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ABSTRACT. We establish the Penrose conjecture with a suboptimal constant in the setting of 3-
dimensional initial data sets for the Einstein equations satisfying the dominant energy condition,
which are either asymptotically flat or asymptotically hyperboloidal. More precisely, it is shown
that the total mass is bounded from below by a universal constant multiplied by the square root of
the minimal area required to enclose an outermost apparent horizon. Here, the outermost apparent
horizon may contain both marginally outer trapped (MOTS) and marginally inner trapped (MITS)
components. This result constrains possible counterexamples to the weak cosmic censorship conjec-
ture. The proof is based on the harmonic level set approach to the positive mass theorem, combined
with the Jang equation and techniques arising from the stability argument of Dong-Song [25]. As a
corollary, we obtain a version of the Riemannian Penrose inequality for 3-dimensional asymptotically
hyperbolic manifolds, and also derive an estimate for the number of stellar black holes in isolated
gravitating systems.

1. INTRODUCTION

Motivated by the weak cosmic censorship conjecture [54], Penrose proposed an inequality [55]
relating the ADM mass (or energy) m of a 4-dimensional asymptotically flat spacetime to the cross-
sectional area A, of the event horizons it contains, which takes the form

| Ae
(1.1) m > 16n"

According to the arguments of Penrose, any violation of this inequality would imply a counterexample
to the weak cosmic censorship conjecture, thereby undermining the foundations of general relativity
as a deterministic physical theory.

The Penrose conjecture is typically reformulated in the setting of initial data sets. Consider
a triple (M, g, k) consisting of a 3-dimensional connected and orientable manifold M, a complete
Riemannian metric g, along with a symmetric 2-tensor k representing the second fundamental form
of an embedding into spacetime. These quantities are assumed to be smooth and satisfy the constraint
equations

(1.2) 167 = Ry + (Trgk)® — |k|2, 8 J = div, (k — (Tryk)g),

where R, denotes scalar curvature, and p, J are the energy-momentum density of matter fields. We
will say that the dominant energy condition holds if ;1 > |.J|,. Furthermore, the data will be called
asymptotically flat if there exists a compact set IC such that M \ K = Ug‘):lM ¢ where the ends

end’

M fnd are pairwise disjoint and each is diffeomorphic to the complement of a Euclidean ball R3\ Bj.

Moreover, if ¢ denotes the diffeomorphism from Euclidean space of coordinates x to an end then
@*g =10+ Oa(|z[7), ¢k = On(jz[7771),

1.3
(13) Q] = O(|lz|72172), ©*Trgk = O(|z| 2471,
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for some g > 1 where Oy(|2|79) represents a tensor in the weighted space CL q(R3). The additional
decay on the trace of k is usually not included in the definition of asymptotically flatness, but is
recorded here for usage with the Jang equation. Under these asymptotics the ADM energy and linear
momentum of each end are well-defined [9,17] and given by

1 .
(1.4) = lim / Z Giji — Giij )V dA,  Pi= lim /S (kij — (Trgk)gi;)v’ dA,

r—oo 167 r—o0 T

where S, are coordinate spheres with unit outer normal v and area element dA. The ADM mass is
then the Lorentz length of the energy-momentum vector, m = /E? — | P|2.

The role of the event horizon is replaced by that of an apparent horizon, which may be computed
directly from the initial data. Let > be a closed 2-sided hypersurface in M with null expansions
0+ = H £ Tryk, where H is the mean curvature of 3 computed as the tangential divergence of
the unit normal v pointing towards a designated end M,,q. The null expansions are themselves
(spacetime) mean curvatures, namely in the null directions v + n where n is the future pointing
timelike normal to the slice (M, g, k). These quantities may be interpreted physically as determining
the rate of change of area for a shell of light emanating from the surface in the outward future/past
direction, and they can be used to measure the strength of the gravitational field. In particular,
the gravitational field is strong near the surface X if it is outer or inner trapped, that is 6. < 0
or §_ < 0. Moreover, 3 is called a marginally outer or inner trapped surface (MOTS or MITS)
if 4 = 0 or 0 = 0. These types of surfaces are also referred to as future or past apparent
horizons, and naturally arise as boundaries of future or past trapped regions [8]. Furthermore, a
collection ¥ of disjoint MOTS and MITS components will be called an outermost apparent horizon
with respect to Mg, if X is not enclosed from the perspective of M.,q by any other disjoint collection
of apparent horizon components. The existence of an outermost apparent horizon for each end may
be obtained from [8], by first finding the outermost MOTS and outermost MITS separately, and then
removing components until all are disjoint. Although the outermost MOTS and outermost MITS
are individually unique, the second step in which components are removed entails a choice, and thus
the resulting outermost apparent horizon may not be unique.

The conjectured Penrose inequality for initial data sets may then be recast as

A
167

whenever the dominant energy condition holds, where A is the minimum area required to enclose
an outermost apparent horizon [48]. Equality should be achieved only for slices of the Schwarzschild
spacetime. In the (Riemannian) time symmetric case when k& = 0, this inequality has been confirmed
by Huisken-Ilmanen [38] and Agostiniani-Mantegazza-Mazzieri-Oronzio [2] for a single component
black hole via inverse mean curvature flow and p-harmonic functions respectively. The multiple black
hole scenario was treated by Bray [10] using a conformal flow, and this approach has been generalized
by Bray-Lee [14] for dimensions up to 7. Moreover, the Penrose-like inequality of McCormick-Miao
[50] applies for outerminimizing boundaries that are not necessarily minimal hypersurfaces. Within
the context of the spacetime setting, there are few results outside of strong symmetry assumptions.
In fact, for this regime the conjectured inequality has only been verified in the spherically symmetric
case [34,47] with the rigidity statement also obtained in [12, 15], [44, Theorem 7.46], and in the
general cohomogeneity one setting by Khuri-Kunduri [43]; these results hold in higher dimensions as
well. Furthermore, Penrose-like inequalities have been found in the spacetime setting by the fourth
author [40,41] and Yu [63], inspired by the Riemannian result of Herzlich [35]. These latter results

(1.5) m >
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replace A with the area of an outermost apparent horizon, and involve a suboptimal constant which
depends in a crucial way on the initial data. In the present work we will show that there is a universal
(suboptimal) constant for which the inequality (1.5) holds.

Theorem 1.1. Let (M, g, k) be a complete asymptotically flat initial data set satisfying the dominant
enerqy condition. There exists a universal constant C < 10'® such that

(1.6) m > \/?

where m is the ADM mass of an end and A is the minimal area required to enclose an outermost
apparent horizon associated with the end.

Remark 1.2. We point out that the statement of this theorem applies to at least one outermost
apparent horizon for any given end. It is likely that the methods of this paper can be suitably
modified so that the statement holds for any outermost apparent horizon, although this will not be
pursued here.

The heuristic physical arguments of Penrose that motivate (1.5) also apply to a certain class of
asymptotically hyperbolic initial data modelled on slices of asymptotically flat spacetimes which
asymptote to a light cone, and thus have a nontrivial intersection with null infinity. Let (H?,b)
denote the hyperboloidal model of 3-dimensional hyperbolic space arising from the hyperboloid
t = /1 + |x|2 in Minkowski space. Thus, H? is identified with [0, 00) x $? and b = (1+72)"tdr?+r?0,
where ¢ is the unit round metric on the 2-sphere. We will say that an initial data set is asymptotically
hyperboloidal if there exists a compact set K such that M \ K = Ugﬂle fnd, where the ends M fnd are

pairwise disjoint and each is diffeomorphic to the complement of a hyperbolic ball H?\ By. Moreover,
if ¢ denotes the diffeomorphism from the hyperboloidal model to an asymptotic end then

(L7)  @g=b+ =405, @h=b+Z+0i07),  @ue’T =07 m),

for some gg > 0 where m and p are symmetric 2-tensors on S2 and O;(r~9) represents a tensor
in the weighted space C'l_q(]HIS). This decay is often referred to as Wang asymptotics due to the
initial study [62] of mass in the asymptotically hyperbolic setting. The assumption on the number
of derivatives and the asymptotics themselves, are stronger requirements than what is traditionally
needed for positive mass results. This is due to our reliance on the Jang equation, and in particular
the analysis of this equation by Sakovich [58] in this regime. The total energy is the well-defined
[19,51] and given by
1

167

It was shown by Neves [53] that the naive approach of a modified Hawking mass monotonicity
along inverse mean curvature flow is not sufficient to establish hyperbolic Penrose inequalities. Even
in the umbilic case when k = g and the dominant energy condition reduces to the scalar curvature
lower bound R, > —6, little is known about this inequality outside the spherically symmetric [37],
cohomogeneity one [43], and graphical [22] settings. There is a different version of the hyperbolic
Penrose inequality [11, Section 4.1], which is modelled on asymptotically AdS spaces. Although
not motivated by the Penrose heuristic arguments, it has been proven when k = 0 for small per-
turbations of the Schwarzschild-AdS manifold by Ambrozio [4] (see also [42]), and for graphs by
Dahl-Gicquaud-Sakovich [20] and de Lima-Girao [23]. Related results include a Penrose-like inequal-
ity for asymptotically locally hyperbolic (ALH) manifolds by Alaece-Hung-Khuri [3], graphical ALH

(1.8) iy = / Tr, (m + 2p)dA,.
SQ
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Penrose inequalities by Ge-Wang-Wu-Xia [31] and de Lima-Girao [23], nonpositive mass ALH in-
equalities of Penrose-type by Lee-Neves [46], and a null Penrose inequality by Roesch [57]. Here
we will show that there is a universal (suboptimal) constant for which the spacetime asymptotically
hyperboloidal Penrose inequality holds.

Theorem 1.3. Let (M, g,k) be a complete asymptotically hyperboloidal initial data set satisfying the
dominant energy condition. There exists a universal constant C < 10'® such that

A
(1.9) Ehyp > \/;,

where Eyyy, is the total energy of an end and A is the minimal area required to enclose an outermost
apparent horizon associated with the end.

We point out that, unlike the asymptotically flat case, this theorem is novel even in the Riemannian
(umbilic) regime. In this situation the outermost minimal surface is replaced by an outerminimizing
surface of mean curvature H = 2, and the associated Penrose inequality was conjectured in [62].

Corollary 1.4. Let (M, g) be a complete Riemannian 3-manifold which is asymptotically hyperbolic
in the sense of (1.7). Assume further that the scalar curvature satisfies Ry > —6, and let A denote
the area of the outermost surface of mean curvature H = 2 with respect to a designated end. There
exists a universal constant C < 10'® such that

A
(1.10) Egp > ‘/E’

where By, is the total energy of the designated end.

An outline of the main arguments, and the organization of this manuscript are as follows. In
Section 2, as preparation for the use of level set techniques, we construct a so called generalized
exterior region which simplifies the topology while not decreasing the minimal area required to
enclose an outermost apparent horizon and preserving the mass/energy of a designated end. The
Jang equation is then solved over the generalized exterior region with blow-up at an outermost
apparent horizon. In Section 3 it is shown that the total energy of the designated end within the
Jang graph bounds the second derivatives of a harmonic map U from the Jang graph to R3. Next,
following Dong-Song [25] we consider the set € » on which U is pointwise-close to a local isometry,
and prove in Section 4 that the area of 0} » is universally bounded above by a multiple of the total
energy squared. The desired Penrose inequalities are then established in Section 5, by exploiting
the cylindrical geometry of the nondesignated ends within the Jang graph to show that a projection
of 9, encloses the outermost apparent horizon, so that its area is an upper bound for A. We
conclude with Remark 5.1, which applies Theorem 1.1 to provide an upper bound for the number of
stellar black holes in an isolated gravitating system.

