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Abstract. We establish the Penrose conjecture with a suboptimal constant in the setting of 3-

dimensional initial data sets for the Einstein equations satisfying the dominant energy condition,

which are either asymptotically flat or asymptotically hyperboloidal. More precisely, it is shown

that the total mass is bounded from below by a universal constant multiplied by the square root of

the minimal area required to enclose an outermost apparent horizon. Here, the outermost apparent

horizon may contain both marginally outer trapped (MOTS) and marginally inner trapped (MITS)

components. This result constrains possible counterexamples to the weak cosmic censorship conjec-

ture. The proof is based on the harmonic level set approach to the positive mass theorem, combined

with the Jang equation and techniques arising from the stability argument of Dong-Song [25]. As a

corollary, we obtain a version of the Riemannian Penrose inequality for 3-dimensional asymptotically

hyperbolic manifolds, and also derive an estimate for the number of stellar black holes in isolated

gravitating systems.

1. Introduction

Motivated by the weak cosmic censorship conjecture [54], Penrose proposed an inequality [55]
relating the ADM mass (or energy) m of a 4-dimensional asymptotically flat spacetime to the cross-
sectional area Ae of the event horizons it contains, which takes the form

(1.1) m ≥
√

Ae

16π
.

According to the arguments of Penrose, any violation of this inequality would imply a counterexample
to the weak cosmic censorship conjecture, thereby undermining the foundations of general relativity
as a deterministic physical theory.

The Penrose conjecture is typically reformulated in the setting of initial data sets. Consider
a triple (M, g, k) consisting of a 3-dimensional connected and orientable manifold M , a complete
Riemannian metric g, along with a symmetric 2-tensor k representing the second fundamental form
of an embedding into spacetime. These quantities are assumed to be smooth and satisfy the constraint
equations

(1.2) 16πµ = Rg + (Trgk)
2 − |k|2g, 8πJ = divg (k − (Trgk)g) ,

where Rg denotes scalar curvature, and µ, J are the energy-momentum density of matter fields. We
will say that the dominant energy condition holds if µ ≥ |J |g. Furthermore, the data will be called

asymptotically flat if there exists a compact set K such that M \ K = ∪ℓ0
ℓ=1M

ℓ
end, where the ends

M ℓ
end are pairwise disjoint and each is diffeomorphic to the complement of a Euclidean ball R3 \B1.

Moreover, if φ denotes the diffeomorphism from Euclidean space of coordinates x to an end then

φ∗g = δ +O2(|x|−q), φ∗k = O1(|x|−q−1),

φ∗µ, φ∗J = O(|x|−2q−2), φ∗Trgk = O(|x|−2q−1),
(1.3)
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for some q > 1
2 where Ol(|x|−q) represents a tensor in the weighted space C l

−q(R3). The additional
decay on the trace of k is usually not included in the definition of asymptotically flatness, but is
recorded here for usage with the Jang equation. Under these asymptotics the ADM energy and linear
momentum of each end are well-defined [9, 17] and given by

(1.4) E= lim
r→∞

1

16π

ˆ
Sr

∑
i

(gij,i − gii,j)ν
jdA, Pi= lim

r→∞

1

8π

ˆ
Sr

(kij − (Trgk)gij)ν
jdA,

where Sr are coordinate spheres with unit outer normal ν and area element dA. The ADM mass is
then the Lorentz length of the energy-momentum vector, m =

√
E2 − |P |2.

The role of the event horizon is replaced by that of an apparent horizon, which may be computed
directly from the initial data. Let Σ be a closed 2-sided hypersurface in M with null expansions
θ± = H ± TrΣk, where H is the mean curvature of Σ computed as the tangential divergence of
the unit normal ν pointing towards a designated end Mend. The null expansions are themselves
(spacetime) mean curvatures, namely in the null directions ν ± n where n is the future pointing
timelike normal to the slice (M, g, k). These quantities may be interpreted physically as determining
the rate of change of area for a shell of light emanating from the surface in the outward future/past
direction, and they can be used to measure the strength of the gravitational field. In particular,
the gravitational field is strong near the surface Σ if it is outer or inner trapped, that is θ+ < 0
or θ− < 0. Moreover, Σ is called a marginally outer or inner trapped surface (MOTS or MITS)
if θ+ = 0 or θ− = 0. These types of surfaces are also referred to as future or past apparent
horizons, and naturally arise as boundaries of future or past trapped regions [8]. Furthermore, a
collection Σ of disjoint MOTS and MITS components will be called an outermost apparent horizon
with respect toMend, if Σ is not enclosed from the perspective ofMend by any other disjoint collection
of apparent horizon components. The existence of an outermost apparent horizon for each end may
be obtained from [8], by first finding the outermost MOTS and outermost MITS separately, and then
removing components until all are disjoint. Although the outermost MOTS and outermost MITS
are individually unique, the second step in which components are removed entails a choice, and thus
the resulting outermost apparent horizon may not be unique.

The conjectured Penrose inequality for initial data sets may then be recast as

(1.5) m ≥
√

A
16π

whenever the dominant energy condition holds, where A is the minimum area required to enclose
an outermost apparent horizon [48]. Equality should be achieved only for slices of the Schwarzschild
spacetime. In the (Riemannian) time symmetric case when k = 0, this inequality has been confirmed
by Huisken-Ilmanen [38] and Agostiniani-Mantegazza-Mazzieri-Oronzio [2] for a single component
black hole via inverse mean curvature flow and p-harmonic functions respectively. The multiple black
hole scenario was treated by Bray [10] using a conformal flow, and this approach has been generalized
by Bray-Lee [14] for dimensions up to 7. Moreover, the Penrose-like inequality of McCormick-Miao
[50] applies for outerminimizing boundaries that are not necessarily minimal hypersurfaces. Within
the context of the spacetime setting, there are few results outside of strong symmetry assumptions.
In fact, for this regime the conjectured inequality has only been verified in the spherically symmetric
case [34, 47] with the rigidity statement also obtained in [12, 15], [44, Theorem 7.46], and in the
general cohomogeneity one setting by Khuri-Kunduri [43]; these results hold in higher dimensions as
well. Furthermore, Penrose-like inequalities have been found in the spacetime setting by the fourth
author [40, 41] and Yu [63], inspired by the Riemannian result of Herzlich [35]. These latter results
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replace A with the area of an outermost apparent horizon, and involve a suboptimal constant which
depends in a crucial way on the initial data. In the present work we will show that there is a universal
(suboptimal) constant for which the inequality (1.5) holds.

Theorem 1.1. Let (M, g, k) be a complete asymptotically flat initial data set satisfying the dominant
energy condition. There exists a universal constant C < 1018 such that

(1.6) m ≥
√

A
C
,

where m is the ADM mass of an end and A is the minimal area required to enclose an outermost
apparent horizon associated with the end.

Remark 1.2. We point out that the statement of this theorem applies to at least one outermost
apparent horizon for any given end. It is likely that the methods of this paper can be suitably
modified so that the statement holds for any outermost apparent horizon, although this will not be
pursued here.

The heuristic physical arguments of Penrose that motivate (1.5) also apply to a certain class of
asymptotically hyperbolic initial data modelled on slices of asymptotically flat spacetimes which
asymptote to a light cone, and thus have a nontrivial intersection with null infinity. Let (H3, b)
denote the hyperboloidal model of 3-dimensional hyperbolic space arising from the hyperboloid
t =

√
1 + |x|2 in Minkowski space. Thus, H3 is identified with [0,∞)×S2 and b = (1+r2)−1dr2+r2σ,

where σ is the unit round metric on the 2-sphere. We will say that an initial data set is asymptotically
hyperboloidal if there exists a compact set K such that M \K = ∪ℓ0

ℓ=1M
ℓ
end, where the ends M ℓ

end are
pairwise disjoint and each is diffeomorphic to the complement of a hyperbolic ball H3\B1. Moreover,
if φ denotes the diffeomorphism from the hyperboloidal model to an asymptotic end then

(1.7) φ∗g = b+
m

r
+O5(r

−2), φ∗k = b+
p

r
+O4(r

−2), φ∗µ, φ∗J = O3(r
−3−q0),

for some q0 > 0 where m and p are symmetric 2-tensors on S2 and Ol(r
−q) represents a tensor

in the weighted space C l
−q(H3). This decay is often referred to as Wang asymptotics due to the

initial study [62] of mass in the asymptotically hyperbolic setting. The assumption on the number
of derivatives and the asymptotics themselves, are stronger requirements than what is traditionally
needed for positive mass results. This is due to our reliance on the Jang equation, and in particular
the analysis of this equation by Sakovich [58] in this regime. The total energy is the well-defined
[19,51] and given by

(1.8) Ehyp =
1

16π

ˆ
S2

Trσ(m+ 2p)dAσ.

It was shown by Neves [53] that the naive approach of a modified Hawking mass monotonicity
along inverse mean curvature flow is not sufficient to establish hyperbolic Penrose inequalities. Even
in the umbilic case when k = g and the dominant energy condition reduces to the scalar curvature
lower bound Rg ≥ −6, little is known about this inequality outside the spherically symmetric [37],
cohomogeneity one [43], and graphical [22] settings. There is a different version of the hyperbolic
Penrose inequality [11, Section 4.1], which is modelled on asymptotically AdS spaces. Although
not motivated by the Penrose heuristic arguments, it has been proven when k = 0 for small per-
turbations of the Schwarzschild-AdS manifold by Ambrozio [4] (see also [42]), and for graphs by
Dahl-Gicquaud-Sakovich [20] and de Lima-Girão [23]. Related results include a Penrose-like inequal-
ity for asymptotically locally hyperbolic (ALH) manifolds by Alaee-Hung-Khuri [3], graphical ALH
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Penrose inequalities by Ge-Wang-Wu-Xia [31] and de Lima-Girão [23], nonpositive mass ALH in-
equalities of Penrose-type by Lee-Neves [46], and a null Penrose inequality by Roesch [57]. Here
we will show that there is a universal (suboptimal) constant for which the spacetime asymptotically
hyperboloidal Penrose inequality holds.

Theorem 1.3. Let (M, g, k) be a complete asymptotically hyperboloidal initial data set satisfying the
dominant energy condition. There exists a universal constant C < 1018 such that

(1.9) Ehyp ≥
√

A
C
,

where Ehyp is the total energy of an end and A is the minimal area required to enclose an outermost
apparent horizon associated with the end.

We point out that, unlike the asymptotically flat case, this theorem is novel even in the Riemannian
(umbilic) regime. In this situation the outermost minimal surface is replaced by an outerminimizing
surface of mean curvature H = 2, and the associated Penrose inequality was conjectured in [62].

Corollary 1.4. Let (M, g) be a complete Riemannian 3-manifold which is asymptotically hyperbolic
in the sense of (1.7). Assume further that the scalar curvature satisfies Rg ≥ −6, and let A denote
the area of the outermost surface of mean curvature H = 2 with respect to a designated end. There
exists a universal constant C < 1018 such that

(1.10) Ehyp ≥
√
A

C
,

where Ehyp is the total energy of the designated end.

