MAT 203 FINAL EXAM

WEDNESDAY DECEMBER 10, 2025
2:15-5:00PM

Name: ID:

Instructions.
(1) Fill in your name and Stony Brook ID number.

(2) This exam is closed-book; no electronic devices. You are only allowed to have one (1)
sheet of your own notes.

(3) You have 2 hours and 30 minutes to complete this exam.

(4) You must justify all your answers and show all your work. Even a correct answer without
any justification will result in no credit.
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1. (a) (5 pts) Compute (@ + ¥) - (@ X ¥), where @ = (0,1,2) and ¥ = (—2,1,1).
Solution. First we have @ + ¢ = (—2,2,3). Then

e
7
uxXv=| 0

= (1-2,-4,—(=2)) = (-1,-4,2).

— =S
N T

—2
Then we have

(@+7) - (T xT) =(-2,2,3) - (=1, -4,2) =2 — 8 + 6 = 0.

(b) (5 pts) Consider the vector @ = (a, b, ¢) and compute W X 0.

Solution. We have

L Q =o
S O
o O

wxu_)':‘ ‘:<bc—bc,ac—ac,ab—ab>:(0,0,0).
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2. In each of the following problems, either compute the limit, or show that it does not exist.
(a) (5 pts) liHl(:v,y)—>(0,0) xggier

Solution. We have z2 — y2 =(x—y)(z+y),so

Tty T4y 1
22—y (-ylety -y
and the limit as (z,y) — (0,0) does not exist. O

. ./,U2_ 2
(b) (5 pts) lim (s 4 (0,0) e

Solution. Similar to part (a), we have

2?2 —

z+y
as (z,y) — (0,0). O

=z—y—0
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3. Consider the function f(x,y,2) = z + €27V,
(a) (2 pts) Compute the gradient V f(z,y, z).

Solution. We compute:
Vi(x,y,z) = <2€2x_y, —e?TY, 1).

(b) (3 pts) Compute the divergence V -V f(x,y, z).

Solution. From part (a) we have Vf(z,y,2) = (2e2*7¥, —e2*7Y 1), so the diver-
gence is
0

0 2x—y Q _ 2z—y -~
(2e )+ ay( e )+ 9

V Vi) = o (1) = 4620 4 €2V = 52V,

O

(c) (5 pts) Compute the curl V x V f(z,y, 2).

) we have V f(z,y,2) = (2e?*7Y, —e?*7¥ 1), so the curl is

Solution. From part (a
A
262$—y —621'_?/ 1
- <8(1) B d(—e2r=Y) 9(2e277) o) B(—e2o=) - 8(262m—y)>
~\ 9y 9z = Oz or ' Oz By
= (0,0, —2e**7Y — (—2e2*7Y)) = (0,0,0)
U
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4. Consider the surface S in space given by the equation z = 2% + zy + v
(a) (7 pts) Find the equation for the plane that is tangent to the surface S at the point

(r,y,2) = (2,-1,3).

Solution. If the equation for the surface is f(z,y) = 0, the equation for the tangent
plane at the point (x¢, yo, 20) is given by
fa (20,90, 20) (x — o) + fy(20, Y0, 20) (¥ — Yo) — (2 — 20) = 0.

With the function f(z,y) = 2% + 2y + y2, we find
of
oz
of
dy

and therefore the tangent plane is given by

3(z—-2)-0y+1)—(2—3)=0<=3x—2=3.

(2,-1,3) =27 + Y|z 4)=(2,-1) = 3

(2,-1,3) = 7+ 2y|(z 4)=(2,-1) = 0

(b) (3 pts) Find a unit normal vector to the surface S at the point (2,—1, 3).

Solution. Since a normal vector to the plane ax + by + cz = d is given by 77 =
(a,b,c), we read off from the tangent plane in (a) that a normal vector is @7 =
(3,0,—1). To find a unit normal vector we normalize it, and get

i (3,0,—1) 1

@ 13,0, 1) m<3,0,—1>.
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5. Consider the vector field F(z,y) = (322 + 6zy, 322 + 6y).
(a) (7 pts) Prove that F' is conservative by finding a potential function ¢.

Solution. To find a potential function ¢, we solve the system of equations

% = 322 + 6y
(1) b0 2
oy — 3r” + 6y

Integrating the first equation with respect to = gives ¢(x,y) = 2° + 322y + ¥ (y).
Differentiating this function with respect to y gives 6—$ = 322 + ' (y). Plugging
this into the second equation in (1) yields

322 + P (y) = 322 + 6y,

which gives ¥(y) = 6y, and consequently 1 (y) = 3y> + C after integrating with
respect to y. Plugging this back into the above expression for ¢ gives a potential
¢(z,y) = 23 + 322y + 3y + C for any constant C. O

(b) (3 pts) Compute the line integral [ F'-d7, where C is the graph of the function f(z) =
for —1 <z <1, by using your result in part (a).