Acknowledgements. The authors would like to thank Hubert Bray for his interest in these results,
Conghan Dong for insightful discussions concerning the work [24], and Pei-Ken Hung for suggestions
concerning the asymptotically hyperboloidal case.

2. THE GENERALIZED EXTERIOR REGION

In this section we show how to reduce the topology of initial data sets, so that harmonic level
set techniques will be applicable. In particular, this construction reduces the Penrose inequality for
general initial data sets to the Penrose inequality for initial data having vanishing first Betti number.
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This is achieved by passing to a generalized exterior region associated with a given end, as described
in the following result. Such a construction was first described in [36] for the asymptotically flat case.
Here we extend it to the asymptotically hyperboloidal setting as well, and refine certain properties
to show that the minimal area required to enclose the relevant apparent horizons does not decrease
in the process.

Lemma 2.1. Let (M, g, k) be an initial data set which is either asymptotically flat or asymptotically
hyperboloidal, and satisfies the dominant energy condition. Then for each end M., there exists
an associated outermost apparent horizon ¥ C M, and a new initial data set (Mext, Jext, Kext) With
boundary satisfying the following properties.

(1) The second relative homology is trivial, Ho(Mext, 0Mext; Z) = 0.

(2) Mext has a single end which is isometric as initial data to (Mepg, g, k).

(8) The boundary OMeyxt, is an outermost apparent horizon.

(4) The minimal area required to enclose OMeyy is not less than the minimal area required to
enclose X..

Remark 2.2. Loosely speaking, Myt is meant to represent the region outside of the outermost
apparent horizon Y. However, since the generalized exterior region is obtained by passing to covering
spaces, components of Mgy may project to apparent horizons in M which are merely immersed.

Proof. As mentioned above, the existence of a generalized exterior region satisfying (1), (2), and (3)
was proven in [36, Proposition 2.1] for the asymptotically flat case. Here we will describe how to
appropriately modify the construction in order to achieve (4), and to establish that the procedure
can be performed in the asymptotically hyperboloidal context as well.

Assume first that the initial data are asymptotically flat. The first four paragraphs in the proof
of [36, Proposition 2.1] yield an embedded 3-dimensional submanifold with boundary (M’, g, k) of
the original data set, which is asymptotically flat and has the following additional properties. Each
boundary component of OM’ is a 2-sphere MOTS or MITS, M’ has PSC (positive scalar curvature)
topology in that it is diffeomorphic to a finite connected sum of spherical space forms, S' x §?’s,
and R®’s with a finite number of 3-balls removed (corresponding to horizons), and one of the ends
coincides with (Meyq, g, k). Consider now an outermost apparent horizon ¥’ C M with respect to
Mepng. According to [30, Theorem 3.2], each component of ¥’ must topologically be a 2-sphere.
Moreover, the outermost condition implies that each component of M’ is either separated from
M,,q by ', or has a transverse intersection with ¥’. We may then modify ¥’ to construct another
outermost apparent horizon > C M with respect to M,,q in the following way: if a component
of ¥/ does not have a transverse intersection with OM’ then include this component within X, if
a component of ¥’ has a transverse intersection with M’ then replace it in ¥ with the relevant
components of OM’. The manifold with boundary and one end produced by taking the closure of
the component of M \ ¥ that contains M., will be denoted M.

We claim that My must also have PSC topology. To see this, note that without loss of generality
it may be assumed that My is a proper subset of M’, by slightly pushing inwards any components
of My that have nontrivial intersection with dM’. Since the outermost apparent horizon ¥ has
a finite number of components, due to uniform bounds on its area and second fundamental form
[7, Theorem 4.6], the desired claim is implied by the following fact. If S is a finite collection of
embedded spheres within a 3-manifold N of PSC topology, then all components of N\ S also admit
PSC topology. By using induction, it will suffice to consider the case where S has a single component
S. If S is nonseparating in N then it must represent a slice of an S' x S§? summand in the prime
decomposition of N. In this case, N\ S has PSC topology since its prime decomposition is the same
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as that of N minus the relevant S x S? summand. If S is separating, then it induces a decomposition
N = Ni#N,. Moreover, due to the uniqueness of prime decompositions both N; and Ny have PSC
topology. To summarize, My has one end and satisfies the same properties as M’, with the additional
feature that dMy = X is an outermost apparent horizon with respect to M.

Observe that the homology group Ha(My, OMy;7Z) is generated by the spheres in the S! x S2
summands, and therefore the desired property (1) will be achieved by dealing with these spheres.
Since H'(Mo;Z) = Ho(My,0My;Z) is the torsion-free part of Hy(Mo;Z), it will be sufficient to
iteratively reduce the first Betti number by = rkH;(My;Z). A procedure to accomplish this appears
in the proof of [36, Proposition 2.1], which we briefly outline here. Given a sphere in an S* x S?
summand, consider the associated double cover 7 : Ml — My classified by the mod 2 reduction of
the cohomology class Poincaré dual to the sphere. By pulling back g and k, the cover M; becomes
an initial data set with two asymptotically flat ends. Moreover, a simple calculation shows that
bl(]\71) = 2b1(My) — 1. By picking one of two ends of Ml as a reference and using the untrapped
coordinate spheres in those ends together with the apparent horizon boundary as barriers for the
outermost MOTS problem, one may apply [27, Theorem 4.2] (or rather a slight generalization of
it to allow for nonstrict inequalities, see [8, Section 5] or [26, Remark 4.1]) to find an apparent
horizon ¥, C M 1 separating the two ends. There will be two components of M 1\ X1, each containing
an isometric copy of the asymptotically flat end Me,q. A brief calculation, using the fact that 3
consists of spheres, shows that one of the components of M; \ ¥; has first Betti number strictly less
than b1(Mp). The metric completion of this component having smaller first Betti number will be
denoted by M;. Moreover, it may be assumed that M is an outermost apparent horizon, since if
this is not initially the case then we may pass to an outermost apparent horizon while preserving all
relevant properties, in the same way as passing from M’ to My above.

Let A; be the minimum area required to enclose dM;, for ¢ = 0,1. We claim that Ay < A;. Let
Q2 C M be a region enclosing the end of M7, so that 9€ is a competitor for the minimizing enclosure
of OM;. Clearly 7(£2) contains the end of My, so that On(§2) is a competitor for the minimizing
enclosure of My and satisfies |07 ()| > Ap. Since d7(2) C w(9N) and 7 is area nonincreasing, we
conclude that

(2.1) Ao < |om(@)] < 7(99)] < 09,

The claim follows by taking the infimum over all such regions Q. If b;(M;) = 0 then we set
(Mext, Goxt, kext) = (M, 7*g, 7*k) to obtain the desired properties; note that property (4) is sat-
isfied since ¥ = OMj. If by(M7) # 0, then we may repeat the double cover argument until the first
Betti number vanishes. The generalized exterior region then arises from the last of these covers.

It remains to describe the modifications necessary in the asymptotically hyperboloidal case. At
the beginning and end of the proof of [36, Proposition 2.1], a perturbation to strict dominant energy
condition [28, Theorem 22] was utilized. The analogous perturbation result in the asymptotically
hyperboloidal setting is given by [21, Theorem 5.2], and may be used in the same manner. Next,
we must justify the claim that M’ has PSC topology. In the asymptotically flat case this relies
heavily on the Jang equation through the proof of [6, Theorem 1.2], and thus these arguments must
be amended. In her analysis of the Jang equation on complete asymptotically hyperboloidal initial
data sets (M, g, k) satisfying the strict dominant energy condition, Sakovich proved [58, Proposition
7.2] that there exists a region 2 C M enclosing M,,,q with spherical apparent horizon boundary and
which admits a complete metric g (a modification of the Jang metric) with asymptotically flat ends,
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exactly cylindrical geometry hear 0f2, and satisfying
(22) [ (@+avol+ ree?) vy = [ (n=1il)6av;

for all ¢ € C°(f2) and some small € > 0. This is exactly the outcome of Step 2 in the proof of
[6, Theorem 1.2], and one may then carry out the remaining steps to conclude that € has the desired
PSC topology. Lastly, in certain arguments the untrapped condition of large coordinates spheres in
the asymptotic ends was utilized to construct barriers for the MOTS/MITS existence problem; for
instance the existence of the apparent horizon ¥; above. In the asymptotically hyperboloidal setting
with Wang asymptotics (1.7), this condition remains valid as shown in [58, Lemma 4.3]. Therefore,
with these modifications the arguments presented above may be used to establish the desired result
in the asymptotically hyperboloidal context. ]

3. ENERGY, HARMONIC FUNCTIONS, AND THE JANG GRAPH

In this section we will obtain a lower bound for the total energy of an end within the original initial
data set, in terms of a weighted L? Hessian involving asymptotically linear harmonic functions on
the Jang deformation of a generalized exterior region. The next result identifies relevant features of
the Jang data.

Proposition 3.1. Let (M, g,k) be an initial data set which is either asymptotically flat of order
q > 1/2 or asymptotically hyperboloidal, and satisfies the dominant energy condition. Then for each
end Meyq there ezists a ‘Jang triple’ (M, g, X) consisting of a complete Riemannian 3-manifold with
ends {51}5020, and a smooth vector field, all satisfying the following properties.

(1) The second relative homology is trivial, Hy(M, Uéozlé’l; Z) = 0.

(2) & is asymptotically flat of order ¢ > 1/2, with the third equation of (1.3) replaced with
Rg = O(r—3) when M is asymptotically hyperboloidal. Moreover, the ADM energy of this
end is related to the original energy by E(&)) = E(Menq) when M is asymptotically flat, and
E(&) = 2Ewyp(Meng) when M is asymptotically hyperboloidal. Here q = q if M is AF, and
g=11if M is AH.

(3) The area of any surface in M that separates Uéozlgl from &y is not less than the minimal area
required to enclose the outermost apparent horizon ¥ C M, where X is associated with Mepq
and given by Lemma 2.1.

(4) Rg € L' (&) when M is asymptotically flat, and Rg + 2divgX € L'(&) when M is asymp-
totically hyperboloidal. In both cases Ry > 2\X\% — 2divgX.

(5) | X|z = O(r=1729) on & when M is asymptotically flat, |X|z = O(r=2) on & when M is
asymptotically hyperboloidal and in this case lim, oo fSr (X,v)dA = —4nE(&) where v is
the unit outer normal to the coordinate sphere S, C &. Furthermore, |X|g is bounded on &
forl=1,... 1.

Remark 3.2. Note that in the asymptotically hyperboloidal case the Jang scalar curvature Ry
is not necessarily integrable over &y, and therefore the ADM energy of this end may not be a
geometric invariant. When referring to the ADM energy E(&p) in this case, we will use the asymptotic
coordinates employed in [58, Corollary 6.11].