An outline of the main arguments, and the organization of this manuscript are as follows. In
Section 2, as preparation for the use of level set techniques, we construct a so called generalized
exterior region which simplifies the topology while not decreasing the minimal area required to
enclose an outermost apparent horizon and preserving the mass/energy of a designated end. The
Jang equation is then solved over the generalized exterior region with blow-up at an outermost
apparent horizon. In Section 3 it is shown that the total energy of the designated end within the
Jang graph bounds the second derivatives of a harmonic map U from the Jang graph to R3. Next,
following Dong-Song [25] we consider the set Ω0,τ on which U is pointwise-close to a local isometry,
and prove in Section 4 that the area of ∂Ω0,τ is universally bounded above by a multiple of the total
energy squared. The desired Penrose inequalities are then established in Section 5, by exploiting
the cylindrical geometry of the nondesignated ends within the Jang graph to show that a projection
of ∂Ω0,τ encloses the outermost apparent horizon, so that its area is an upper bound for A. We
conclude with Remark 5.1, which applies Theorem 1.1 to provide an upper bound for the number of
stellar black holes in an isolated gravitating system.

Acknowledgements. The authors would like to thank Hubert Bray for his interest in these results,
Conghan Dong for insightful discussions concerning the work [24], and Pei-Ken Hung for suggestions
concerning the asymptotically hyperboloidal case.

2. The Generalized Exterior Region

In this section we show how to reduce the topology of initial data sets, so that harmonic level
set techniques will be applicable. In particular, this construction reduces the Penrose inequality for
general initial data sets to the Penrose inequality for initial data having vanishing first Betti number.
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This is achieved by passing to a generalized exterior region associated with a given end, as described
in the following result. Such a construction was first described in [36] for the asymptotically flat case.
Here we extend it to the asymptotically hyperboloidal setting as well, and refine certain properties
to show that the minimal area required to enclose the relevant apparent horizons does not decrease
in the process.

Lemma 2.1. Let (M, g, k) be an initial data set which is either asymptotically flat or asymptotically
hyperboloidal, and satisfies the dominant energy condition. Then for each end Mend there exists
an associated outermost apparent horizon Σ ⊂ M , and a new initial data set (Mext, gext, kext) with
boundary satisfying the following properties.

(1) The second relative homology is trivial, H2(Mext, ∂Mext;Z) = 0.
(2) Mext has a single end which is isometric as initial data to (Mend, g, k).
(3) The boundary ∂Mext is an outermost apparent horizon.
(4) The minimal area required to enclose ∂Mext is not less than the minimal area required to

enclose Σ.

Remark 2.2. Loosely speaking, Mext is meant to represent the region outside of the outermost
apparent horizon Σ. However, since the generalized exterior region is obtained by passing to covering
spaces, components of ∂Mext may project to apparent horizons in M which are merely immersed.

Proof. As mentioned above, the existence of a generalized exterior region satisfying (1), (2), and (3)
was proven in [36, Proposition 2.1] for the asymptotically flat case. Here we will describe how to
appropriately modify the construction in order to achieve (4), and to establish that the procedure
can be performed in the asymptotically hyperboloidal context as well.

Assume first that the initial data are asymptotically flat. The first four paragraphs in the proof
of [36, Proposition 2.1] yield an embedded 3-dimensional submanifold with boundary (M ′, g, k) of
the original data set, which is asymptotically flat and has the following additional properties. Each
boundary component of ∂M ′ is a 2-sphere MOTS or MITS, M ′ has PSC (positive scalar curvature)
topology in that it is diffeomorphic to a finite connected sum of spherical space forms, S1 × S2’s,
and R3’s with a finite number of 3-balls removed (corresponding to horizons), and one of the ends
coincides with (Mend, g, k). Consider now an outermost apparent horizon Σ′ ⊂ M with respect to
Mend. According to [30, Theorem 3.2], each component of Σ′ must topologically be a 2-sphere.
Moreover, the outermost condition implies that each component of ∂M ′ is either separated from
Mend by Σ′, or has a transverse intersection with Σ′. We may then modify Σ′ to construct another
outermost apparent horizon Σ ⊂ M with respect to Mend in the following way: if a component
of Σ′ does not have a transverse intersection with ∂M ′ then include this component within Σ, if
a component of Σ′ has a transverse intersection with ∂M ′ then replace it in Σ with the relevant
components of ∂M ′. The manifold with boundary and one end produced by taking the closure of
the component of M \ Σ that contains Mend, will be denoted M0.

We claim that M0 must also have PSC topology. To see this, note that without loss of generality
it may be assumed that M0 is a proper subset of M ′, by slightly pushing inwards any components
of ∂M0 that have nontrivial intersection with ∂M ′. Since the outermost apparent horizon Σ has
a finite number of components, due to uniform bounds on its area and second fundamental form
[7, Theorem 4.6], the desired claim is implied by the following fact. If S is a finite collection of
embedded spheres within a 3-manifold N of PSC topology, then all components of N \ S also admit
PSC topology. By using induction, it will suffice to consider the case where S has a single component
S. If S is nonseparating in N then it must represent a slice of an S1 × S2 summand in the prime
decomposition of N . In this case, N \S has PSC topology since its prime decomposition is the same
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as that of N minus the relevant S1×S2 summand. If S is separating, then it induces a decomposition
N = N1#N2. Moreover, due to the uniqueness of prime decompositions both N1 and N2 have PSC
topology. To summarize,M0 has one end and satisfies the same properties asM ′, with the additional
feature that ∂M0 = Σ is an outermost apparent horizon with respect to Mend.

Observe that the homology group H2(M0, ∂M0;Z) is generated by the spheres in the S1 × S2

summands, and therefore the desired property (1) will be achieved by dealing with these spheres.
Since H1(M0;Z) ∼= H2(M0, ∂M0;Z) is the torsion-free part of H1(M0;Z), it will be sufficient to
iteratively reduce the first Betti number b1 = rkH1(M0;Z). A procedure to accomplish this appears
in the proof of [36, Proposition 2.1], which we briefly outline here. Given a sphere in an S1 × S2

summand, consider the associated double cover π : M̃1 → M0 classified by the mod 2 reduction of

the cohomology class Poincaré dual to the sphere. By pulling back g and k, the cover M̃1 becomes
an initial data set with two asymptotically flat ends. Moreover, a simple calculation shows that

b1(M̃1) = 2b1(M0) − 1. By picking one of two ends of M̃1 as a reference and using the untrapped
coordinate spheres in those ends together with the apparent horizon boundary as barriers for the
outermost MOTS problem, one may apply [27, Theorem 4.2] (or rather a slight generalization of
it to allow for nonstrict inequalities, see [8, Section 5] or [26, Remark 4.1]) to find an apparent

horizon Σ1 ⊂ M̃1 separating the two ends. There will be two components of M̃1 \Σ1, each containing
an isometric copy of the asymptotically flat end Mend. A brief calculation, using the fact that Σ1

consists of spheres, shows that one of the components of M̃1 \Σ1 has first Betti number strictly less
than b1(M0). The metric completion of this component having smaller first Betti number will be
denoted by M1. Moreover, it may be assumed that ∂M1 is an outermost apparent horizon, since if
this is not initially the case then we may pass to an outermost apparent horizon while preserving all
relevant properties, in the same way as passing from M ′ to M0 above.

Let Ai be the minimum area required to enclose ∂Mi, for i = 0, 1. We claim that A0 ≤ A1. Let
Ω ⊂M1 be a region enclosing the end ofM1, so that ∂Ω is a competitor for the minimizing enclosure
of ∂M1. Clearly π(Ω) contains the end of M0, so that ∂π(Ω) is a competitor for the minimizing
enclosure of ∂M0 and satisfies |∂π(Ω)| ≥ A0. Since ∂π(Ω) ⊂ π(∂Ω) and π is area nonincreasing, we
conclude that

(2.1) A0 ≤ |∂π(Ω)| ≤ |π(∂Ω)| ≤ |∂Ω|.

The claim follows by taking the infimum over all such regions Ω. If b1(M1) = 0 then we set
(Mext, gext, kext) = (M1, π

∗g, π∗k) to obtain the desired properties; note that property (4) is sat-
isfied since Σ = ∂M0. If b1(M1) ̸= 0, then we may repeat the double cover argument until the first
Betti number vanishes. The generalized exterior region then arises from the last of these covers.

It remains to describe the modifications necessary in the asymptotically hyperboloidal case. At
the beginning and end of the proof of [36, Proposition 2.1], a perturbation to strict dominant energy
condition [28, Theorem 22] was utilized. The analogous perturbation result in the asymptotically
hyperboloidal setting is given by [21, Theorem 5.2], and may be used in the same manner. Next,
we must justify the claim that M ′ has PSC topology. In the asymptotically flat case this relies
heavily on the Jang equation through the proof of [6, Theorem 1.2], and thus these arguments must
be amended. In her analysis of the Jang equation on complete asymptotically hyperboloidal initial
data sets (M, g, k) satisfying the strict dominant energy condition, Sakovich proved [58, Proposition
7.2] that there exists a region Ω ⊂M enclosing Mend with spherical apparent horizon boundary and
which admits a complete metric g̃ (a modification of the Jang metric) with asymptotically flat ends,
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exactly cylindrical geometry hear ∂Ω, and satisfying

(2.2)

ˆ
Ω

(
(2 + ϵ)|∇ϕ|2g̃ +Rg̃ϕ

2
)
dVg̃ ≥

ˆ
Ω
(µ− |J |g)ϕ2dVg̃

for all ϕ ∈ C∞
c (Ω) and some small ϵ > 0. This is exactly the outcome of Step 2 in the proof of

[6, Theorem 1.2], and one may then carry out the remaining steps to conclude that Ω has the desired
PSC topology. Lastly, in certain arguments the untrapped condition of large coordinates spheres in
the asymptotic ends was utilized to construct barriers for the MOTS/MITS existence problem; for
instance the existence of the apparent horizon Σ1 above. In the asymptotically hyperboloidal setting
with Wang asymptotics (1.7), this condition remains valid as shown in [58, Lemma 4.3]. Therefore,
with these modifications the arguments presented above may be used to establish the desired result
in the asymptotically hyperboloidal context. □

3. Energy, Harmonic Functions, and the Jang Graph

In this section we will obtain a lower bound for the total energy of an end within the original initial
data set, in terms of a weighted L2 Hessian involving asymptotically linear harmonic functions on
the Jang deformation of a generalized exterior region. The next result identifies relevant features of
the Jang data.

Proposition 3.1. Let (M, g, k) be an initial data set which is either asymptotically flat of order
q > 1/2 or asymptotically hyperboloidal, and satisfies the dominant energy condition. Then for each
end Mend there exists a ‘Jang triple’ (M, g,X) consisting of a complete Riemannian 3-manifold with

ends {El}l0l=0, and a smooth vector field, all satisfying the following properties.

(1) The second relative homology is trivial, H2(M,∪l0
l=1El;Z) = 0.

(2) E0 is asymptotically flat of order q > 1/2, with the third equation of (1.3) replaced with
Rg = O(r−3) when M is asymptotically hyperboloidal. Moreover, the ADM energy of this
end is related to the original energy by E(E0) = E(Mend) when M is asymptotically flat, and
E(E0) = 2Ehyp(Mend) when M is asymptotically hyperboloidal. Here q = q if M is AF, and
q = 1 if M is AH.

