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Abstract: For a ¢ x g matrix x = (x; ;) we let J(x) = (x; jl) be the Hadamard

inverse, which takes the reciprocal of the elements of x. We let I (x) = (xi,j)_l denote
the matrix inverse, and we define K = I o J to be the birational map obtained from the
composition of these two involutions. We consider the iterates K" = K o --- o K and
determine the degree complexity of K, which is the exponential rate of degree growth
§(K) =lim,_  (deg(K "))l/ " of the degrees of the iterates. Earlier studies of this map
were restricted to cyclic matrices, in which case K may be represented by a simpler
map. Here we show that for general matrices the value of §(K) is equal to the value
conjectured by Angles d’ Auriac, Maillard and Viallet.

0. Introduction

Let M|, denote the space of g x g matrices with coefficients in C, and let P(M,) denote
its projectivization. We consider two involutions on the space of matrices: J(x) = (x; jl)

takes the reciprocal of each entry of the matrix x = (x; ;), and I (x) = (x;, j)_l denotes
the matrix inverse. The composition K = I o J defines a birational map of P(M,).

For a rational self-map f of projective space, we may define its n™ iterate " =
fo---o f,as well as the degree deg(f"). The degree complexity or dynamical degree
is defined as

8(f):= lim (deg(f")'".

In general it is not easy to determine §( f), or even to make a good numerical estimate.
Birational maps in dimension 2 were studied in [DF], where a technique was given that,
in principle, can be used to determine 6 ( f). This method, however, does not carry over
to higher dimension. In the case of the map K, the dimension of the space and the
degree of the map both grow quadratically in ¢, so it is difficult to write even a small
composition K, o - - - o K, explicitly. This paper is devoted to determining & (K).
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Theorem. If g > 5, then §(K;) > 1 is the largest root of the polynomial A2 —(q% -
4qg +2)1 + 1.

The map K and the question of determining its dynamical degree have received
attention because K may be interpreted as acting on the space of matrices of Boltzmann
weights and as such represents a basic symmetry in certain problems of lattice statistical
mechanics (see [BHM,BM]). In fact there are many K -invariant subspaces T C P(M,)
(see, for instance, [AMV1] and [PAM]), and it is of interest to know the values of the
restrictions § (K |r). The first invariant subspaces that were considered are S, the space
of symmetric matrices, and C,, the cyclic (also called circulant) matrices. The value
8(K |Cq) was found in [BV], and another proof of this was given in [BK1]. Angles
d’Auriac, Maillard and Viallet [AMV2] developed numerical approaches to finding §
and found approximate values of §(Ky) and §(K|s,) for ¢ < 14. A comparison of
these values with the (known) values of § (K lc,) led them to conjecture that § (K le,) =
§(Kq) = 8(K|s,) forall g.

The theorem above proves the first of these conjectured equalities. We note that the
second equality, 6 (K |5q) = §(K,), has been recently established in [T]. This involves
additional symmetry, which adds another layer of subtlety to the problem. An example
where additional symmetry leads to additional complication was seen already with the
K -invariant space C, NS, the value of § (K c,nS,) has been determined in [AMV2] (for
prime g) and [BK2] (for general g), and in the general case it depends on ¢ in a rather
involved way. The reason why the cyclic matrices were handled first was that K |¢, (see
[BV]) and K¢, ns, (see [AMV2]) can be converted to maps of the form L o J for certain
linear L. In the case of K|, , the associated map is “elementary” in the terminology of
[BK1], whereas K'|¢c,ns, exhibits more complicated singularities, i.e., blow-down/blow-
up behavior. In contrast, the present paper treats matrices in their general form, so our
methods should be applicable to wider classes of K -invariant subspaces.

The degree of K is the degree of K*H, the pullback of a (general) linear hyper-
surface H. A difficulty is that frequently (K*)" # (K™)* on H"!. To deal with this
we analyze the blow-down behavior of K, which means that we look at the hyper-
surfaces E for which K (E) has codimension > 2. We will construct a new manifold
w: X — P(M,) by blowing up certain of the sets K (E). The map 7 is a birational
equivalence which changes the topology and increases the size of H!-!. The birational
map Ky := 77! o K o7 of X induces a well-defined pullback on H!'!(X’). The expo-
nential growth rate of degree is equal to the exponential growth rate of the induced maps
on cohomology:

