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ABSTRACT. We establish sharp lower bounds for the mass of asymptotically locally Euclidean (ALE)
and asymptotically locally flat (ALF) toric 4-manifolds, in terms of equilibrium geometries consisting
of gravitational instantons. More precisely, the mass of a complete ALE or ALF toric 4-manifold with
nonnegative scalar curvature is bounded below by a sum comprised of the following quantities: the
mass of the corresponding toric gravitational instanton having the same orbit space (rod) structure
as the original ALE/ALF manifold, and an expression determined by the conical angle defects of
totally geodesic 2-spheres within the instanton that serve as generators for its second homology.
The inequality may be generalized to the situation in which the ALE/ALF manifold also possesses
conical singularities as well as orbifold singularities, and it suggests a refined notion of ‘total mass’
in which the result simply states that the total mass of the ALE/ALF manifold is not less than that
of the corresponding gravitational instanton. Furthermore, we prove rigidity for these statements,
namely the inequality is saturated only when the ALE/ALF manifold is Ricci flat and in fact agrees
with the corresponding instanton. These results may be viewed in the context of positive mass
theorems, providing an explanation of how positivity can fail in the ALE/ALF setting. Moreover,
the main theorem may be interpreted as yielding a variational characterization of the relevant toric
gravitational instantons.

1. INTRODUCTION

The positive mass theorem is a central achievement in the study of scalar curvature and mathe-
matical relativity, and was originally established for asymptotically Euclidean (AE) manifolds with
nonnegative scalar curvature by Schoen-Yau [47] and Witten [51]. Various incarnations of this
theorem have been found in a variety of other settings. In the asymptotically hyperbolic case,
important contributions were made by Andersson-Cai-Galloway [6], Chrusciel-Herzlich [18], Wang
[49], and Zhang [52]. Extensions to the asymptotically locally hyperbolic setting were obtained by
Alaee-Hung-Khuri [1], Brendle-Hung [13], and Lee-Neves [38], while the complex hyperbolic case was
treated by Herzlich [12,27]. In this article we will be concerned with ALE and ALF manifolds which,
in particular, arise naturally in the study of gravitational instantons — complete, noncompact, Ricci
flat 4-dimensional Riemannian manifolds with square-integrable curvature.

Definition 1.1. (ALE Manifold) A connected and complete Riemannian 4-manifold (M, g) is said
to be asymptotically locally Euclidean (ALE) if there exists a compact set K C M, a finite subgroup
G C O(4) acting freely on coordinate spheres, and a diffeomorphism ¢ : (R*\ B;)/G — M \ K such
that

(1.1) Vg =b)ls =001, 1=0,1,2,
for some x > 0 where b is the flat cone metric on (R*\ By)/G with radial distance function r, and

V denotes covariant differentiation with respect to b. Moreover, the scalar curvature of g is required
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to be integrable, R, € LY(M). If G is trivial, then the manifold is called asymptotically Euclidean
(AE).

Remark 1.2. The definition of an ALE manifold, and that of an ALF manifold given below, often
allow for multiple ends. Although the results of this paper may be generalized to include more than
one end, for simplicity of presentation this will not be pursued here. Note also that the model metric
may be expressed in polar form b = dr? + r2b, where b, is the metric of constant 41 curvature on
the radial cross-section S = S3/G. Moreover, regularity of the metric is left unspecified here and in
the definition of an ALF manifold below, since mild singularities will eventually be included.

Motivated by questions in quantum gravity, the validity of the positive mass theorem was also
conjectured for the ALE setting. However, the Eguchi-Hanson manifold [24] may be observed to
violate the rigidity statement, and LeBrun [37] generalized their construction to find an infinite family
of explicit counterexamples to the inequality. Nevertheless, positivity of mass in the ALE case has
been established under additional hypotheses, notably for certain Kahler manifolds by Hein-LeBrun
[26] and under suitable spin-structure matching conditions by Dahl [19] and Deruelle-Ozuch [23].

Definition 1.3 (ALF Manifold [11, Definition 1]). A connected and complete Riemannian 4-manifold
(M, g) will be called asymptotically locally flat (ALF) if the following conditions are satisfied.

(i) There is a compact subset K C M and a diffeomorphism ¢ : Ry x § — M \ K, where S is
a closed 3-manifold finitely covered by S' x S? or S3. If S = S x S? then the manifold is
called asymptotically flat (AF)*.

(ii) On S there is a 1-form 7 and a vector field 7" such that ¢p7 = 1 and L7 = 0, where ¢ denotes
interior product and £ indicates Lie differentiation.

(iii) On S there is also a positive-semi-definite symmetric 2-tensor 7 such that Lry = 0, kery =
spanT’, and which locally defines a metric of Gauss curvature +1 on the space of leaves of
the foliation tangent to 7.

(iv) Ry x S is equipped with a model metric

(1.2) b=dr®+ 12y + 0272,

where r parameterizes R, and ¢ > 0 is a constant.
(v) After pulling back via diffeomorphism ¢, the metric g asymptotes to the model with decay

(1.3) IVi(p*g =)y =O(r 2%, 1=0,1,2,

where £ > 0 and V denotes covariant differentiation with respect to b.
(vi) The scalar curvature of g is integrable, R, € L'(M).

Remark 1.4. An important special case of an ALF manifold occurs when S is an S'-bundle over
52, as exemplified by the Taub-NUT gravitational instanton in which the relevant bundle is the Hopf
fibration of S3. Such an ALF manifold, in which the bundle has Euler number e, is referred to as
ALF-Aj where k = —e — 1. A notable case of AF manifolds occurs when the model geometry is flat
and arises as the quotient (R® x R)/Z, where the generator of the action is given by a rotation of
angle 273¢ in R and a translation by distance 27¢ in R, for some real number £3; such manifolds
are referred to as AFg,. When /4 is irrational the vector field 7" does not have closed orbits, which
happens for generic members of the Kerr and Chen-Teo families of AF instantons.

11t should be noted that the terminology of an asymptotically flat manifold has taken on two inequivalent meanings
within the context of the positive mass theorem, one arising from mathematical relativity and another from the study
of gravitational instantons. In this article we will only use the latter notion.
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Associated with each ALE or ALF manifold (M, g) is a well-defined notion of mass. In analogy
with the classical AE setting, its expression is derived from the flux of the linearized scalar curvature
operator. In particular, the mass is defined by

r—o0 471

1
(1.4) massy(M, g) :== lim / (divy e — dTrp €)(0,)dV, e=p"g—0b,
S

where dV is the volume form of the r-level set S, in the model geometry. The fact that the mass
is a geometric invariant in the ALE setting follows from the proof of Bartnik [8] and Chrusciel [17]
in the AE regime. Geometric invariance with respect to the choice of ALF structure is established
in [32, Proposition 2.8] in the ALF-Aj case. An earlier statement of this type for AF, asymptotics
was made by Minerbe [43, pg. 952]; in [43, Proposition 6] an analogous result was proven for the
so called ‘Gauss-Bonnet mass’ (tailored to Ricci curvature) in the ALF-Aj context. Note that in
the AFy setting, the mass (1.4) agrees with, up to normalization, those of [9,14,21,41] as well as
[43, Theorem 2].

The mass may be viewed as a geometric invariant that connects scalar curvature with the global
geometry and topology of the manifold. The Euclidean Reissner-Nordstrom metrics on R? x S? are
AFy, complete, and scalar flat, but they can have negative mass for certain choices of parameters.
Similarly, the charged Taub-Bolt Einstein-Maxwell instanton is an example of a complete ALF-Ag
manifold with zero scalar curvature, that admits negative mass for certain ranges of parameters.
These examples, as well as others, are discussed in detail in Section 8. Thus, as in the ALE setting,
the positive mass theorem dramatically fails for ALF manifolds. On the other hand, like Dahl’s result
[19] in the ALE spin case, Minerbe [43, Theorem 2| considered AF(; manifolds with nonnegative
scalar curvature and a matching condition for the spin structure at infinity, to establish a positive
mass theorem. In a different direction, Liu-Shi-Zhu [41, Theorem 1.2] (see also Chen-Liu-Shi-Zhu [14,
Theorem 1.8]) show that for AF( manifolds of dimensions less than 8 the positive mass theorem holds
if the circle at infinity is homotopically nontrivial. Moreover, Khuri-Wang [32, Theorem 1.2] obtain
the same conclusion in the AF( setting under the hypothesis that a codimension-two coordinate
sphere in the asymptotic end is trivial within the homology of M. Related results were additionally
found by Dai [21], Dai-Sun [22], and Barzegar-Chrusciel-Horzinger [9]. In the case of ALF-Aj
manifolds, Minerbe [43, Theorem 1] proved positivity of mass under the assumption of nonnegative
Ricci curvature; note that Minerbe’s definition of mass in this result does not coincide with the
standard one. While in the same setting, Khuri-Wang [32, Theorem 1.7] establish a positive mass
lower bound in terms of bundle degree with the hypotheses of nonnegative scalar curvature and
an almost free U(1) action. Furthermore, an ALF-Ds positive mass theorem was established by
Kim-Ozuch [34, Theorem 0.5].

Despite this progress, positivity properties and more generally geometric inequalities involving the
mass remain poorly understood in the ALE and ALF regimes. The purpose of the present paper
is to investigate to what extent a positive mass style theorem can be achieved in the presence of
such robust counterexamples, as described above. More precisely, we seek a result that ‘applies
to’ such counterexamples, rather than avoiding them with exclusionary hypotheses, in the hope of
understanding the reason for the presence of negative mass. In this regard, we shall restrict attention
to toric ALE and ALF manifolds, and will show that a full and satisfactory answer to this question
may be given in this setting.

Definition 1.5. A toric ALE or toric ALF manifold is an ALE or ALF manifold that admits an
effective isometric T2 action, which is compatible with the ALE or ALF structure in the following
sense. Let 11, 12 denote Killing field generators of this action.
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(i) In the ALE case, it asymptotes to an effective isometric T action on the model flat cone
geometry of the end, which preserves radial cross-sections. Moreover, there exist generators
&1, & of the limiting action such that

(1.5) IV (™ )umi = &) Ip = O™,
forl=0,1,1=1,2.

(ii) In the ALF case, it asymptotes to an effective isometric T2 action on the model geometry
of the end, which preserves the radial cross-sections and leaves 7 as well as v invariant.
Moreover, there exist generators &1, & of the limiting action such that T = a’§; where o’ € R
and

(16) IV (e = &) b= 00F ), V(97 ulal) = T) |y = O( 275 7),
for { 2071,1:: 1’2

Remark 1.6. The compatibility condition (i) for ALE manifolds is actually a consequence of the
first statement in Definition 1.5 concerning the existence of a torus action [29]. Furthermore as
explained in Section 2 below, in both settings the toric condition implies that the radial cross-section
S must be a lens space, or alternatively in the ALF case, S x S2.

Toric symmetries play an important role in the study of gravitational instantons [10,39], and
have been used for AE mass lower bounds [2-5]. In a dramatic recent development Li-Sun [40] have
discovered toric AF instantons on infinitely many new diffeomorphism types of 4-manifolds, which
are not locally Hermitian. It is then natural to consider positive mass theorems in the ALE and ALF
settings which assume this symmetry, and to expect that toric instantons are featured in an essential
way. To this point, we recall that among AE manifolds with zero scalar curvature the critical points
of the mass are Ricci flat [16, Proposition 7.1], and note that the same conclusion holds in the ALE
and ALF contexts. Therefore, the search for a global minimizer of the mass among such manifolds (or
more generally those with nonnegative scalar curvature) leads inevitably to gravitational instantons.
In fact, loosely speaking, an indication as to why the positive mass theorem fails in the ALE and
ALF settings and on the other hand is valid in the AE setting, is that there are many Ricci flat
manifolds with the same ALE/ALF structure (possibly with conical singularities) but there is only
one Ricci flat AE manifold, namely Euclidean space.

The variational approach suggests that a meaningful replacement for the positive mass theorem
in the current setting should take the form of a rigid mass comparison result between ALE and
ALF manifolds of nonnegative scalar curvature, and certain gravitational instantons. In order to
realize such a concept, it is necessary to have a mechanism to produce a large variety of gravitational
instantons with prescribed structure. Toric symmetry provides a robust solution to this problem by
reducing the Ricci flat equations to an axisymmetric harmonic map into the hyperbolic plane with
prescribed singularities. More precisely, it follows from [30, 35, 36,40] that given a rod data set — an
embellished orbit space boundary that characterizes the toric action — and the ALE/ALF asymptotic
structure, there exists a unique corresponding harmonic map giving rise to a toric gravitational
instanton admitting these properties; the method is explained in Section 2.3. We refer to this
instanton as an equilibrium geometry, and note that it typically will have conical singularities on the
axes, see Section 2. For this reason, our main result below is naturally stated with conical angle
defects. As described in more detail in the next section, a rod data set consists of a collection of
intervals called axis rods whose union is the boundary of the orbit space M/T?, and an associated
collection of ‘weights’ that detail the degeneration of the torus action; the intervals are parameterized
by a coordinate z.
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Theorem 1.7. Let (M, g) be a simply connected toric ALE or toric ALF manifold with nonnega-
tive scalar curvature, possibly having conical singularities and corners® along finite axes. Consider
the corresponding toric gravitational instanton (M, g,) sharing the same asymptotic ALE or ALF
structure, and the same rod data set consisting of intervals {Fn}rjy:ﬁl Then

N+1
(1.7) massy (M, g) — massy(M, g,) > 27 Z / (9" —97)dz,
n=1 n

where 9" and 97 are the logarithmic angle defects on azis rod I'; with respect to g and g,, respectively.
Furthermore, equality holds if and only if (M, g) is isometric to the Ricci flat equilibrium geometry
(M, go).