(3) The area of any surface in M that separates ∪l0
l=1El from E0 is not less than the minimal area

required to enclose the outermost apparent horizon Σ ⊂M , where Σ is associated with Mend

and given by Lemma 2.1.
(4) Rg ∈ L1(E0) when M is asymptotically flat, and Rg + 2divgX ∈ L1(E0) when M is asymp-

totically hyperboloidal. In both cases Rg ≥ 2|X|2g − 2divgX.

(5) |X|g = O(r−1−2q) on E0 when M is asymptotically flat, |X|g = O(r−2) on E0 when M is

asymptotically hyperboloidal and in this case limr→∞
´
Sr
⟨X, ν⟩dA = −4πE(E0) where ν is

the unit outer normal to the coordinate sphere Sr ⊂ E0. Furthermore, |X|g is bounded on El
for l = 1, . . . , l0.

Remark 3.2. Note that in the asymptotically hyperboloidal case the Jang scalar curvature Rg

is not necessarily integrable over E0, and therefore the ADM energy of this end may not be a
geometric invariant. When referring to the ADM energy E(E0) in this case, we will use the asymptotic
coordinates employed in [58, Corollary 6.11].

Proof. Assume first that M is asymptotically flat. By Lemma 2.1, there exists a generalized exterior
region (Mext, gext, kext) associated with Mend and a corresponding outermost apparent horizon Σ ⊂
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M . Since ∂Mext is itself an outermost apparent horizon, we may apply the techniques of Metzger
[49, Theorem 3.1] (see also [32, Theorem 1.1]) to find a smooth solution of Jang’s equation

(3.1)

(
gijext −

f if j

1 + |∇f |2

)(
∇ijf√

1 + |∇f |2
− (kext)ij

)
= 0 on Mext,

such that

(3.2) f = O3(r
1−2q) as r → ∞, f(p) → ±∞ as dist(p, ∂±Mext) → 0,

where r is the radial coordinates in the asymptotically flat end, and ∂Mext = ∂+Mext ⊔ ∂−Mext is
decomposed into MOTS and MITS components respectively. It should be pointed out that although
the hypotheses of the cited results do not precisely cover the current setting, only straightforward
modifications are required to obtain the stated conclusion. LetM =Mext\∂Mext, and set g = g+df2

to be the induced metric on the Jang graph t = f(p) in the product 4-manifold (M × R, g + dt2).
The decay in (3.2) yields an asymptotically flat end E0 ⊂ M of order q with ADM energy E(E0) =
E(Mend), so that (2) holds. Moreover, the blow-up in (3.2) may be refined to yield asymptotically

cylindrical ends {El}l0l=1 associated with each component of ∂Mext. In particular, (1) is satisfied in
light of the homology statement of Lemma 2.1, and (3) follows from the fact that g ≥ g along with
Lemma 2.1 part (4). Furthermore, if g0 denotes the induced metric on ∂Mext and ĝ = dt2 + g0 is
the product metric on cylinders C± = (0,±∞) × ∂±Mext, then by expressing the Jang surface as a
graph over these cylinders and pulling the metric back [49, Theorem 4.1] ([59, Corollary 2]) yields

(3.3) |∇̂a(g − ĝ)|ĝ = o(1), as t→ ±∞ in C±,

for any a where ∇̂ is covariant differentiation with respect to ĝ. In the case of a strictly stable
apparent horizon more precise asymptotics are available [63, Theorem 2.1], [64, Section 2], although
this will not be needed here. The scalar curvature of the Jang metric [59, (2.25)] is given by

(3.4) Rg = 16π(µ− J(w)) + |h− k|2g + 2|X|2g − 2divgX,

where

(3.5) w =
∇f

1 + |∇f |2
, h =

∇2f

1 + |∇f |2
, X = (h− k)(w, ·).

It follows that (4) is valid, and (5) holds as a consequence of (3.2) and [49, Theorem 4.1].
Consider now the asymptotically hyperboloidal case, which will be treated in a similar manner.

We may solve Jang’s equation on the generalized exterior region with prescribed cylindrical blow-up
at the outermost apparent horizon boundary as above, and with hyperboloidal asymptotics in the
end given by

(3.6) f =
√

1 + r2 + α log r + ψ +O3(r
−1+ε) as r → ∞

for some ε ∈ (0, 1), where α,ψ ∈ C3(S2) and r is the radial coordinate of the end. This may be
achieved by combining the methods of [49, Theorem 3.1] ([32, Theorem 1.1]) at the horizon, and the
barriers of Sakovich [58, Section 3] in the asymptotically hyperboloidal end. A brief outline is as
follows. First, extend the initial data a small amount inside the horizon to obtain (M ′

ext, g
′
ext, k

′
ext)

such that ∂M ′
ext is both future and past trapped, and there is a neighborhood of each ∂±M

′
ext which

is foliated by surfaces with θ± < 0. These considerations allow for the construction of barriers at the
inner boundary, and also help to control the blow-up region. At large coordinate spheres Sr in the
asymptotic end, local barriers may also be found since these surfaces are untrapped [58, Lemma 4.3].
Thus, on the region within any large coordinate sphere Sr(τ), one may solve the Dirichlet problem
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for the capillarity regularization of the Jang equation in which τf is inserted on the right-hand side
of (3.1). Dirichlet conditions f = ± δ

τ are prescribed at ∂±M
′
ext, while at the coordinate sphere

Sr(τ) we set f = ϕ. Here τ > 0 is a small parameter, δ > 0 is a fixed constant depending on
local geometry, r(τ) is a radius depending on τ , and ϕ is a function defined on the asymptotic end
which is determined by the hyperboloidal barriers of Sakovich. A sequence τn → 0 is then chosen
along with radii r(τn) → ∞ such that τnϕ remains uniformly bounded on Sr(τn); let fn denote the

corresponding solutions. This ensures that a maximum principle argument yields uniform C1 bounds
for τnfn. As described in [58, Section 5], local parametric estimates then yield the control necessary
to obtain subconvergence to a solution of (3.1) satisfying (3.6), while [49, Section 3] provides the
desired blow-up at the horizon ∂Mext ⊂M ′

ext.
Having solved Jang, properties (1) and (3) follow as in the asymptotically flat case. In particu-

lar, the Jang manifold (M, g) has again an asymptotically flat end [58, Section 7] of order 1, and
asymptotically cylindrical ends for each component of ∂Mext all satisfying (3.3) and on which |X|g
remains bounded. According Proposition 7.1 and Lemma D.1 of [58], in E0 we have |X|g = O(r−2)
as well as the expansions

(3.7) Rg =
2∆S2ψ

r3
+O(r−4+ε), divgX = −∆S2ψ

r3
+O(r−4), ⟨X, ν⟩ = − α

r2
+O(r−3+ε),

where the last equality is evaluated on coordinate spheres Sr to which ν is the unit outer normal.
Lastly, [58, Corollary 6.11] yields E(E0) = α = 2Ehyp(Mend). These facts, together with (3.4),
show that the remaining properties (2), (4), and (5) are valid in the asymptotically hyperboloidal
context. □

3.1. Harmonic functions on the Jang graph. We will next investigate the behavior of asymptot-
ically linear harmonic functions on the Jang manifold. Consider the asymptotically cylindrical ends
{El}l0l=1 of this manifold, and view them as being isometrically embedded within (M×R, g+dt2). De-
note by E t

l the cross-section obtained by intersecting such an end with the t-level set; note that there
exists t0 > 0 sufficiently large such that for |t| ≥ t0 each cross-section is either empty or consists of a

single sphere. For t in this range let M t be the metric completion of the component of M \ ∪l0
l=1E

±t
l

which contains E0. Since the approximation to the model cylinders is controlled by (3.3), we may

cap-off ∂M t = ∪l0
l=1E

±t
l with closed 3-balls {B̃l}l0l=1 having uniformly bounded geometry independent

of t, and let (M̃t, g̃t) denote the resulting Riemannian manifold. Note that M̃t is complete with one
asymptotically flat end and satisfies g̃t = g on M t. By applying [9, Theorem 3.1], for each t ≥ t0 we
obtain harmonic functions with prescribed linear asymptotics

(3.8) ∆g̃tut = 0 on M̃t, ut = aix
i +O2(r

1−q) as r → ∞,

where ai are given constants and xi, q are respectively coordinates, and the order, of the asymptot-
ically flat end. In what follows, covariant differentiation with respect to g̃t and g will be denoted by

∇̃ and ∇.

Lemma 3.3. There exists a sequence of levels tn → ∞ and corresponding harmonic functions utn
on M̃tn satisfying the following properties.

(1) utn → u in C2,α
loc (M) for any α ∈ (0, 1), where u is a harmonic function on (M, g) that admits

the asymptotics of (3.8) in E0.
(2) |∇̃utn | → 0 uniformly on the caps ∪l0

l=1B̃l.

(3) For each l = 1, . . . , l0 there exists a constant cl such that |∇a
(u − cl)| = o(1), a = 0, 1, 2 as

|t| → ∞ in El.
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Remark 3.4. If the apparent horizons over which the Jang graph blows-up are strictly stable, then
a standard eigenfunction expansion of the harmonic functions along the cylindrical ends would easily
establish the above result with exponential decay. However, in the current setting strict stability is
not known, and thus we must utilize a completely different approach that is presented below.

Proof. We begin by showing that ut admits uniform C2,α bounds on compact subsets. To accomplish
this some notation and preliminary constructions are needed. For each radius r letM t,r be the metric

completion of the bounded component of M t \ Sr where Sr ⊂ E0 is a coordinate sphere, and denote

by M̃t,r the corresponding manifold with the caps {B̃l}l0l=1 added. A straightforward calculation
[36, Section 4] shows there is a sufficiently large radius r0 such that

(3.9) ∆gr
−1/2 < −1

8
r−5/2 for r ≥ r0.

Next observe that a slight generalization of [9, Theorem 3.1] produces a solution to the Dirichlet
problem

(3.10) ∆gv0 = 0 in M t \M t,2r0 , v0 = 0 on S2r0 , v0 = aix
i +O2(r

1−q) as r → ∞.

Let η be a radial cut-off function with η = 1 outside S3r0 and η = 0 inside S2r0 , and set v = ηv0.

Notice that v may be extended in an obvious way to all of M̃t, and that ∆g̃tv is supported on the
annular region between S2r0 and S3r0 . This function will serve as an ‘anchor approximate solution’
for equation (3.8).

To obtain a uniform barrier, let λ > 0 be a parameter and consider the radial continuous function

(3.11) ψλ =

{
λr−1/2 in M̃t \ M̃t,r0

λr
−1/2
0 in M̃t,r0

.

According to (3.9), the parameter λ may be chosen sufficiently large so that ∆ψλ ≤ −∆v in the
weak sense. For r ≥ r0 and t ≥ t0, consider the solution of the Dirichlet problem

(3.12) ∆g̃twt,r = −∆g̃tv in M̃t,r, wt,r = 0 on ∂M̃t,r = Sr.

Since ψλ is a supersolution the maximum principle implies that |wt,r| < ψλ, which is independent of
t and r. The harmonic functions ut,r = v + wt,r then admit uniform pointwise bounds on compact

subsets, and elliptic theory then gives uniform Ck,α estimates on compact subsets for these functions.
A standard diagonal argument with exhausting domains produces subsequential convergence, as

r → ∞, to harmonic functions ut satisfying (3.8). It follows that for any precompact Ωt ⊂ M̃t of
uniformly bounded geometry, there exist a constants Ck independent of t such that

(3.13) |ut|Ck,α(Ωt) ≤ Ck.