Proof. Assume first that M is asymptotically flat. By Lemma 2.1, there exists a generalized exterior
region (Moext, gext, kext) associated with M,,4 and a corresponding outermost apparent horizon ¥ C
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M. Since O0Meyy is itself an outermost apparent horizon, we may apply the techniques of Metzger
[49, Theorem 3.1] (see also [32, Theorem 1.1]) to find a smooth solution of Jang’s equation

. (] .
(3.1) (gg(t - I 2) V’Ljf - (kext)ij =0 on Mext,
1+[Vf] V1V
such that
(3.2) f= 03(1"1_2‘1) as r — oo, f(p) = £oo  as dist(p, Ox Mext) — 0,

where r is the radial coordinates in the asymptotically flat end, and OMext = O+ Mext L) O— Myt is
decomposed into MOTS and MITS components respectively. It should be pointed out that although
the hypotheses of the cited results do not precisely cover the current setting, only straightforward
modifications are required to obtain the stated conclusion. Let M = My \OMeyt, and set g = g+df 2
to be the induced metric on the Jang graph ¢t = f(p) in the product 4-manifold (M x R, g + dt?).
The decay in (3.2) yields an asymptotically flat end & C M of order ¢ with ADM energy E (&) =
E(Mena), so that (2) holds. Moreover, the blow-up in (3.2) may be refined to yield asymptotically
cylindrical ends {é’l}ﬁozl associated with each component of 9Mey;. In particular, (1) is satisfied in
light of the homology statement of Lemma 2.1, and (3) follows from the fact that g > ¢ along with
Lemma 2.1 part (4). Furthermore, if go denotes the induced metric on My and § = dt? + g is
the product metric on cylinders C* = (0, £00) x 0+ Mey, then by expressing the Jang surface as a
graph over these cylinders and pulling the metric back [49, Theorem 4.1] ([59, Corollary 2]) yields

(3.3) VG —§)|g = o(1), ast— oo in CF,
for any a where V is covariant differentiation with respect to §. In the case of a strictly stable

apparent horizon more precise asymptotics are available [63, Theorem 2.1}, [64, Section 2], although
this will not be needed here. The scalar curvature of the Jang metric [59, (2.25)] is given by

(3.4) Rg = 16m(p — J(w)) + [h — k2 + 2| X |2 — 2divgX,
where

Vi Vif
3.5 = — h=——"7"— X=(h-k .
(3.5) w 1+ |Vf]2 1+ |Vf]2 ( )(w, )

It follows that (4) is valid, and (5) holds as a consequence of (3.2) and [49, Theorem 4.1].

Consider now the asymptotically hyperboloidal case, which will be treated in a similar manner.
We may solve Jang’s equation on the generalized exterior region with prescribed cylindrical blow-up
at the outermost apparent horizon boundary as above, and with hyperboloidal asymptotics in the
end given by

(3.6) Ff=vV1+r2+alogr+i+ Os3(r~11) as r — oo

for some € € (0,1), where o, € C3(S?) and r is the radial coordinate of the end. This may be
achieved by combining the methods of [49, Theorem 3.1] ([32, Theorem 1.1]) at the horizon, and the
barriers of Sakovich [58, Section 3] in the asymptotically hyperboloidal end. A brief outline is as
follows. First, extend the initial data a small amount inside the horizon to obtain (M., Ghxts Koxt)
such that M/, is both future and past trapped, and there is a neighborhood of each 91 M/, which
is foliated by surfaces with 6+ < 0. These considerations allow for the construction of barriers at the
inner boundary, and also help to control the blow-up region. At large coordinate spheres S, in the
asymptotic end, local barriers may also be found since these surfaces are untrapped [58, Lemma 4.3].

Thus, on the region within any large coordinate sphere S (;), one may solve the Dirichlet problem
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for the capillarity regularization of the Jang equation in which 7 f is inserted on the right-hand side
of (3.1). Dirichlet conditions f = +2 are prescribed at 9+ M., while at the coordinate sphere
Sy(r) we set f = ¢. Here 7 > 0 is a small parameter, § > 0 is a fixed constant depending on
local geometry, r(7) is a radius depending on 7, and ¢ is a function defined on the asymptotic end
which is determined by the hyperboloidal barriers of Sakovich. A sequence 7, — 0 is then chosen
along with radii 7(,) — oo such that 7,,¢ remains uniformly bounded on S,,,); let f, denote the
corresponding solutions. This ensures that a maximum principle argument yields uniform C* bounds
for 7, fn. As described in [58, Section 5], local parametric estimates then yield the control necessary
to obtain subconvergence to a solution of (3.1) satisfying (3.6), while [49, Section 3| provides the
desired blow-up at the horizon OMey C M.,.

Having solved Jang, properties (1) and (3) follow as in the asymptotically flat case. In particu-
lar, the Jang manifold (M,q) has again an asymptotically flat end [58, Section 7] of order 1, and
asymptotically cylindrical ends for each component of OMey all satisfying (3.3) and on which | X|g
remains bounded. According Proposition 7.1 and Lemma D.1 of [58], in & we have | X |z = O(r—2)
as well as the expansions

2A 21) Ayw
3

(3.7) Rg = + 0(7“_4+€), divgX = — +O0(r~ ), (X,v) = _% + O(r_3+€),

where the last equality is evaluated on coordinate spheres S, to which v is the unit outer normal.
Lastly, [58, Corollary 6.11] yields E(&) = o = 2Eyyp(Mena). These facts, together with (3.4),
show that the remaining properties (2), (4 ) nd (5) are valid in the asymptotically hyperboloidal
context. O

3.1. Harmonic functions on the Jang graph. We will next investigate the behavior of asymptot-
ically linear harmonic functions on the Jang manifold. Consider the asymptotically cylindrical ends
{51}5021 of this manifold, and view them as being isometrically embedded within (M xR, g+dt?). De-
note by Slt the cross-section obtained by intersecting such an end with the ¢-level set; note that there
exists tg > 0 sufficiently large such that for |t| > ¢y each cross-section is either empty or consists of a
single sphere. For ¢ in this range let M; be the metric completion of the component of M \ UZO & £t
which contains é’g Since the approximation to the model cylinders is controlled by (3.3), we may
cap-off OM,; = Ul IEit with closed 3-balls {Bl} , having uniformly bounded geometry independent
of t, and let (Mt, g¢) denote the resulting Rlemannian manifold. Note that ]Tjt is complete with one
asymptotically flat end and satisfies §; = g on M;. By applying [9, Theorem 3.1], for each t > ¢y we
obtain harmonic functions with prescribed linear asymptotics

(3.8) Agu; =0 on ]\Z, up = a;xt + 02(T1—6) as r — oo,

where a; are given constants and z’, § are respectively coordinates, and the order, of the asymptot-
ically flat end. In what follows, covariant differentiation with respect to g: and g will be denoted by
V and V.

Lemma 3.3. There exists a sequence of levels t, — oo and corresponding harmonic functions ug,
on My, satisfying the following properties.
(1) ug, — uin CZOC (M) for any o € (0,1), where u is a harmonic function on (M,g) that admits
the asymptotics of (3.8) in &.
(2) |Vuy,| — 0 uniformly on the caps Ul0 1Bl .
(3) For each | =1,...,ly there exists a constant c¢; such that |V (u — ¢;)| = o(1), a = 0,1,2 as
[t| = o0 in &.
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Remark 3.4. If the apparent horizons over which the Jang graph blows-up are strictly stable, then
a standard eigenfunction expansion of the harmonic functions along the cylindrical ends would easily
establish the above result with exponential decay. However, in the current setting strict stability is
not known, and thus we must utilize a completely different approach that is presented below.

Proof. We begin by showing that u; admits uniform C?>% bounds on compact subsets. To accomplish
this some notation and preliminary constructions are needed. For each radius r let Mt,r be the metric
completion of the bounded component of M; \ S, where S, C & is a coordinate sphere, and denote
by ]/\ng the corresponding manifold with the caps {El}gozl added. A straightforward calculation
[36, Section 4] shows there is a sufficiently large radius r¢ such that

1
(3.9) Agrfl/z < —§r75/2 for r > ro.

Next observe that a slight generalization of [9, Theorem 3.1] produces a solution to the Dirichlet
problem

(3.10) Agup=0 in M\ Mt oy, vo=0 on So,, vo = a;x’ + Og(rl_a) as r — 00.

Let n be a radial cut-off function with = 1 outside S3,, and n = 0 inside Sa,,, and set v = nvy.
Notice that v may be extended in an obvious way to all of ]\Z, and that Ag v is supported on the
annular region between Ss,, and S3,,. This function will serve as an ‘anchor approximate solution’
for equation (3.8).

To obtain a uniform barrier, let A > 0 be a parameter and consider the radial continuous function

{)\7’_1/2 in ]\Z \ ]\Aftm
A= .

3.11 —
(8:11) )\7“0_1/2 in M,

According to (3.9), the parameter A may be chosen sufficiently large so that Ay < —Aw in the
weak sense. For r > rg and t > tg, consider the solution of the Dirichlet problem

(3.12) Ajwir = —Agzv in ]\A/fw, wey, =0 on 8J\A/ftyr =5,.

Since 1y is a supersolution the maximum principle implies that |w; | < 1y, which is independent of
t and r. The harmonic functions u;, = v + w;, then admit uniform pointwise bounds on compact
subsets, and elliptic theory then gives uniform C*® estimates on compact subsets for these functions.
A standard diagonal argument with exhausting domains produces subsequential convergence, as
r — 00, to harmonic functions u; satisfying (3.8). It follows that for any precompact ; C M; of
uniformly bounded geometry, there exist a constants C independent of ¢ such that

(313) ’ut‘0k7a(ﬂt) S Ck.

Similarly, we may find a subsequence of levels t,, — oo such that w;, — u in Cfog(ﬂ) for any
a € (0,1), where u is a harmonic function on (M, g) that admits the asymptotics of (3.8) in &. This
establishes (1).

In what follows we will write u, in place of u;, for convenience. Let ¢,, < t,, and set Slt e C g
to be the annular region bounded by the cross-sections Eltm and £, which we assume is nonempty.
Since u, is harmonic, we may multiply Laplace’s equation by u, and integrate by parts while utilizing

(3.13) to find

tn

3.14 \v n 2 = ni'u ndZ< Oa
(3.14) [Vu ||L2(gltm,tn) /(%ltm?tnu Vou <
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where here and below C represents a constant independent of m, n and v is the unit outer normal to
the boundary. To bound the second derivative, multiply Laplace’s equation by Agu, and integrate
by parts

=2 .. A - e =2 = —
(3.15) |V un\\;(gltm,tn) = /gtm Ricg(Vuy, Vuy,)dV — /agtm,tn V (Vg v)dA < C,
l l

where in the last inequality we utilized (3.3), (3.13), as well as (3.14). Employing similar but tedious
computations, we may boot-strap to obtain the same control over all higher order derivatives. Thus
by sending n — oo, Fatou’s lemma implies

4
(3.16) D IV ullr2e) < C.

a=1

By Sobolev embedding on 5l(t_1)’t we then have [V u| = o(1), a = 1,2 as |t| — oo in &.

To show that u converges to a constant along each cylindrical end, consider a sequence of annuli

El(t"_l)’t" and apply the Poincaré inequality to find constants ¢, such that

2 777 <, 12577
(3.17) /g i@ v < [y,
l 1
where C' is independent of n. The constants c¢;,, which are the average value of u over the annuli, are
uniformly bounded by (3.13) and thus admit a convergent subsequence c;,, — ¢;. In light of (3.16),
Sobolev embedding shows that

(3.18) SUD (tn; ~1).tn, lu—¢] = o(1) as i — o0o.
l

This allows for an application of the maximum principle on the intervening annuli Slt mitn with
tn; < tn; yields the full limit |u — ¢| = o(1) as [t| — oo. This, along with the conclusions of the
previous paragraph, confirms (3).