. 1
S(K) = Tim ([1(K%) |1 x) "

Our approach is to choose a space X’ for which we can determine (K’},)* and thus §(K).
In general, § decreases when we restrict to a linear subspace, so § (K) > §(K lc,)- The

paper [BV]shows that § (K |¢, ) is the largest root of the polynomial A2 —(g%—4g+2)r+1,
so it will suffice to show that this number is also an upper bound for §(K). In order to
find the right upper bound on §(K,), we construct a blowup space 7 : Z — P(M,).
A basic property is that the spectral radius (or modulus of the largest eigenvalue) of the
induced map K% on H 1.1(Z) gives an upper bound for § (K ). Thus the goal of this paper
is to construct a space Z such that the spectral radius of K% is the number given in the
theorem.
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1. Basic Properties of 1, J, and K

For 1 < j < q — 1, define R; as the set of matrices in M, of rank less than or equal
to j. InP(M,), Ry consists of matrices of rank exactly 1 since the zero matrix is not in
P(M,).Forx,v e Pi L letA®@v = () v;) € P(M,) denote the outer vector product.
The map

P/ P s (L v) > A®v e Ry C P(My)

is biholomorphic, and thus R; is a smooth submanifold.

Welet ] : P(M,) — P(M,) denote the birational involution given by matrix inver-
sion 1(A) = A~ We let X[k,m] denote the (¢ — 1) x (g — 1) sub-matrix of (x; ;)
which is obtained by deleting the k™ row and the m™ column. We recall the classic
formula I (x) = (det (x))™! i(x), where [ = (IA,-,]-) is the homogeneous polynomial map
of degree ¢ — 1 given by the cofactor matrix

I j(x) = Cji(x) = (=1)*det (xi},17)- (1.1)

Thus / is a homogeneous polynomial map which represents / as a map on projective
space. We see that I (x) = 0 exactly when the determinants of all (g — 1) x (g — 1)
minors of x vanish, i.e., whenx € R; ».

We may always represent a rational map f = [f1 : - : f,2] of projective space

P71 in terms of homogeneous polynomials of the same degree and without common
factor. We define the degree of f to be the degree of f;, and the indeterminacy locus
isdefinedas Z(f) = {f1 = --- = fq2 = 0}. The indeterminacy locus represents the
points where it is not possible to extend f, even as a continuous mapping. The indeter-
minacy locus always has codimension at least 2. In the case of the rational map 7, the
polynomials C; ; (x) have no common factor. Further, I (x) = Oexactly whenx € R, _»,
so it follows that the indeterminacy setis Z(/) = R, 2.

We let J : P(M,;) — P(M,) be the birational involution given by J(x) =
(J(x)i,j) = (1/x; ;), which takes the reciprocal of all the entries. In the sequel, we
will sometimes write J(x) = % We may define

J(x) = J()T(x), (1.2)

where IT(x) = [] x4.5 is the homogeneous polynomial of degree g obtained by taking
the product of all the entries x, ;, of x, and J(x) = (JA,-, ;j) is the matrix of homogeneous
polynomials of degree ¢> — 1 such that J;, j = [l@.p)(. j) Xa,b 1s the product of all the

Xa,p €xcept x; ;. Thus J is the projective representation of J in terms of homogeneous
polynomials.

We define K = IoJ.On projective space the map K is represented by the polynomial
map (1.4) below. Since [ o J has degree (¢ — 1)(q2 — 1), we see from Proposition 1.1,
that the entries of / o J must have a common factor of degree g° — 24°.

When V is a variety, we write K (V) = W for the strict transform of V under K,
which is the same as the closure of K(V — Z(K)). We say that a hypersurface V is
exceptional if K (V) has codimension at least 2. The map [ is a biholomorphic map
from M, — R, toitself, so the only possible exceptional hypersurface for / is R, .
We define

i ={x = (xke) € Mg :xj=0} (1.3)
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The map J is a biholomorphic map of M, — ;. j %i,j to itself, and the exceptional
hypersurfaces are the %; ;. Further, the indeterminacy locus is

INH= |J ZasnZea
(a,b)#(c,d)

Proposition 1.1. The degree of K is q> — q + 1. Its representation K = (12,~,,~) in terms
of homogeneous polynomials is given by

Kij(x) = Cji (1/x) (), (1.4)
where C; and Il are as in (1.1) and (1.2).