Similarly, we may find a subsequence of levels tn → ∞ such that utn → u in C2,α
loc (M) for any

α ∈ (0, 1), where u is a harmonic function on (M, g) that admits the asymptotics of (3.8) in E0. This
establishes (1).

In what follows we will write un in place of utn for convenience. Let tm < tn and set E tm,tn
l ⊂ El

to be the annular region bounded by the cross-sections E tm
l and E tn

l , which we assume is nonempty.
Since un is harmonic, we may multiply Laplace’s equation by un and integrate by parts while utilizing
(3.13) to find

(3.14) ∥∇un∥2L2(Etm,tn
l )

=

ˆ
∂Etm,tn

l

un∇υundA ≤ C,
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where here and below C represents a constant independent of m, n and υ is the unit outer normal to
the boundary. To bound the second derivative, multiply Laplace’s equation by ∆gun and integrate
by parts

(3.15) ∥∇2
un∥2L2(Etm,tn

l )
= −

ˆ
Etm,tn
l

Ricg(∇un,∇un)dV −
ˆ
∂Etm,tn

l

∇2
un(∇un, υ)dA ≤ C,

where in the last inequality we utilized (3.3), (3.13), as well as (3.14). Employing similar but tedious
computations, we may boot-strap to obtain the same control over all higher order derivatives. Thus
by sending n→ ∞, Fatou’s lemma implies

(3.16)
4∑

a=1

∥∇a
u∥L2(El) ≤ C.

By Sobolev embedding on E(t−1),t
l we then have |∇a

u| = o(1), a = 1, 2 as |t| → ∞ in El.
To show that u converges to a constant along each cylindrical end, consider a sequence of annuli

E(tn−1),tn
l and apply the Poincaré inequality to find constants cln such that

(3.17)

ˆ
E(tn−1),tn
l

(u− cln)
2dV ≤ C

ˆ
E(tn−1),tn
l

|∇u|2dV ,

where C is independent of n. The constants cln, which are the average value of u over the annuli, are
uniformly bounded by (3.13) and thus admit a convergent subsequence clni

→ cl. In light of (3.16),
Sobolev embedding shows that

(3.18) sup
E
(tni−1),tni
l

|u− cl| = o(1) as i→ ∞.

This allows for an application of the maximum principle on the intervening annuli E
tni ,tnj

l with
tni < tnj yields the full limit |u − cl| = o(1) as |t| → ∞. This, along with the conclusions of the
previous paragraph, confirms (3).

Lastly, let {t(n)} be a sequence with t(n) < tn which tends to infinity sufficiently slowly to ensure

that |u− un| = o(1) when restricted to E t(n)
l , and similarly for the difference of all derivatives. Then

this sequence of functions satisfies the following boundary value problem

(3.19) ∆g̃tn
un = 0 in E t(n),tn

l ∪ B̃l, |∇a
(un − cl)| = o(1) on ∂(E t(n),tn

l ∪ B̃l) = E t(n)
l ,

for a = 0, 1, 2 where the triangle inequality was used to obtain the boundary condition. Standard
estimates for harmonic functions then yield the desired property (2). □

3.2. Mass lower bounds on the Jang graph. We will now estimate the mass of the Jang manifold
(M, g) produced by Proposition 3.1 in terms of harmonic functions. The idea is based upon [13] where
the Riemannian positive mass theorem was established for manifolds with minimal boundary. In the
present context two technical difficulties arise, namely the Jang scalar curvature may take large
negative values, and level sets of the relevant harmonic functions may have spherical components
within the cylindrical ends of M . Such components contribute in an undesirable way to the Euler
characteristic of level sets, potentially leading to an ineffective mass bound. To overcome these
problems we exploit the divergence structure present in the Jang scalar curvature, and additionally
utilize a capping-off procedure for the cylindrical ends which involves a preliminary estimate before
sending the capping locations to infinity.
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Theorem 3.5. Let (M, g) be a ‘Jang manifold’ produced by Proposition 3.1, and associated with
an initial data set (M, g, k) which is either asymptotically flat of order q > 1/2 or asymptotically
hyperboloidal, and satisfies the dominant energy condition. Then there exist harmonic functions u1,
u2, u3 on M which form an asymptotically flat coordinate system on E0 and satisfy

(3.20) E(E0) ≥
C

24π

ˆ
M

|∇2
ui|2

|∇ui|
dV ,

for i = 1, 2, 3 where C = 1 if M is asymptotically flat and C = 2 if M is asymptotically hyperboloidal.

Remark 3.6. When M is asymptotically hyperboloidal, as in Remark 3.2 the ADM energy is cal-
culated with respect to a specific asymptotic coordinate system due to potential lack of integrability
of the Jang scalar curvature. Furthermore, note that the integrand of (3.20) is defined almost ev-
erywhere since the critical set of a harmonic function is always of measure zero (see [33, Theorem
1.1]).

Proof. We will first treat the case in which M is asymptotically flat. Let ui, i = 1, 2, 3 be the
harmonic functions on (M, g) given by Lemma 3.3 which asymptote to xi in the asymptotically flat
end E0. Set u = u1, and note that U = (u1, u2, u3) form harmonic coordinates in E0. For each large
r > 0 consider the coordinate cylinders Cr ⊂ E0 given by

(3.21) Cr = {U | |U | ≤ r, (u2)2 + (u3)2 = r2} ∪ {U | |U | = r, (u2)2 + (u3)2 ≤ r2}.

By Lemma 3.3 there exists a sequence of harmonic functions utn defined on the capped-off Jang

manifolds (M̃tn , g̃tn) and satisfying (3.8), with a⃗ = (1, 0, 0); for convenience we will denote the

functions by un and the manifolds by (M̃n, g̃n). Furthermore, let Mnr be the region bounded by

the levels E±tn
l , l = 1, . . . , l0 and the coordinate cylinder Cr, and let M̃nr = Mnr ∪l0

l=1 B̃l be the

corresponding capped-off manifold. According to Proposition 3.1 (1), it holds that H2(M̃n∞;Z) = 0.
Therefore [13, (6.28)] may be applied to find

(3.22)

ˆ
Cr

∑
i

(gij,i − gii,j)ν
jdA ≥

ˆ
M̃nr

(
|∇̃2un|2

|∇̃un|
+Rg̃n |∇̃un|

)
dṼ + o(1),

where ν is the unit outer normal to Cr and o(1) concerns the limit as r → ∞.
We will now estimate the right-hand side of (3.22). Separating out the scalar curvature of the caps,

utilizing the scalar curvature lower bound of Proposition 3.1 (4), and integrating by parts producesˆ
Cr

∑
i

(gij,i − gii,j)ν
jdA

≥
ˆ
Mnr

(
|∇2

un|2

|∇un|
+ 2(|X|2g − divgX)|∇un|

)
dV +

l0∑
l=1

ˆ
B̃l

Rg̃n |∇̃un|dṼ

≥
ˆ
Mnr

(
|∇2

un|2

|∇un|
+ 2|X|2g|∇un|+ 2⟨X,∇|∇un|⟩

)
dV

+

l0∑
l=1

ˆ
B̃l

Rg̃n |∇un|dV︸ ︷︷ ︸
I1
ln

−
l0∑
l=1

ˆ
E±tn
l

⟨X, υ⟩|∇un|dA︸ ︷︷ ︸
I2
ln

−
ˆ
Cr

⟨X, ν⟩|∇un|dA︸ ︷︷ ︸
I3
nr

,

(3.23)
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where ν and υ are unit normals pointing out of Mnr. Observe that the uniformly bounded geometry

within the caps B̃l, together with the decay of Lemma 3.3 (2), implies that I1
ln → 0 as n → ∞.

Similarly, the uniform bounds on |X|g along the cylindrical ends given by Proposition 3.1 (5) yields
I2
ln → 0. Furthermore, according to the proof of Lemma 3.3 the sequence of functions |∇un| is

bounded independent of n and r while Proposition 3.1 (5) gives |X|g = O(r−1−2q), and therefore
I3
nr → 0 as r → ∞ uniformly in n. Next note that Young’s inequality and the refined Kato

inequality (see for instance [36, (3.11)]) for harmonic functions produce the following inequality
almost everywhere:

(3.24) 2|⟨X,∇|∇un|⟩| ≤
1

2

|∇|∇un||2

|∇un|
+ 2|X|2g|∇un| ≤

1

3

|∇2
un|2

|∇un|
+ 2|X|2g|∇un|.

Altogether this yields

(3.25)

ˆ
Cr

∑
i

(gij,i − gii,j)ν
jdA ≥ 2

3

ˆ
Mnr

|∇2
un|2

|∇un|
dV + o(1).

By first taking the limit as r → ∞ and then the liminf as n → ∞, the desired result for u = u1

follows from (1.4) and Fatou’s lemma. The corresponding inequalities for u2 and u3 are proved in
the same manner.

Consider now the case in which M is asymptotically hyperboloidal. In this setting one may
follow the preceding arguments, although some differences occur due to the weaker fall-off present
in the Jang triple. In particular, since the Jang scalar curvature is not necessarily integrable, we
must specify the asymptotically flat chart that is being used to compute the ADM energy, namely
that employed in [58, Corollary 6.11]. Denote such coordinates by xi, and use them to solve (3.8) to
produce the harmonic functions (u1, u2, u3) given by Lemma 3.3. Note that since |ui−xi| = O2(r

1−q)
and q > 1/2, either set of asymptotic coordinates xi or ui may be used to compute the energy and
obtain the same value. Now set u = u1, let un be the corresponding approximating sequence, and
apply (3.23) as well as (3.24) to obtain

ˆ
Cr

∑
i

(gij,i − gii,j)ν
jdA ≥ 2

3

ˆ
Mnr

|∇2
un|2

|∇un|
dV +

l0∑
l=1

(
I1
ln − I2

ln

)
− I3

nr.(3.26)

For the same reasons given above, it holds that I1
ln − I2

ln → 0 as n → ∞. However, since |X|g =
O(r−2) according to Proposition 3.1 (5), the boundary integral

(3.27) I3
nr =

ˆ
Cr

⟨X, ν⟩|∇un|dA =

ˆ
Cr

⟨X, ν⟩dA+ o(1)

does not tend to zero. To find its contribution, recall the following expression for scalar curvature in
local coordinates

(3.28) Rg = ∂j

(
gijgkl(gli,k − glk,i)

)
+Q(∂g),

where Q(∂g) is quadratic in first derives of the metric. Then working in the harmonic coordinates
ui in E0 we have Q(∂g) = O(r−2−2q) = o(r−3), and therefore integrating by parts on the region Dr



14 ALLEN, BRYDEN, KAZARAS, AND KHURI

bounded by Cr and the coordinate sphere S2r producesˆ
S2r

∑
i

(gij,i − gii,j)ν
jdA−

ˆ
Cr

∑
i

(gij,i − gii,j)ν
jdA

=

ˆ
Dr

RgdV + o(1)

=

ˆ
Dr

(Rg + 2divgX) dV −
ˆ
S2r

2⟨X, ν⟩dA+

ˆ
Cr

2⟨X, ν⟩dA+ o(1)

= −
ˆ
S2r

2⟨X, ν⟩dA+

ˆ
Cr

2⟨X, ν⟩dA+ o(1),

(3.29)

where in the last equality we have used the integrability of Rg +2divgX provided by Proposition 3.1
(4). Combining these observations with (3.26) gives rise to

(3.30)

ˆ
S2r

∑
i

(gij,i − gii,j)ν
jdA+

ˆ
S2r

2⟨X, ν⟩dA ≥ 2

3

ˆ
Mnr

|∇2
un|2

|∇un|
dV + o(1).