Lastly, let {t(n)} be a sequence with t(n) < t,, which tends to infinity sufficiently slowly to ensure
that |u — uy,| = o(1) when restricted to Elt (n), and similarly for the difference of all derivatives. Then
this sequence of functions satisfies the following boundary value problem

(319) Az u,=0 mEMMUB,  [V'(un—a)l=0(1) ondEMUB) =",

gfn
for a = 0,1,2 where the triangle inequality was used to obtain the boundary condition. Standard
estimates for harmonic functions then yield the desired property (2). O

3.2. Mass lower bounds on the Jang graph. We will now estimate the mass of the Jang manifold
(M, g) produced by Proposition 3.1 in terms of harmonic functions. The idea is based upon [13] where
the Riemannian positive mass theorem was established for manifolds with minimal boundary. In the
present context two technical difficulties arise, namely the Jang scalar curvature may take large
negative values, and level sets of the relevant harmonic functions may have spherical components
within the cylindrical ends of M. Such components contribute in an undesirable way to the Euler
characteristic of level sets, potentially leading to an ineffective mass bound. To overcome these
problems we exploit the divergence structure present in the Jang scalar curvature, and additionally
utilize a capping-off procedure for the cylindrical ends which involves a preliminary estimate before
sending the capping locations to infinity.
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Theorem 3.5. Let (M,q) be a ‘Jang manifold’ produced by Proposition 3.1, and associated with
an initial data set (M, g, k) which is either asymptotically flat of order ¢ > 1/2 or asymptotically
hyperbolozdal and satisfies the dominant energy condition. Then there exist harmonic functions u',

u?, u on M which form an asymptotically flat coordinate system on & and satisfy

24r J3r [Vl

)

(3.20) E(&) >

fori=1,2,3 where C =1 if M is asymptotically flat and C = 2 if M is asymptotically hyperboloidal.

Remark 3.6. When M is asymptotically hyperboloidal, as in Remark 3.2 the ADM energy is cal-
culated with respect to a specific asymptotic coordinate system due to potential lack of integrability
of the Jang scalar curvature. Furthermore, note that the integrand of (3.20) is defined almost ev-
erywhere since the critical set of a harmonic function is always of measure zero (see [33, Theorem
1.1)).

Proof. We will first treat the case in which M is asymptotically flat. Let u', i = 1,2,3 be the
harmonic functlons on (M,g) given by Lemma 3.3 which asymptote to z* in the asymptotically flat
end &. Set u = u!, and note that U = (u!,u?,u?) form harmonic coordinates in &. For each large
r > 0 consider the coordlnate cylinders C, C 50 given by

(3.21) Cr={U | U] <7, () + @’ =r*}U{U [ [U] =7, (u*)* + (u*)* < 12},

By Lemma 3.3 there exists a sequence of harmonic functions u;, defined on the capped-off Jang
manifolds (]\Zn,ﬁtn) and satisfying (3.8), with @ = (1,0,0); for convenience we will denote the
functions by w, and the manifolds by (M,,g,). Furthermore, let M. nr b be the reglon bounded by
the levels Slit", [ =1,...,lp and the coordinate cylinder C,., and let MM = M,, Ul 1 Bl be the

corresponding capped-off mamfold. According to Proposition 3.1 (1), it holds that Hg(Mnoo, Z) = 0.
Therefore [13, (6.28)] may be applied to find

- V2u,|? ~
(3.22) / E (Giji — Gii )V dA > /~ <’|Vu : +R§H|Vun|> dV +o(1),
T Z nr un

where v is the unit outer normal to C, and o(1) concerns the limit as r — co.
We will now estimate the right-hand side of (3.22). Separating out the scalar curvature of the caps,
utilizing the scalar curvature lower bound of Proposition 3.1 (4), and integrating by parts produces

Giji — Gii )V dA
|, X0
‘ﬁQU |2 — D - -
2/ —— 1+ 2(| X2 — divgX)[Vuy| dv+2/~ Ry, |Vu,|dV
nr |vun| =1 By

=2
3.23 Vu,|? — S
(3.23) >/ ( /_tnl +2|Xr§\Vun\+2<X,V|Vun|>>d
7"7‘ V

V|

lo lO
+Z/§ Rgn]Vun]dV—Z/gﬂn<X,v)]Vun]dA—/C (X, 1) |[Vun|dA,
=1 l I=1"< T

1 3
Iln Il2n Inr
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where v and v are unit normals pointing out of M .. Observe that the uniformly bounded geometry
within the caps By, together with the decay of Lemma 3.3 (2), implies that Illn — 0 as n — oo.
Similarly, the uniform bounds on | X |z along the cylindrical ends given by Proposition 3.1 (5) yields
Ifn — 0. Furthermore, according to the proof of Lemma 3.3 the sequence of functions |Vu,| is
bounded independent of n and r while Proposition 3.1 (5) gives |X|; = O(r=1729), and therefore
I3 — 0 as r — oo uniformly in n. Next note that Young’s inequality and the refined Kato
inequality (see for instance [36, (3.11)]) for harmonic functions produce the following inequality
almost everywhere:

=S =2
(3.24) 2(X, V|Vu,|)| < ;W + 2|X 2| Vun| < £1’>||VVZZ:2 + 21X 2| Vun|.
Altogether this yields
_ _ 2 ]ﬁQUn\Z _
(3.25) /C ;(gij,i = G )V dA> 5 /Mm de + o(1).

By first taking the limit as 7 — oo and then the liminf as n — oo, the desired result for v = u'

follows from (1.4) and Fatou’s lemma. The corresponding inequalities for u? and u® are proved in
the same manner.

Consider now the case in which M is asymptotically hyperboloidal. In this setting one may
follow the preceding arguments, although some differences occur due to the weaker fall-off present
in the Jang triple. In particular, since the Jang scalar curvature is not necessarily integrable, we
must specify the asymptotically flat chart that is being used to compute the ADM energy, namely
that employed in [58, Corollary 6.11]. Denote such coordinates by x?, and use them to solve (3.8) to
produce the harmonic functions (u', u?,u?) given by Lemma 3.3. Note that since |u’ — x| = Oa(r!~7)
and g > 1/2, either set of asymptotic coordinates 2’ or u’ may be used to compute the energy and
obtain the same value. Now set v = u!, let u,, be the corresponding approximating sequence, and
apply (3.23) as well as (3.24) to obtain

=2 !
.9 22 = 0
(3.26) / E (Giji — Giij)V dA > 3/ vavu : av + § (), — I7,) — I,
Cr i nr Un, =1

For the same reasons given above, it holds that Z! — Z2 — 0 as n — oo. However, since |X|5 =
O(r~2) according to Proposition 3.1 (5), the boundary integral

(3.27) IT?;T_A (X,u)]Vun]dA_/C (X,v)dA + o(1)

does not tend to zero. To find its contribution, recall the following expression for scalar curvature in
local coordinates

(3.28) Rg = 0, <§ij§kl (Guix — ?lk,z‘)) + Q(9g),

where Q(97) is quadratic in first derives of the metric. Then working in the harmonic coordinates
u® in & we have Q(9g) = O(r~2724) = o(r—3), and therefore integrating by parts on the region D,
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bounded by C;. and the coordinate sphere So, produces
/S Z@Z‘J}i — Gaij )V dA — / Z(?ij,i ~ Gig )V dA
2r 4 s

(3.29) Dy
= / (Rg + 2divgX)dV — /

2(X,v)dA + / 2(X,v)dA + o(1)
- Sor

c,
= —/ 2(X, Z/)dA+/ 2(X,v)dA + o(1),
Sar Cr
where in the last equality we have used the integrability of Rg+ 2divgX provided by Proposition 3.1
(4). Combining these observations with (3.26) gives rise to

=2
_ _ T —_ 2 Vun|? —
3.30 > (Giji — ii»ufdA—i—/ 2X,udA2/ Ll 4V + o(1).
( ) /SQT (g Jy g ,j) S < > 3 7nr ‘vun‘ ( )

i 2r
Notice that the flux of 2X converges to —87FE(&y) as r — oo, according to Proposition 3.1 (5).
Hence, by first taking the limit as r — oo and then the liminf as n — oo, the desired result for
u = u! follows from (1.4) and Fatou’s lemma. The corresponding inequalities for u? and u?® are
proved in the same manner. O

4. DONG-SONG’S UNIVERSAL POINCARE-FABER-SZEGO INEQUALITY

In [25, Section 3] Dong-Song established an inequality, corresponding to Theorem 4.1 below, which
is reminiscent of the classical Poincaré-Faber-Szeg6 inequality [56]

1) Cap(@) <VOI(Q))an’

nn — 2w, — W,

for bounded domains €2 C R™. Here w, denotes the volume of the unit Euclidean n-ball, which up
to scaling is the unique domain that saturates (4.1), and the capacity of € is given by

(12) Cap(@) = wt { [ 1VrPav | £ € Lin(®?), 1 < oc. Tla 1.

The inequality of Dong-Song is obtained under the assumption of small ADM mass. In this section,
we make the observation that their inequality is still valid without this condition. In particular,
the strategy presented below follows closely that of [25] with additional expounding of details, and
careful tracking of constants for eventual application to the Penrose inequality.

Throughout this section, we keep the following setup. Let (M, g) be a complete Riemannian
3-manifold equipped with u! € C*°(M), i = 1,2,3, and define a function F' € C*°(M) by

3
(4.3) F=Y" ((Vd,vad) — 67)".
i,j=1
For values a < b, we will study the sets

(4.4) Qup = F([a,b]).

When b is small, Qg consists of the points where the map U(z) = (u!(z),u?(z),u(z)) is almost
a local isometry between M and R3, see Lemma A.2. In what follows we always assume that F
is nonconstant, and also that F is proper on F~1((0,b)) for small enough b, properties which are
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justified in the context of our main results by Lemma A.1. According to this assumption, F~!(¢) and
2+ have finite area and volume for sufficiently small regular values s < ¢ of F. Here and throughout,

we use BES to denote the Euclidean ball of radius p centered at the origin of R3. The following is
the main result of this section.

Theorem 4.1. Let { > 6,0 < ({ —1)e < %, 0<n<1,and X > 0. Then there exists a regqular
value 19 € (0,%e) of F' such that

2
2 12
(4.5) |F~1(10)] < Cremn (Z/ |‘VW1: )

where Cycp x5 a constant given explicitly in (4.45).

Remark 4.2. Heuristically, (4.5) is associated with the capacity-volume inequality (4.1), since the
volume of Qg , is related to the area |F~1(7g)| through the coarea formula, while the right-hand side
of (4.5) may be used to estimate the Dirichlet energy of F. Moreover, as F is constant on € r,
its Dirichlet energy represents an upper bound for the capacity of £ .

A core ingredient within the proof of this result is an isoperimetric-type inequality which bounds
the area of F-level sets from below in terms of the volume of particular regions €,;. To achieve
this, estimates for the Jacobian determinant of U from Lemma A.3 will be combined with the fact
that the functions x(z) = HO (U (z) N Qup), 0 < a < b are of BV, as described in Lemma A.5.
The idea is that since U is a local diffeomorphism, if the preimage of a point contains n copies, then
the volume and area will have to be more or less copied n times as well. Hence, the coarea formula
from R? may be transferred onto Qg for level sets of F. In order to make this rigorous, the Sobolev
inequality for BV functions will be applied to x. Below and throughout, we write [a, b],¢4 for the set
of regular values of F lying in [a,b]. In this section, all integrals over values of F' are understood to
range over the regular values of F'.