The precise meaning of conical singularities in the context of toric ALE/ALF manifolds, as well as
their logarithmic angle defects, will be given in the next section. When conical singularities are not
present, the inequality (1.7) simply states that the mass of the given ALE/ALF manifold is bounded
below by the mass of its corresponding instanton equilibrium geometry. Even in the general case
when conical singularities are present, we are motivated to define a new mass

N+1
(1.8) mass, (M, g) := massy(M, g) — 27 Z 9"dz,

n=1"In
and again the result yields the simple statement that massy (M, g) > mass,(M, g,). In this way, up
to multiplication by 2, the total logarithmic angle defect along I';, may be viewed as the mass of the
rod, or rather the mass of the corresponding totally geodesic 2-sphere lying within M. As is shown
in Section 8, these contributions are responsible for and explain the negative mass present in the
Reissner-Nordstrom manifolds, since the equilibrium geometry associated with these examples must
possess conical defects. It should also be noted that Theorem 1.7 will continue to hold if conical
singularities are present on the semi-infinite axes, as long as the difference 9" —97 is integrable on such
rods. Moreover, the difference of masses on the left-hand side of (1.7) is equivalent to massg, (M, g),
the mass of g with respect to the Ricci flat background g,, and thus the main inequality may then be
viewed as giving a sharp lower bound for this interpretation of mass. In fact, the concept of using Ricci
flat backgrounds to define the mass in ALF contexts has previously been put forward by Kim-Ozuch
[34, Introduction|. Finally we mention that in the ALE case, it follows from Bando-Kasue-Nakajima
[7] that the instanton metric will fall-off at order 4, which implies that massy(M, g,) = 0 and hence
simplifies the inequality (1.7).

In order to illustrate a delicate aspect of this theorem, and the necessity of including some hypothe-
sis beyond fixing the asymptotic structure, we may compare with the stability result of Dahl-Kroncke
[20, Theorem 1.8]. Recall that an open Einstein manifold is called linearly unstable if the linearized
Ricci operator, restricted to compactly supported transverse-traceless tensors, has a negative bottom
of the spectrum. When this occurs for a gravitational instanton, Dahl-Kréncke show that there exist
compactly supported perturbations of the instanton metric which have nonnegative scalar curva-
ture that is not identically zero. This perturbation may then be conformally changed back to zero
scalar curvature, as in Schoen-Yau’s [47] approach to the AE positive mass theorem, while preserving
the asymptotics and resulting in a smaller mass than the original instanton. Thus, if applied to a
Schwarzschild AF instanton (R? x S2, g,.) which is linearly unstable [20, Example 1.13], while taking
care to preserve toric symmetry in the deformation, we obtain a new toric AF manifold (R? x S?, §s.)
of nonnegative scalar curvature with maussb(R2 x S2, Jsc) < massb(]R2 x S2, gsc).- This appears to

23ee Definition 2.1.
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violate inequality (1.7), if we naively use the original Schwarzschild instanton as the equilibrium ge-
ometry. However, in order to apply Theorem 1.7, the equilibrium geometry must be chosen to have
the same rod data set as the perturbation. Ultimately, the deformation disturbs the rod lengths, so
that a new Schwarzschild instanton with different mass must be used for the comparison.

This paper is organized as follows. In Section 2 we derive consequences of the toric action, and
analyze the asymptotic model geometries. In Section 3, scalar curvature identities are exploited to
obtain a relation between a reduced harmonic energy and certain flux integrals. Convexity properties
of the reduced energy are studied in Section 4, and then used to produce a gap lower bound. Section
5 is dedicated to showing that the flux integrals yield the desired difference of masses, while the
main theorem is proved in Section 6. Asymptotics at infinity, the axes, and corners are derived in
Section 7. Finally, several examples are detailed in Section 8 and an appendix is included to record
miscellaneous calculations and formulae.

2. BACKGROUND AND SETUP

Let (M,g) be a simply connected toric ALE or toric ALF manifold. It follows from [46] and
the proof of [28, Proposition 3] that the orbit space M/T? is diffeomorphic to a half-plane {(p, 2) |
p > 0,z € R}, with certain ‘weights’ embellishing the boundary. More precisely, the z-axis IT" is
decomposed into an exhaustive sequence of closed intervals referred to as axis rods and denoted by

(2.1) Iy =(—00,21], To=|z1,20], ... T'n=1[2n-1,2n], T'ny1=[2n,0),

where z, < z,+1, such that the interior of each I';, corresponds to points in M with 1-dimensional
isotropy subgroup. The intersection point of two adjacent axis rods is called a corner and represents
a point in M with 2-dimensional isotropy subgroup, whereas all interior points of the half-plane
correspond to principal orbits. Note that in the gravitational instanton literature, corners are referred
to as nuts and the collection of orbits over an axis rod is referred to as a bolt; these latter objects
are totally geodesic 2-spheres in M that represent the generators of its second homology.

Let 71, 72 denote Killing field generators of the T2-action and consider the Gram matrix G with
components G;; = g(n;,n;). Associated with each Ty, is an element v, = (v},v2) € Z? called a rod
structure, whose components are relatively prime, and which generates the kernel of G on this rod or
equivalently the Killing field vln; + v27, vanishes on T',. The collection R = {(vy, )} of axis
rods and their rod structures is referred to as the rod data set, and completely encodes the topology of
M, see [31] for further discussion. For instance, by examining the torus fibration over a semi-circle in
the orbit space that connects the two semi-infinite rods I'y and I' 41, we find that the only allowable
cross-sectional topologies [28, Proposition 2] for the asymptotic end of M are S! x $? and the lens
spaces L(p,q); these two cases occur for the pair of rod structures {((1,0),T'1),((1,0),I'ny41)} and
{((1,0),T'1),((q,p),T'n+1)}, respectively. Moreover, it will be assumed that any rod data set satisfies
the admissibility condition at corner points:

1 2
(2.2) det< - ) = +1.
Un—l—l Un+1

This condition preserves the manifold structure in a neighborhood of corner points. Without it, such
neighborhoods admit an orbifold structure, and although our results and proofs should continue to
hold in that situation we will not pursue this direction here.

Conical singularities and corners arise naturally in this setting. In particular, let = : M — M /T?
be the quotient map, then conical singularities can occur along the axes or rather the 2-sphere bolts
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7~ 1(I',). Consider a model cone metric on D? x S x (0,1) given by
(23) Gcone = d32 + CQSQ(dwl + ad¢2)2 + gcyl(y))

where ¢ = ¢(t) > 0 and a = a(t) are smooth functions, (s,!) are polar coordinates on the open unit
disk D?, and gey(y) is a metric on the cylinder (0,1) x S! parameterized by coordinates y = (£, 1?).
Here 9!',4? are 2m-periodic and their coordinate vector fields generate a T2 action by isometries.
Note that s = 0 corresponds to the axis, and that ¢ = e=? where 9 is the logarithmic angle defect
of each cone along the axis. Consider also a flat model corner metric on a 4-dimensional ball B; in
polar-Hopf coordinates (7, 6,4, ?) given by

(2.4) Georner = dr? + 12 (al@2 + 2 sin? §(dypt)? + 3 cos? 9(d¢2)2) ,

where ¢y, c2 € (0,00) are constants, and r € [0,1), @ € [0,7/2], while 1!, ? are again 2m-periodic.
The values ¢ and co yield angle defects of the neighboring axes in the usual way.

Definition 2.1. We say that a toric ALE or toric ALF manifold (M, g) possesses conical singularities
and corners if the metric is globally L™ and smooth away from the axes 7~ !(T), with the following
two types of model asymptotics.

(i) At each point of any bolt 7~ !(int T',,) there exists a neighborhood of the form D? x S x (0, 1)
with coordinates (s,!,y) and an associated cone metric geone such that after pullback
(2.5) ‘ﬁl(g — Goone)|geone = O(Sl+<_l)7 =01,

for some ¢ > 0 where V denotes covariant differentiation with respect t0 geone-
(ii) At each corner (nut) point 7~ !(T,,NT,+1) there exists a 4-ball neighborhood with coordinates
(r,0,v',9?) and an associated corner metric geomer such that after pullback

(26) |¢l(g - gcorner)‘gcorner = O(r27l)7 l= O, 17

where V denotes covariant differentiation with respect to georner-

In both cases, after a pushforward, the coordinate vector fields 0y, i = 1,2 correspond to generators
of the T? action on M.

2.1. Asymptotic model geometries. The toric hypothesis places strong restrictions on the as-
ymptotic model geometries of ALE and ALF manifolds. In fact we will show that the model metric
b can be assumed to take an explicit form, which falls into one of three types that we now describe.

2.1.1. Asymptotically locally Euclidean (ALE). Consider the asymptotic end (R*\ B1)/Z, = (1,00) x
L(p, q) where p,q € Z are relatively prime with p > 1, equipped with the flat metric
(2.7) baLg = dr? + 12 [dGQ +p2sin? 0(dy")? + cos? 0 (du)? + p—lqdqpl)?} ,

in which 7 > 1 and (6, ¢!, 1?) are Hopf coordinates on the lens space with 6 € [0, 7/2] and ¥!,4? are
27-periodic. Here the toric symmetry is generated by the Killing fields 9y, 02, and the semi-infinite
rod structures are given by vi = (0,1) and vyy41 = (p, —¢q).

2.1.2. Asymptotically locally flat (ALF-Ay_1). Let k € Z, and consider the asymptotic end Ry X
L(k,1) equipped with the metric
(2.8) bare = €2 (dy® + kcos® (0/2) dv)* + dr® + 2 (d6? + sin® 6(dyp")?) ,

where r > 0, 6 € [0, 7], and !, 1? are 27-periodic. The induced metric on radial level sets exhibits
the lens space as an S'-bundle over the 2-sphere with Euler number e = —k, and thus this model
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geometry is associated with type ALF-Aj_;. By multiplying the second and third terms of (2.8) by
h(r) =1+ % and multiplying the first term by h(r)~! as in (2.12) one obtains a new metric barp
which is Ricci flat, and coincides in the case of k = 1 with the Taub-NUT gravitational instanton on
R* after adding the origin point » = 0. The toric symmetry is again generated by the Killing fields
Oy1, Oy2, and the semi-infinite rod structures are given by vi = (1,0) and vy41 = (—1,k). Note
that the metric (2.8) may be placed into the context of Definition 1.3 (iv) by setting

(2.9) T =010y, 1=0(dY*+kcos®(0/2)dy"),  v=db>+sin®0(dy')>.

We may also consider the case when k = p/q for relatively prime positive integers p, ¢. In this situa-
tion the radial level sets have topology L(p, q), however the metric b4z r admits conical singularities
on the axis rod I'y11 when ¢ # 1.

2.1.3. Asymptotically flat (AFg;). Consider the asymptotic end R4 x ST x §% equipped with the flat
metric

(2.10) bar = C2(dy?)? + dr? + r? (d6? + sin? 0(dy' + BLdy?)?),

where £ > 0, 8 > 0 are constants and r > 0, 6 € [0, 7], and ¥',9? are 27-periodic. The radial level
sets are topologically S* x S? as realized by the rod structures vi = (1,0) and vy41 = (1,0) on the
semi-infinite rods, associated with the toric symmetry generated by the Killing fields 01, 0y2. This
model geometry is of the type AFg,. Note that the metric (2.10) may be placed into the context of
Definition 1.3 (iv) by setting

(2.11) T =" (Og2 — BLOy), T = Ldy?, v = db? + sin? O(dyt + Bedi?)?.
Observe that T' has closed orbits if and only if 8¢ is rational.

Remark 2.2. We have chosen to distinguish the AF and ALF cases since many explicit examples
fall into one of these two classes described above. However, they can be treated together as members
of a larger toric family of Ricci flat geometries, possibly with conical singularities. Namely, using the
previous notation consider the following metric

(2.12) b =m0 (dg? + kcos® (8/2) (dp" + BLdy®))? + h (dr? + r? (d6? + sin? §(dy" + Bldy?)?)),

where h(r) is the radial function from Section 2.1.2. If £ = 0 this reduces to the setting of bar,
so assume that & > 0. In order to have the structure of a manifold in the vicinity of rod I'y41,
we require that k~1(1 + kB¢) = % for some relatively prime integers p # 0 and ¢. In this case, the
semi-infinite rod structures are v; = (1,0) and vy4+1 = (—¢,p), and the topology of the asymptotic
end on which this metric is defined is given by Ry x L(p,q). Moreover, conical singularities occur
on I'y4q unless k =p and 1 + kB¢ = q.

Remark 2.3. When h is replaced by 1 in (2.12), we will refer to the resulting metric as baLF-
Although the results of this paper continue to hold for the more general model metric bapp, for
simplicity of exposition we will mostly restrict attention to the less embellished version barp from
(2.8).

We will now show that in the toric setting, the model geometries must take one of the above three
forms up to negligible error.

Proposition 2.4. Let (M, g) be a toric ALE or ALF manifold.
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(i) In the ALE case, the asymptotic model geometry is of the form (Ry x L(p,q),b) for some
relatively prime integers p > 1, q, and there exists an explicit model metric (2.7) such that

(2.13) IVUb = barp)lp,,, = O %Y,  1=0,1,2,

where NV denotes covariant differentiation with respect to barg.

(ii) In the ALF/non-AF case, the asymptotic model geometry is of the form (Ry x L(p,q),b) for
some relatively prime positive integers p, q, the bounded Killing field T has closed orbits, and
there exists an explicit model metric from Remark 2.3 with k = p and 1 + pB¢ = q such that

(2.14) VY (b — barr) =0o(r™h, 1=0,1,2,

’bALF

where N denotes covariant differentiation with respect to b ALF -

(iii) In the AF case, the asymptotic model geometry is of the form (R4 x S' x S2.b), the bounded
Killing field T may not have closed orbits, and there exists an explicit model metric (2.10)
such that

(2.15) V(b —bar)lp,e =001, 1=0,1,2,
where V denotes covariant differentiation with respect to bap.

Proof. We will treat the ALF and AF cases here, and simply note that the ALE case may be proved
similarly. According to Definition 1.5 there is an effective isometric 72 action on the model geometry
of the end, which induces a toric symmetry on its radial cross-sections S. By [46, Section 2] the
orbit space S/T? is a closed interval which we may parameterize by 6 € [0,7]. Let 1!, 1? be 27-
periodic coordinates parameterizing the torus fibers, then by expressing the cross-section metrics in
Riemannian submersion format we find that

(2.16) bls = 7%y + £27% = A(r)d6* + Byj(r,0)didy?,

for some coefficient functions A and B;; which are independent of the torus coordinates since dy1,
Oy2 generate the toric symmetry. Note also that there are no cross-terms between ¢ and 1" since the
horizontal distribution is integrable.