Notice that the flux of 2X converges to −8πE(E0) as r → ∞, according to Proposition 3.1 (5).
Hence, by first taking the limit as r → ∞ and then the liminf as n → ∞, the desired result for
u = u1 follows from (1.4) and Fatou’s lemma. The corresponding inequalities for u2 and u3 are
proved in the same manner. □

4. Dong-Song’s Universal Poincaré-Faber-Szegö Inequality

In [25, Section 3] Dong-Song established an inequality, corresponding to Theorem 4.1 below, which
is reminiscent of the classical Poincaré-Faber-Szegö inequality [56]

(4.1)
Cap(Ω)

n(n− 2)ωn
≥
(
Vol(Ω)

ωn

)n−2
n

,

for bounded domains Ω ⊂ Rn. Here ωn denotes the volume of the unit Euclidean n-ball, which up
to scaling is the unique domain that saturates (4.1), and the capacity of Ω is given by

(4.2) Cap(Ω) = inf

{ˆ
Rn

|∇f |2dV
∣∣∣ f ∈ Lip(Rn), ∥f∥H1 <∞, f |Ω ≥ 1

}
.

The inequality of Dong-Song is obtained under the assumption of small ADM mass. In this section,
we make the observation that their inequality is still valid without this condition. In particular,
the strategy presented below follows closely that of [25] with additional expounding of details, and
careful tracking of constants for eventual application to the Penrose inequality.

Throughout this section, we keep the following setup. Let (M, g) be a complete Riemannian
3-manifold equipped with ui ∈ C∞(M), i = 1, 2, 3, and define a function F ∈ C∞(M) by

F =

3∑
i,j=1

(
⟨∇ui,∇uj⟩ − δij

)2
.(4.3)

For values a < b, we will study the sets

Ωa,b = F−1([a, b]).(4.4)

When b is small, Ω0,b consists of the points where the map U(x) = (u1(x), u2(x), u3(x)) is almost
a local isometry between M and R3, see Lemma A.2. In what follows we always assume that F
is nonconstant, and also that F is proper on F−1((0, b)) for small enough b, properties which are
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justified in the context of our main results by Lemma A.1. According to this assumption, F−1(t) and
Ωs,t have finite area and volume for sufficiently small regular values s < t of F . Here and throughout,

we use BR3

ρ to denote the Euclidean ball of radius ρ centered at the origin of R3. The following is
the main result of this section.

Theorem 4.1. Let ℓ ≥ 6, 0 < (ℓ − 1)ε < 1
16 , 0 < η < 1, and λ > 0. Then there exists a regular

value τ0 ∈ (0, ℓε) of F such that

|F−1(τ0)| ≤ Cℓ,ε,η,λ

(
3∑

i=1

ˆ
M

|∇2ui|2

|∇ui|
dV

)2

,(4.5)

where Cℓ,ε,η,λ is a constant given explicitly in (4.45).

Remark 4.2. Heuristically, (4.5) is associated with the capacity-volume inequality (4.1), since the
volume of Ω0,τ0 is related to the area |F−1(τ0)| through the coarea formula, while the right-hand side
of (4.5) may be used to estimate the Dirichlet energy of F . Moreover, as F is constant on ∂Ω0,τ0 ,
its Dirichlet energy represents an upper bound for the capacity of Ω0,τ0 .

A core ingredient within the proof of this result is an isoperimetric-type inequality which bounds
the area of F -level sets from below in terms of the volume of particular regions Ωa,b. To achieve
this, estimates for the Jacobian determinant of U from Lemma A.3 will be combined with the fact
that the functions χ(x) = H0(U−1(x) ∩ Ωa,b), 0 < a < b are of BV, as described in Lemma A.5.
The idea is that since U is a local diffeomorphism, if the preimage of a point contains n copies, then
the volume and area will have to be more or less copied n times as well. Hence, the coarea formula
from R3 may be transferred onto Ωa,b for level sets of F . In order to make this rigorous, the Sobolev
inequality for BV functions will be applied to χ. Below and throughout, we write [a, b]reg for the set
of regular values of F lying in [a, b]. In this section, all integrals over values of F are understood to
range over the regular values of F .

Lemma 4.3. Let ℓ > 4, 0 < (ℓ − 1)ε < 1
16 , and λ > 0. If inft∈(0,(ℓ−1)ε]reg |F−1(t)| > 0, then there

exists a regular value t0 ≤ (ℓ− 1)ε of F , such that

Vol(Ωt,t0)
2
3 ≤

(
27

16

) 1
3

(
1 +

√
(ℓ− 1)ε

1−
√
(ℓ− 1)ε

)
(2 + λ)|F−1(t)|(4.6)

for all regular values t < t0. If t0 ≤ t < (ℓ − 1)ε, then the same inequality holds with Ωt,t0 replaced
by Ωt0,t.

Proof. Fix a regular value t0 ∈ (0, (ℓ − 1)ε] such that |F−1(t0)| ≤ (1 + λ) inft∈(0,(ℓ−1)ε]reg |F−1(t)|.
We will prove the inequality when the regular value t lies in [0, t0); the case where t ∈ [t0, (ℓ − 1)ε)
follows in exactly the same way. Since |F−1(t)| ≥ (1 + λ)−1|F−1(t0)|, we have

|∂Ωt,t0 | = |F−1(t)|+ |F−1(t0)| ≤ (2 + λ)|F−1(t)|.(4.7)

Write J (U) for the square root of the determinant of the Gram matrix {⟨∇ui,∇uj⟩}3i,j=1. Then

combining (4.7) with the estimate of this determinant in Lemma A.3 yields

(4.8)

ˆ
∂Ωt,t0

J (U |∂Ωt,t0
)dAg ≤ (1 +

√
(ℓ− 1)ε)|∂Ωt,t0 | ≤ (1 +

√
(ℓ− 1)ε)(2 + λ)|F−1(t)|,

and ˆ
Ωt,t0

J (U)dVg ≥ 4√
27

(1−
√
(ℓ− 1)ε)

3
2 Vol(Ωt,t0).(4.9)
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Note that the hypothesis (ℓ− 1)ε < 1
16 is used at this point with the the application of Lemma A.3.

We will proceed by comparing the left-hand sides of (4.8) and (4.9).
Let H0 denote 0-dimensional Hausdorff measure, and consider the BV function (see Lemma A.5)

χ(x) = H0(U−1(x) ∩ Ωt,t0). Recall the relation between the Jacobian matrix ∂U =
(
∂lu

i
)
and the

Gram matrix

(4.10) ⟨∇ui,∇uj⟩ = glk∂lu
i∂ku

j =
(
∂U · g−1 · ∂UT

)ij
,

where · and the superscript T denote matrix multiplication and transpose, respectively. It follows
that the Jacobian determinant and Gram determinant satisfy

(4.11) |det ∂U | = J (U)
√

det g.

Thus, we may apply the area formula using U as a change of variables to findˆ
Ωt,t0

J (U)dVg =

ˆ
R3

H0(U−1(x) ∩ Ωt,t0)dVδ

≤
ˆ
R3

|χ|
3
2dVδ

≤
(ˆ

R3

|Dχ|dVδ
) 3

2

=

(ˆ ∞

0
|∂{χ < s}|ds

) 3
2

,

(4.12)

where the second line follows from the fact that χ is integer valued, the third is the Sobolev inequality
for BV functions [29, Theorem 5.10], and the final equality is the coarea formula for BV functions
[29, Theorem 5.9] involving the perimeter measure |∂{χ < s}|. Note that ∂{χ < s} = ∂{χ ≥ s},
and since χ is integer valued, for each integer n ≥ 1 we have {χ ≥ s} = {χ ≥ n} for s ∈ (n − 1, n].
Hence, the last integral of (4.12) becomes

(4.13)

ˆ ∞

0
|∂{χ < s}|ds =

∞∑
n=1

|∂{χ ≥ n}|.

Next, note that Lemma A.4 shows that the discontinuities of χ are contained in U(∂Ωt,t0). It follows
that

(4.14) ∂{χ ≥ n} ⊂ U(∂Ωt,t0) ∩ {χ ≥ n},

and so

(4.15)

∞∑
n=1

|∂{χ ≥ n}| ≤
∞∑
n=1

ˆ
U(∂Ωt,t0 )

1{χ≥n}dAδ =

ˆ
U(∂Ωt,t0 )

χdAδ =

ˆ
∂Ωt,t0

J (U |∂Ωt,t0
)dAg.

As a consequence

(4.16)

(ˆ
Ωt,t0

J (U)dVg

) 2
3

≤
ˆ
∂Ωt,t0

J (U |∂Ωt,t0
)dAg,

which combines with (4.8) and (4.9) to finish the proof. □

The next goal is to relate the volume of regions Ωt0−t,t0 ∩ {|∇F | ≠ 0} to the Dirichlet energy of
F . In order to accomplish this the following technical lemma will be utilized, which provides an
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inequality between the Dirichlet energies of F and related radial functions F̃i, i = 1, 2 on R3. The

definition of F̃i will depend on two cases delineated by the values of t0, ℓ, and ε from Lemma 4.3.

Case 1: t0 ∈ [(ℓ− 3)ε, (ℓ− 1)ε]. In this context set

W1(t) = Vol(Ωt0−t,t0 ∩ {|∇F | ≠ 0}), t ∈ [0, t0 − ε].(4.17)

Case 2: t0 ∈ (0, (ℓ− 3)ε). In this context set

W2(t) = Vol(Ωt0,t0+t ∩ {|∇F | ≠ 0}), t ∈ [0, (ℓ− 1)ε− t0].(4.18)

Note that Wi is increasing in t and Wi(0) = 0 for i = 1, 2. We may then find radii Ri(t) of the

Euclidean balls with volume Wi(t), that is ω3Ri(t)
3 =Wi(t), i = 1, 2. Now declare F̃i to be t on the

sphere of radius Ri(t) centered at the origin of R3 for i = 1, 2. This defines F̃1 on BR3

R1(t0−ε) and F̃2

on BR3

R2((ℓ−1)ε−t0)
, and we extend F̃i to be constant outside these balls.