Lemma 4.3. Let { > 4,0 < ({ —1)e < 16, and A > 0. If infyc(0,(0-1)e) e |F~1(t)| > 0, then there
exists a reqular value to < (¢ — 1)e of F, such that

1+ 1
<(%) (1_V(€_1)> )

for all reqular values t < to. Iftg <t < (£ — 1)e, then the same inequality holds with Q, replaced
by Qto,t-

Proof. Fix a regular value to € (0, (¢ — 1)e] such that [F~!(to)] < (14 A)infye(o,—1)e,., [F7 (1)
We will prove the inequality when the regular value t lies in [0, to) the case where t € [tg, ({ — 1)¢)
follows in exactly the same way. Since |F~1(t)| > (14 A)~YF~1(ty)|, we have

(4.7) |0Q10] = [F7H ()] + [F~ (t0)] < 2+ N)[FH(D)].

Write J(U) for the square root of the determinant of the Gram matrix {(Vu', Vu?)}?
combining (4.7) with the estimate of this determinant in Lemma A.3 yields

(4.8) /aQ T (Ulog,)dAg < (1+ /(€= 1)e)|0Qu < (1+ /(€= 1)e)(2+ N)[F ()],

Wi

(46) VO](Qt to)

i i=1" Then

(4.9) | 3w, = — - VD0 Vel
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Note that the hypothesis (£ — 1)e < % is used at this point with the the application of Lemma A.3.
We will proceed by comparing the left-hand sides of (4.8) and (4.9).

Let H° denote O-dimensional Hausdorff measure, and consider the BV function (see Lemma A.5)
x(z) = HO(U(z) N Quy,). Recall the relation between the Jacobian matrix OU = (du’) and the
Gram matrix
(4.10) (Vul, Vul) = gk apuiopu’ = (U - g~ 'OUT)U ,

where - and the superscript 7' denote matrix multiplication and transpose, respectively. It follows
that the Jacobian determinant and Gram determinant satisfy

(4.11) |det U | = J(U)+/det g.

Thus, we may apply the area formula using U as a change of variables to find

JO)dVy = | HU () N Q) dVs
RB
< / X3 dvs
RS
%
g(/ IDXIdVa>
R3
~
=(/ \a{x<s}\d8> |
0

where the second line follows from the fact that y is integer valued, the third is the Sobolev inequality
for BV functions [29, Theorem 5.10], and the final equality is the coarea formula for BV functions
[29, Theorem 5.9] involving the perimeter measure |0{x < s}|. Note that d{x < s} = d{x > s},
and since x is integer valued, for each integer n > 1 we have {x > s} = {x > n} for s € (n — 1,n].
Hence, the last integral of (4.12) becomes

Qi

(4.12)

(4.13) |10t < shids = 3" 00 = n)l
n=1

Next, note that Lemma A.4 shows that the discontinuities of x are contained in U (9, ). It follows
that
(4.14) o{x = n} CU(0%y,) N{x = n},

and so

4.15 Hx>n} < / 1 ndAgZ/ XdA(;:/ J(Ulsq,, )dA,.
) Sppzal<d [ teniti= [ it= [ 5@,y

=1
AS a consequence
3
(416) < j(U)d‘/g> < / j(U‘BQt,tO)dAgv
Qt Ot

which combines with (4.8) and (4.9) to finish the proof. O

The next goal is to relate the volume of regions Q¢+, N {|VF| # 0} to the Dirichlet energy of
F. In order to accomplish this the following technical lemma will be utilized, which provides an
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inequality between the Dirichlet energies of I and related radial functions E, i=1,2 onR3 The
definition of F; will depend on two cases delineated by the values of g, £, and € from Lemma 4.3.

Case 1: typ € [({ — 3)e, (¢ — 1)g]. In this context set

(417) Wy (t) = VO](QtO—t,tO N {‘VF’ ?é 0}), t e {O,to — 6].
Case 2: ¢y € (0, (¢ — 3)e). In this context set
(4.18) Wa(t) = Vol(Q t0+¢ N{|VF| #0}), te€0,(f—1)e—tg.

Note that W; is increasing in ¢t and W;(0) = 0 for i = 1,2. We may then find radii R;(¢) of the
Euclidean balls with volume W (t), that is w3 R;(£)* = Wi(t), i = 1,2. Now declare F; 1:0 be ¢ on the

sphere of radius R;(t) centered at the origin of R3 for i = 1,2. This defines F1 on BR R (to—c) and Fg
on B Ro((6—1)e—t0)? and we extend Fi to be constant outside these balls.
Lemma 4.4. Let { >4, 0 < ({ —1)e < &, and X > 0. Assume that infie (0,0~ 1)e]eq |F~1(t)] > 0,

and let to < (0 — 1)e be the regular value of F' given by Lemma 4.3. Then E is Lipschitz fori=1,2,
and in Case 1

(4.19) sz/ IVF|2dV, Z/Rg|VFV1|2dV5,
€,to
and in Case 2
(4.20) Cgm/ IVF[2dV, > / IV Fy|2dVs,
tg,(£—1) R3
where
1++/(—1)e
4.21 Cron =93 (2+ A
(a.21 en=tf @+ 32 (37)° (1 (51)>

Proof. First consider Case 1. For t € [0,y — ¢] the coarea formula implies

t
1
1 dv, :/ / ——dA,ds.
o) 0 Jr1g—s) [VE]

It follows that W7 is absolutely continuous, and thus it is differentiable almost everywhere with

4.23 Wi (t :/ ——dA, > 0.
( ) 1( ) tO t) |VF|

(1.22) Wilt) = Vol(Sy-1z, N {IVF| 2 0)) = [

to—t,tg

Note that R} (t) = % and thus the set on which it vanishes has measure zero. Furthermore,

when averaged over spheres E(RZ (t)) = t, so that along rays F; may be regarded as an inverse for

R;. Hence ﬁl is also absolutely continuous and therefore Lipschitz, see for instance [52, (13) page
271].
Consider now the Dirichlet energy of F', which by the coarea formula may be expressed as

to—e
(4.24) / IVF[?dV, = / / |VF|dA,ds.
Qe to 0 F~1(tg—s)

For regular values to — s such that s € [0,¢y — €], observe that Holder’s inequality implies

4.25 F Yty —s)]? < / VF|dA / ——dA,
(4.25) |~ (to — s <F1(tos)| |g><F tOSIVFI
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Then combining (4. 23)—(4 25) produces

to—e ‘F 0 _ 3 ‘2 to—e
(4.26) / s </ / IVF|dA, ds—/ |VF?aV,.
0 L(to—s) et

&0

<e+n (%) (“ﬁw (to )]

16 =

Furthermore Lemma 4.3 ylelds

2
3

win

(4.27) Wi (t)3 < Vol(Qpo—t,4)

Thus, together with (4.26) we obtain

Wi(t) 1— (e — 1) W/ (t)

< (24 ))? (16> <1+\/ )/QE,%'VFFC%'

1— /(-1

(4.28)

The final step is to relate Wy to Fi. Note that |[VF}| = R%(t) on 8B§?(t) for almost every t. It
1

follows that
1++/(0—1)e
(24 ))?2 (16> <+ >/ |VF*dV,
Qe

1— /(- 1)e
SRUAGE
> HO .

B to—e (t)2
(4.29) a /0 3w3R (t) SRt (1)

to—e
‘VFﬂdAgdt
"~ 3. 3w3 / /83“}; o
1

g 2 RS ‘VF1| d‘/;S,
w3 BR (tg-2)

where we used polar coordlnates in the second to last line and the coarea formula in the final line.
Since F is constant outside BE R (to—e)? W obtain the desired result. A similar argument may be
applied in Case 2. O

We are ready to apply the classical capacity-volume inequality (4.1), to establish a lower bound
for the energy of F' in terms of volume.

Lemma 4.5. Let £ > 6, 0 < ({ —1)e < 15, A >0, and 0 < n < 1. Ifinfyc(g (1)
then there exists 0 < sop < (¢ — 2)e such that

F~Yt)] >0,

E]Teg |

3
(4.30) Vol(Quy.s01c N {|VE| £ 0}) < Crenn ( / |VF|2dVg> :

QO,ZE

where

6 6
(1.31) c:( V324 }) (729>< 1+¢m>

min{¢ —5—n,1—1 256 e(1— /(0 —1)e)
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Proof. Let tg be the value given by Lemma 4.3. We proceed by relating the Dirichlet energy of F; to
the capacity of the Euclidean ball of radius R;(¢). To leverage (4.1), however, F; must be modified to
a function which is at least 1 on this ball and decays to 0. This modification is carried out separately
in the two cases determined by the value of ¢g.

Case 1: ty € [({ — 3)e, (£ — 1)g]. In this case, define ¢; € Lip(R3) by
to — & — ﬁ1 (x)
to — (2 + 77)6

and observe that ¢; > 1 on the ball of radius Rj(¢) while it vanishes outside the ball of radius
Ri(tg —€). We then have

Cap BRl(s / V1 2dVs

(4.32) p1(x) =

1 2
(4'33) - (750 — (2_,_77)5)2 /BRS |VF1‘ dVs

Rq(tg—¢)
Cren /
< 2 VF[2dV,,
G @ ne? Jo, VT

where Lemma 4.4 was used in the last step. By the scaling properties of capacity [29, Theorem 4.15],

one may compute Cap (B}I%S) = R-Cap (B%{g) = R - 3ws. Combining this observation with the fact
that w3 Ry (e)® = Wi(e) = Vol(Qy—c., N {|VF| # 0}), we find
Vol(Q—cto N{IVF| # 0})

(4.34) 32402 \?2\2 1+ /—-1):\" ’
§<(€—5—77)252> (16) (1_ 1) /Q VEFdY | -

The desired conclusion follows in this case by setting sg = tg—e&, noting that the domain of integration
on the right-hand side satisfies €. ;, C € -

Case 2: ty € (0, (¢ — 3)¢). Now define o € Lip(R3) by
(¢ = 1)e —to — Fa(x)
(l—2—-%e—ty ’
and observe that ¢ > 1 on the ball of radius Ra(e) while it vanishes outside the ball of radius
Ry((¢ — 1)e — tp). Estimating as in Case 1 with the help of Lemma 4.4 produces

5 Cren 2
4.36 Cap (B, ) < 7 / Vil
( ) ( R2(€)> (([ -2 - g)é‘ — 750)2 Qig,0=1)e ‘ ‘ ’

Since w3 R2(e)? = Wa(e) = Vol(Quy 1o+e N {|VF| # 0}), we may use the capacity scaling property to
find

(4.35) pa(x) =

Vol(Qug o+ N{|IVF| # 0})

(4.37) 32402\ 27\2 (14 /=1 )" , 0\’
< ((1_) €2> (16) <1_ EE /QtWUEWF\ vy | .