The bounded Killing field is a linear combination of the action generators, and thus by rescaling
¢ if necessary, we may assume without loss of generality that T' = ady1 + 9y2 for some a € R. Let

(2.17) w! = db, w? = dy' — ady?, w3 = dip?,
be a co-frame tailored to T in the sense that w!(T") = w?(T) = 0 and w?(T) = 1. Then we may write
3 ‘ 3 -
(2.18) T = Z 7i(0)w', v = Z Y5 (0)w'w!.
i=1 ij=1

Since 7(T') = 1 and (7T,-) = 0 we find that 73 = 1 and 13 = 723 = 33 = 0. Next, by inserting the
resulting expressions into (2.16) we find that 11 is constant, and using that there are no cross-terms
between # and 1) on the right-hand side it follows that 71 = 712 = 0. Moreover, since 7 locally defines
a metric of Gauss curvature +1 on the space of leaves of the foliation tangent to T', we conclude that
y11 = 1 and 799 = sin? f. By setting 3 = —¢~'a the model metric may now be expressed as

(2.19) b=dr® + 1 (d6* + sin® 0(dy' + BLdy?)?) + €% (dy® + To(dip + B€d¢2))2 .

By initially choosing coordinates on the torus appropriately, it may be assumed that the rod
structures for the asymptotic end are given by vi = (1,0) and vyi11 = (—g,p), for two coprime
nonnegative integers p, q. Note that the first rod structure implies mo(7) = 0. If vy = (—1,0)
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then S = S x §2, and also 72(0) = 0 so that the portion of the metric involving 7 may be treated
as error to produce |V (b —bar)lp,, = O(r~17!) where

(2.20) bap = dr? +r? (d6? + sin® 0(dy' + Bldy?)?) + £2(dp?)%;

this yields case (iii) of the proposition. If vy 1 # (—1,0), then as in Remark 2.2 regularity demands
that p+712(0)(pBl—q) = 0 and 1+ppl = q. It follows that 72(0) = p. Hence, treating terms involving
9 — pcos?(6/2) as error produces |V!(b —barr)|p,,, = O(r~'7!) where

(221)  bapp = dr® +r? (d6® + sin® 0(dy' + Bldp*)?) + 2 (dp® + peos® (0/2) (dy' + ﬁzdzp?))? :
this yields case (ii). O

2.2. Brill coordinates. Let (M, g) be a simply connected toric ALE or toric ALF manifold, possibly
having conical singularities and corners along the axes, and let ¢’ be a pair of independent 27-periodic
angles adapted to the Killing field generators of the toric action so that 7; = dyi. By [29] there exists
a set of global (Brill) coordinates (p,z, ¢!, $?) for M in which the metric may be expressed in
submersion format

(2.22) g =e* (dp* + d2*) + Gy;(d¢' + Aldx®)(dg’ + Aldz®),

where (2!, 22) = (p,2). The first portion of (2.22) involving e?* represents the metric on the orbit

space M/T? which is parameterized by the half-plane {(p, 2) | p > 0,z € R}, while G = (G;;) yields
the torus fiber metric, and the coefficients AY measure the obstruction to local integrability of the
distribution orthogonal to the fibers. All coefficients a, G;;, and A, are functions of (p, z) alone and
satisfy the asymptotics as layed out in Section 7 for neighborhoods of corner points, axis points, and
at infinity. This coordinate system gives rise to an advantageous expression for the scalar curvature,
which makes contact with a certain harmonic map energy that is fundamental for mass comparison
result. Lastly, we note that the logarithmic angle defect at points above the interior of an axis rod

1,2

I',, with rod structure (v,,,v7) may be expressed as

27 - Radi 2,20
(2.23) ¢ = lim gy [ 2O
p—0 Circumference  p—0 G0l vl

The existence of this limit is a consequence of the asymptotics detailed in Section 7.

2.3. Toric harmonic maps. In the setting of simply connected toric ALE/ALF manifolds, the Ricci
flat equations reduce to solving for an axisymmetric harmonic map ([35, Section 3|, [40, Section 2],
[42]) into the hyperbolic plane, ®, : R® \ ' — HZ2. In fact, one may prescribe the desired rod
structure and asymptotic type of the toric gravitational instanton, by solving for a harmonic map
that is asymptotic to a given model map that realizes this structure. By asymptotic, we mean
that the hyperbolic distance between the two maps stays bounded globally and converges to zero
near infinity. The resulting instanton will most likely have concial singularities for generic rod
data sets. The method to establish existence of such a harmonic map, asymptotic to a prescribed
model map in this context, is based on an approach initiated by Weinstein [50] for 4-dimensional
axisymmetric stationary vacuum black holes, and was later developed to incorporate rod structures
by Khuri-Weinstein-Yamada [33]. The adaptation to the (Riemannian) setting of toric gravitational
instantons was given by Kunduri-Lucietti [35, Theorem 1.2] for the AF case, and this was recently
expanded and generalized by Li-Sun [40, Theorem 4.24]. The harmonic maps produced from this
process are unique among those asymptotic to the given model. Although the two aforementioned
results were carried out in the AF regime, the same technique holds for toric ALE/ALF instantons
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[36, Theorem 1.1]. The only requirement is the ability to construct an appropriate model map, and
this may be achieved in the same manner as [35, Theorem 1.2] except that at infinity we choose the
model map to coincide with the harmonic map arising from the three Ricci flat model geometries of
Section 2.1; note that in the ALF case this refers to the metric b4z which is a modification of (2.8)
using the function h. Thus, we obtain the following existence result.

Theorem 2.5. Given a simply connected toric ALE or toric ALF manifold (M, g) with rod data set
R, possibly having conical singularities and corners along finite azes, there exists a corresponding
toric gravitational instanton (M, g,) potentially with conical singularities and corners sharing the
same asymptotic ALE or ALF structure, and the same rod data set R.

Remark 2.6. Regularity of the harmonic maps associated with the instantons (M, g,) was investi-
gated in the vicinity of axis rods and corners in [40, Section 4.2]. The resulting asymptotics for the
harmonic maps and Brill coordinate coefficients in these regions, as well as at infinity, are detailed
in Section 7.

3. THE REDUCED ENERGY FUNCTIONAL

In the presence of a toric symmetry the scalar curvature naturally contains a harmonic map energy
density arising from the torus fiber portion of the metric. This density, however, exhibits blow-up
behavior at the axes and thus must be ‘renormalized’ in order to serve a useful role in the context of
mass comparison. We begin with the basic expression for scalar curvature in this setting. This may
be obtained from O’Neill’s formulas for Riemannian submersions [45] although here we give a direct
derivation.

Lemma 3.1. Let (M, g) be a toric Riemannian 4-manifold with metric expressed in Brill coordinates
(2.22). On R3\ T, define a function Z and a 2 x 2 symmetric matriz ® with det ® = 1 by setting
G = pe?®, then the scalar curvature satisfies

1 1 o
o) e**R = —2Aa+2Va-Viogp — o (@'Va)” - Ze—hagcagdGUngng

' 3 1
—2AZ — 5|vzy2 —VZ-Viogp+ 5\v1ogp|2

where FY, = 0,AL — 0,AY, and 63 = dp* + dz* + p?dp? is the flat metric on R written in cylin-
drical coordinates, with V, A, and - denoting its covariant derivative, Laplacian, and inner product
respetively.

Remark 3.2. In the Ricci flat setting Proposition A.2 shows that Z = 0 and A% = 0 for all i,a = 1,2.

Proof. According to appendix equation (A.6), a computation shows that the scalar curvature takes
the form

1 1
e *R=—2Aa+2Va-Viogp — (AQ log det G + ZTr (G*1VG)2 + Z|V10g det G|2>
(3.2)
1 .
- 16_2a5§65§dG1‘jF3chJd
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where Ay is the Laplacian with respect to the 2-dimensional flat metric 6y = dp? + dz2. Define the
1
symmetric unimodular matrix ® := (det G) 2 G, let I denote the identity matrix, and observe that

2
(G'VG)? = (;VlogdetGIQ + <1>1V<1>)
(3.3)

- 9 logdet G 1 + Tlog det G (87178) + (21va)?.

Then combining this with Tr (®~!'V®) = V(log det ) = 0 produces

(3.4) Tr (G*1VG)2 = %\Vlog det G|* + Tr (<I>’1V<I>)2 :
Next, define the function

(3.5) Z = %log det G —log p

and note that

(3.6) IV logdet G|? = 4|VZ|? +8VZ - Viog p + 4|V log p|?,
as well as

Aglogdet G = Alogdet G — Vlogdet G - Vlogp
(3.7) = A (logdet G — 2log p) — 2V (Z + log p) - Vlog p
=2AZ —2VZ -Vlogp —2|Vlogp|*.
Inserting these expressions into (3.2) yields the desired result. U

We now seek an interpretation of the term involving ® within the scalar curvature formula. To
this end, define functions

V.= %log (i;) , W :=sinh~! (®12), in the ALE, ALF, and AF cases,
(3:8) 1 Dy 1 )
V.= 3 log (@22 YT ﬁ2€2‘1>11> , W :=sinh™" (®12 — fP11), in the AFg case,
and observe that using det ® = 1 the inverse relations are given by
(3.9) B = e cosh W, ®19 = sinh W, Byy = eV cosh W,
and

(3.10) @1y =e"cosh W, ®1p=sinh W+p3le" cosh W, ®95=(eV+ 520%e") cosh W+ 25¢sinh W,

respectively. It follows that
1
(3.11) STr (& 'v®)? = cosh? W|VV |2 + [VIV ]2,

showing that this expression is a harmonic map energy density for the map ® : R\ I' — H?, where
the hyperbolic plane is parameterized by Fermi coordinates.

The asymptotics of ® at the axes will typically produce an infinite energy, which motivates the
following renormalization. Let (M, g) be a simply connected toric ALE or toric ALF manifold, and
let (M, g,) be the corresponding toric gravitational instanton having the same rod data set given
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by Theorem 2.5. Consider the maps ¥ = (V,W) and ¥, = (V,, W,) associated with g and g,,
respectively. Using

IVVP = |V(V = V)2 +2V(V = V,) - VV, + [VV,|?,

(3.12) ) ) ,
IVW|? = V(W = W) > + 2V(W — W,) - VIV, + |V, |2,

and the harmonic property of log p with respect to d3, produces the difference of the g and g,-scalar
curvatures

1

R =divs, X — nyZP —2a5a05 MG FLFL + (V= Vo)AV, + (W — W,) AW,

(3.13)
1
) (sinh? W|VV|2 — sinh® W |VV, |2 + |[V(V = Vo) |2 + [V(W — W,)[?)

where
(3.14) X:=—2V(a—a,+ Z) + (2a — 200 — Z)Viogp — (V = V,)VV, — (W — W,)VW,,.

Let ¢ = (s1,52,63) be a collection of small positive parameters. We may decompose the open ball
By, C R? centered at the origin that includes part of the semi-infinite rods, into three types of

pairwise disjoint regions By, = Q¢ U Ac U (Uﬁleng (zn)> where

(3.15) Qc={r<2/s, p>¢, @ <rpforn=1,...,N}, As=DBy, \ <Q§ U (UnNleQ(zn))) .

Here r is adapted to the 4-dimensional model geometries and is given by (7.1), (7.16) in the ALE,
ALF cases respectively, whereas 7, is a radial coordinate defined by (7.56) which is centered at the
nth corner point on the z-axis located at height z,, and B, (z,) is the open ball centered at this
point of radius ¢. Integrating (3.13) over )¢ and using the divergence theorem yields

1 o
(3.16) B + Biomer T B = Za (V) + /Q ( R+ !VZ >+ Je705 C5§dGz‘jF3bF§d) dz

where
1
/ (sinh® W|VV|? — sinh® W, |VV,|* + [V(V = Vo)|* + [V(W — W,)[?) da
T2/
(3.17) y
/ (V = V,)AV, + (W — W,)AW,) dx,
Q4
and
(318)  Bi= [ XA, Bgomer—z / vid, B= [ X
OANIN 9By (2n )maﬂG OBy ey N0

with v denoting the unit outer normal. We define the reduced energy to be the following limit

(3.19) Z(¥) := lim lim lim Zo_(¥).

s3—=062—0¢61—0
The corresponding limits for the boundary integrals (3.18) exist and are finite by Lemmas 5.1, 5.2,

and 5.6, and the same will now be shown for the reduced energy.

Proposition 3.3. Let ¥V = (V,W) and ¥, = (V,, W,) be maps as described above. Then the reduced
energy functional Z(V) is well-defined and finite.
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Proof. Since the limits of boundary integrals in (3.16) exist and are finite, it suffices to show the
same for the bulk integral expression in this equation. To see this, observe that the asymptotics of
Section 7 imply

(3.20) IVZ|? = O(r~57%F) for ALE, IVZ|2 = O(r—37%) for ALF/ AFg,

(3.21) IVZ]?=0(1) in A, IVZ|? = 0(1) in B, (zn),

showing that the second integrand is integrable. Moreover, since R € L'(M) and dx, = e**eZdx, it
follows that e2*R € L'(R3). Furthermore, the asymptotics of Section 7 also produce

(3.22) 05°080G FL L = O(r—872%)  for ALE, §5°65G; Fi,F? = O(r—372%) for ALF/AF g,

(3.23) 83050 FL FL, = O(p™) in Ag,  03°68%G; Fi Fl = O(r?)  in By (2n)-

Thus, the last integrand is integrable. O

4. CONVEXITY OF REDUCED ENERGY FUNCTIONAL

Consider the hyperbolic plane H? with metric expressed in Fermi coordinate (V, W) as follows

(4.1) gz = cosh?> WdV?2 4 dW?2,
Let © C R3\ T be a domain, then the harmonic energy of a map ¥ = (V, W) : Q — H? is given by
1 1
(4.2) Eq(0) :4/ Tr (& 'Ve)? do = 2/ (cosh? W|VV 2 + |VW[?) dx.
Q Q
Critical points ¥, = (V,, W) of this energy satisfy the harmonic map equations
(4.3) div (cosh® W,VV,) =0, AW, — sinh W, cosh W,|VV,|* = 0.
Moreover, the relation between the harmonic energy E and reduced energy Z takes the form
(44 Za(¥) = Ea(W) — Ea(V) — [ (Vo) (V = Vo) & v(Wo) (W = W,)) dA,
[2/9]

where v is the unit outward normal on 9f2. The main goal of this section is to establish a gap lower
bound for the reduced energy.