Lemma 4.4. Let ℓ > 4, 0 < (ℓ − 1)ε < 1
16 , and λ > 0. Assume that inft∈(0,(ℓ−1)ε]reg |F−1(t)| > 0,

and let t0 ≤ (ℓ− 1)ε be the regular value of F given by Lemma 4.3. Then F̃i is Lipschitz for i = 1, 2,
and in Case 1

Cℓ,ε,λ

ˆ
Ωε,t0

|∇F |2dVg ≥
ˆ
R3

|∇F̃1|2dVδ,(4.19)

and in Case 2

Cℓ,ε,λ

ˆ
Ωt0,(ℓ−1)ε

|∇F |2dVg ≥
ˆ
R3

|∇F̃2|2dVδ,(4.20)

where

Cℓ,ε,λ = 9ω
2
3
3 (2 + λ)2

(
27

16

) 2
3

(
1 +

√
(ℓ− 1)ε

1−
√

(ℓ− 1)ε

)2

.(4.21)

Proof. First consider Case 1. For t ∈ [0, t0 − ε] the coarea formula implies

(4.22) W1(t) = Vol(Ωt0−t,t0 ∩ {|∇F | ≠ 0}) =
ˆ
Ωt0−t,t0

1{|∇F |̸=0}dVg =

ˆ t

0

ˆ
F−1(t0−s)

1

|∇F |
dAgds.

It follows that W1 is absolutely continuous, and thus it is differentiable almost everywhere with

W ′
1(t) =

ˆ
F−1(t0−t)

1

|∇F |
dAg > 0.(4.23)

Note that R′
1(t) =

W ′
1(t)

3ω3R1(t)2
and thus the set on which it vanishes has measure zero. Furthermore,

when averaged over spheres F̃i(Ri(t)) = t, so that along rays F̃i may be regarded as an inverse for

Ri. Hence F̃1 is also absolutely continuous and therefore Lipschitz, see for instance [52, (13) page
271].

Consider now the Dirichlet energy of F , which by the coarea formula may be expressed asˆ
Ωε,t0

|∇F |2dVg =

ˆ t0−ε

0

ˆ
F−1(t0−s)

|∇F |dAgds.(4.24)

For regular values t0 − s such that s ∈ [0, t0 − ε], observe that Hölder’s inequality implies

|F−1(t0 − s)|2 ≤

(ˆ
F−1(t0−s)

|∇F |dAg

)(ˆ
F−1(t0−s)

1

|∇F |
dAg

)
.(4.25)
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Then combining (4.23)-(4.25) producesˆ t0−ε

0

|F−1(t0 − s)|2

W ′
1(s)

ds ≤
ˆ t0−ε

0

ˆ
F−1(t0−s)

|∇F |dAgds =

ˆ
Ωε,t0

|∇F |2dVg.(4.26)

Furthermore Lemma 4.3 yields

W1(t)
2
3 ≤ Vol(Ωt0−t,t0)

2
3 ≤ (2 + λ)

(
27

16

) 1
3

(
1 +

√
(ℓ− 1)ε

1−
√
(ℓ− 1)ε

)
|F−1(t0 − t)|.(4.27)

Thus, together with (4.26) we obtain

ˆ t0−ε

0

W1(t)
4
3

W ′
1(t)

dt ≤ (2 + λ)2
(
27

16

) 2
3

(
1 +

√
(ℓ− 1)ε

1−
√

(ℓ− 1)ε

)2 ˆ t0−ε

0

|F−1(t0 − t)|2

W ′
1(t)

dt

≤ (2 + λ)2
(
27

16

) 2
3

(
1 +

√
(ℓ− 1)ε

1−
√

(ℓ− 1)ε

)2 ˆ
Ωε,t0

|∇F |2dVg.

(4.28)

The final step is to relate W1 to F̃1. Note that |∇F̃1| = 1
R′

1(t)
on ∂BR3

R1(t)
for almost every t. It

follows that

(2 + λ)2
(
27

16

) 2
3

(
1 +

√
(ℓ− 1)ε

1−
√

(ℓ− 1)ε

)2 ˆ
Ωε,t0

|∇F |2dVg

≥
ˆ t0−ε

0

W1(t)
4
3

W ′
1(t)

dt

=

ˆ t0−ε

0

ω
4
3
3 R1(t)

2

3ω3R′
1(t)

dt

=
ω

1
3
3

3 · 3ω3

ˆ t0−ε

0

ˆ
∂BR3

R1(t)

|∇F̃1|dAδdt

=
1

9ω
2
3
3

ˆ
BR3

R1(t0−ε)

|∇F̃1|2dVδ,

(4.29)

where we used polar coordinates in the second to last line and the coarea formula in the final line.

Since F̃1 is constant outside BR3

R1(t0−ε), we obtain the desired result. A similar argument may be

applied in Case 2. □

We are ready to apply the classical capacity-volume inequality (4.1), to establish a lower bound
for the energy of F in terms of volume.

Lemma 4.5. Let ℓ ≥ 6, 0 < (ℓ − 1)ε < 1
16 , λ > 0, and 0 < η < 1. If inft∈(0,(ℓ−1)ε]reg |F−1(t)| > 0,

then there exists 0 < s0 ≤ (ℓ− 2)ε such that

Vol(Ωs0,s0+ε ∩ {|∇F | ≠ 0}) ≤ Cℓ,ε,λ,η

(ˆ
Ω0,ℓε

|∇F |2dVg

)3

,(4.30)

where

Cℓ,ε,λ,η =

( √
3(2 + λ)

min{ℓ− 5− η, 1− η
2}

)6(
729

256

)(
1 +

√
(ℓ− 1)ε

ε(1−
√
(ℓ− 1)ε)

)6

.(4.31)
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Proof. Let t0 be the value given by Lemma 4.3. We proceed by relating the Dirichlet energy of F̃i to

the capacity of the Euclidean ball of radius Ri(ε). To leverage (4.1), however, F̃i must be modified to
a function which is at least 1 on this ball and decays to 0. This modification is carried out separately
in the two cases determined by the value of t0.

Case 1: t0 ∈ [(ℓ− 3)ε, (ℓ− 1)ε]. In this case, define φ1 ∈ Lip(R3) by

φ1(x) =
t0 − ε− F̃1(x)

t0 − (2 + η)ε
(4.32)

and observe that φ1 ≥ 1 on the ball of radius R1(ε) while it vanishes outside the ball of radius
R1(t0 − ε). We then have

Cap
(
BR3

R1(ε)

)
≤
ˆ
R3

|∇φ1|2dVδ

=
1

(t0 − (2 + η)ε)2

ˆ
BR3

R1(t0−ε)

|∇F̃1|2dVδ

≤
Cℓ,ε,λ

(t0 − (2 + η)ε)2

ˆ
Ωε,t0

|∇F |2dVg,

(4.33)

where Lemma 4.4 was used in the last step. By the scaling properties of capacity [29, Theorem 4.15],

one may compute Cap
(
BR3

R

)
= R ·Cap

(
BR3

1

)
= R · 3ω3. Combining this observation with the fact

that ω3R1(ε)
3 =W1(ε) = Vol(Ωt0−ε,t0 ∩ {|∇F | ≠ 0}), we find

Vol(Ωt0−ε,t0 ∩ {|∇F | ≠ 0})

≤
(

3(2 + λ)2

(ℓ− 5− η)2ε2

)3(
27

16

)2
(
1 +

√
(ℓ− 1)ε

1−
√
(ℓ− 1)ε

)6(ˆ
Ωε,t0

|∇F |2dVg

)3

.
(4.34)

The desired conclusion follows in this case by setting s0 = t0−ε, noting that the domain of integration
on the right-hand side satisfies Ωε,t0 ⊂ Ω0,ℓε.

Case 2: t0 ∈ (0, (ℓ− 3)ε). Now define φ2 ∈ Lip(R3) by

φ2(x) =
(ℓ− 1)ε− t0 − F̃2(x)

(ℓ− 2− η
2 )ε− t0

,(4.35)

and observe that φ2 ≥ 1 on the ball of radius R2(ε) while it vanishes outside the ball of radius
R2((ℓ− 1)ε− t0). Estimating as in Case 1 with the help of Lemma 4.4 produces

Cap
(
BR3

R2(ε)

)
≤

Cℓ,ε,λ

((ℓ− 2− η
2 )ε− t0)2

ˆ
Ωt0,(ℓ−1)ε

|∇F |2dVg.(4.36)

Since ω3R2(ε)
3 = W2(ε) = Vol(Ωt0,t0+ε ∩ {|∇F | ≠ 0}), we may use the capacity scaling property to

find

Vol(Ωt0,t0+ε ∩ {|∇F | ≠ 0})

≤
(

3(2 + λ)2

(1− η
2 )

2ε2

)3(
27

16

)2
(
1 +

√
(ℓ− 1)ε

1−
√
(ℓ− 1)ε

)6(ˆ
Ωt0,(ℓ−1)ε

|∇F |2dVg

)3

.
(4.37)

The desired conclusion now follows by setting s0 = t0, and noting that Ωt0,(ℓ−1)ε ⊂ Ω0,ℓε. □

The final inequality needed to establish the main result of this section is an elementary relationship
between the Dirichlet energy of F , and the Hessian of the harmonic functions ui.
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Lemma 4.6. Let ℓ > 0 and 0 < ℓε < 1, then

ˆ
Ω0,ℓε

|∇F |2dVg ≤ 144ℓε(1 +
√
ℓε)

3
2

3∑
i=1

ˆ
Ω0,ℓε

|∇2ui|2

|∇ui|
dVg.(4.38)

Proof. On Ω0,ℓε the definition of F implies that

√
1−

√
ℓε ≤ |∇ui| ≤

√
1 +

√
ℓε,(4.39)

and hence

|∇F | ≤
3∑

i,j=1

2|⟨∇ui,∇uj⟩ − δij |
(
|∇2ui||∇uj |+ |∇ui||∇2uj |

)
≤ 4

√
1 +

√
ℓε

3∑
i,j=1

|⟨∇ui,∇uj⟩ − δij ||∇2ui|.

(4.40)

Then integrating the square of (4.40) and again using (4.39) produces

ˆ
Ω0,ℓε

|∇F |2dVg ≤ 16(1 +
√
ℓε)

ˆ
Ω0,ℓε

 3∑
i,j=1

|⟨∇ui,∇uj⟩ − δij ||∇2ui|

2

dVg

≤ 144(1 +
√
ℓε)

3∑
i,j=1

ˆ
Ω0,ℓε

|⟨∇ui,∇uj⟩ − δij |2|∇2ui|2dVg

≤ 144ℓε(1 +
√
ℓε)

3∑
i=1

ˆ
Ω0,ℓε

|∇2ui|2

|∇ui|
|∇ui|dVg

≤ 144ℓε(1 +
√
ℓε)

3
2

3∑
i=1

ˆ
Ω0,ℓε

|∇2ui|2

|∇ui|
dVg.

(4.41)

□

Proof of Theorem 4.1. Since F is assumed to be nonconstant, its definition implies that |∇2ui| cannot
vanish identically for all i. Moreover, if inft∈(0,(ℓ−1)ε]reg |F−1(t)| = 0 then the conclusion of the
theorem is trivial, as we can immediately find a regular value τ0 ∈ (0, (ℓ− 1)ε) such that

|F−1(τ0)| ≤ C

(
3∑

i=1

ˆ
M

|∇2ui|2

|∇ui|
dVg

)2

,(4.42)

for any given C > 0. Therefore, it may be assumed that inft∈(0,(ℓ−1)ε]reg |F−1(t)| > 0.