The desired conclusion now follows by setting so = to, and noting that ;) 1) C Qo e O

The final inequality needed to establish the main result of this section is an elementary relationship
between the Dirichlet energy of F', and the Hessian of the harmonic functions u’.
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Lemma 4.6. Let £ >0 and 0 < le < 1, then

2,12
(4.38) / IVF[2dV, < 144(e(1 + Ve)2 Z/ V2] dv,.
QO,ZS

Q0 Le

Proof. On € ¢ the definition of F' implies that

(4.39) V1=Vl < |Vui| <\/1+Vee,
and hence
IVF| <) 2[(Vu!, Vad) — 89| (IV2 ||V | + [ V| [ V2l )
(4.40) = \
<A1+ VEe ) [(Vul, Val) — 67| V2],
ij=1

Then integrating the square of (4.40) and again using (4.39) produces

2
3
/ IVF[2dV, < 16(1+\/£Te)/ > (v, vd) — 69 ||VE] | av,
QO,ZE QO,ZE 7;7]':1
3 . . .. .
< 144(1 4 Vee) Z / [(Vul, Vul) — 69 2|Vl 2dV,
(4.41) ”"1 fo.ce
A40e(1 + VIe) Z 2“Z"QW 4V,
< 14402(1 + / y ut
Qe VU !

< 1440e(1 + Vie)2 Z/ V2P
a i=1 7 Qo,¢e |Vuz’ ’

O

Proof of Theorem 4.1. Since F is assumed to be nonconstant, its definition implies that |V2u?| cannot
vanish identically for all 4. Moreover, if inf;c(g (—1)e,., |F L(#)] = 0 then the conclusion of the
theorem is trivial, as we can immediately find a regular value 79 € (0, (¢ — 1)) such that

2
2 12
(4.42) IF (o |<C<Z / ’Vvuzl ) :

for any given C' > 0. Therefore, it may be assumed that infye o 1), |[F ()] > 0.
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Let sg € (0, (¢ —2)e] be the value given by Lemma 4.5. By the coarea formula, Holder’s inequality,
Lemma 4.5, and Lemma 4.6 we find

so+e
[t e[ R,
S0 Q

50,50+e

<(/
QSO‘SO+E

< VCrem (/

QSO’SD+E

N

\WPd%) Vol(Qug 012 N {|VF| £ 0})7
(4.43) 2
|VF|2dVg>

’vZ z|2 2
< /Cromr(1440e(1 + V1e)2 2/ ‘VUZ|

Since there exists a regular value in 7 € (sg, so + ) C (0, ¢e) so that

so+e€

(4.44) |F~ ()| < 51/ |F=L(t)|dt,

0

the desired inequality follows by combining (4.43) and (4.44), and setting

(4.45) Cremr = v/ Crona(1440)%(1 + Vi), O

Remark 4.7. To obtain the best constant from Theorem 4.1, we will show how to minimize Cy , x
with appropriate choices of ¢, €, n, and A within the allowable ranges of these parameters. It is
straightforward to see that for such an optimization one should take n, A — 0 and then choose ¢ = 6;
this produces

3 729 14 v/5e
4.46 C — 125 . 8642 . 1+6
(4.46) 6,200 = 122 - 86 55g © L+ V6e) ( —\/§>

A computation shows that this function of € is decreasing on the interval (0, 80) and thus by taking
€ — gg the following optimal constant is achieved:

12
(4.47) Co.t 00 <321 x 10

380

5. PROOF OF THE MAIN THEOREMS

Proof of Theorems 1.1 and 1.3. We will first prove the energy inequality
(5.1) A< CE?

in both the asymptotically flat and asymptotically hyperboloidal settings, and will then explain how
this implies the desired mass inequality in the asymptotically flat case. Let (M, g, k) be an initial
data set which has one of these two types of asymptotics and satisfies the dominant energy condition.
Choose an end M,,q with energy E (here we forgo the subscript hyp in the AH case), and apply
Lemma 2.1 and Proposition 3.1 to obtain an outermost apparent horizon > C M having minimum
enclosing area A, as well as an associated asymptotically flat Jang manifold (M, g) admitting prop-
erties (1)-(5). We may then apply Theorem 3.5 to find asymptotically linear harmonic functions
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u on M satisfying
=1
| V2ui\2

5.2 — ———dV
( ) = 247 Jar |Vuz‘

Next, define a smooth function F on M as in (4.3) utilizing the u’. Since (u!,u? u?) forms an

asymptotically flat coordinate chart in the asymptotically flat end & of M, it follows that for each
7 > 0 the sublevel set F~1(]0,7]) contains a possibly smaller asymptotically flat end within &. On
the other hand, for each i = 1,2, 3 we have that |[Vu’| decays to zero along the cylindrical ends of M
by Lemma 3.3 (3). Altogether, these observations imply that for any regular value 7 < 1, F~1(7)
separates the cylindrical ends from an asymptotically flat end within &. By Proposition 3.1 (3),
the area of any such F'~1(7) is not less than the minimal area A required to enclose .. Combining
Theorem 4.1 and (5.2) shows that there is a choice of 79 € (0,1) and a universal constant C' so that

2

\V szz 2 2

(5.3) A< ]F (ro)lg<C E ]V | < (3-24m)*CE*,
u’L

yielding the desired inequality. Accordlng to Remark 4.7, the constant C' may be estimated to
produce C := (3 - 24m)%2C < 108,

It remains to reduce the mass bound to an energy bound when (M, g, k) is asymptotically flat.
The following is a modification of the argument presented in the last remark of [28, Section 6.3]. We
will first make a reduction to the case in which (M, g, k) is vacuum on the chosen asymptotically flat
end Mepg; let g > % denote the order of asymptotically flat decay. According to Lemma 2.1, it may
be assumed that (M, g, k) has an outermost apparent horizon boundary dM =: 3 with respect to a
single end. For each € > 0 and p > 3, the density theorem of Lee-Lesourd-Unger [45 Theorem 3.7]
yields a perturbation (g,k) — (¢’, k'), such that: (¢’, k') is e-close to (g,k) in W~ ’p x Wk o
component of M remains an apparent horizon of the same type, the vacuum condltlon W=y =0
is satisfied in the asymptotic end, and the ADM energy-momentum (E’, P") of (¢, k") is e-close to
that of (g, k). Note that the proof of the main theorems in the paragraph above, generalizes with
minor modifications to the situation here in which the initial data (M, ¢, k") has apparent horizon
boundary. Thus, we obtain the inequality A’ < CE'? for the perturbed data set, where A’ is the
minimal area required to enclose an outermost apparent horizon ¥’ C (M, ¢, k). Furthermore, since
g is pointwise e-close to g’ we must have A" > A — o(1) as e — 0. Consequently, it suffices to prove
that the mass inequality of Theorem 1.1 follows from the energy inequality for initial data which are
vacuum in the designated asymptotically flat end.

To complete the proof, we will show that initial data (M, g, k) satisfying the hypotheses of Theorem
1.1 which are vacuum in the asymptotically flat end M,,q may be smoothly deformed, while pre-
serving A and the dominant energy condition, to a new data set in which the resulting ADM energy
agrees with the original ADM mass. Recall that the positive mass theorem implies E > |P|, unless

= |P| =0 and (M, g, k) arises from Minkowski space. Therefore, we may assume that E > |P| and
il

O Murchadha [16 Theorem 6.1] to obtain a vacuum spacetime developement of (Mepq, 9, k). This

spacetime is large enough so that we may deform the asymptotically flat end of (M, g, k) to a boosted

slice of any slope 6 < 6y. According to [18, page L115|, the ADM energy-momentum (Ejy, Py) of

the boosted slice is equal to the Lorentz transformation of (E, P) via a 6-boost. By deforming M
1P|

within this vacuum region to a boosted slice with angle § = 5, it follows that we obtain a new

asymptotically flat initial data set with energy Ey = E- 9|P| = /E? —|P|2. Moreover, since the

1, each

fix some 6 € (5, 1). Now using that Mc,q is vacuum, apply the existence result of Christodoulou-
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deformation occurs in the asymptotically flat end and within a spacetime region that may be made
arbitrarily close to a portion of Minkowski space, we have that > remains an outermost apparent
horizon and the minimal area required to enclose it is unchanged. O

Proof of Corollary 1.4. Let Me,q be an end of (M, g), and consider the asymptotically hyperboloidal
initial data set (M,g,k) where k = g. As explained at the end of the proof of Lemma 2.1, the
coordinate spheres within M., are untrapped. Therefore, the proof of [7, Theorem 4.6] shows that
there exists an outermost MITS with respect to this end; note that this surface X satisfies H = 2.
Observe that there cannot be a MOTS surface (these satisfy H = —2) lying in M;, the metric
completion of the component of M \ ¥ that contains M4, since otherwise the MOTS may be used
as a barrier to construct another MITS which violates the outermost property of . Thus, ¥ is an
outermost apparent horizon. We next claim that 3 is area outerminimizing. Consider the ‘brane
action’ [5, Section 2| given by

(5.4) B(X) = AX) -2V (Y,

¥/ C M, is a surface homologous to dM; with area A(Y'), and V(X') is the volume enclosed by ¥
and OM;. The obstacle problem, which consists of minimizing B over such surfaces, has a C:1/2
solution by [38, Theorem 1.3]. This solution weakly satisfies the H = 2 condition and by standard
regularity theory it must be smooth, and thus must agree with dM; = % due to the outermost
property. If ¥ is not area outerminizing, then there exists a competitor surface ¥’ with less area. It
follows that B(X') < B(X), which is a contradiction. We conclude that ¥ is an outermost apparent
horizon, with minimal enclosing area A = A(X).

Lastly, note that (M, g, k) satisfies properties (1)—(4) of Lemma 2.1, and thus may serve as the
generalized exterior region for Me,q. To see this, we need only establish property (1) concerning
the second relative homology, as all other properties are clear. Remove all closed minimal surfaces
from M, and let My be the metric completion of the resulting component that contains M., 4. Then
according to [38, Lemma 4.1], My is diffeomorphic to R? minus a finite number of balls, and the
boundary 2-spheres form the outermost minimal surface. By a barrier argument, M; must be a
proper subset of My. Moreover, since dM; also consists of 2-spheres [30, Theorem 3.2], a similar
argument as the one presented in the proof of Lemma 2.1 shows that M; has the same type of simple
topology as My. We may now apply without change the remaining parts of the proof of Theorem
1.3, to obtain the desired result. O

Remark 5.1. As a physical application of Theorem 1.1 we provide a rough estimate for the number
of stellar black holes that can be produced in an isolated system. Consider an isolated gravitating
system described by a complete asymptotically flat initial data set (M, g, k) satisfying the dominant
energy condition. Let m be the total mass, and denote by N the number of stellar-mass black
holes within the system. Since the vast majority of these black holes will be isolated [61], and
therefore well-approximated by a Kerr solution, we make the simplifying assumption that the minimal
area A required to enclose the outermost apparent horizon is bounded below by N - Ag, where Ag
represents the horizon area of the smallest stellar-mass black hole of the system. Utilizing the
Schwarzschild relation to translate horizon area into mass for the smallest such black hole produces
Ay = 16mcG?*mi, where ¢ and G denote the speed of light and gravitational constant. By allowing
(M, g,k) to vary over all possible asymptotically flat initial data for the system, these observations
together with Theorem 1.1 yield the following estimate for the maximum number of stellar black
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holes that can be produced throughout the evolution of the isolated system

A *G2Cm? C <m)2

. NS—F&<K —— = —
(55) — Ay — Ap 167

It is believed that there is a universal lower bound for the mass of stellar black holes, and according
to [60] the current approximation for this value is 3.3 solar masses, that is my > 3.3M,. For example,
the Milky Way Galaxy is estimated to have a mass of m = 1.2 x 10'2M), and thus (5.5) implies
that the total number of stellar black holes it can produce is no greater than 3 x 103?. This may be
compared to the estimate of 10? made via different methods [1], for the number of stellar black holes
in the Milky Way in the current epoch.

mo

APPENDIX A. COMPANION TO SECTION 4

This section collects technical facts used in Sections 4 and 5. The following result shows that the
harmonic functions on the Jang graph described in Theorem 3.5 satisfy the conditions required to
apply Theorem 4.1.