Theorem 4.1. Suppose that the map ¥ = (V,W) and related harmonic map ¥, = (V,, W,) are
smooth on R3\ T, and satisfy the asymptotics of Section 7. Then there exists a constant C > 0 such
that

(4.5) (¥) > C ( /R 3 distS, (0, 0,) dx>1/3 .

Since the target space is negatively curved, the harmonic energy is convex on bounded regions
that exclude the axis and corner singularities. The singular behavior of the maps ¥ and ¥, near the
axis, however, prevents this convexity from extending directly to the reduced energy on the whole
of R3. It is therefore necessary to analyze the boundary behavior of the reduced energy separately
near the axis, at the corners, and at infinity. Proving that the boundary terms make no contribution
to the convexity argument requires a cut-and-paste construction in which ¥ is replaced by ¥, near
the axis.
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Let € = (e1,e2,e3) be a collection of small positive parameters such that ¢; < g; < 1, where
s = (¢1,2,¢3) is given in Section 3. Consider the following cut-off function

0 if p<eg
lo, .
(4.6) Pey = % if e1 < p < \/E1 .
1 if p > /g1

Recall the region A¢ and define an additional annular cylindrical region about the z-axis by
Ac={e1<p<a}n{r<2/es, ea<ry, for n=1,...,N},
Ac ={p<ea}n{r<2/es, ea<r, for n=1,...,N}.

Furthermore, set We = (Vo,, We,) := (Vo + @, (V = Vo), Wo + e, (W — W,,)) so that

(4.7)

(V, W) m@m\ﬁﬁmg
(4.8) (Ver, Wer) = (Vo 4 02 (V = V), Wy + 0o, (W = W,))  in A, ;
(V07 WO) in .As

where 32/53 = By/., \ U,]LIBEQ (zn)-
Lemma 4.2. For fized 9,3 > 0 it holds that

(4.9) lim 75, (V) =Zp, (V).

e1—0 32/53

Proof. Write

(4.10) IBQ/53 (\IIE) = IAE(WE) + IAE(@E) + IBQ/Z.::;\(AEUAE)(\I/E),
and observe that
(411) IB2/53\(A5UAE)(\I[€) = IB2/53\(AEUA€)(\I/).

Moreover ¥, = ¥, on A, so the reduced energy vanishes when restricted to As. On the remaining
region we have

QIA (\I’s) = /~ ’V(Vva - ‘/o)|2+/~ |V(WE1 - I/Vo)|2

Ae Ae

11 12

(4.12)
+ / (sinh? W, [VVL, |? — sinh? W,|VV,|?) — 2(Vz, — V,)AV, — 2(We, — W,)AW,.
Ae

I3

To estimate these expressions, it is helpful to decompose the region into connected components
A = uﬁ’:f,ig, where the annular cylinder flg is associated with the rod I',,. In what follows, we
will analyze each integral according to the asymptotics of Section 7.2 for the three different types of
rod structure on ', namely: (I) v, = (1,0), (IT) v, = (0,1), and (II1) v,, = (v},v2) € (Z\{0})2. In

n» -n
all cases it holds that

(4.13) uns/,ywv%W+Wwﬁ Ve, |* | pdpdz — 0,
—_— Y Y~

Az

o(1) O(1)  O((ploge1)~—2)
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and similarly

(4.14) |I5] < / V(W — W) 2+ |W = W,|* Vo, |* | pdpdz — 0.
2 W
o(1) O(1)  O((ploge1)~?)

Next consider Is. For this integral, we will further decompose case II into two subcases: Ilj in
which 8 = 0, and Iz in which 3 # 0. From Section 7.2 it follows that

O(p?)  case I and I

4.15 inh? W,, — sinh? W, = sinh (W, + W,) sinh (W, — W,) = ,
(4.15)  sin S sinh (We, Jsinh (We, ) O(p~2) case Iz and III

and with the help of the harmonic map equations (4.3) we find

O(p~')  caseI and Il
AW, = sinh W, cosh WOIVVO|2 =< O0(p**72) case 115 ,
o(1) case III
(4.16)
o(1) case I and Il
AV, = —2tanh W, VW, - VV, = O(pC 1) case Il ,
0(1) case III

where ¢ > 0. Therefore, in all cases

1I3] < / |sinh® W, — sinh® W, | |VV,|? pdpd=
Az

O(p¢=2)

+ / sinh? W, |V(Vz, — Vo)||IV(Ve, + Vo) pdpdz

(4.17) z
O(p*—2)
+ 2/~ V= VAV, 4+ W — W,l|AW,| | pdpdz.
Az
o) O(p*¢=2)

Hence, 7 ;_ (¥e) — 0 and the desired is obtained. n

Proof of Theorem 4.1. Let ¥, ¥, : R3\T' — H? be as in the statement of this theorem, and consider
the cut-and-paste map W, for € > 0. Let UL = (VI W) be the geodesic deformation from ¥, to
U, in H?. In particular, for each z € R3\ T we have that ¥2(z) : [0,1] — H? is the geodesic with
Ul(z) = Ue(z) and ¥O(z) = ¥,(x). Let € > ¢ > 0 and observe that the second variation of energy
[48, (2.4)] yields

d2

4.18

L B () > 2 / IV disty (U, Wo) Pz

S

Combining this with (4.4) produces

d? d? d?

t PR
dtQIgc(\I/ ) dthﬂc(\Il ) dtz

/a ) (v(Vo) (VE = Vo) +v(W,) (WE—W,)) dA
(4.19) y

> 2 \VdistHQ(\ps,\Ifo)y?dx—/

(Vo) V2 + v(Wo)WWE) da,
Q¢ 0
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where the ‘dot’ derivatives are with respect to t. Now integrate from 0 to ¢ to find

d d

T = S T0 (W0 > 2t [ |V dista (Ve W) P

(4.20) e
= [ (R = V) W~ 1)) da.
90

On the other hand, from the first variation of (4.4) we have

d .
%Iﬂg(qfﬁ:) =— /Q Vidiv (cosh? WIVVY) dx

(4.21) _ / W (AW! — sinh W cosh WEVV2) da
Qe
+ / (W2 (0 (W2) — (W) + V (n(V2) cosh W — (1)) ) dA.
PR

Since P! at t = 0 is a harmonic map and satisfies (4.3), it follows that
d t 70 )

(4.22) —Ta. (Ve)|i=0 = Vo (V,) sinh® W,dA.
dt 20

Putting this together with (4.20) gives rise to

d
To (VL) > 21 / 1V distygs (e, W) Pda
(4.23) s
- / (V(Vo) (V= V2 = V2 sinb? W) + (W) (WE — WP)) dA.
0

Now integrate again from 0 to 1 and use the fact that Zo_(¥2) = 0 to obtain

T (e) > / |V disty (U, ¥o)|?dx
Q

(4.24) _ / (V) (Ve = Vo = V2 cosh? Wo) + 1(Wo) (We — W, — W2) ) dA.
0

=Ipa

We will use the geodesic equations and distance function in the hyperbolic plane to estimate each
term within Ipq_. Applying a Taylor expansion about VY = U, yields

. 1.,
(4.25) UL =, + 00 + 5\112, for some t' € (0,1),
while the geodesic equations may be written explicitly as

. ., . 2
(4.26) Vg 2tanhWEVIWE =0, W — sinh W! cosh W! (V;) ~0.

Moreover, since for each z € R? \ T' the geodesic WL (z) has constant velocity and there is a unique
minimizing geodesic between any two points of H?, it holds that

. 2 . 2
(4.27) d2 = dist2, (Ue, U,) = (W;) + cosh? W (V;) for all ¢ € [0,1].
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Then the boundary integral of (4.24) may be rewritten with the Taylor expansion (4.25) and geodesic
equations (4.26) by

. AR 1 / ! -\ 2
(4.28) Iy, :/ (V(Vo) (VEO sinh? W, + tanh WX VI W} ) —51/(W0) sinh W[ cosh W/ (V; ) > dA,
0Q¢

and therefore
1
(4.29) Toa,| < / <\u<vo>\ (| sinh W,/d + d?) + 2\u<wo>\d2) dA.
R

Recall the distance function in the hyperbolic plane
(4.30) coshd = cosh(Wg — W,) cosh(Ve — V;,) + sinh W, sinh W, (cosh(Ve — V,) — 1).

Using the asymptotics of Section 7.1 for the asymptotic end, we then obtain decay rates for the
distance function

O(r~'=%) ALE

(4.31) d={0(r 2% ALF .
O(r—2%) AFg

Similarly, using Section 7.3 near each corner z, € I' we find

(4.32) d = O(] logsin 26)|),

as r, — 0. Next, observe that 9€2c may be decomposed into disjoint portions contained in the three
regions: dA¢, UN_,0B,,(z,), and 0By),. Since ¢1 < €1 we have that ¥e = ¥, on d.A¢ N I, and
thus this portion of the integral (4.28) vanishes. Moreover, applying (4.29) and the distance function
estimates, along with the asymptotics of Sections 7.1 and 7.3, we find that over the remaining two
regions the integral tends to zero as ¢s,¢3 — 0. Therefore, with the aid of the Sobolev inequality it
follows that

1/3
(4.33) To.(¥e) > C ( / distl, (e, \Ifo)dx> +o(1),
2

for some constant C' > 0 independent of ¢ and e. It should be noted that error o(1) is independent
of 1 as well as ¢; and converges to zero when ¢z, ¢3 — 0.

We will now take a series of limits to arrive at the desired conclusion. First note that the integrand
on the right-hand side of (4.33) vanishes on A, so that this integral may be taken over B, Jez-
Moreover, on the left-hand side, by Proposition 3.3 we may take the limit as ¢; — 0 to obtain the
reduced energy over this same domain. Next take the liminf on both sides as €; — 0, and apply
Lemma 4.2 as well as Fatou’s lemma to find

1/3
(4.34) s, (\If)zc</ dist%z(\ll,\llo)dac> +o(1),
3 B2/<3

where we have used that the error terms are uniform in €7 and ¢;. Now take the liminf on both sides,
first as ¢o¢ — 0 and then as ¢3 — 0, utilizing Proposition 3.3 on the left-hand side and Fatou’s lemma
again on the right-hand side to obtain

(4.35) Z(¥) > C < /R . dist& (P, \I/O)dx>l/3.
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5. THE BOUNDARY INTEGRALS

In this section, we investigate the boundary integrals appearing in (3.18). First, we use the
asymptotics in Section 7.2 and express the boundary term on the axis (3.18) in terms of logarithmic
angle defects on the axis.

Lemma 5.1. Let 9" and 97, forn =10,--- ,N + 1, be logarithmic angle defects on axis rod Iy, for
Riemannian manifolds (M, g) and (My, go), respectz’vely. Then the boundary integral at the axis is

N+1

(5.1) lim lim lim B, = 47TZ/

s3—062—0¢61—0

Proof. First, observe that from (3.14),
(5.2) X()=20,(a—a,+Z)— (2a — 200 — Z)0plogp + (V — V,) 0,Vo + (W — W) 9,W,

where we used v = —0,. The functions in X (v) has different asymptotics related to rod structure of
the axis. In particular we have three cases for rod structure: (I) v, = (1,0) on Iy, (II) v,, = (0, 1)
on 'y, (IIT) v, = (v},v2) € (Z\{0})? on T',,. Using asymptotics in Section 7.2, we have

(5.3) Case .  X(v)p=—2a+2a,+Z+(V—V,)+0(p°)
(5.4) Case Ilp:  X(W)p= —2a+2a,+ 27— (V=V,) +0(°)
(5.5) Case Ilg;: X (v)p = —2a+ 200+ Z + (W — W,) + O(p°)
(5.6) Case Il X(v)p = —2a + 20, + Z — (W — W,) + O(p)

where the leading terms are O(1) which we will denote by X,xis. Therefore, we have

lim lim lim B . = lim lim lim X(v)dA

axis
3—062—0¢1—0 ¢3—062—0¢1—0 aAgﬁan

(5.7) N+1

=27 Z Xax1s

Consider the rod structure v, = (vl,v2) € Z? on rod T',,. Then the definition of regularity (2.23) on

this rod yields

n?n

P o
9" . 06 dZ

0 Pedz
(5.8) e’ =lim

= lim ——— —— =
223 log P+§ log(®;;v5,v7)

a—%Z—l—% log p—% log(d)i]-v%v%) |

n

This implies

(5.9) —2a+ Z =log p — log(®;;v5vl) — 29", on T,
For case I, we have

(5.10) —2a+Z=logp—V —-209", on T,
whereas for case Iy, we have

(5.11) 20+ Z =logp+V —-29", on I,

and case Ilg, yields
(5.12) —2a+ Z =logp— W —log(2p¢) — 29", on I,
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To get the regularity for case III, we need to investigate it more. Since v,, € KerG, we obtain

(5.13) VD F02P1s =0,  vldig+ 0 Py =0, on T,
Combining with v, = (v}, v2) € (Z\{0})? on T, we obtain
(5.14) vy = —e YV tanh Wo2, on T,,.

Together with (5.9), we have
log (Cbijvévﬁ) = log (‘1311672‘/ tanh? W + ®og — 2¢~V tanh WCI)12) + 2log vfl

(5.15) = log (e‘vm +e VcoshW — 26_VSS(I;Sth‘?//> + 2log v?
= —V —logcosh W + 2log vi

Therefore, the regularity on the axis for case III is

(5.16) —2a+ Z =logp+V +logcoshW —2logv? — 29", on T,

A similar statement holds for the harmonic map ¥, = (V,, W,), logarithmic angle defect 97, and
function a, in these three cases. Combining the regularity at the axis and the definition of X, we
have

(517) KNaxis = —2 ("9n - 1‘92)
Together with (5.7) we have the result. O
The second boundary term is related to corners.