Proof. Observe that C; ;(1/x) is independent of the variable x ;, while K (x);,j is not
divisible by the variables x; o with k # j and £ # i. Hence the greatest common divisor
of all polynomials on the right hand side of (1.4) is 1. Thus the algebraic degree of K is
equal to the degree of K (x); j, whichis¢> —g+1. O

2. Construction of R!

Divisors V = > ¢;V;jand V' = >’ ¢; V/ on a manifold Z are said to be linearly equiv-
alent if there is a rational function r on Z so that the divisor of r is V — V’. The Picard
group Pic(Z) is the set of divisors modulo linear equivalence. We will construct a com-
plex manifold 7 : Z — P(M,) by performing a series of blowups, and we consider the
induced birational map K z := 7! o K o 7. For spaces obtained by iterated blowups
of P, it is a standard result that the cohomology group H!'! is isomorphic to Pic, and
in the sequel, we find it more convenient to work with Pic.

For our construction of Z we first blow up the spaces Ry and A; j,1 <i, j < q.The
exceptional (blowup) hypersurfaces will be denoted R' and A“/. Then we will blow
up surfaces B; j C Al»J | which will create exceptional hypersurfaces /. The precise
nature of Z depends on the order in which the various blowups are performed. Different
orders of blowup will produce different spaces Z, but the identity map of P(M,) to
itself induces a birational equivalence between the spaces, and this equivalence induces
the identity map on Pic(Z) (= H"“!'(Z)). Any of these spaces Z yields an induced
birational map Kz, and each Kz induces essentially the same pullback map K% on
Pic(Z). This issue is discussed in [BK2, §2].

We start our discussion with R;. Let 71 : Z; — P(M,) denote the blowup of
P(M,) along Ry. We will give a coordinate chart for points of Z; lying over a point
x% € Ry. Let us first make a general observation. Let pe.m denote the matrix operation
which interchanges the M and m™ rows of a matrix x € My, and let yg ,, denote
the interchange of the £ and m™ columns. It is evident that J commutes with both
pe.m and yg ,, whereas we have pg ,(1(x)) = I(yem(x)). Thus, for the purposes
of looking at the induced map Kz, we may permute the coordinates of (x; ;), and
without loss of generality we may assume that the (1,1) entry of x° does not van-
ish. This means that we may assume that x° = A% ® v¥ with A°,v0 e U}, where
Uyr={z=(z1,...,z9) € C? : z; = 1}.

We write the standard affine coordinate charts for P(M,) as

Wy ={x € My x5 =1} C CT, 2.1
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where 1 <r, s < g.Letus define V to be the set of all matrices x € M, such that the
first row and column vanish. Further, for 2 < k, £ < g, we define a subset of V:

0 0
Ve = Ix eEMyix = (O x[l,l]) and x; ¢ = 1] . 2.2)
Now we may represent a coordinate neighborhood of Z; over x° as
1 Cx Uy xUp x Vg — Wi1, mwi(s,A,v,v) =A@V +s0. (2.3)

Since A ® v has rank 1 and nonvanishing (1,1) entry, we see that w1 (s, A, v, v) € Ry
exactly when s = 0. Thus the points of R!' which are in this coordinate neighbor-
hood are given by {s = O}. If y € M, is a matrix with y; ¢ # O, then we find

77 () = (s, &, v, v), where

F=Y/Ykts S=Yhtr A=Tuls V=14 v=5F—2@v). (24

We may write the induced map K z, = 7| 'oKom ina neighborhood of R'! by using
the coordinate projections (2.3) and (2.4). This allows us to show that K z, |1 has a
relatively simple expression:

Proposition 2.1. We have K z,(R!) = R,_1, so R is not exceptional for K z,. In fact
forzo = m1(0, A, v,v) € R,

KZI (ZO) = B (8 Iq(l)(v/)) A» (25)

where I, denotes matrix inversion on My _1, and

—1 -1
L
_'U -
v/_( J,k) s A= ? B =
2202
Jk Ja<jk=q ’ ’ ’
—ag! 1 0 1

(2.6)

Proof. Without loss of generality, we work at points A, v € U; such that A ;, vy # 0 for
all j, k and v such that the v’ in (2.6) is invertible. Then

J(mi(s, A, v, v)) = L +s (8 3) +0(s?)

