero ADM mass, and

Rg = 0 on Mn \ S. (5.56)

The singular set satisfies dimM S = 0. Furthermore,

Ψ : (Rn \ {0}, g) −→ (Rn \ {0}, δ) (5.57)

is a smooth isometry, and Ψ extends to a homeomorphism of the metric comple-
tions.

Nevertheless, g does not extend smoothly across the origin in the original
smooth structure. Indeed, near the origin

g = dr2 + r2ϕ∗gSn−1 . (5.58)
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If g extended smoothly, as a Riemannian metric at the origin in the given smooth
structure, the limiting inner product at the origin would determine the standard
round metric on infinitesimal spheres. This would force

ϕ∗gSn−1 = gSn−1 , (5.59)

so that ϕ is an isometry of the round sphere, contradicting the choice of ϕ. Thus
the singularity is removable in the metric-space sense, but not necessarily in the
smooth sense.
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