Lemma 5.2. The boundary integral about corners vanishes, that is

(5.18) lim lim lim B = 0.

§3_>0<2_)0§1_>0 corner

Proof. Without loss of generality, we can assume that the rod structures on sides of z, at the axis
are v, = (1,0) and v, 41 = (0,1). Applying the asymptotics in Section 7.3, we get

X (V) =20, (0 —ap+2Z) — (2a — 20t — Z) Oy, log p
———

O(rn) o(1) ot
(5.19)
+ (V - VO) amvo + (W - Wo) arnWo
o) O(ra) o) O(rn)
where v = _%87"”- Since the area form in R3 expressed in terms of the coordinates (7.56) is
%Tfl sin 20d0d¢, as ¢ — 0 or r,, — 0, we have the result. 0

Before investigating the boundary integral at infinity, we determine the mass (1.4) for the metric
(2.22). First, we investigate the integrand.

Lemma 5.3. Let b = b, dr? + bggdf? + Gbijdqbidqu be the asymptotic model metric with by, = r~2bgy.
Then, we have

1 1 2
(divoe — dTrse) (9,) = 50760, boager + 5 (6) " 0,baagas — 10, ga0
1
(5.20) + 070, log pgrr — Tr (G;10,G) — 5 Tx (GO, G, )

+ b996999r + b@@ae IOg P 9or
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Proof. Consider the metric (2.22). Its components are given by

(5.21) Gac = €200 + G AL AL gia = Gij Al gij = Gij
where 6y = dp? + d2?, for a,c,d = p, z and i, j, k,l = 1,2. The inverse metric is
(522) gab _ 6—204530’ gij — Gij + 6—204580A7L Aj gia _ —6_20‘(5%014?:

a“~c)

The 2-dimensional flat metric in polar coordinates is given explicitly by
2

(5.23) by = €20* (dr® + 12d6%) ALF and ALFg, 0y = €2 (dr® +1r%d6%) ALE.
p
First, we compute the Christoffel symbols associated to the metric b:

1 1 1 1
(524) T = Jb"0by, b= 50" Oobrr, b= 5" Obo, TPy = —2b70,Chij,

1 1 1 1
(5:25) TV, =—ob" by, Ty = " 0pbgs,  Th = 0" 0:be, TP = — b7 0pGyj,
(5.26) [pi =T =T = T3 =Ty = Ty = Iy = T = 0,
. 1 . , 1
(5.27) I = §szaerkj, 0j = §sz89Gbkj-

The r-component of divye is

(divye) (9r) = b (aagcr - Fgcng - Fgchd) + b% <_nggcr - qurgjc - Fngjk>

-~

I Iz

(5.28)

where b = GZj . We investigate terms separately as follows.

1 1
(5-29) L =0b" (&«gm« - brrarbrrgrr) + b% <8999r + ib”grr@«bae - Qbeearb09909>
and
1 T —1 1 660 -1 1 -1
(5.30) Iy = §b grrTY(Gb 8er) + ib gngl"(Gb ang) + §Tr(Gaer )

Adding I; and I5, we obtain
b’l"""
divbe ar = bm‘argrr + 60969997‘ - 5 brrarbrr - beearbﬁﬁ —Tr Gilaer Grr
9 b
1 _ 1, . 1 2
(531) + ibeeTr (Gb 186Gb) 9or — 5 (b )2 arbrrgrr - 5 (b90) 8rb99990
1
+ 5T (Go,Gy )
On the other hand, the r-component of dTrye is
(dTrpe)(0r) = b (argac - 21—‘;?a£kd - QFfang> + b (&‘gij - Qnggjd - 2Ffz‘9]”f>
(5.32) = b (argac - 2Fgagcd) + bij <6rgij - 2F7]figjk)

13 14

21
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Then we have
(5:33) Ty =" (0rgrr — V" Orbyrger + 0" gbrrgo) + 6 (rg00 — b Bubrrgor — b0, bagg00 )
and
(5.34) Iy = Tr(G, 10,G) + Tr (GO, Gy )
Adding I3 and I4 leads to
(dTepe) (0,) = (D7 Orger + 0,900 + T (G, 0,G) ) = (677 Dybrogr

(5.35) )
- (b%) Irboages + Tr (GO,G 1)

Subtracting this from (5.31), we get the result. O

Lemma 5.4. Let G = pe?® and Gy = p®;, denote the matrices of the metrics g and b restricted to
the torus, respectively. Then we have

Tr (G;larG) = (8, log p + 0,Z) €Z (2 cosh(V — V}) cosh W, cosh W — 2 sinh W, sinh W)
(5.36) +eZ (2sinh(V — V4) cosh Wy, cosh W9,V — 2 cosh W sinh W;,0, W
+2 cosh(V — V}) sinh W cosh W0, W)
and
Tr (GO,Gy ') = =0, log pe? (2 cosh(V — V}) cosh W, cosh W — 2sinh W), sinh W)
(5.37) + €% (2sinh(V; — V) cosh Wy, cosh W, V;, — 2 cosh W), sinh W, W,
+2cosh(V — V) sinh Wj, cosh W0, Wy,)

Proof. First, consider the 8 = 0 case.

eV cosh W sinh W ev» cosh W sinh W,
D= , D, =

(5.38) sinhW eV coshW sinh W}, e~ Vo cosh W,
with similar expressions for § > 0. Observe that

(5.39) 5.3 — e (cosh WO,V + sinh Wo, W) cosh Wo, W
‘ T cosh Wo,W eV (= coshWa,V +sinh Wo,W).

We obtain (for 5 > 0)
(5.40) Tr ((I>1;1<I>) = ¢" "V cosh Wj, cosh W — 2sinh W sinh Wy, + ¢~V TV cosh W, cosh W
= 2cosh(V — V) cosh Wi, cosh W — 2 sinh W sinh W,

Furthermore, we have

Tr (@b_l&@) ="V (cosh Wy, cosh WO,V + cosh Wy, sinh W0, W) — 2 cosh W sinh W0, W
+ e VYo (— cosh Wy cosh WO,V + cosh Wy, sinh W, W)
= 2sinh(V — V;) cosh Wj, cosh WO,V + 2 cosh(V — V},) cosh Wy, sinh W, W
— 2 cosh W sinh W0, W.

(5.41)

Now we compute the derivative of G as follows.

(5.42) 0,G = 0, (peZ<I>) = e?®0,p + eZ p®0,Z + % pd, .
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Multiply this with G;l = p_1<I>gl, we have
(5.43) Tr (G, '0,G) = e” (0, log p + 0, Z) Tr (®, ' @) + “Tr (2,10, @) .

Combining this with (5.40) and (5.41) lead to (5.36). Next we show equation (5.37) as follows.
Observe that for 8 =0

_1 e~ Vb (— cosh W30,V + sinh W0, W, — cosh W0, Wy,
(5.44) 0,8, = :

— cosh W3,0,. W, " (cosh W30, V4, + sinh W0, W3)
with a similar expression for § > 0. We find for all 5 > 0
Tr (<I>8r<1>b_1) ="V (— cosh W cosh W,,0,.Vj, + cosh W sinh W0, W5)

+e VY (cosh W cosh W40, Vj, + cosh W sinh W;,0, W)

(5.45) — 2 cosh Wy, sinh Wo, W,
= —2sinh(V — V}) cosh W cosh W},0,.V}, + 2 cosh(V — V},) cosh W sinh W0, W},
— 2 cosh Wy, sinh WO, W,

Finally, we have

(5.46) Tr (Gaer_l) = —eTr (<I>C1)b_1) oy log p + e“Tr (<I>8T<I>b_1) )

Combining this with (5.40) and (5.45) leads to (5.36) and (5.37). O

Lemma 5.5. Let (M, g) be a toric Riemanian manifold. If it is ALE and b =barg, the mass is
1

M.a) =
(5.47) massy(M, 9) = —

lim / (=20, (0 —ap+ Z) + (2a — 20 — Z) Oy log p) dA,
" JL(pg)

where dA, = % sin 20d0dgtde?. If (M, g) is ALF withb =barp and X3 = L(p,q) or AFg for B € R
with b = bap, and ¥3 = S x S?, then the mass is

(5.48)

massy(M, g) = L lim (=20, (a—ap+2Z)+ 2a —2ap, — Z) Or log p — (V — V3,)0, V3) dA,

T r—00 73
where dA, = 0r?sin 0dfdo' de?.

Proof. We use the asymptotics in Section 7.1 to determine the mass. We compute the leading term
in the expansion of Tr (Ggl(?rG) in (5.36) for each of these asymptotes.

Tr (Gb_l&«G) = (0, log p + 0,Z) €Z (2 cosh(V — V},) cosh Wy, cosh W — 2sinh W, sinh W)

Io I

+ eZ | 2sinh(V — V) cosh Wy, cosh W8,V — 2 cosh W sinh W0, W

.[2 13

(5.49)

+2cosh(V — V) sinh W cosh W0, W

Iy
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The first term is
Iy = (Oylogp + 0,2) e?
(5.50) {(@ logp)(14 Z) + 0, Z + O(r=272%)  for AFg, and ALF

"\ (B logp)(1 + Z) + 8, Z + O(r—32%) for ALE

The second therm is
I = 2 cosh (disty2 (¥, Uy))

(5.51) 2+ O(r~'72%)  for AFg, and ALF
|24+ 0@#22%) for ALE

and the third term is

— -5 92
(5.52) I — {2(‘/ V40,V + O(r=272%) for AFg, and ALF

O(r=372%) for ALE
and the remaining terms have the decay

O(r=272%)  for AFg, and ALF

5.53 Iy — I3 =
(5.53) e {0(7’32”) for ALE

Therefore, we have

_ 20, log p(1+ Z) +20,Z + (V — V3)0,V + O(r=272%) for AFg, and ALF
(554) Tr (G, 0,G) = 20,1 —3—2),4 ) :
- log p(1+ Z) +20,Z + O(r ) for ALE

Next, consider the term
Tr (G@TGgl) = —9, log pe? (2 cosh(V — V3,) cosh Wy, cosh W — 2 sinh W, sinh W)
(5.55) +é? (2sinh(V, — V') cosh Wy, cosh WO, Vy, — 2 cosh Wy, sinh WO, W),
+2 cosh(V — V},) sinh W}, cosh WO, W)
Since

(5.56) Oy log peZ = {(% log p(1+ Z) + O(T_Q_QH) for AFﬁg and ALF

Orlog p(1+ Z) + O(r=37%%)  for ALE
and following a similar computation to that above produces

—20,log p(1 + Z) = 2(V = V)9,V + O(r—272%)  for AFg, and ALF

5.57) Tr(Go.G,') =
(5:57) i ) {—2& log p(1 + Z) + O(r—372F) for ALE

Finally, we invetigate the last term in the definition of mass as follows.

O(r—2~ for AFg; and ALF
B

5.58 r = Gy AL Al =
( ) 9 ! 0 {O(T‘1_2“) for ALE

Therefore, we have

O(r=272%) for AFg, and ALF

5.59 b9 99 gor + b%%04 log pgg, =
(5.59) b o b 10g pgo O(—-2%) for ALE
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Consider first the ALE case. We combine b,, = r~2bgg = 1, gr = 1 2gpo = 620‘% = 2072w (5.54),

(5.57), (5.59) and (5.20) to obtain the mass density
(5.60) (divye — dtrye) (0,) = =0 (200 — 2ap + 2Z) + (200 — 204 — Z) D, log p + O (r—37%)

This leads to (5.47).
We next consider the AFg, and ALF cases. Note that b, = 7 2bgg =1, grr =17 2ggp = €
e?*=2% A computation yields

(divpe — dTrpe) (0r) = =0 (2a0 — 2ap + 27) + (2a0 — 2 — Z) Oy log p
(V= Vo)V + 01 (r )
which leads to (5.48). O

20%2 —
(5.61)

Now we can show the relation of the boundary integral at infinity and the mass.

Lemma 5.6. The boundary integral at infinity is
(5.62) lim lim lim BS, = 2 (massy(M, g) — massy(Mo, go)) -

s3—062—0¢61—0

Proof. Recall from (3.18) that the boundary integral at infinity is

(5.63) lim lim lim B, = lim lim lim X(v)dA.

630 62061 —0 602000 Jop,  noq,
Using the asymptotics in Section 7.1, for ALE geometries we have
(5.64) Xw)rp ™t = =20, (a — ap + Z) + (20 — 2ap — Z) Op log p + O(r—375),
with dA = % sin 20dfdy and v = pro,. Moreover, for ALF and AFg, geometries, we have
(5.65) (X(v) = =20, (0 — ap+ Z) + 200 — 20o — Z) Dp log p — (V = V,) 0.V, + O(r—27F),

with dA = (22 sin@dfdy and v = ¢~10,. Consider the definition of mass for each asymptotic class
in Lemma 5.5. Since all functions have toric symmetry, we can integrate over ¢! and ¢? to produce a
factor of 472 (note that the calculation of BS, involves a trivial integration over the azimuthal angle
¢ in an auxiiliary R?). Combining these results completes the proof of the Lemma. O

6. PROOF OF THE THEOREM 1.7

In this section, we prove Theorem 1.7. By the scalar curvature equation (3.16) and Theorem 4.1,

we have
1

(61) ggglo glgiino clliglo (B;Xis + Bf:orncr + BgO) Z I(\I’) 2 C (/R?’ diSt%IZ (\II’ \IIO) dﬂj)

Combining this with Lemma 5.1, Lemma 5.2, and Lemma 5.6 we achieve the following inequality
N+1

(6.2) massy, (M, g) — mass, (Mo, go) > 27 Z / (9" —97)d=.
n=1 n

If equality holds, then Z =0, R =0, A, =0, and ¥ = ¥,. Then the scalar curvature (3.13) implies
that

(6.3) Az (v —a,) =0

From the asymptotics in Section 7.1, we have o — a,, = 0(1) as 7 — co. By the maximum principle,
we have o = a, on R3. Therefore, the metric (M, g) and (M,, g,) are isometric.
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7. ASYMPTOTICS NEAR INFINITY, AXIS, AND CORNERS

In this section, we record the asymptotic behavior of the metric and related functions of a Rie-
mannian toric 4-manifold (M, g) in a neighborhood of the asymptotic region, the axes, corners.