ARV
=ms+06H), AL v v+ 06)). 2.7)
Observe that
1 1 0
Al— )B=
()= 0)
and

0 0 0 0
sA (O v’) B= (0 sA[l,l]v'B[l,l])'
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Thus

Kz, (@) =" oloJom(z)
:nfll()\jﬁ+s(8 3/)+0(s2))
:n'l_l(BI(A()L(;v+s(8 3)+0(s2))B)A>
=t (B I ((1) o +00(S2)) A) :

and the proposition follows if we lets — 0. O

Now we will use the identities
Kz oJz =1z, Iz 0Kz =Jz.

Proposition 2.2. We have Kz, (JR;—1) = R and thus J R,—1 is not exceptional for
Kz,.
Proof. For generic s, A, v, v, and v’ as in (2.6), we have (2.7) in the previous proposition.
Letting s — 0, we see that these points are dense in R and thus J 2 R! = R! Now

Kz, (J(Rg—1) = Iz,(Ry—1) = Iz,(Kz,R")
=Jz,(RH =R,

where the second equality in the first line follows from the previous proposition. O

3. Construction of A%/

We let A; ; denote the set of ¢ x g matrices whose i row and j™ columns consist

entirely of zeros. Let mp : Z; — P(M,) denote the space obtained by blowing up along
all of the the centers A; ; for 1 < i, j < g. As we discussed earlier, it will be immaterial
for our purposes what order we do the blowups in. Without loss of generality, we fix our
discussion on (i, j) = (1, 1). The set A 1 is equal to the set V which was introduced in
the previous section. Let us use the notation

U=U1,r=[z€/\/lq:z=(: 0*1)’Z]’r=1] (3.1
i

for the matrices which consist of zeros except for the first row and column, and which
are normalized by the entry z; . With this notation and with Wj , and V¢ asin (2.1,2),
we define the coordinate chart

m: CxUx Vig— Wi C My, ms,i,v)=s+v= (ig Sv;) . (3.2

Coordinate charts of this form give a covering of A"!, and {s = 0} defines the set A"-!
within each coordinate chart. If x € /\/lq, then we normalize to obtain X := x/x; ¢ €
Wrk.e, and

ﬂz_l(x) =(s5,,0), v=X[1,1], S = X1, { = (& —V)/X1,. (3.3)

Welet Kz, =,y 'oKo 1> denote the induced birational map on 2,.
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Proposition 3.1. For | < r,s < g, Kz,(%,,) = A", and in particular %, s is not
exceptional for K z,.

Proof. As was noted at the beginning of the previous section, it is no loss of generality
to assume (r,s) = (1,1) and 2 < k, £ < g. For generic x € M,, we may use K from

(1.4) and define y by
N 1
K(x) =TI(x) (Cj,i (;)) =).

We write (o, £, v) = y, and we next determine o, ¢ and v. Now let us use the nota-
tion s = x.1, so IT(x) = sIT'(x), where IT" denotes the product of all x,  except
(a,b) = (1,1).For2 <i, j <gq, we have

1
yi,j = s (x) (;ai,j(x) + 0(1))

with a; j (x) = (=1)"*/det ((1/x)(}.i1.11.11), which gives
Vi,j = Yi,j = Yi.j/Yke = ai,j(x)/ar¢(x)+ O0(s), 2<i,j=<gq.

For generic x, we may let s — 0, and then the value of v approaches (a; j(x))/ak ¢(x),
which by (1.4) of Proposition 1.1 is just K, 1(x[1,17), normalized at the (k, £) slot.
The first row and column of C; ; ()]7) do not involve the (1,1) entry of the matrix x,
80 1% and yy 1 are divisible by s. By (3.3), we have o0 = y1,/yk.¢e = O(s), so we see
thato — Oass — 0.
An element of the first row of y is given by y; ; = IT(x)(— l)j“det(l/x[j,l]). If we
expand this determinant into minors along the top row, we have

yij =T D (=D**Pder ((1/xj )0, p) x1 -
2<p=q

We use the notation y; 4 and (1/x1,4) for the vectors (y1,p)2<p<g and (1/x1,p)2<p<q-
Thus we find y; . = —TI(x)(@ + O(s)) - (1/x1.4), where a’ is the transpose of the
matrix (a; j : 2 < i, j < g), and “-” denotes matrix multiplication. It is evident that
yi,1 = I(x)det (1/x[1, 1]).

