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R:?ecaﬂ e U cV Subspace, Y

V/U =§uelh |veVU} =3 rmdates of US
iS a Vedt Ypace W/ addition
ond Sclac mult

o (v+U)+hurUl) = (vewd+ U

o X(val) = (\W)+ W

el Lok UcV be @ Subspace. The
_quokient map 1T\ —>V/U 1S e

Linear wop ded by
TL'(V)?-—V-&M-

Poop: Lef (LcV be a Subspace, and
osSume Vis ¥ diw. Thona

dim ViU = dim YV —aim L.
Prook : For Ha qruoheu(— map

TN — /WU, we See Mub #s
Soviouwnly wyeiw, So rope TT=V/U




s wull Space is
naull TT= §V€V ' TT.(v)=o+u-f
-=-$veV | vild =0+(/
-.:jvck/, V-0 eu}-.:-_ U.
Funed dvm dor Linear Mmaps Qives,
divw V= diwt vull TT+ olim ree TT
= dim UL + dim V/UL. 1|

§ Dualityy  (3F)

Del. Let \ be a vecks Sace Oves
= A Lineuc ¥umcbonal = a Linear

wmap V—F

EX s @:IR>—=R, Pxua)=Yx-5y+22
o Y:PUR) — R, C(p) = éP(x)cfx.

@:W dual Space ol V s
ﬁde‘eihai oy \V:= i(\/} ).




Poop: dit /=l V

E_V;\ z\/)z dliw i(\/, F) '---@.'t\M \/) (liw )
=dmV. |

De@ 1£ Vi--Va 1€ Q kesis 'gof\/
‘UNL d.U.Oll lDOtSTS is the list (LP‘\; s((’n)
O‘P wéav 'ernOI‘d»lﬁ SHa.

b V—F, )=t 1%
—gaf 0“6 .|=1.l"3n' ‘

Ex: Consder F" £ e stondoct
basis €4,-+€u where ¢;= (0. o;( 0, -,0)

Le 4-3 dQSCﬂ\DQ. e . |
1, L?“%Qmearmafq:., o

S de{?\w.d 0N Qe (X4 XY= X3 -




m* l'g Vi,-Na 18 Q tnS.lS'gaf\l, e
dual bosis ¢, . . Sakisties

D e dual basi s a basis o V!

(@ For any veV,

V:-_(-P,(U\\I‘] -4 CP.\(V\VV\. U

'_\_D_g;_p-'-&(:fbse Te Lviw)- The dual map
iS T e (W v defined for eacls

Revack : That T/ ZineaC 'g-o(lows
< v Prafer‘des ol ‘e Cow?a%'»{-iaw:
T P+Y) = (@+W)oT = @T + Yol

=T (@)+T'(%)
Homosewz)t\-g S Qimlaf.
Ex :Comsider D: P(R) — P(R)

Dp =pl). [e4s Brel D’ Ghe dual nap)
'fLDr Some Linaar Lanclioval on




P(R) Toka edq. @: (R —=> R
@p) = Plo)- Thiw
D'(Y)= PD: P(R)y—R >

ded o (D(N)(pY = POP) =PCpit)
—= pl(o)-
I'Q wé \V\%.lcad loke

o(p)= ‘S,Pwdx we gedr

(D) (p) = (2DYp)=PLp')
= (PO dx =P —P(o.

Poop: ket T ed (vw).

(@ (S¥T) =247/ ¥Red(vw)
(D) AT =X\T/ wvieF

() &T)'=TY v.4L(WW).

_%OQ": (@) and (b) : Execeise..
(c) TeX(vw), Sed (w,wW




and T'eL(W,v), Sed (W w)
Leb Cp ele! Thum

(&TY (@)= @(ST) = ()T
=T(99) =T'(4)=(T )

Remark : [Hems (o) and () Qwove
wes dadk we can defire o
neav Waap

VAT e, WV IRVE)
T —» T !

Lets now S-\—wﬁs A nall Spac<e
A roroe ode the Jual mep.

Del . Lek UcV be a subspace . The
onwilato € ol U, daroked UL e

U =S ev’ | Q=0 Yued]

£x: Lok U=3xtpoo | Pe PczR)}cR'R),
Ans Q_e(i is ol Hue €orm




(i_cx)____. x? F(x\ —— Xz(-ao‘{' Qqx+--+ qu“)
= aoxz A4 -+ AUX™, So
P ex Qwmple

@:PURY— R, @p) =p(0)
1S M (U° becawre

(cq) = AO=0 Lot ony el

U: PCRY— R, H(p) =p/(0)
aleo bdongs. o ue.

Ex. Leb €0,y be Std basie
doc R and leb @.0, Gy be Moo
dual begis. Lel

U= Spon (e,,@2) =$ (k0 XX e Pz

Then kets ow U= Spawv (Ps)
Recall
q)(\(x‘hle@ =X; Por =123,
Fiest 53 @ "'S?QH(CP"D , 12, P= )\CP.b
Loc Some NeR, and well 1€
L= C1Q‘\‘l’c‘2 €2, ‘LW



(M) (u) =XU(D=X\-0=0
eaune U \ias o Avrd Coovd.
So Span (@ c U To ow Hre
Hher  welusion, ossume

PeUs ie, QU =0YUuUc,
Wewwe €@ =, +C, @, +Cq @ Thann
(C|CP4+C2Q2"CSQ$\(“\

= Cq@ () +¢;%, (L) +C3Yy(w) =O

Vu od e Zovwm U= (34%,0)

n Par\-rcu\qr Ualc) =0 is olweys frune,

So W gel
C1&e, (W +C, @ () =0.

H usey trun it laatn o Ci=o
€ u=-e, — |\ _  Cp=o0
ilnc,, is avbitvory, So YP=C%, and

s 2wws U c Span(9,) and

oeloct (o< 2ean (@) .




Pop:Lek UecV be a subspace.
iﬂ,w (L°c\ is a subSpace.

Prock . Exererse. ul

Pap: Vs W i and (e V
S O Subgpa , Ml

dim U = ollivm \J — iwm L

Prooﬂ— idea - Consides Yo Linax

1 u—-"'\./, M) = «. APPI%,
'K—Uhdamenl-al +am doc Linac Wiaps
o 3/ (4+< dual hMap). O
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