THE PENROSE CONJECTURE WITH SUBOPTIMAL CONSTANT 21

Let s0 ∈ (0, (ℓ−2)ε] be the value given by Lemma 4.5. By the coarea formula, Hölder’s inequality,
Lemma 4.5, and Lemma 4.6 we find

ˆ s0+ε

s0

|F−1(t)|dt =
ˆ
Ωs0,s0+ε

|∇F |dVg

≤

(ˆ
Ωs0,s0+ε

|∇F |2dVg

) 1
2

Vol(Ωs0,s0+ε ∩ {|∇F | ≠ 0})
1
2

≤
√
Cℓ,ε,η,λ

(ˆ
Ωs0,s0+ε

|∇F |2dVg

)2

≤
√
Cℓ,ε,η,λ(144ℓε(1 +

√
ℓε)

3
2 )2

(
3∑

i=1

ˆ
M

|∇2ui|2

|∇ui|
dVg

)2

.

(4.43)

Since there exists a regular value in τ0 ∈ (s0, s0 + ε) ⊂ (0, ℓε) so that

(4.44) |F−1(τ0)| ≤ ε−1

ˆ s0+ε

s0

|F−1(t)|dt,

the desired inequality follows by combining (4.43) and (4.44), and setting

□(4.45) Cℓ,ε,η,λ = ε
√
Cℓ,ε,η,λ(144ℓ)

2(1 +
√
ℓε)3.

Remark 4.7. To obtain the best constant from Theorem 4.1, we will show how to minimize Cℓ,ε,η,λ

with appropriate choices of ℓ, ε, η, and λ within the allowable ranges of these parameters. It is
straightforward to see that for such an optimization one should take η, λ→ 0 and then choose ℓ = 6;
this produces

C6,ε,0,0 = 12
3
2 · 8642 ·

√
729

256
· ε−2(1 +

√
6ε)3

(
1 +

√
5ε

1−
√
5ε

)3

.(4.46)

A computation shows that this function of ε is decreasing on the interval (0, 1
80), and thus by taking

ε→ 1
80 the following optimal constant is achieved:

C6, 1
80

,0,0 < 3.21× 1012.(4.47)

5. Proof of the Main Theorems

Proof of Theorems 1.1 and 1.3. We will first prove the energy inequality

(5.1) A ≤ CE2

in both the asymptotically flat and asymptotically hyperboloidal settings, and will then explain how
this implies the desired mass inequality in the asymptotically flat case. Let (M, g, k) be an initial
data set which has one of these two types of asymptotics and satisfies the dominant energy condition.
Choose an end Mend with energy E (here we forgo the subscript hyp in the AH case), and apply
Lemma 2.1 and Proposition 3.1 to obtain an outermost apparent horizon Σ ⊂ M having minimum
enclosing area A, as well as an associated asymptotically flat Jang manifold (M, g) admitting prop-
erties (1)–(5). We may then apply Theorem 3.5 to find asymptotically linear harmonic functions
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{ui}3i=1 on M satisfying

(5.2) E ≥ 1

24π

ˆ
M

|∇2
ui|2

|∇ui|
dV .

Next, define a smooth function F on M as in (4.3) utilizing the ui. Since (u1, u2, u2) forms an
asymptotically flat coordinate chart in the asymptotically flat end E0 of M , it follows that for each
τ > 0 the sublevel set F−1([0, τ ]) contains a possibly smaller asymptotically flat end within E0. On
the other hand, for each i = 1, 2, 3 we have that |∇ui| decays to zero along the cylindrical ends of M
by Lemma 3.3 (3). Altogether, these observations imply that for any regular value τ < 1, F−1(τ)
separates the cylindrical ends from an asymptotically flat end within E0. By Proposition 3.1 (3),
the area of any such F−1(τ) is not less than the minimal area A required to enclose Σ. Combining
Theorem 4.1 and (5.2) shows that there is a choice of τ0 ∈ (0, 1) and a universal constant C so that

(5.3) A ≤ |F−1(τ0)|g ≤ C

(
3∑

i=1

ˆ
M

|∇2
ui|2

|∇ui|
dV

)2

≤ (3 · 24π)2CE2,

yielding the desired inequality. According to Remark 4.7, the constant C may be estimated to
produce C := (3 · 24π)2C < 1018.

It remains to reduce the mass bound to an energy bound when (M, g, k) is asymptotically flat.
The following is a modification of the argument presented in the last remark of [28, Section 6.3]. We
will first make a reduction to the case in which (M, g, k) is vacuum on the chosen asymptotically flat
end Mend; let q >

1
2 denote the order of asymptotically flat decay. According to Lemma 2.1, it may

be assumed that (M, g, k) has an outermost apparent horizon boundary ∂M =: Σ with respect to a
single end. For each ε > 0 and p > 3, the density theorem of Lee-Lesourd-Unger [45, Theorem 3.7]

yields a perturbation (g, k) → (g′, k′), such that: (g′, k′) is ε-close to (g, k) in W 2,p
−q ×W 1,p

−q−1, each

component of ∂M remains an apparent horizon of the same type, the vacuum condition µ′ = |J ′|g′ = 0
is satisfied in the asymptotic end, and the ADM energy-momentum (E′, P ′) of (g′, k′) is ε-close to
that of (g, k). Note that the proof of the main theorems in the paragraph above, generalizes with
minor modifications to the situation here in which the initial data (M, g′, k′) has apparent horizon
boundary. Thus, we obtain the inequality A′ ≤ CE′2 for the perturbed data set, where A′ is the
minimal area required to enclose an outermost apparent horizon Σ′ ⊂ (M, g′, k′). Furthermore, since
g is pointwise ε-close to g′ we must have A′ ≥ A− o(1) as ε→ 0. Consequently, it suffices to prove
that the mass inequality of Theorem 1.1 follows from the energy inequality for initial data which are
vacuum in the designated asymptotically flat end.

To complete the proof, we will show that initial data (M, g, k) satisfying the hypotheses of Theorem
1.1 which are vacuum in the asymptotically flat end Mend may be smoothly deformed, while pre-
serving A and the dominant energy condition, to a new data set in which the resulting ADM energy
agrees with the original ADM mass. Recall that the positive mass theorem implies E > |P |, unless
E = |P | = 0 and (M, g, k) arises from Minkowski space. Therefore, we may assume that E > |P | and
fix some θ0 ∈ ( |P |

E , 1). Now using that Mend is vacuum, apply the existence result of Christodoulou-

Ó Murchadha [16, Theorem 6.1] to obtain a vacuum spacetime developement of (Mend, g, k). This
spacetime is large enough so that we may deform the asymptotically flat end of (M, g, k) to a boosted
slice of any slope θ < θ0. According to [18, page L115], the ADM energy-momentum (Eθ, Pθ) of
the boosted slice is equal to the Lorentz transformation of (E,P ) via a θ-boost. By deforming M

within this vacuum region to a boosted slice with angle θ = |P |
E , it follows that we obtain a new

asymptotically flat initial data set with energy Eθ = E−θ|P |√
1−θ2

=
√
E2 − |P |2. Moreover, since the
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deformation occurs in the asymptotically flat end and within a spacetime region that may be made
arbitrarily close to a portion of Minkowski space, we have that Σ remains an outermost apparent
horizon and the minimal area required to enclose it is unchanged. □

Proof of Corollary 1.4. LetMend be an end of (M, g), and consider the asymptotically hyperboloidal
initial data set (M, g, k) where k = g. As explained at the end of the proof of Lemma 2.1, the
coordinate spheres within Mend are untrapped. Therefore, the proof of [7, Theorem 4.6] shows that
there exists an outermost MITS with respect to this end; note that this surface Σ satisfies H = 2.
Observe that there cannot be a MOTS surface (these satisfy H = −2) lying in M1, the metric
completion of the component of M \Σ that contains Mend, since otherwise the MOTS may be used
as a barrier to construct another MITS which violates the outermost property of Σ. Thus, Σ is an
outermost apparent horizon. We next claim that Σ is area outerminimizing. Consider the ‘brane
action’ [5, Section 2] given by

(5.4) B(Σ′) = A(Σ′)− 2V (Σ′),

Σ′ ⊂ M1 is a surface homologous to ∂M1 with area A(Σ′), and V (Σ′) is the volume enclosed by Σ′

and ∂M1. The obstacle problem, which consists of minimizing B over such surfaces, has a C1,1/2

solution by [38, Theorem 1.3]. This solution weakly satisfies the H = 2 condition and by standard
regularity theory it must be smooth, and thus must agree with ∂M1 = Σ due to the outermost
property. If Σ is not area outerminizing, then there exists a competitor surface Σ′ with less area. It
follows that B(Σ′) < B(Σ), which is a contradiction. We conclude that Σ is an outermost apparent
horizon, with minimal enclosing area A = A(Σ).

Lastly, note that (M1, g, k) satisfies properties (1)–(4) of Lemma 2.1, and thus may serve as the
generalized exterior region for Mend. To see this, we need only establish property (1) concerning
the second relative homology, as all other properties are clear. Remove all closed minimal surfaces
from M , and let M0 be the metric completion of the resulting component that contains Mend. Then
according to [38, Lemma 4.1], M0 is diffeomorphic to R3 minus a finite number of balls, and the
boundary 2-spheres form the outermost minimal surface. By a barrier argument, M1 must be a
proper subset of M0. Moreover, since ∂M1 also consists of 2-spheres [30, Theorem 3.2], a similar
argument as the one presented in the proof of Lemma 2.1 shows thatM1 has the same type of simple
topology as M0. We may now apply without change the remaining parts of the proof of Theorem
1.3, to obtain the desired result. □

Remark 5.1. As a physical application of Theorem 1.1 we provide a rough estimate for the number
of stellar black holes that can be produced in an isolated system. Consider an isolated gravitating
system described by a complete asymptotically flat initial data set (M, g, k) satisfying the dominant
energy condition. Let m be the total mass, and denote by N the number of stellar-mass black
holes within the system. Since the vast majority of these black holes will be isolated [61], and
therefore well-approximated by a Kerr solution, we make the simplifying assumption that the minimal
area A required to enclose the outermost apparent horizon is bounded below by N · A0, where A0

represents the horizon area of the smallest stellar-mass black hole of the system. Utilizing the
Schwarzschild relation to translate horizon area into mass for the smallest such black hole produces
A0 = 16πc−4G2m2

0, where c and G denote the speed of light and gravitational constant. By allowing
(M, g, k) to vary over all possible asymptotically flat initial data for the system, these observations
together with Theorem 1.1 yield the following estimate for the maximum number of stellar black
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holes that can be produced throughout the evolution of the isolated system

(5.5) N ≤ A
A0

≤ c−4G2Cm2

A0
=

C
16π

(
m

m0

)2

.

It is believed that there is a universal lower bound for the mass of stellar black holes, and according
to [60] the current approximation for this value is 3.3 solar masses, that ism0 ≥ 3.3M⊙. For example,
the Milky Way Galaxy is estimated to have a mass of m = 1.2 × 1012M⊙, and thus (5.5) implies
that the total number of stellar black holes it can produce is no greater than 3× 1039. This may be
compared to the estimate of 109 made via different methods [1], for the number of stellar black holes
in the Milky Way in the current epoch.

Appendix A. Companion to Section 4

This section collects technical facts used in Sections 4 and 5. The following result shows that the
harmonic functions on the Jang graph described in Theorem 3.5 satisfy the conditions required to
apply Theorem 4.1.