Now we consider the range of K near Ay ;. We have seen that v = K, 1(x[1,17), s0
the values of v are dense in Vj ;. Now for fixed v, we see that the values of y; . and y, |
span a 2q — 2 dimensional set. Thus, as we let the values of xy , and x, | range over
generic values in C¢~! x C47!, we see that ¢ is dense in U. Thus Kz,(%11) = AL

O

4. Construction of Bi+J

Forl <i,j <gq,weletU;; = {¢ € Mg : ¢ jj = 0} be the set of matrices for
which all entries are zero except on the i t row and j™ column. In the construction of
A"/, we may consider U; ; (normalized) to be a coordinate chart in the fiber over a
point of A; ;. We define the set B; ; C AJ € Z to be given in local coordinates by
Bij =1{(,¢,v) € A s =0, ¢i,j = 0}. This has codimension 2 in Z,, and we
let 73 : Z3 — Z; be the new manifold obtained by blowing up all the sets B; ;. Let
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K z, denote the induced birational map on Z3. As we have seen before, we may focus
our attention on the case (i, j) = (1, 1). Let us use the (s, {, v) coordinate system (3.2)
at AL Let U beasin (3.1),and set U’ = {¢ € U : ¢1,1 = 0}. We define the coordinate
projection

m3:CxCxU' xVi3—>CxUxVyy, n(t,7,§,v) =(s,8,0),
s=t¢=(r,§),v=v, 4.1

where the notation ¢ = (t7, §) means that ¢; | = 7, and 4 = &, for all (a, b) #

(1, 1). Thus B! is defined by the condition {t = 0} in this coordinate chart. Composing
the two coordinate projections, Z3 — 2 and Z, — M, we have

Tt T, E V) (’;; ’f) —x. (4.2)

From (4.2), we see that 7 ~1(x) = (7, 1, &, v), where
X=x/x0p, v=F0), t =X, T=F0/t5 E1j=x1/x1, 2< ] <q. 4.3)
We will use the following homogeneity property of K. If x € M,, we let x;(x)

denote the matrix obtained by multiplying the 1% row by ¢ and then the 1% column by
1, so the (1,1) entry is multiplied by 2. It follows that x; J x, = J and x; I x; = I, so

T &\ _ (7 &\ . . 2t tE\ _ (10 rE
K (E v) = (g/ o implies K e o) =\ v ) 4.4)
Proposition 4.1. For 1 < i, j < g, we have K z, (B1y = B/, and in particular, B>7
is not exceptional.

Proof. As before, we may assume that (i, j) = (1, 1). A point near B! may be repre-

2
sented in the coordinate chart (4.2) as 7 (¢, 7, &, v) = ttér tf) = x. We define 7/,
, , .. T & v & .. .
&', and v’ by the condition K £ v = g o) so K (x) is given by the right hand

side of (4.4). By (4.3), the coordinates (", ", £, v") = 7~ K (x) are
V' =vfvee, 1 =1E v T =T /8 )

From this we see that ” — 0 as 7 — 0, which means that K z, (B"1y ¢ B!, And since
K is dominant on P(M,), we see that K =, (B"1)is dense in B"'. O

Next we see how A"/ maps under K Z,- A point near A1 may be written in coor-
dinates (3.2) as (s, ¢, v). We write K of this point in coordinates (4.1) as (¢, T, &, w).

Proposition 4.2. For 1 < i, j < g, we have K z, (Ai'j) C BJ. Further, % # 0 at
generic points (0, ¢, v) € A/,
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Proof. Without loss of generality we assume (i, j) = (1, 1). Let us define x and y as

x = (s, 5v) = (“ “) L y=Rm =n@ce ()lc) .

s¢ X
For 2 < h, m < g there are polynomials aj, (¢, v) and by, (¢, v) such that
vt =s2"ta 16, 0), yim =52 2arm (&, v),
Yhan = 82 ap (£, 0) + 52 b m (£, V).