7.1. Near asymptotic end. Consider the Riemannian toric 4-manifold (M, g). To determine the
asymptotic behavior of the metric components and functions we use Definition 1.1, Definition 1.3,
and the definition of the appropriate asymptotic model metric b in these settings given in Section 2.
ALE Asymptotics. The ALE asymptotics are derived from Definition 1.1 and b = barp given in
(2.7). The coordinate transformation from Brill to polar coordinate for barp is

2 2
(7.1) p= > sin 26, z= » cos 26.

As a simple example, consider the standard Euclidean metric on R*. In standard spherical coordinates
(r,0,¢', ¢*) the metric is

(7.2) 64 = dr® +r? (d6* + sin® 0(dp")? + cos? 0(d¢?)?)

where r > 0, § € (0,7/2), and ¢’ each generate 2r—periodic rotations. Using (7.1) with p = 1
produces the Euclidean metric in Brill coordinates:

dp? + dz?
(7.3) 5= L T (VP + 22— 2)(de")2 + (VP + 22 + 2)(dd?)2.

24/ p? + 22
Note that the conformal factor of the orbit space is not a constant as in the ALF setting.

We now consider the genreal case. In the asymptotic region, we choose the coordinate (r, 8, ¢*)

adapted to the toric symmetry obtained by pull back via the diffeomorphism to the model ((R*\
BRr)/Zy,barg). Therefore, the asymptotic decay of g must satisfy

(7.4) |9 = baLElbs s = O2(r™" ")

for k > 0. Combining with the asymptotics at the axis, this implies the following decay for metric
components and functions.

— r “1-wy 441 2 1 3k
(7.5) a = —log (p) FOUTIT), AL AL = O,
1

(76> Aclz = OI(T_S_R)a G2 = g’f’Q COS2 0 (1 + p201 (fr—5_“)) + ,0201(?”_3_"{)7

sin 0 p

2

(7.7) G = r? (12 sin? 6 + % cos? 0) (1 + pZOl(r*5*“)) 7 Goy = 12 cos2 0 (1 + p201(7f57,$>) .

b p

Now using the definitions of V, W in (3.8) and Z in (3.5), we obtain the following decays.

2 2
(7.8) V= %log (W) +p*01(r™°7"), sinh W = gcot 0 (1 + p*O1(r—°7%)) + pO(r—>7%),
b
(7.9) VVIF= : 2p - 7 T o 7O(r™°7") +sin® 0O (r~°7%),
4 (sin® 6 + ¢ cos? 6) (sin® @ + g2 cos? 0)
2,2 (p—4 L O(p—5—5
(110) Z= 0y, jwwp = ZLUTTOUTN) e g o).

sin? 0(sin? 0 + ¢2 cos? 0)
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By [7, Theorem, page 314], any ALE Ricci flat 4-manifold with L? Riemann tensor is of order four,
that is

(7.11) |90 = baLElbspp = O2(r™")

Therefore, we have

(7.12) a, = —log (;) + Ol(r_4), , Goio = %72 cos® 6 (1 + pQOl(r_g)) + pQOl(T'_G),

1 2
(7.13) Gon = r? <p2 sin® 6 + ]% cos® 0) (1 + p?O (T*S)) ’ Gogo = 12 cos? 0 (1 i p201(r78)) '

Now using the definitions of V', W in (3.8) and Z in (3.5), we obtain the following decays.

1 tan® 6 + ¢
(7.14) V, = 3 log <anp2+q> + p?01(r™®), sinh W, = gcot 8 (1 + p*O1(r®)) + pO(r~°),

Moreover, we have

(7.15) a—ap =017, V -V, = p*0(r 57", W — W, = p*0(r—°7"),

ALF Asymptotics. The ALF asymptotic behavior is derived from Definition 1.3 and b = barp as
given in equation (2.8). The coordinate transformation from Brill to polar coordinates for barp is

(7.16) p={rsinb, z = {rcosf.

In the asymptotic region, we choose the coordinate (r, 6, ¢*) adapted to the toric symmetry obtained
by pull back via the diffeomorphism to the model (R4 x L(p,q),barr). Therefore, the asymptotic
expansion of the metric is

(7.17) 19— barplya,y = Oa(r~37")

for £ > 0 and the asymptotic of metric near the axis, implies the following decay for metric compo-
nents and functions.

p cos? (g)

(7.18)  a=—logl+O0i(r"27"),  Al=p7lO(r727"), A2+ AL =04(r737"),

2 0 5 .
(7.19) Grz = 7}; cos” (2> (1 + pQOl(r‘T“)) , Gp=1r (1 - p201(7’_§—”)) 7

2,2
(7.20) Gn = (7‘2 sin® 6 + gqé) cos? <§)> (1 + p%04 (rf%*“)) 7

which lead to the following asymptotics for V, W, and Z.

2
1 p? PP 2 9 _5_ 0 -1
21 —Zlog |2+ 2 (1 2 g - Z
(7.21) V 5108 | 7 +4q2 + NET +p°O1(r—27"), |[VV| = tan 5 O(r =),
. 522? 2 (0 2 -5k -2
(7.22) sinh W = %COS <2> (1 + p“O1(r2 )) , IVIV|=0(r ),
and

(7.23) Z=01(r"2"%), |VZ|=0@r"2").
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The harmonic map ¥, has similar asymptotics. In particular, we have
(7.24) a—ag=0(r"27%),  V-V,=p0075"), W —W,=p0(r 37

AFg & AFy Asymptotics. The end AFpg, is the special case of ALF, when S in Definition 1.3 is
St x 8% and b = bar as given in (2.10). In this case, choose the coordinate (r,6,¢?) adapted to
the toric symmetry obtained by pull back via the diffeomorphism to the model (Ry x S! x 52, bap).
Therefore, the asymptotic expansion of the metric

(7.25) 19— bar|b,p = Og(r_%—"‘)

for k > 0. This yields the following decay for metric components and functions if 8 # 0:
(726)  a=-logl+ O, EN), A=0irE), ALE AL = p T 0N,
(7.27) Gz = Bl sin” 6 (1 +p°04 (7"_%_5)> ) Gi1 = r*sin 6 (1 + ngl(r_g_’f)> 7
(7.28) G = (52 + 520212 sin? 0) (1 + pQOl(r_%_”)) ,

or

(7.29) Grz — BlG1y = pPOr(r3 ), G =17 <1 + p201(7'_%_ﬁ)) ;

(7.30) Gao — 2BLG12 + B22Gr1 = (7 + p* Oy (7"_%_”).

In the AF( case we have

1

(7.31) a=—logl+01(r"z7),  Al=pTlO\(77"), A2Z=04(r"27"),

a

(7.32) G11 = r’sin? 6 (1 + 204 (r*%*”)> . Gog =07+ pQOl(ng*“), Gia = p?Oy (r*%*”).
The decays of V, W, and Z are as follows for both the AFy and AFg, cases

3

(7.33)  V=log(t%p) +p2O1(r737%), W =p0i(r™27%),  Z=0:("27),

1
(7:34) VVI= 2 +00737%),  [VW| =072, V2] =063,
The harmonic map ¥, has similar asymptotics which implies
(7.35) a—ag=0("27"), V—=V,=p0@r 37", W-W,=p0r3").

7.2. Near Axis. To derive the asymptotic behavior near the axis, it is convenient to distinguish
between three cases of rod structure: (I) v,, = (1,0) on I'y,, (II) v,, = (0,1) on I'y, (III) v,, =
(v}, v2) € (Z\{0})? on I'n.

Case I If the rod structure is v, = (1,0) on Iy, the leading term of the metric takes the form
(736)  geone = ) (dp? 1 d22) + en(2)0?(do) + ers(2)A6) + enn(2)(dP)?,

where ¢;;(z) > 0 for ¢ = 1,2. For fixed z € T',, the transformation to geodesic normal coordinates in
Definition 2.1 is s = e®(?)p. The metric g should satisfy the following decay

(737) ‘g - gcone‘gcone = Ol (lerC)
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where ( > 0. Therefore, the metric components are

(7.38) a=a.+0:1(p""),  Gu=cul)p’+01(0*),  Ga =cn(z)+01(p""),

(7.39) G2 = c1a(2)enn(2)p + O1(p°%C), AL =01(p°), A2 =01(p"").

This asymptotic behavior is consistent with those of the harmonic maps given in [40,44]. Using the
definition of ® = p~te~?@G and the fact that det ® = 1, we have

1 pyJ L+ 01(p*TC) 124/ Ep+ O1(p™™°)
(7.40) Z = = log(c11ca2) + O1(p* ™), ¢ = 0622 1 1 mc
2 ciay/Sp+ O1(p'T)  pt /22 + O1(p°)

C22 C11

Combining with the definitions of V' and W in (3.8), we obtain

(7.41) V =log (p1 /c”> +01(p'™C), W = (c12—B0) \/lelp +01(p'),
C29 C22

Setting 8 = 0, we recover the asymptotics for the ALE, ALF, and AFy cases. Moreover,

2
(7.42) VVI|2=p2+ <az log ( C”)) + 0, VW2 = % (c1a — B0 + O(p°) .

C22

1
(7.43) VV - VW = = [ (e1n — B0) + O(p5Y)
py C22

The harmonic map ¥, has the same asymptotics (7.41) and (7.42) as shown by Li and Sun [40, Propo-
sition 4.12]. Note that the functions «a, corresponding to g, and g differ because the transformation
to geodesic coordinates is different for each metric.
Case II. In this case the rod structure is v, = (0, 1) on I';;, which is equivalent to Case I by exchanging
the decays of G171 and Gas. In particular we may write
(7.44) Geone = €2°¢) (dp? + d2%) + +é11(2)(dd")? + é02(2)(2)p* (dB* + é12(2) (2)dp")? .
with the same expansion for Z as in Case 1 and
~1 [en O a e 14¢

(7.45) o | ” A AL+ 0(p°) 2 Aéf?PJrO(P )

121/ 2p+0(p'C)  py /82 4+ 01(p*™¢)

For 8 = 0 we obtain

/¢ . ]é
(7.46) Vz—log(p ;f)—i-Ol(pHC)’ W = ¢19 éjjp+01(p1+<),

whereas for 5 # 0,
(7.47) V = —log(Bl) + O(p'™¢), W =logp —log(28¢) + O(1)
We have for 5 = 0 that

1 _ 2.6 ¢ ¢ _
(7.48) |VV\2:;+O(;> ), |VW12=%122+0(;><>, vvvw:—% §+O<p< D

and for 8 # 0,
1
(7.49) IVVI2=0(p%), |[VW]*= 2t O(p™), VV VW =0(p").
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Case III. Let B = (by) € SL(2,Z) and v,, = (v},v2) € (Z\{0})? be the rod structure on I',,, then ®
in Case III is related to ® in Case I using a transformation with matrix B. Therefore, we have

p E;; +Ol( 2+C) c12 mp+0( 1+C)

(7.50) d =D - . -
cizy[Ep+O0(p'*)  p /2 +O0(p°)

Concretely, one may choose
2 .1
(7.51) B= (“’”2 “1’”>
—Up Up,

where w! € Z are chosen so that det B = 1. This implies that each component of ® has the following
expansion:

(7.52) Dy = P_lw/ b2kbzz oo, . Bk ( Cl2> B+ 01(p*™°),

where B, is the kth columns of B. Since @klvnvn = 0, we obtain several conditions including
bo1vL + boov? = 0. We may identify by; = —v2 and by = v}, and can assume that v} + Bfv2 # 0
otherwise 8¢ € Q and we may redefine the torus generators to reduce back to the case when 5 = 0.
We then have

b c
(7.53) V = log (M) +01(p?), +W = —logp+log <2yb21(522 — Blbyy)| 22) +041(p?),

where + = sgn(bo; (bag — Blba21)), and

1
(7.54) IVV]=0(p), VIV | = ; +0(1).
Furthermore
(7.55) V +logcoshW = —log p + log <b§“ /Zi) + 01(p?),

which will be used in the proof of Lemma 5.1. The harmonic map ¥, has the same asymptotics
(7.53) as shown by Li-Sun [40, Proposition 4.12].

7.3. Near Corners. Consider a corner point z,, the metric should be asymptotic to the flat cone
metric (2.4) on R%. Let r, be the geodesic distance to the corner z, with

2 2
(7.56) p= ?" sin 26, Z—2zp = E" cos 26,
the Definition 2.1 implies that
(7.57) a = —log(ry) + O1(r?), G1 = &r’sin® 6 (1+ Ol(r%)) , G1a = pO(r2),
1
2.2 2 2 1 2
. = 1 A = 1 A
(7.58) Gag = carcos” 0 (1 + O4(r7)) . sinHOl( ) : 005901( ).

Next, we use the definition of V, W, and Z to obtain the following estimates as rn — 0

) +04(r2), W =sinh! < B

3 tan
c3 cot 0 + B202¢3 tan 0

1
(7.59) V = B log < tan 0) +04(r2),

101 2|

4 ocd
c5 cos™ 0 9

= 2
p2 (C% 0082 0 + 52620% Sin2 0)2 + O(Tn )7 Z = log (0102) + Ol(rn)

(7.60) VV|? =
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B202c3 sect 0
4 (3 + B2} tan? 0)

(7.61) VW |? = +B80(r;2)+0(1), |VZ]=0(1).

Asymptotics of the harmonic map ¥, are similar to above.

8. MODELS AND EXAMPLES

In this section, we provide computations of the mass for some well-known explicitly known families
of gravitational instantons in the four asymptotic classes.

8.1. AFg, and AF; Riemannian Manifolds. We consider here two explicit examples of asymp-
totically flat (AF) gravitational instantons and determine their mass according to our definition.