Lemma A.1. Let (M, g) be the Jang manifold of Proposition 3.1, and let ui ∈ C∞(M), i = 1, 2, 3
be the harmonic functions given by Theorem 3.5. If F is defined with these functions on the Jang
manifold as in (4.3), then the following properties hold for any τ ∈ (0, 1).

(1) The restriction of F to F−1((0, τ)) yields a proper map.
(2) The set of regular values of F is of full measure in [0, τ ].
(3) If 0 < a < b < τ are regular values of F then ∂Ωa,b = F−1(a) ∪ F−1(b).

Proof. Let I ⊂ (0, τ) be compact, then the preimage F−1(I) is closed since F is continuous. Due to
the asymptotics of ui we find that F (x) → 0 as |x| → ∞ on the end E0, and thus F−1(τ) must lie
within some coordinate sphere of E0. Moreover, along the asymptotically cylindrical ends E1, ..., El0 ,
Lemma 3.3 (3) implies that |∇ui| → 0, i = 1, 2, 3 as |t| → ∞. Since

√
1−

√
τ ≤ |∇ui| on Ω0,τ

by definition of F , it follows that F−1(τ) cannot extend arbitrarily far down any cylindrical end.
Therefore, F−1(τ) is bounded and hence compact. Likewise, if 0 < a < b < τ then Ωa,b is compact.
Since F−1(I) ⊂ Ωa,b for some a < b we then have that F−1(I) is compact, and this establishes (1).
Property (2) follows immediately from Sard’s theorem. For property (3) it is enough to observe
that ∂F−1([a, b]) ⊂ F−1(∂[a, b]) since M has no boundary, and F−1(a) ∪ F−1(b) = F−1(∂[a, b]) ⊂
∂F−1([a, b]) since a, b are regular values. □

For the remainder of this section, we leave the specific setting of the Jang graph in the preced-
ing statement and fix the general setup described above Theorem 4.1, where (M, g) is a complete
Riemannian 3-manifold with 3 smooth functions ui, i = 1, 2, 3. The following is an elementary
observation about the map U :M → R3 defined by U = (u1, u2, u3).

Lemma A.2. If 0 ≤ F (x) < 1 then U is a local diffeomorphism near x.

Proof. It suffices to show that the differential dUx at x ∈M has no kernel. This in turn is equivalent
to the set of vectors {∇ui(x)}3i=1 being linearly dependent. Let us assume by way of contradiction

that this last statement is false. Then

3∑
i=1

ci∇ui = 0 at x for some ci with
∑3

i=1 c
2
i = 1. At this point

we then have

(A.1) 0 =
3∑

i,j=1

cicj⟨∇ui,∇uj⟩ =
3∑

i=1

c2i +
3∑

i,j=1

cicj
(
⟨∇ui,∇uj⟩ − δij

)
> 1−

√
F (x),
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which is a contradiction. □

The next statement compares the square root of the Gram determinant J (U) :=
√

|det⟨∇ui,∇uj⟩|
to the values of F .

Lemma A.3. If 0 < b < 1
16 is a regular value of F , then the following estimates hold on Ω0,b and

∂Ω0,b, respectively:

4√
27

(
1−

√
b
) 3

2 ≤ J (U) ≤
(
1 +

√
b
) 3

2
, J (U |∂Ω0,b

) ≤ 1 +
√
b.(A.2)

Proof. On Ω0,b note that, U is a local diffeomorphism by Lemma A.2, and by definition of F the
following inequalities are satisfied√

1−
√
b ≤ |∇ui| ≤

√
1 +

√
b,

|⟨∇ui,∇uj⟩|
|∇ui||∇uj |

≤
√
b

1−
√
b
,(A.3)

for i, j = 1, 2, 3. Moreover since ⟨∇ui,∇uj⟩ is symmetric, and positive definite on the region in
question, we can apply the determinant-trace inequality to find

(A.4) J (U) ≤ 3−
3
2
(
Tr⟨∇ui,∇uj⟩

) 3
2 = 3−

3
2
(
|∇u1|2 + |∇u2|2 + |∇u3|2

) 3
2 ≤

(
1 +

√
b
) 3

2
.

Alternatively, one may observe that F ≤ b implies that the eigenvalues of ⟨∇ui,∇uj⟩ are bounded

above by 1 +
√
b. Similarly, the same is true of the matrix ⟨∇∂u

i,∇∂u
j⟩, where ∇∂ denotes the

induced boundary gradient on ∂Ω0,b. Since the eigenvalues of the restriction of a linear operator
to a subspace are less than the largest eigenvalue of the original operator, the desired upper bound
for J (U |∂Ω0,b

) follows. Furthermore, to estimate the bulk determinant from below, recall that the
squared volume of a parallelepiped formed by three vectors of unit length which form mutual angles
α, β, γ is given by

(A.5) vol2 = 1 + 2 cosα cosβ cos γ − cos2 α− cos2 β − cos2 γ.

Thus, since the Gram determinant represents the squared volume of the parallelepiped formed by
∇u1, ∇u2, and ∇u3 we obtain

J (U)2 = |∇u1|2|∇u2|2|∇u3|2
1 + 2

∏
i<j

⟨∇ui,∇uj⟩
|∇ui||∇uj |

−
3∑

i=1

(
|⟨∇ui,∇uj⟩|
|∇ui||∇uj |

)2


≥
(
1−

√
b
)31− 2

( √
b

1−
√
b

)3

− 3

( √
b

1−
√
b

)2


≥ 16

27

(
1−

√
b
)3
,

(A.6)

when b < 1
16 . □

Now consider the function χ : R3 → R that appears in Section 4 and is defined by

χ(y) = H0(U−1(y) ∩ Ωa,b), 0 ≤ a < b <
1

16
,(A.7)

where a and b are regular values of F . The next two lemmas establish important properties of χ
which are used to carry out the arguments of Lemma 4.3.
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Lemma A.4. Let Ω be an open submanifold of M with smooth boundary and compact closure Ω̄.
Let Ψ : M → R3 be a smooth map which is a local diffeomorphism about points in Ω̄, and set

Ψ−1
Ω̄

(y) = Ψ−1(y)∩Ω̄. Then the function χ(y) = H0
(
Ψ−1

Ω̄
(y)
)
on R3 satisfies the following properties.

(1) χ only takes values in the natural numbers N.
(2) χ is upper semicontinuous.
(3) The discontinuities of χ lie entirely within Ψ(∂Ω).

Proof. Due to the assumption that Ψ is a local diffeomorphism about points in Ω̄, as a subspace
Ψ−1

Ω̄
(y) has the discrete topology for any y ∈ Ψ(Ω̄). Furthermore, Ψ−1

Ω̄
(y) is closed in Ω̄ and is

therefore compact. Hence, χ(y) <∞ and this establishes (1).
To prove (2), first note that χ ≡ 0 on R3 \ Ψ(Ω̄) and thus we will restrict attention to Ψ(Ω̄).

Now let {yi}∞i=1 be a sequence of points in Ψ(Ω̄) converging to some y0 ∈ Ψ(Ω̄). We may find

pairwise disjoint neighborhoods {Vl(y0)}
χ(y0)
l=1 in M which cover Ψ−1

Ω̄
(y0), and such that Ψ|Vl(y0)

is a

diffeomorphism onto its image. Setting

W (y0) =

χ(y0)⋂
l=1

Ψ(Vl(y0)),(A.8)

and upon shrinking Vl(y0) if necessary we may assume that Ψ(Vl(y0)) = W (y0) for all l. Since

Φ(∪χ(y0)
l=1 Vl(y0)) is open and contains y0, it contains yi for all large i. If χ(yi) > χ(y0) for some

such i, then the pigeonhole principle provides an l0 such that Vl0(y0) contains two points of Ψ−1(yi),
contradicting the fact that Ψ is a diffeomorphism on Vl0(y0) and establishing (2).

To prove (3), note as above that χ is trivially continuous on the compliment of Ψ(Ω̄), so that we
may restrict attention to Ψ(Ω̄) itself. Let y0 be any point in Ψ(Ω̄) such that Ψ−1

Ω̄
(y0) ∩ ∂Ω = ∅.

We will show that χ is continuous at y0. As before, there exist pairwise disjoint neighborhoods

{Vl(y0)}
χ(y0)
l=1 in M which cover Ψ−1

Ω̄
(y0), and are such that Ψ|Vl(y0)

is a diffeomorphism onto a

common image W (y0). The assumption Ψ−1
Ω̄

(y0) ∩ ∂Ω = ∅ implies that Ψ−1
Ω̄

(y0) ⊂ Ω. Therefore, by

setting Ṽl(y0) = Vl(y0) ∩ Ω we obtain open subsets of M contained in Ω such that Ψ(Ṽl(y0)) is an
open neighborhood of y0. Let {yi}∞i=1 be a sequence of points in Ψ(Ω) converging to y0. Notice that

yi ⊂ W (y0) ∩ Ψ(Ω) for all large i, so in each Ṽl(y0) we may find a point xli such that Ψ(xli) = yi.

Furthermore, since Ṽl(y0) ⊂ Ω it follows that xli ∈ Ω. This shows that χ(yi) ≥ χ(y0) for all sufficiently
large i. On the other hand, property (2) implies that χ(yi) ≤ χ(y0) for all large i. Therefore equality
is achieved, showing that χ is continuous at y0. □

Lemma A.5. The function χ in Lemma A.4 is BV.

Proof. Recall that an L1(R3) function f is BV if

sup

{ˆ
R3

fdivϕϕϕ dVδ

∣∣∣ ϕϕϕ ∈ C∞
c (R3,R3), ∥ϕϕϕ∥L∞ ≤ 1

}
<∞.(A.9)

As such, let ϕϕϕ ∈ C∞
c (R3,R3) be a vector field satisfying ∥ϕϕϕ∥L∞ ≤ 1 and compute

(A.10)

ˆ
R3

χdivϕϕϕ dVδ =

ˆ
R3

∞∑
n=1

1{χ≥n}divϕϕϕ dVδ,

where 1V is the indicator function for a set V ⊂ R3. Note that the above sum is finite since χ is
bounded. By Lemma A.4 the points of discontinuity for χ are contained in Ψ(∂Ω), so we have that
∂{χ ≥ n} ⊂ Ψ(∂Ω) ∩ {χ ≥ n}. This implies that ∂{χ ≥ n} has finite H2-measure. In particular,
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as the measure theoretic boundary of a set is always contained in its topological boundary, {χ ≥ n}
satisfies the hypotheses of [29, Theorem 5.23] showing that this set has finite perimeter. Hence,
1{χ≥n} is BV according to [29, Definition 5.1]. Therefore we find that

ˆ
R3

∞∑
n=1

1{χ≥n}divϕϕϕ dVδ =

∞∑
n=1

ˆ
∂{χ≥n}

⟨ϕϕϕ, ν⟩dH2

≤
∞∑
n=1

ˆ
Ψ(∂Ω)

1{χ≥n}dAδ

=

ˆ
Ψ(∂Ω)

χdAδ <∞,

(A.11)

where ν is the measure theoretic unit outer normal, the first equality is obtained from [29, Theorem
5.16], the second line follows from the fact that |⟨ϕϕϕ, ν⟩| ≤ |ϕϕϕ||ν| ≤ 1 holds almost everywhere and
∂{χ ≥ n} ⊂ Ψ(∂Ω) ∩ {χ ≥ n}, and the third line holds by definition of χ. □
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