
MAT 203 MIDTERM II

PRACTICE PROBLEMS

1. (a) (5 pts) Compute the limit lim(x,y)→(0,1)
y2 sin x

x

Solution. We have limx→0
sin x

x = 1 and limy→1 y2 = 1, therefore

lim
(x,y)→(0,1)

y2 sin x

x
= 1.

□

(b) (5 pts) Compute the directional derivative of f(x, y) = xy2 − yx2 in the direction v⃗ =
⟨−1, 1⟩.

Solution. The directional derivative may be computed as ∇f(x, y) · v⃗
||v⃗|| . We have

∇f(x, y) = ⟨y2 − 2xy, 2xy − x2⟩, and therefore

D⟨−1,1⟩f(x, y) = ⟨y2 − 2xy, 2xy − x2⟩ · ⟨−1, 1⟩√
(−1)2 + 12

= 1√
2

(
(2xy − y2) + (2xy − x2)

)
= 4xy − x2 − y2

√
2

.

□
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2. (10 pts) Find and classify all critical points of the function f(x, y) = x3 − 27x + 4y2.

Solution. We first find the critical points:

∇f(x, y) = ⟨3x2 − 27, 8y⟩ = ⟨0, 0⟩ ⇐⇒
{

3x2 − 27 = 0
8y = 0

which leaves the two critical points (±3, 0). To classify them, we find the discriminant
D(x, y) = fxx(x, y)fyy(x, y) − (fxy(x, y))2,

and fxx(x, y) at these two points. We have
fxx(x, y) = 6x, fxy = 0, fyy = 8.

Therefore, for the critical point (x, y) = (3, 0) we have fxx(3, 0) = 18 > 0, and the
discriminant is D(3, 0) = fxx(3, 0)fyy(3, 0) = 18 · 8 > 0. Therefore (3, 0) is a local
minimum.
For the critical point (x, y) = (−3, 0), we have fxx(−3, 0) = −18 < 0, and the dis-
criminant is D(−3, 0) = fxx(−3, 0)fyy(−3, 0) = −18 · 8 < 0. Therefore (3, 0) is a
saddle. □
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3. (10 pts) Compute the double integral
∫∫

D x2 dxdy where D is the region in the xy-plane of
all (x, y) such that x2 ≤ y ≤ 2 − x2.

Solution. The x-values of the intersection of the two graphs y = x2 and y = 2 − x2 are
x = ±1, which gives∫∫

D
x2 dxdy =

∫ 1

−1

∫ 1−x2

x2
x2 dydx

=
∫ 1

−1
x2[y]2−x2

x2 dx =
∫ 1

−1
x2(2 − x2 − x2) dx

= 2
∫ 1

0
2x2 − 2x4 dx = 4

[
x3

3
− x5

5

]1

0
= 4

(1
3

− 1
5

)
= 8

15
.

□
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4. (10 pts) Compute the triple integral
∫∫∫

C zex2+y2
dxdydz, where C is the region described by

the inequalities x2 + y2 ≤ 4 and 1 ≤ z ≤ e.

Solution. We change to cylindrical coordinates and use dxdydz = rdrdθdz. The region
C in cylindrical coordinates is described by the inequalities 0 ≤ r ≤ 2, 0 ≤ θ ≤ 2π and
1 ≤ z ≤ e. Therefore∫∫∫

C
zex2+y2

dxdydz =
∫ e

1

∫ 2

0

∫ 2π

0
zer2

rdθdrdz

= 2π

(∫ 2

0
rer2

dr

) (∫ e

1
zdz

)

= 2π

[
er2

2

]2

r=0

[
z2

2

]e

z=1
= π

2
(e4 − 1)

(
e2 − 1

)
.

□
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