We have t = say ,/ake + 0(s?), so dt/ds — ay,/ar e ass — 0. Thus dt/ds # 0 at
generic points of Al = {5 = 0}. By (4.3), we see that

2 11
(t, 7,6, w) = (0,a11ax.¢/ay ., ar«/arr, ap,y/ake) € B

ass —> 0. O

5. Picard Group Pic(Z2)

Pic(P(M,)) = (H) is generated by any hyperplane H. We write Z := Z3 and recall
that each time we blow up, the exceptional (blowup) fiber gives a new basis element of
the Picard group. We will work with the following basis for Pic(Z):

(H,R', A" B" 1 <i,j<q) (5.1

Now consider the hypersurface X; ;. Pulling this back under 7y : Z; — P(M,), we
find

T % j=Hz =i,

where X; ; on the right hand side denotes the strict transform s j- The equal-
ity between the strict and total transforms follows because the indeterminacy locus
I(nl_l) = Rj is not contained in %; ;. On the other hand, if we define

T;j:={(a,b) :a=iorb=j} (5.2)

then ; ; contains A, , exactly when (a, b) € T; ;. Thus, pulling back under 75 : Z; —
Z1, we have

ﬂ;zi’j =H22 ZZi’j+ z .Aa’b.
(a,b)eTi j

We will next pull this back under 73 : Z3 — Z;. For this, we note that B, 5 C Aab,
and in addition B; ; C X; j. Rearranging our answer, we have:

S =Hz-B7 - (A””’ + B“"’) . (5.3)

(a,b)eT},

Proposition 5.1. The class of J Ry in Pic(Z) is given in the basis (5.1) by

JR-1= (> —)H — (g = DR' = Q2q =3) 3 A" = (2q-2) 3 B*". (54
a,b a,b
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Proof. The polynomial P(x) := TI(x)det (%), analogous to (1.4), is irreducible and
has degree ¢*> — q. Thus JR;—1 = {P = 0} = (¢*> — q¢)H in Pic(P(M,)). Now we
pull this back under the coordinate projection rq in (2.3). That is, we evaluate P (x) for
x =m(s, A, v,v)). For s = 0 and generic A, v, and v, the entries of x = A ® v + sv are
nonzero, so IT(x) # 0. We will show det (%) =as? 1 +... where « # 0 for generic
A, v, and v. By (2.7), we must evaluate det (M) with M = Al @ vl +5v + 0@s2).
Now we may do elementary row and column operations, such as add )L;l v to the ji
row, which do not change the determinant. In this way, we see that det (M) is equal to

1 0
= q—1 e 1
det (O ' + 0(52)) as + - - -. This means that

(@* —q)H =7 (JRy—1) = JRy—1 + (¢ — DR € Pic(Z)).

Now we bring this back to Z, by pulling back under the projection 7, defined in
(3.2). In this case, we have I1(m2(s, ¢, v)) = s~ 1+ ... where o = a(¢,v) # 0 for
B P I
STE STy g
sl o1 )= B+
and B(¢, v) # 0 at generic points. Thus P (2 (s, ¢, v)) = cs2=3 + ... which gives the
coefficient 2qg — 3 for each A"/:

generic ¢ and v. On the other hand, we have det (

(@*—@)H = JRy_1+(q — DR' +(2q —3) D_ A" € Pic(2)).
i

Pulling back to Z3 is similar, except that [T(7r3(¢, 7, §, v) = «t?4 +- .. . Thus we obtain
the coefficient 2¢g — 2 for B/ in (5.4). O

6. The Induced Map K% on Pic(Z)

We define the pullback map on functions by composition K%¢ := ¢ o Kz. We may
apply K% to local defining functions of a divisor, and since K z is well defined off the
indeterminacy locus, which has codimension > 2, K % induces a well-defined pullback
map on Pic(Z).

Proposition 6.1. K% maps the basis (5.1) according to:

Hi> (g% =g+ DH = (g =R =3 (g = A" + 2g — 2)B"),
a,b
R (¢ = H — (¢ = DR' = D" ((2q =3 A" + 2g = 2)B*?),
a,b 6.1
Aid s g B _ Z (Aa,b +Ba,b)’
(a,b)ET/‘,,'
B s A4 B
Proof. Let us start with RL By § 2, KZlJRq_I is dominant as a map to R!L. Since Kz
is birational, it is a local diffeomorphism at generic points of J R, 1. Thus we have

K}(R]) = JRy_1, so the second line in (6.1) follows from Proposition 5.1.
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Similarly, since K z|y, ; is a dominant map to A/t we have K% (AMy = %;.i,and
the third line of (6.1) follows from (5.3).

In the case of B/, we know from § 4 that K%lBi’j = A/ U B/, Thus K%Bi’j =
MAJ 4+ B for some integer weights A and . Again, since K z is birational, and
K z|pi.; is a dominant map to B/+, we have y = 1. Proposition 4.2 gives us A = 1.