Lemma A.1. Let (M,g) be the Jang manifold of Proposition 3.1, and let u'* € C*°(M), i = 1,2,3
be the harmonic functions given by Theorem 3.5. If F is defined with these functions on the Jang
manifold as in (4.3), then the following properties hold for any T € (0,1).

(1) The restriction of F to F~1((0,7)) yields a proper map.

(2) The set of reqular values of F is of full measure in [0, T].

(3) If 0 < a < b < T are regular values of F then 90, = F~1(a) U F~1(b).

Proof. Let I C (0,7) be compact, then the preimage F~1(I) is closed since F is continuous. Due to
the asymptotics of u’ we find that F(x) — 0 as |z| — oo on the end &, and thus F~!(7) must lie
within some coordinate sphere of &. Moreover, along the asymptotically cylindrical ends &1, ..., &,
Lemma 3.3 (3) implies that |[Vu'| — 0, i = 1,2,3 as [t| — oo. Since /1 — /7 < [Vu'| on Q-
by definition of F, it follows that F~!(7) cannot extend arbitrarily far down any cylindrical end.
Therefore, F~1(7) is bounded and hence compact. Likewise, if 0 < a < b < 7 then Q5 is compact.
Since F~1(I) C Qg for some a < b we then have that F~1(I) is compact, and this establishes (1).
Property (2) follows immediately from Sard’s theorem. For property (3) it is enough to observe
that OF ~!([a,b]) € F~(9[a,b]) since M has no boundary, and F~1(a) U F~1(b) = F~1(d]a,b]) C
OF~Y([a,b]) since a, b are regular values. O

For the remainder of this section, we leave the specific setting of the Jang graph in the preced-
ing statement and fix the general setup described above Theorem 4.1, where (M, g) is a complete
Riemannian 3-manifold with 3 smooth functions u’, i = 1,2,3. The following is an elementary
observation about the map U : M — R? defined by U = (u',u?, u?).

Lemma A.2. If0 < F(z) <1 then U is a local diffeomorphism near x.
Proof. Tt suffices to show that the differential dU, at x € M has no kernel. This in turn is equivalent

to the set of vectors {Vu'(z) ?:1 being linearly dependent. Let us assume by way of contradiction

3
that this last statement is false. Then Z ¢;Vu' = 0 at z for some ¢; with Y2 ¢? = 1. At this point

=11
=1
we then have
(A1) 0= cic(Vu!, Vul) =3 " cF + Y cic; ((Vu!, Vd) — 67) > 1 — \/F(x),
ij=1 i=1 ij=1
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which is a contradiction. O

The next statement compares the square root of the Gram determinant 7 (U \/ | det(Vui, Vud)|
to the values of F.

Lemma A.3. If0 < b < 1—16 is a reqular value of F', then the following estimates hold on €y and
0oy, respectively:

(A.2) \;“27 (1- \/6)S <gw) < (1+ \/E)S , T (Uloay,) <1+ Vb.

Proof. On Qg note that, U is a local diffeomorphism by Lemma A.2, and by definition of F' the
following inequalities are satisfied

: Vul, Vul)| Vb
A3 \V1—=Vb<|Vui| <\/1+ Vb, (Y, Vo? < ,

for 4,5 = 1,2,3. Moreover since (Vu', Vu/) is symmetric, and positive definite on the region in
question, we can apply the determinant-trace inequality to find

3
(A.4) T(WU) <373 (Te(Vad, Vad)) = 373 (|Vul 2 + [Vu? 2 + [Va?[?)® < (1+v5)*
Alternatively, one may observe that F' < b implies that the eigenvalues of (Vu', Vu’) are bounded
above by 1 + v/b. Similarly, the same is true of the matrix (Vau', Vou’), where Vy denotes the
induced boundary gradient on 0€)y;. Since the eigenvalues of the restriction of a linear operator
to a subspace are less than the largest eigenvalue of the original operator, the desired upper bound
for J(Ulaq,,) follows. Furthermore, to estimate the bulk determinant from below, recall that the
squared volume of a parallelepiped formed by three vectors of unit length which form mutual angles
a, B, v is given by

(A.5) vol? = 14 2cos acos 3 cosy — cos? a — cos? B — cos? .

Thus, since the Gram determinant represents the squared volume of the parallelepiped formed by
Vul, Vu?, and Vu? we obtain
3

(Vu', Vul) (V! VUJH
)2 = IVl 2V 2 Ve [ 1+ 2
JU) = VeIV Ve’ | 1+ gywuwr ; [Vul][Vul|

3 2
(A.6) _(1_\/5)3 1_2(1:/5\@) _3(1_@\/5)

L)

27
when b < 1—16. O

V

v

Now consider the function y : R? — R that appears in Section 4 and is defined by
1
(A7) x(®) =HU (1) N Qp), 0<a<b< o,

where a and b are regular values of F'. The next two lemmas establish important properties of x
which are used to carry out the arguments of Lemma 4.3.
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Lemma A.4. Let Q be an open submanifold of M with smooth boundary and compact closure Q.
Let U : M — R3 be a smooth map which is a local diffeomorphism about points in €, and set

\Ilél(y) = U~ Y(y)NQ. Then the function x(y) = H° <\I/S?21(y)> on R3 satisfies the following properties.

(1) x only takes values in the natural numbers N.
(2) x is upper semicontinuous.
(8) The discontinuities of x lie entirely within ¥(0S2).

Proof. Due to the assumption that ¥ is a local diffeomorphism about points in €, as a subspace

\I’Sgl(y) has the discrete topology for any y € ¥(Q). Furthermore, \Ilél(y) is closed in Q and is

therefore compact. Hence, x(y) < oo and this establishes (1). )
To prove (2), first note that x = 0 on R3 \ P(£2) and thus we will restrict attention to ().

Now let {y;}?°; be a sequence of points in W¥({2) converging to some yo € V(). We may find

pairwise disjoint neighborhoods {V;(yo) f:(ﬁ'o) in M which cover \Ilél(yo), and such that Wy, is a

diffeomorphism onto its image. Setting

x(¥o)

(A.8) W(yo) = Y (Vi(yo)),
I=1

<

and upon shrinking Vj(yo) if necessary we may assume that U(Vi(yo)) = W(yo) for all [. Since
CID(U;(:(%O)Vl(yO)) is open and contains yp, it contains y; for all large i. If x(y;) > x(yo) for some
such 4, then the pigeonhole principle provides an Iy such that Vj,(yo) contains two points of ¥~1(y;),
contradicting the fact that ¥ is a diffeomorphism on Vj,(yo) and establishing (2).

To prove (3), note as above that y is trivially continuous on the compliment of ¥ (), so that we
may restrict attention to W(Q) itself. Let yo be any point in ¥(Q) such that \Ifél(yo) noQ = 0.
We will show that y is continuous at yg. As before, there exist pairwise disjoint neighborhoods
{Vi(yo) f‘z(zio) in M which cover \Pél(yo), and are such that \Il’Vz(yo) is a diffeomorphism onto a
common image W (yp). The assumption \Ilél(yo) N O = () implies that \1151(y0) C Q. Therefore, by
setting Vi(yo) = Vi(yo) N Q we obtain open subsets of M contained in Q such that ¥(V)(yo)) is an
open neighborhood of yy. Let {y;}5°; be a sequence of points in W¥(2) converging to yo. Notice that
yi C W(yp) N T (Q) for all large 4, so in each Vl(yo) we may find a point ! such that ¥(zl) = y;.
Furthermore, since V;(yo) C € it follows that zl € Q. This shows that x(y;) > x(vo) for all sufficiently
large i. On the other hand, property (2) implies that x(y;) < x(yo) for all large i. Therefore equality
is achieved, showing that x is continuous at . O

Lemma A.5. The function x in Lemma A.J is BV.
Proof. Recall that an L*(R?) function f is BV if

(A.9) sup{ [ saive avs | ¢ € (5B gl < 1} < .
R3
As such, let ¢ € C°(R3,R3) be a vector field satisfying ||¢||L~ < 1 and compute
(A.10) / ydive dVs = / > Lpenydive dvs,
R? R3 n=1 -

where 1y is the indicator function for a set V' C R3. Note that the above sum is finite since y is
bounded. By Lemma A.4 the points of discontinuity for y are contained in ¥(9S2), so we have that
o{x > n} C ¥(9Q) N {x > n}. This implies that d{x > n} has finite H*-measure. In particular,
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as the measure theoretic boundary of a set is always contained in its topological boundary, {x > n}
satisfies the hypotheses of [29, Theorem 5.23] showing that this set has finite perimeter. Hence,
L{y>n} is BV according to [29, Definition 5.1]. Therefore we find that

1iysmdive dVs = / &, v)dH>
/RJ; fxzn) 5 nzl on )

(A.11) < / 1o dAs
nZ::l ¥(69) {x>n}

= / xdAs < o0,
W (59)

where v is the measure theoretic unit outer normal, the first equality is obtained from [29, Theorem
5.16], the second line follows from the fact that [(¢, )| < |¢||v| < 1 holds almost everywhere and

Hx > n} C ¥ (02) N{x >n}, and the third line holds by definition of x. O
REFERENCES

[1] E. Agol, and M. Kamionkowski, X-rays from isolated black holes in the Milky Way, Mon. Not. R. Astron. Soc.,
334 (2002), no. 3, 553-562.

[2] V. Agostiniani, C. Mantegazza, L. Mazzieri, and F. Oronzio, The Riemannian Penrose inequality via nonlinear
potential theory, preprint 2022. arXiv:2205.11642

[3] A. Alaee, P.-K. Hung, and M. Khuri, The positive energy theorem for asymptotically hyperboloidal initial data sets
with toroidal infinity and related rigidity results, Comm. Math. Phys., 396 (2022), no. 2, 451-480.

[4] L. Ambrozio, On perturbations of the Schwarzschild anti-de Sitter spaces of positive mass, Comm. Math. Phys.,
337 (2015), no.2, 767-783.

[5] L. Andersson, M. Cai, and G. Galloway, Rigidity and positivity of mass for asymptotically hyperbolic manifolds,
Ann. Henri Poincaré, 9 (2008), no. 1, 1-33.

[6] L. Andersson, M. Dahl, G. Galloway, and D. Pollack, On the geometry and topology of initial data sets with
horizons, Asian J. Math., 22 (2018), no. 5, 863-881.

[7] L. Andersson, M. Eichmair, and J. Metzger, Jang’s equation and its applications to marginally trapped surfaces,
in Complex analysis and dynamical systems IV. Part 2, 13—45, Contemp. Math. Israel Math. Conf. Proc., 554,
Amer. Math. Soc., Providence, RI.

[8] L. Andersson, and J. Metzger, The area of horizons and the trapped region, Comm. Math. Phys.; 290 (2009), no.
3, 941-972.

[9] R. Bartnik, The mass of an asymptotically flat manifold, Comm. Pure Appl. Math., 39 (1986), no. 5, 661-693.