8.1.1. Kerr gravitational instanton. The two-parameter family of Kerr gravitational instantons (R? x
S%, gk) are AF g, with the smooth Ricci flat metric

2
_ %W + % sin 0(dg’ + Bldg?))? +

d 2
+3 <T + d02> .

f
where (¢!, ¢?) are independently 27—periodic coordinates, and f = r2 — 2Mr — a? and ¥ = r% —
a®cos?@. The solution is parametrized by (M, a) where without loss of generality we may arrange
a > 0. The radial coordinate r € (ry,00) where ry := M + v/ M?2 + a? is the real, positive root of f

and 6 € (0,7). It is convenient to eliminate the parameter M using

sin? 0

9K ((r? — a®)(do' 4 BLdp?) — aldp?)?

(8.1)

2 _ 2
(8.2) M = e
2T+

Notice that positive-definiteness of the metric requires r; > a to ensure > > 0. The asymptotic
geometry is characterized by (¢, 3) where

a 2ry (rt — a?)
8.3 = 50— =—s -
(8:3) b r2 —a?’ r2 + a?
The canonical coordinates (p, z) are related to (r,6) by
(8.4) p={y/fsinb, z=40(r— M) cos®b.
where v = L? (c.f. (5.22)). There are three rods:

(1) a semi-infinite rod (—oo, 21), 21 = —(ry — M) with rod vector (941,042) = (1,0);

(2) a finite rod (21, 22) with 29 = r; — M (corresponding to r = 74,0 < # < m) with rod vector

(0,1); and
(3) a semi-infinite rod (22, 00) with rod vector (1,0).

As r — 00, we can read off

1 ) M
8.5 | = —logl+ — + O(r—2
(8.5) aK 2Og<£2(f+(M2+a2)sin20)> oglt -+ 0™
and
oM 2Masin 0
(86) VKe,«rzlog (g%) +T+O(T_2)7 Wkerr = — Z;ln +O(T_3)'
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Therefore, Vicerr — Vi = 2M/r + O(r=2) and agerr — ap = M /v + O(1/72), Wi err — Wy = O(r—2),
and 0, logp = 1/r + M/r* + O(1/r3). Using the formula (5.48) we find the mass to be
(r%r —a?)?
(r} + a?)
The one-parameter family of AFy Schwarzschild instantons is recovered when a = 0. The asymptotic
S! has bounded circumference 27/ = 8w M. The mass is given by (8.7) and is positive.

(8.7) massy(M, g ) = An Ml = 47 > 0.

8.1.2. The Chen-Teo instanton. The two-parameter family of Chen-Teo gravitational instantons
(CP?\S!, gor) [15] are AF g, with the smooth Ricci flat metric given explicitly in [35, Appendix B2]:

F(Cﬂ,y) < — G(CL‘,y) )2 K“H(xvy) < d‘TQ dy2 X(‘T)Y(y) 12
88) gor=—"—"7"—\dT+ do — — do* | .
&% ger = G e T Fan™) T e \X@ Y0 T )
where the auxiliary angles (7, ¢) are related to the canonical 2m—periodic coordinates (¢!, ¢?) by
b o ba ¢ ¢
8.9 = = = -7 .7
(8.9) HOTLY T T,

where explicit expressions for the constants (b;, k;) are given in [35, Eqs 175-175] and the metric
functions are given in [35, Eq 165]. The coordinates (y,x) parameterize the interior of a rectangle
x1 <y < x2 <z < x3 where z; are the roots of a quartic P(u) with X (z) = P(z),Y (y) = P(y).
There is a (twisted) AF end, not covered in this coordinate chart, which arises as  — x3,y — 75 .
The remaining functions F(z,y),G(x,y), H(x,y) are bivariate polynomials of degree 6, 8, and 3
respectively. This is a two-parameter family characterized by an overall scale parameter k > 0 and
a parameter £ € (1/2,1/1/2). We may pass to the standard (r,6) chart by setting

(8.10) xz\/mcos2 (g) xg\/msin2 (g)

T =T9 — ; , Yy =1z + .
In terms of these, the asymptotic moduli are
| VI - 4E8(262 26+ 1) 2VREE
The canonical variables are (p, z) are then
_ <b2 - bl> —X(x)Y(y)
p= : B
(8.12) k1ka (z—y)
L by — b1\ 2(ag + asry + asx®y?) + (x + y)(a1 + azzy)
O\ kiko 2(z — y)? .

where a; are constants (see [35, pg. 28]). A computation yields the expansions

1 1+262)/k(1 — 4¢4
e = 7 [1 (1+ (61)—25(2)7’ &) +0(r 2|,
o V(L + 26
V =log (%) + T + O(T—Q)’

Using 0, log p = 1 +0(r~2) and the formula (5.48) the mass of the two-parameter family of Chen-Teo

-

instantons is

2ml(1 + 262)%\/k
1 — 44

(8.14) massy (M, gor) = > 0.
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8.1.3. Reissner-Nordstrom instanton. This is a two-parameter family of scalar-flat instantons (R? x
S?, grn) with smooth metirc
A + 7% (d6* +sin® (d¢")?), U(r):=1—"—+ —
U(r) ’ ‘ r 2
where (¢!, $?) have 27-period, r > ry := M ++/M? —¢1, 6 € (0,7), and regularity requires
2

r
8.16 (= ——F.
(8.16) —
Regularity of the metric merely requires r, > 0. Note that M, ¢; must satisfy ¢; < M? and if ¢; > 0,
then we require M > 0. In practice, it is convenient to express the solution in terms of (r4,c;). By
using

(8.15) grN = LU (r)(d6?)? +

o Eta
27"+ ’
we have
—1 3
r—ry)(r—cr 2r
U(T):( +)(221+)’ (=
réry Ty — o

We have defined r to be the largest (positive) root of U(r). This means we must impose 72 > ¢;
(note that ¢; can have either sign). There is a curvature singularity in the metric at r = 0.
The canonical coordinates are obtained by setting

(8.17) p=1L0y1r?2=2Mr +cysinf, z=~{(r— M)cosé.

with
1 r2 1 p2
8.18 =1 Veny = =1 .
(8.18) RN = 908 1 2((r — M2 — (M2 — ¢1) cos20) | RN =508 [€4U(r)z]
It is straightforward to read off the rod structure associated to the solution. Let zo = —z1 :=

0/M? — ¢; > 0. Then we find

(1) a semi-infinite rod I'y = (—o0, 21) with rod vector (91,042) = (1,0),
(2) a finite rod I's = (21, 22) with rod vector (0, 1);
(3) a semi-infinite rod I's = (22, 00) with rod vector (1,0)

We compute the mass of the Reissner-Nordstrom metric. The definition of mass is

1
mass(M, g) = — lim —0r 2a0 — 200y + 27
(8.19) (M, g) ey E3( ( b )
+ (2a — 2ay, — Z) Dy log p — (V — V3) 9, V3) £r? sin 0dOdp* dp?

Here o, = —log ¢ and V}, = log(p) — 2log ¢. The asymptotic of agy and Vgry are as follows.
1 M M 2M
(8:20) Oplogp = ;+r7+0(7‘_3), QRN Zab+7+0(7“_2), VRN=%+T+O(7"_2)-
This gives
L. 2M 2 1.2
(8.21) mass(M,g) = — lim —5 | fr”sinfdfd¢’ dp” = 4w M.
A r—oo fy3 \ T

Observe that mass(M, g) can be negative provided M < 0,¢; < 0.
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8.1.4. Checking Theorem 1.7 for Reissner-Nordstrom in Comparison to Schwarzschild. Here we pro-
vide a simple illustration of our main Theorem by fixing the underlying manifold R? x S? and showing
that the difference in the mass of a Reissner-Nordstrom and Schwarzschild instanton with the same
rod structure satisfies the inequality (1.7). The metric of the Schwarzschild instanton is recovered
from the Reissner-Nordstrom metric by setting ¢; = 0. Clearly, they have the same rod structure
and the cone angles on semi-infinite rods I; and I3 are zero. We have the following lemma for the
finite rod.

Lemma 8.1. The cone angle on finite rod Iy for Reissner-Nordstrom and Schwarzschild instantons
is as follows.

2 02 4 1
(8.22) Iy = og (21 + jlj 1) , 9% = —log (166‘42%)
2 iz 2
Proof. The metric of Reissner-Nordstrom is
(8.23) grN = BN (dp? + d2?) + Gry11(de')? + Grae(de?)?
Define R;, := \/p? + (2 — #)? and
2
‘o 1 (Rei+ Rey +2/3 + 20
(8.24) RN =508 AR, R.,
2(R., + R, 290222 4 22
(8.25) Grn22 = (£, 2) 5 ( 22 ;) = pPRrN22
(Rz, + R.y + 24/ 25 + 2¢1)
2
, (Rzl + Ry +24/23 + £2c1)
(8.26) GrNn11 = P = P(I)RNll

(R, + R22)2 — 202(25 + 27)
We compute the right-hand side of the above equation.

L L 1 2(Ray + Ray + 24/25 + £2¢1)*
(8.27) <aRN + §logp - 2log(<I>RN22)> ’F2 = ilog p* (R, 2 5 1)
4€4R21Rz2 ((Rzl + Rz2) (2'2 —|— zl))

On axis rod Is we have

1
= 2 _ —(» — -2 4
(8.28) Ry =vp+(E-—=a)=E-2)+ =)’ +01(p"),
1
_ 2 . 2 _ _ o -2 4
(8.29) Ry =P+ (2 — =) (z— 22) 30— =) + O1(p").
Then
4 4
(8.30) <Rz1 + Ry, +24/23 + L201> = <22 — 21+ 2¢/25 + L201> + O1(p?)
(22 — 21)?

(8.31) (R.y + R.,)? —2(25 4 23) = p° + O1(ph), since 29 = —21

(22 — 2)(z — 21)

(8.32) R1Ry = (Z — 21)(2 — 22) + 01(p2)
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Therefore, we have

1 (20 — 21 +2y/25 + £2¢1)4 1 (21 + /27 + 2c1)?
3 ’192 = — 1 2 — 71 1
(8.33) RN = 5708 ( 405 (zy — 21)2 9%

Setting ¢; = 0, we obtain the cone angle for Schwarzschild instanton. O

To compare the Reissner-Nordstrom and Schwarzschild families of instanton and verify Theorem
1.7, we need to have the same size for length of rod I'y. To achieve this, the mass parameter M of
Schwarzschild instanton is v/M? — ¢1. Define the following quantity.

N+1
(8.34) P(M,c1) := massy (M, grn) — massy (M, gs) — 27 Z / (9" —97)dz
n=1 n

Lemma 8.2. For the Reissner-Nordstrom and Schwarzschild instantons we have P(M,c1) > 0 and
equality holds if and only if c1 = 0 in the Reissner-Nordstrom instanton

Proof. Observe that mass, (Mgrn, grn) = 4nM{ and massy, (M, g,) = 4w/ M? — ¢1. Moreover,

29 = —21 = 6/ M? — ¢;. Then

(470) 1P = mass (M, g) — mass (M,, g,) — %(19%]\, — 9%5)length(l2)

1 16(v/ M2 —¢p)*
= — 2 — R J—
(8.35) M M? —e1+ log ( VAP —e 1 M) (22— 21)

2vVM? — ¢y )
VM?2 —ci1+ M

:M—\/M2—01+2\/M2—cllog<

Define
B 2V M? — ¢y
(8.36) x = log
VM? — caa+M

Then we have

_2—€

(8.37) M = M2~ ¢

el’
Therefore, we can rewrite (8.35) as
(8.38) P(M,c1) =2e" "/ M? — ¢y (1 — € + ze®)

Clearly, P > 0 because 1 — e* + xe® is decreasing for x < 0 and increasing for z > 0 and zero at
x = 0. Moreover, x = 0 is equivalent to ¢y = 0. O

8.2. ALF Riemannian Manifolds. We present here three explicit families of ALF geometries with
k =1 so that the boundary at infinity is S3; the first two are Ricci flat and the third is scalar flat.

8.2.1. Taub-NUT gravitational instantons. The (Ricci-flat) Taub-NUT space (R?*, gry) is a complete,
ALF k =1 gravitational instanton. In local coordaintes the metric is given by

gry = H10%(d¢? + cos® <g> do')? + H(dr? 4 r2de?* + r? sin” 6(d¢')?)

4
H=1+—
+27“

(8.39)
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where (¢!, $?) are independently 27 —periodic angles and r > 0,60 € (0, 7). This is a one-parameter
family of metrics parametrrized by the radius ¢ of the S! at infinity. The associated 27 —periodic
generators are J; and dyg2. We then may select

(8.40) p ={rsind, z = {lrcosb,
from which we read off

1 H
(8.41) aryN = 3 log [62] )

The rod structure for a space asymptotic to Taub-NUT would have a semi-infinite rod (—oo, z1) with
rod vector in the (¢1,¢2) basis is (1,0) (corresponding to # = 7) and a semi infinite rod (zy, 00) with
rod vector (1, —1) (corresponding to 6 = 0). The asymptotic boundary is topologically L(1,1) = S3
with one direction (the S! fibre) having bounded size while the S? base grows to infinite size. Notice
that » = 0 is a corner point where both generators degenerate. As is well known, although the local
metric has a coordinate singularity at r = 0, the point » = 0 can be added so that gry extends to
a smooth metric on R*. In our formalism, this can be seen by observing that the rod vectors satisfy
the admissibility condition that the determinant of the matrix whose columns are the adjacent rod
vectors has unit modulus. The topology of Taub-NUT is thus that of R*.
Then we can choose

2 . 2
(8.42) [ (ifCOSiQS)gffgfsmge fr cos” (3))

frsin @ 7 cos” (5

The Taub-NUT space is itself Ricci-flat. One finds that

_ ! 2 _ ! 2
(8.43) V—%—ﬂ—FO(r ), a ab_4r+0(r ).
Using the formula (5.48), one finds
(8.44) mass(M, g) = mf2.