Solution. From part (a), we found a potential ¢(z,y) for the vector field F(z,y).
The curve C stats at the point (-1, f(—=1)) = (—1,—1), and ends at the point

(1, f(1)) = (1,1). By the fundamental theorem for line integrals, we therefore
have

/Cﬁ-df*:<;5(1,1)—¢(—1,—1):(1+3+3)—(—1—3+3)=8.
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6. (10 pts) Consider the region R in space determined by the inequalities 0 < z < z + v,
0<y<z and 1 <z < 2. Compute the triple integral

// 2¢” dxdydz.
R

Solution. By the bounds, the triple integral is

2 rx pxty
/// 2¢e” drdydz = / / / 2¢e” dzdydwz.
R 1 JOo JO

We then compute this iterated integral as follows:

2 rx rxty 2 rx
/ / / 2¢* dxdydz:/ / [2¢*]8 Y dyda:
1 Jo Jo 1 Jo
2 rx
:/ / 2"V — 2 dydx
1 Jo

2 2
= / [2e1Y — 2y)t dx = / (2% — 2x) — (2% — 0) dx
1 1

= [6296—2636—332]?: (64—262—4)—(62—26—1)
= et —3e? 4+ 2¢ - 3.



Final exam December 10, 2025 MAT 203

7. (10 pts) Consider the vector field F(z,y) = (¢*,y + 22 + zy), and let C be the curve in the
plane consisting of the upper half of the unit circle and the x-axis, oriented counterclockwise.

Compute the line integral
/me
C

Solution. Since we are integrating over a curve C' that bounds the upper part of the
unit disk D in the plane, we use Green’s theorem that says that

/Fd_ﬂmkmbd

where P(z,y) = e* and Q(z,y) = y + 2% + zy. We calculate

We parametrize D with polar coordinates:
D={(r,0)]0<r<1,0<6<n},

and we get

T rl
// 2z +ydxdy = / / (2r cos(@) + rsin(@))r drdd
D 0o Jo

= </01 72 dr) </07r 2 cos(6) + sin(0) d9>
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8. (10 pts) Find the global minimum and global maximum of the function f(x,y) = % + 42 on
the unit disk in the zy-plane.

Solution. We first find all critical points in the interior of the disk. Namely,

V(z,y) = (2%,2y) = (0,0),
which gives the only critical point (x,y) = (0,0). The boundary is the unit circle, which
is described by the equation 22 +y? = 1 < g(z,y) = 0 where g(z,y) = 2 +y*> — 1. To
find critical points along the boundary we use Lagrange multipliers. Namely, we solve
the system of equations

. 22 = 22\
Vf(x,y) = AVg(z,y) o (x%,2y) = A (2z,2y) P
(z,y) =0 2?4yt =1 b
g\z, $2+y2:1

In the second equation we have two cases. Either y = 0, or y # 0 and A = 1. In the
first case we get & = +1 by the last equation. In the second case we get z? = 2z <
z(x —2) = 0 from the first equation which has the solutions z = 0 and x = 2. Plugging
x = 0 into the last equation gives y = £1, and x = 2 does not give any solutions when
plugged into the last equation. To summarize, there is one interior critical point at
(0,0), and four critical points along the boundary (0,+1), and (+1,0). We compare
their values

£(0,0)=0, 70, 1) =1, f(+1,0) = £,

and we get that the global minimum is —% at the point (—1,0), and the global maximum
is 1 at the two points (0, £1). O
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9. (10 pts) Consider the surface P parametrized by 7(u,v) = (u,v,—u+v —1) for 0 < u < 2
and 0 < v < 1. Consider the vector field F(z,y,2) = (2z —y, z,y) and compute the surface
integral [[p F - dr.

Solution. Let D = [0,2] x . Then by definition the surface integral is given by

//Ff’uv ni(u,v) dvdu,
or or

WEIGI‘G i(u,v) = 5o X g is a normal to the surface. We have % = (1,0,—1) and
% =(0,1,1), and then we compute

17k
i(u,v)=|1 0 -1 |=(1,-1,1).
01 1
Since
F(#(u,v)) = Qu—v,—u+v —1,v),
we get

F(#(u,v)) - i(u,v) = (2u — v, —u+v —1,0) - (1,—1,1)
=Ru—wv)—(—utv—1+tv=383u—v+1
and therefore the integral is
1 2

2 1 2 2 2 1 2
//3u—v+1dvdu:/ [3uv—v+v] du—/3u—|—du-[3u —1—11 = 7,
0 Jo 0 2 0 0 2 2 219

O
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