[10] H. Bray, Proof of the Riemannian Penrose inequality using the positive mass theorem, J. Differential. Geom., 59
(2001), no.2, 177-267.

[11] H. Bray, and P. Chrusciel, The Penrose inequality, Birkh&user Verlag, Basel, 2004, 39-70.

[12] H. Bray, and M. Khuri, A Jang Equation Approach to the Penrose Inequality, Discrete Contin. Dyn. Syst., 27
(2010), no. 2, 741-766.

[13] H. Bray, M. Khuri, D. Kazaras, and D. Stern, Harmonic functions and the mass of 3-dimensional asymptotically
flat Riemannian manifolds, J. Geom. Anal., 32 (2022), no. 6, Paper No. 184, 29 pp.

[14] H. Bray, and D. Lee, On the Riemannian Penrose inequality in dimensions less than 8, Duke Math. J., 148 (2009),
81-106.

[15] E. Bryden, M. Khuri, and C. Sormani, Stability of the spacetime positive mass theorem in spherical symmetry, J.
Geom. Anal., 31 (2021), no. 4, 4191-4239.

[16] D. Christodoulou, and N. O Murchadha, The boost problem in general relativity, Comm. Math. Phys., 80 (1981),
no. 2, 271-300.

[17] P. Chrusciel, Boundary conditions at spatial infinity from a Hamiltonian point of view, Topological Properties

and Global Structure of Space-Time (P. Bergmann and V. de Sabbata, eds.), Plenum Press, New York, 1986, pp.
49-59.



28

18]
[19]
[20]
21]
[22]
23]
[24]
[25]
126]
[27]
28]
[29]
[30]
31]
32
33

34]
(35]

(36]
37]
(38]
(39]
(40]
[41]
[42]
(43]

(44]
[45]

ALLEN, BRYDEN, KAZARAS, AND KHURI

P. Chrusciel, A remark on the positive-energy theorem, Classical Quantum Gravity, 3 (1986), no. 6, L115-L121.
Corrigendum: Classical Quantum Gravity, 4 (1987), no. 4, 1049.

P. Chrusciel, J. Jezierski, and S. Leski, The Trautman-Bondi mass of hyperboloidal initial data sets, Adv. Theor.
Math. Phys., 8 (2004), no. 1, 83-139.

M. Dahl, R. Gicquaud, and A. Sakovich, Penrose type inequalities for asymptotically hyperbolic graphs, Ann. Henri
Poincaré, 14 (2013), no. 5, 1135-1168.

M. Dahl, and A. Sakovich, A density theorem for asymptotically hyperbolic initial data satisfying the dominant
energy condition, Pure Appl. Math. Q., 17 (2021), no. 5, 1669-1710.

L. de Lima, and F. Girao, Positive mass and Penrose type inequalities for asymptotically hyperbolic hypersurfaces,
Gen. Relativity Gravitation, 47 (2015), no. 3, Art. 23, 20 pp.

L. de Lima, and F. Girdo, An Alexandrov-Fenchel-type inequality in hyperbolic space with an application to a
Penrose inequality, Ann. Henri Poincaré, 17 (2016), no. 4, 979-1002.

C. Dong, Some stability results of positive mass theorem for uniformly asymptotically flat 3-manifolds, Ann. Math.
Qué .48 (2024) no. 2, 427-451.

C. Dong, and A. Song, Stability of Fuclidean 3-space for the positive mass theorem, Invent. Math., 239 (2025),
no. 1, 287-319.

M. Eichmair, Ezistence, regularity, and properties of generalized apparent horizons, Comm. Math. Phys., 294
(2010), no. 3, 745-760.

M. Eichmair, G. Galloway, and D. Pollack, Topological censorship from the initial data point of view, J. Differential
Geom., 95 (2013), no. 3, 389-405.

M. Eichmair, L.-H. Huang, D. Lee, and R. Schoen, The spacetime positive mass theorem in dimensions less than
eight, J. Eur. Math. Soc., 18 (2016), no. 1, 83-121.

L. Evans, and R. Gariepy, Measure theory and fine properties of functions, revised edition, Textbooks in Mathe-
matics, CRC, Boca Raton, FL, 2015.

G. Galloway, Rigidity of outermost MOTS: the initial data version, Gen. Relativity Gravitation, 50 (2018), no. 3,
Paper No. 32, 7 pp.

Y. Ge, G. Wang, J. Wu, and C. Xia, A Penrose inequality for graphs over Kottler space, Calc. Var. Partial
Differential Equations, 52 (2015), no. 3-4, 755-782.

Q. Han, and M. Khuri, Ezistence and blow-up behavior for solutions of the generalized Jang equation, Comm.
Partial Differential Equations, 38 (2013), 2199-2237.

R. Hardt, M. Homann-Ostenhof, T. Homann-Ostenhof, and N. Nadirashvili, Critical sets of solutions to elliptic
equations, J. Differential Geom., 51 (1999), no. 2, 359-373.

S. Hayward, Gravitational energy in spherical symmetry, Phys. Rev. D, 53 (1996), no. 4, 1938-1949.

M. Herzlich, A Penrose-like inequality for the mass of Riemannian asymptotically flat manifolds, Comm. Math.
Phys., 188 (1997), no. 1, 121-133.

S. Hirsch, D. Kazaras, and M. Khuri, Spacetime harmonic functions and the mass of 3-dimensional asymptotically
flat initial data for the Einstein equations, J. Differential Geom., 122 (2022), no. 2, 223-258.

M. Hou, Spacetime Penrose Inequality For Asymptotically Hyperbolic Spherical Symmetric Initial Data, MSc.
Thesis, Uppsala University (2020).

G. Huisken, and T. llmanen, The inverse mean curvature flow and the Riemannian Penrose inequality, J. Differ-
ential Geom., 59 (2001), no. 3, 353-437.

J. Jauregui, The capacity-volume inequality of Poincaré-Faber-Szego., Notes http://www. math. union. edu/ jau-
reguj/capacity volume, 2012.

M. Khuri, A Penrose-like inequality for general initial data sets, Comm. Math. Phys., 290 (2009), 779-788. Erratum:
Comm. Math. Phys., 317 (2013), no. 1, 267.

M. Khuri, A Penrose-like inequality with charge, Gen. Relativity Gravitation, 45 (2013), no. 11, 2341-2361.

M. Khuri, and J. Kopinski, Asymptotically hyperbolic Einstein constraint equations with apparent horizon boundary
and the Penrose inequality for perturbations of Schwarzschild-AdS, Classical Quantum Gravity, 40 (2023), no. 4,
Paper No. 045007, 25 pp.

M. Khuri, and H. Kunduri, The spacetime Penrose inequality for cohomogeneity one initial data, Adv. Theor.
Math. Phys., to appear. arXiv:2404.13247

D. Lee, Geometric Relativity, Grad. Stud. Math., 201, American Mathematical Society, Providence, RI, 2019.

D. Lee, M. Lesourd, and R. Unger, Density and positive mass theorems for initial data sets with boundary, Comm.
Math. Phys., 395 (2022), no. 2, 643-677.



[46]
(47]

(48]
(49]

[50]

[51]
[52]

53]
[54]
[55]
[56]
[57]
(58]

[59]
[60]

(61]

[62]
(63]

(64]

THE PENROSE CONJECTURE WITH SUBOPTIMAL CONSTANT 29

D. Lee, and A. Neves, The Penrose inequality for asymptotically locally hyperbolic spaces with nonpositive mass,
Comm. Math. Phys., 339 (2015), no. 2, 327-352.

E. Malec, and N. O Murchadha, Trapped surfaces and the Penrose inequality in spherically symmetric geometries,
Phys. Rev. D, 49 (1994), no. 12, 6931-6934.

M. Mars, Present status of the Penrose inequality, Classical Quantum Gravity, 26 (2009), no. 19, 193001, 59 pp.
J. Metzger, Blowup of Jang’s equation at outermost marginally trapped surfaces, Comm. Math. Phys., 294 (2010),
no. 1, 61-72.

S. McCormick, and P. Miao, On a Penrose-like inequality in dimensions less than eight, Int. Math. Res. Not.
IMRN, 2019, no. 7, 2069-2084.

B. Michel, Geometric invariance of mass-like asymptotic invariants, J. Math. Phys., 52 (2011), no. 5, 052504.

1. Natanson, Theory of Functions of a Real Variable, translated by Leo F. Boron with the collaboration of Edwin
Hewitt, Ungar Publishing, New York, 1955.

A. Neves, Insufficient convergence of inverse mean curvature flow on asymptotically hyperbolic manifolds, J. Dif-
ferential Geom., 84 (2010), no. 1, 191-229.

R. Penrose, Gravitational collapse: the role of general relativity, Nuovo Cimento, Rivista Serie., 1 (1969), 252—-276.
R. Penrose, Naked singularities, Ann. N. Y. Acad. Sci., 224 (1973), 125-134.

G. Pélya, and G. Szegd, Isoperimetric Inequalities in Mathematical Physics, Annals of Mathematics Studies, No.
27, Princeton Univ. Press, Princeton, NJ, 1951.

H. Roesch, Proof of a null Penrose conjecture using a new quasi-local mass, Comm. Anal. Geom., 29 (2021), no. 8,
1847-1915.

A. Sakovich, The Jang equation and the positive mass theorem in the asymptotically hyperbolic setting, Comm.
Math. Phys. 386 (2021), no. 2, 903-973.

R. Schoen, and S.-T. Yau, Proof of the positive mass theorem II, Comm. Math. Phys., 79 (1981), 231-260.

T. Thompson, et al., A noninteracting low-mass black hole—giant star binary system, Science, 366 (2019), no. 6465,
637-640.

D. Tsuna, and N. Kawanaka, Radio emission from accreting isolated black holes in our galazy, Mon. Not. R.
Astron. Soc., 488 (2019), no. 2, 2099-2107.

X. Wang, The mass of asymptotically hyperbolic manifolds, J. Differential Geom., 57 (2001), no. 2, 273-299.

W. Yu, Blowup rate control for solution of Jang’s equation and its application on Penrose inequality, Adv. Theor.
Math. Phys., 26 (2022), no. 7, 2313-2377.

K.-W. Zhao, On Blowup of Jang’s Equation and Constant Fxpansion Surfaces, Dissertation, UC Irvine, 2022.

DEPARTMENT OF MATHEMATICS, LEHMAN COLLEGE, CITY UNIVERSITY OF NEW YORK, BRONX, NY 10468, USA
Email address: brian.alleni@lehman.cuny.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ANTWERP, ANTWERPEN, BEL
Email address: edward.bryden@uantwerpen.be

DEPARTMENT OF MATHEMATICS, MICHIGAN STATE UNIVERSITY, EAST LANSING, MI 48824, USA
Email address: kazarasd@msu.edu

DEPARTMENT OF MATHEMATICS, STONY BROOK UNIVERSITY, STONY BROOK, NY 11794, USA
Email address: marcus.khuri@stonybrook.edu



	1. Introduction
	Acknowledgements

	2. The Generalized Exterior Region
	3. Energy, Harmonic Functions, and the Jang Graph
	3.1. Harmonic functions on the Jang graph
	3.2. Mass lower bounds on the Jang graph

	4. Dong-Song's Universal Poincaré-Faber-Szegö Inequality
	5. Proof of the Main Theorems
	Appendix A. Companion to Section 4
	References