8.2.2. Taub-Bolt gravitational instanton. The one parameter family of Euclidean Taub-Bolt gravita-
tional instantons are Ricci-flat and ALF with S asymptotic boundary. In local coordinates,

2 2
grp =U(r)? <d¢2 + cos? (Z) d¢1) - I%)
(2r —£)(8r —¥)
1672 — ¢2

where r € (£/2,0),0 € (0,7), and (¢!, $?) are independently 27 —periodic angles. The metric is
parameterized by ¢ > 0 which characterizes the radius of the S! in the asymptotic region. In this
basis of generators (J41,042), the rod structure consists of (1) a semi-infinite rod r > ¢/2, 6 = 7
(1,0), (2) a finite rod r = £/2, 6 € (0, ) with rod vector (0,1), and (3) a semi-infinite rod r > £/2,
6 = 0 with rod vector (1,—1). It therefore has the same asymptotic behaviour as the Taub-NUT
instanton discussed above. Thus it can be considered as the result of adding a finite rod or S2, to the
Taub-NUT space. This is analogous to Euclidean Schwarzschild having an extra finite rod relative
to the vacuum S* x R3. Canonical coordinates are obtained by defining

(8.46) p= g\/(Qr —£)(8r — ¢)sin, z=1 <r - fg) cos 0.

62
+ (12— — ) (d6? + sin® 0(dg")?)
(8.45) ( 16)

U(r) =
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and the conformal factor is

1 16(1672 — ¢2
(8.47) arp = 5 log [ (16r~ — &) } .

22 [(16r — 5£)% — 9¢2 cos? 0)
The associated harmonic map matrix is
0 £2 102 0
(8.48) o= p! U(r)? cos* () + (7“2 — 1—6> sin?@  U(r)¢? cos® (%) .
U (r)¢2 cos? (g) U(r)e?
To compute the mass, the appropriate reference space is the Taub-NUT geometry with the same L.
We find

Y4 5¢

4 —y = -2 —Vp=— —2).
(8 9) arp — Qp 6r + O(T ), Ve =V 37 + O(T )
Using the formula (5.48) yields

5ml?
(8.50) mass(M, g) = WT‘

8.2.3. Charged Taub-Bolt. The following two-paramter familiy of complete, ALF scalar-flat metrics
can be obtained by a suitable analytic continuation of a local family of Lorentzian metrics that satisfy
the Einstein-Maxwell equations. It can be thought of as a one-parameter ‘charged’ generalization
of the Ricci flat Taub-Bolt solution in the same way Reisner-Nordstrom contains the Schwarzschild
instanton. In the standard coordinate system, the local metric is given by

2F(r) 0 2 2\ T dr? _
(8.51) 9= 45— % <d¢2 + cos? <2> dgbl) + (7“2 - 16> [F(r) + d6? + sin® O(dep*)?

where

(8.52) F(r)y=(r—r4) (r - <r+ + é - 27}))

The solution is parameterized by the positive parameters (ry,¢) with r; > ¢/4 and where the
coordinate ranges r > r,, § € (0,7), and (¢',$?) ane independently 27—periodic angles. The
apparent singularity of the metric as r — 74 can be smoothly resolved by adding in a sphere 52
‘bolt’ at r = ry. Observe that r is the largest root of F(r) because r > ry + /8 —2r% /0. 1t is
straighgtforward to verify that the asymptotic geometry as r — oo is ALF with asymptotic boundary
S3.

Note that the Taub-NUT and Taub-Bolt metrics can be recovered by setting ry = ¢/4 and
r4 = £/2 respectively (in the former case, the radial coordinate r» must be shifted in order to recover
the explicit metric gry (8.39)).

Observe that the function p = v/det G is harmonic on the 2d orbit space (in this case, parameterized
by (r,0)). We can also integrate for the harmonic conjugate z to produce the caonical coordiantes

2

(8.53) p=VFlsing, 2= (r—é—r.,.—{—?)ﬁcos@.

The rod structure (1,0), (0,1), and (1, —1) in the (41, 0p2) basis. A computation yields

1 2 256
54 =1 -
(8.54) “T508 [(T 16> P2 — (2 cosf — 16C0897‘i)2:| '
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where P = % — 1674 + 1614 — 167“3. Moreover,

2
(8.55) v=1 (72 = £5) sin? 0+ LF() cost §
' “2 % F(r)
we obtain
2 l 2
(8.56) a—a=S+0(7), V-V==+0("?),  c=ritgo-
Using (5.48), this yields
(8.57) mass(M, g) = 4rlc.

Observe that for Taub-NUT (¢ = £/4) and Taub-Bolt (¢ = 5¢/16) (8.57) agrees with our previous
computation of the mass in those cases.

8.3. ALE geometries.

8.3.1. Eguchi-Hanson instanton. This is a one-parameter family of hyperK&hler metrics on M =
T*S? with metric given by

2 in?
gEH = Jflz;) + 12 [d@Q + fgf) (do" + 2 cos? dg?)” + SIZ%(W)?]
(8.58) 9 L2000 1\2 N2 g8
d 0(do d¢
= % + 72 [d6? + Smfl) + cos? 6 <d¢2 + 2) - ZTA (d¢' + 2 cos® 0d¢2)2] :

where f(r) = 1—a*/r%, a > 0. The second form of the metric exhibits clearly that the Eguchi-Hanson
metric is ALE with boundary at infinity L(2,1). The harmonic map is

(8.59) A 5 cos? 6
) % cos?@ r2cos?6 (f(r) cos? ) + sin? 0)

where the Weyl coordinates are

1 2
8.60 = —Vr*—a*sin 20, =" cos20.
( =7 1

so that the orbit space metric is €2*(dp? + dz?) where

4r2

472
8.61 0B = :
(8:61) c r4 — a* cos? 26 ]

1
= Zlog|—— 2"
apH = 508 [r4—a4c08229

We may also read off

1 f(r) - r2f(r) o
8.62 Vi = =1 . Wpeg = h |22 cos2)
(8:62) BH = 5798 | {cos? 0(f(r) cos?  + sin? 9)} BH = aresm [ 2p o8

We can read off the rod structure associated to the basis (Oy1,0,2); there is a semi-infinite rod Iy
with 2z € (—o0, —a?/4) with rod vector (0,1); a finite rod z € (—a?/4,a?/4) and rod vector (1,0),
and a semi infinite rod z € (a?/4, c0) with rod vector (2, —1).
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To compute the mass, observe that

apn —ap =04,
a*sin? 6
24
a* cos b
2rd

and hence from (5.47) we confirm that the Eguchi-Hanson instanton has vanishing mass.

(8.63) Ver = —log (2cosf) — +0(r~ %

Wgy = log (cot 6 + csc ) — +0(r~%)

APPENDIX A. Ricci AND SCALAR CURVATURE COMPUTATIONS

Consider a Riemannian manifold (M, g) of dimension n whose metric takes the following local
form (2.22)

(A.1) 9= Japda’da’ + Gij(d¢' + Alda®)(d¢ + Afda®)

where 9/0¢', i = 1,...n — 2 are Killing vector fields generating the Abelian isometry group T"2
and 2% a = 1,2 are coordinates on the space transverse to the torus action, g., = g(9/0z%,9/0x?),
G; is a matrix valued function and the one-forms Al = Aidl‘b measure the failure of the distribution
orthogonal to the torus action to be locally integrable. The principal orbits of the torus action are
two-dimensional and (A.1) describe a class of cohomogeneity-two metrics. All functions appearing
in the metric depend only on {z%}. The inverse metric is

(A2) gab = gab’ g” = G'LJ + g‘leflAi’ gia — _gabAé
The Ricci curvature is (see e.g., [25, Appendix A] or [42, (4.6)]):
1 1
R;; = —faaaaGij — Zaa (log det G + log det ) 0°Gi;
+ 8“G el abGlj + leGﬂg“cgbdFk Fl,

GabOe (/det G det §G; " F,
2\/detGd7t 2. /det G det 5 ( ot & det 9Gijg de)

| 1 i
Rop = —RijAZA{, + RwAé + RibAz - ingGichichJd + Rap

(A.3) Ria = Rij AL+

1. - 1
— ivavb log det G — ZTr (G_laaGG_I(?bG)

where F ;b = OaAé —9p AL and V is the Levi-Civita connection with respect to §. The scalar curvature
of (M,g) is

R=§"R, + (Gij v ga"AgAg) Rij — 2% A} Ry

A A 3 R . 1 R N
(A.4) = R— §™GV,V,Gyj + Zg“bG’JvankG“Vth - ZgabGUvac;,ja’“lvbc;kl
1. ca %
— 075G Py Fy

[[Add citation to John Lott’s formula, equation 4.7 of his ” Dimensional reduction...” paper.]] At this
point we have not chosen any coordinates on the two-dimensional space of orbits of the torus action.
As shown in [29], there is a natural coordinate chart % = (p, z) on the right half plane p > 0,z € R
with axis p = 0 parameterizing the boundary of the orbit space consisting of axes I'; and corner
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points z; where GG has rank 1 and rank 0 respectively. in which the transverse metric on the orbit
space takes the conformally flat form

(A.5) §=e (d,o2 + sz)

for some smooth function «. In this chart the scalar curvature is

Ao det G 1

+ -Tr (G*1VG)2 — %\Vlogdet G\Q)

2a — _9A N e el
TR 20 detG | 4

(A.6) )
— Z€_2a6(21663dG”F;ngd
where the gradient V and Laplacian Ay are with respect to the flat metric dy = dp? 4 dz?.

Let us now consider the class of Ricci flat metrics. The condition Ric(g) = 0 applied to (A.1) is
equivalent to the following system on the orbit space:

. 1 4
Ba ( det G det § gabalkabc;kj) = JV/det Gdet g FiyGiug ™" Fly

(A.7) B, (\ /det G det § G ganbng;i) ~0
A 1 1. - 1 o
Ry = Tr (GT10.GGT10,G) + 3VaVh log det G + igchUFgCFga

A standard argument applying Froebenius’ theorem along with Ricci flatness and the assumption
that the axis set is non-empty implies that the distribution orthogonal to the torus action is locally
integrable [35].

Proposition A.1. In the Ricci flat setting, the two-plane distribution orthogonal to the torus gen-
erators is integrable, implying Al, =0

Proof. Next, let n; = 0/0¢%, i = 1,2,...n — 2 denote the set of mutually commuting Killing vector
fields generating the torus symmetry. This implies £,,g = 0 and [n;,n;] = 0. The fixed point sets of
the torus action correspond to sets along which one or more linear combinations of the 7; degenerate.
Define the axis set by

(A.8) I':= {p € M| det Gz‘j‘p = 0}.
where G;; = g(n;,7;). Define the smooth functions
(A.9) wi=*Mm AngA... Any Adn;)

where for convenience, we have used the same symbol 7; to denote the metric dual one-forms g(7n;, ).
We now demonstrate that the functions w; are constant and moreover, if I' is non-empty, then
w; = 0 and the torus action is orthogonally transitive. The result dw; = 0 follows using the identity
d*dn = —2(—1)" x Ric(n) valid for any Killing field n, Ricci-flatness, repeated use of Cartan’s
formula L, = diya + i,da for any smooth p—form «, and the fact that the generators commute.
Hence w; = ¢; are constants (recall that M is connected). If T' # (), each ¢; = 0 since at least
one linear combination of the {n;} degenerates in M. Then, by Frobenius’ integrability theorem,
since w; = 0, the torus action is orthogonally transitive, i.e. the 2-plane distribution orthogonal to
span(ni,n2, ... Mn—2) C T'M is integrable at every point. This implies g,; = 0 for a = {p, 2z} and
hence A% = 0. O

Since A’ = 0, the second condition (A.7) is automatically satisfied. The trace of the first equation
of (A.7) implies that the function v/det G is harmonic with respect to g, that is

(A.10) AVdet G = V,V*Vdet G = 0.
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We may then identify p with v/det G.
Proposition A.2. In the Ricci flat setting, vVdet G = p in the (p, z) coordinate chart.

Proof. Both vdet G and p are harmonic with respect to ¢ and considered as functions on the right
half plane, both vanish on the boundary (since the torus action degenerates on the boundary p = 0,
rank G < 2). Moreover for our choices of asymptotic behaviour, it is straightforward to check that
vdet G ~ p. The claim then follows from the maximum principle. O

Using the identification p? = det G, The Ricci flat equations (A.7) can then be rewritten as The
equation Ric(g) = 0 is equivalent to the following equations on the orbit space (M, §):

(A.11) Va <pGik@aij) =0
. 1 A A
(A.12) Rap = Tr (GT19.GGT10,G) + VoV log p

Proposition A.3. g is entirely determined once a solution to (A.11) is known.

Proof. The Ricci tensor of (A.5) is

(A.13) Roy = —Asada,
where ., = diag(1,1). Therefore (A.12) reduces to
A 1 da 1 i
O,a 1
(A.15) 0= i
« 0 1 .
(A16) —Aoar = G _ fﬁzG”@Zsz
p 4
which gives the conditions
AT 0= —L0,690.G;, 0= +Lo.cvo.q, — £0,G10,Gy;
(A.17) 2=y % zTifs P = 2p+ P pij
These can be written more compactly as
p . 1 P
(A.18) 0, = ZTr(jsz), Opax = —% + 8Tr( — jz)
where j := G~!'dG is a matrix valued one form. The integrability condition for the first order
equations for « are equivalent to (A.11) which can be re-expressed in the form of a conservation law
(A.19) Vs (pj) = 0.

Define the matrix @ := (detG) n =Tels p2- 77 G. Observe that det ® = 1. We compute
Va (pp2 nhTIV(prz 2¢’))

) -
) —Mvvp
)

-1

p

(pevee
. (p VAR
Va (00

a

\Y%
(A.20) v

PIVeD

a



42

ALAEE, KHURI, AND KUNDURI

Introduce an auxiliary angular coordinate ¢ ~ ¢ + 27 and the three-dimensional Euclidean metric

(A.21) 03 = dp? + dz* + p?dp?.

The set of coordinates (p, z,¢) can then be identified with standard cylindrical coordinates on Eu-
clidean R3. With respect to d3, (A.20) takes the form

(A.22) divs, (@7'V®) =0

where the divergence and V operators are associated to d3. Thus once a solution for ® is determined,
we can obtain the matrix G and by the above arguments, « is determined up to an integration
constant. Observing that ® is a unimodular symmetric matrix of dimension n — 2, we see the Ricci
flat equations are equivalent to a harmonic map (A.20) given by ® : R? — SL(n —2,R)/SO(n — 2).
Since det G = 0 on the boundary of the orbit space (the z— axis) ® necessarily has singular behaviour
on the axis that encodes the rod structure of M.
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