Finally, set h(x) = Zi,j a;, jxi j, and let H = {h = 0} be a hyperplane. The pull-
back is given by the class of {hI%(x) =0} = Zi’j ai,jle,-,j(x) = 0, where K is given
by (1.4). Pulling back # is similar to the situation in Proposition 5.1, where we pulled

1
are working with all of the (¢ — 1) x (¢ — 1) minors. By Proposition 1.1, Wé have
K*H = (¢*> — g+ 1)H € Pic(P(M,)). Next we will move up to Z; by pulling back
under 1 and finding the multiplicity of R!. We consider h K m1(s, A, v, v), and we recall
the matrix M from the proof of Proposition 5.1. We see that each (¢ — 1) x (g — 1)
minor of M is either O(s7~") or O(s?~2). Thus for a generic hyperplane, the order of
vanishing is ¢ — 2, so we have

back the function P(x). The difference is that instead of working with det ( ) we

(> —q+1DH =K*H +(q —2)R' € Pic(2)).

Next, to move up to Z;, we look at the order of vanishing of hK ma(s, ¢, v) ins. Again
P R e |
(s (s, £, v) = as24 1 +.... The (g — 1) x (¢ — 1) minors of (i_lg_l s v_gl )
which are most singular at s = 0 behave like s ™28 + - - -. Thus for generic coefficients
a;,j we have vanishing to order 2¢g — 3 in s, and so 2g — 3 is the coefficient for each

AlJ as we pull back to Pic(25). Coming up to Z3 = Z, we pull back under 73, and
the calculation of the multiplicity of B"/ is similar. This gives the first line in (6.1). O

Proposition 6.2. The characteristic polynomial of the transformation (6.1) is
PGIQGYIT G — DTTIR G 1) 302,
where P(\) = A2 — (g% —4g +2)A+ 1and Q = (A2 + 1)> — (g — 2)%)2.

Proof. We will exhibit the invariant subspaces of Pic(Z) which correspond to the vari-
ous factors of the characteristic polynomial. First, we set 4 := > Akt and B := > Bkt
where we sum over all kK and ¢, and we set S| = (H, R!, A, B). By (6.1), S; is K%-
invariant, and the characteristic polynomial of K ;“3 s, is seen to be P (L) (A — 1)2.

Next, if i < j, then we set o; j = Abl ¢ ATJ — (AL + AT, and similarly for
Bi,j» using the B¢, Then by (6.1), S;, j := (a;, j, Bi,j) is invariant, and the characteristic
polynomial of K% [, ; is (A — 1)2.

Similarly, if i < j < k, we set o jx = A + APk 4 AT — (AT 4 ART + AVK)
and define B; j x similarly. Then the 2-dimensional subspace S; j x = (o jk, Bi,jk) 1S
invariant, and the characteristic polynomial of K% s, s+ 1)2.

Finally, for each i, we consider the row and column sums A, = g > j AbJ — A,
A =4 Zi Al — A, and we make the analogous definition for B,, and Bcj. The
4-dimensional subspace (A, A, By, Be;) is invariant and yields the factor Q(A).
These invariant subspaces span Pic(Z), and the product of these factors gives the char-
acteristic polynomial stated above. 0O
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Proof of Theorem. The spectral radius of K% is the modulus of the largest root of the
characteristic polynomial, which is given in Proposition 6.2. By inspection, the largest
root of the characteristic polynomial is the largest root of P(}). The spectral radius of

% is an upper bound for §(K). On the other hand, it was shown in [BV] that this same
number is also a lower bound for §(K), so the Theorem is proved. O

Remark. Let us conclude with a discussion of the exceptional cases ¢ = 3 and 4.
The proof above shows that §(K,;) = 1if ¢ = 3 or 4. In fact one can show that
(K%)" = (K%)* for all g. To determine the degree growth, we need to know what
(K%)" does to H, and so we consider the restriction of K% to the subspace §; which is
defined in the proof of Proposition 6.2. When g = 3, the non-diagonal part of the Jordan
canonical form K% g, is a2 x 2 Jordan block with eigenvalue 1. Thus the degree of K"
grows linearly in n. When g = 4, K% |5, is a4 x 4 Jordan block with eigenvalue 1, and
in this case the degree of K" grows like the cube of n.
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