MAT 203 MIDTERM II

PRACTICE PROBLEMS

y?sinz
T

1. (a) (5 pts) Compute the limit lim, ,y_ (0 1)

sinx

Solution. We have lim, ,o ** = 1 and lim,_,; y? = 1, therefore

m Y50 _ o
(@w)=(01)

(b) (5 pts) Compute the directional derivative of f(z,y) = zy* — yz? in the direction ¥ =
<_17 1>

Solution. The directional derivative may be computed as V f(z,y) - % We have
Vf(z,y) = (y* — 2zy, 2xy — z2), and therefore

D<—1,1>f($,y) = <y2 — 2$y, 2;py — l'2> . (<__11)721—i>_12
_ 2,2
= \}5 ((2zy — ¥?) + (2zy — 22)) = 4909\;%2/_
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2. (10 pts) Find and classify all critical points of the function f(z,y) = 2® — 27z + 4y

Solution. We first find the critical points:
322 -27=0
8y =10
which leaves the two critical points (£3,0). To classify them, we find the discriminant
D(CC, y) = f.rl‘(x7 y)fyy(xy y) - (fl‘y(wv y))27
and fz.(z,y) at these two points. We have
fex(,y) = 62, Joy =0, fyy = 8.

Therefore, for the critical point (x,y) = (3,0) we have f,,(3,0) = 18 > 0, and the
discriminant is D(3,0) = f42(3,0)fyy(3,0) = 18 -8 > 0. Therefore (3,0) is a local

V(z,y) = (3z2 — 27,8y) = (0,0) <— {

minimum.
For the critical pomt (x,y) = ( 3,0), we have fy;(—3,0) = —18 < 0, and the dis-
criminant is D(—3,0) = fze(—3,0)fyy(—3,0) = —18 -8 < 0. Therefore (3,0) is a

saddle. O



Practice midterm II MAT 203

3. (10 pts) Compute the double integral [, 2? dzdy where D is the region in the xy-plane of
all (z,y) such that 22 <y <2 — 22,

Solution. The x-values of the intersection of the two graphs y = 2% and y = 2 — 22 are
x = £1, which gives

1 pl—z?
// 22 dedy = / / 22 dydx
D —1Jz2

1 1
= / xQ[y]i;”ﬂdx = / 222 — 22 — 2% dx
-1 -1
1
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4. (10 pts) Compute the triple integral [ff 2e** Y dxdydz, where C is the region described by
the inequalities 22 + y2 <4and1l<z<e.

Solution. We change to cylindrical coordinates and use dxdydz = rdrdfdz. The region
C in cylindrical coordinates is described by the inequalities 0 < r < 2,0 < 0 < 27 and
1 < z < e. Therefore

Do e 2 pr2mw %
/// ze® Y dxdydz :/ / / ze" rdfdrdz
c 1 Jo Jo
2 e
=27 (/ rer2d1"> (/ zdz)
0 1

e

= or [6;2] _ ['Z;L:l = g(e4 1) (2-1).



