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CLAss 21. HOLOMORPHIC LINE BUNDLES (NOVEMBER 12)

We will be especially interested in the case r = 1, that is, in holomorphic line
bundles. Local trivializations now take the form ¢, : 7! (Uy) — U, xC, and conse-
quently, a holomorphic line bundle can be described by a collection of holomorphic
functions g, 5 € O3 (U, N Ug) that satisfy the cocycle condition ga,898,+ = Ga,v-
A line bundle is trivial, meaning isomorphic to M x C, precisely when it admits a
nowhere vanishing section; in that case, we have g, g = $5/54, With s, € 03,;(U,).
If we only consider line bundles that are trivial on a fixed open cover U, then the
set of isomorphism classes of such line bundles is naturally in bijection with the
Cech cohomology group H! (U, 0%). Likewise, the set of isomorphism classes of
arbitrary line bundles is in bijection with the group H'(M, 07%;).

Ezample 21.1. The tensor product of two holomorphic line bundles L’ and L” is
the holomorphic line bundle L = L' ® L” with transition functions ga,s = g, 590 -
This operation corresponds to multiplication in the group H'(M, 0%,).

Ezample 21.2. The dual of a holomorphic line bundle L is the holomorphic line
bundle L=! with transition functions gglﬁ Since L ® L~! is isomorphic to the
trivial bundle M x C, we see that L™! is the inverse of L in the group H'(M, 0%,).

FEzample 21.3. Let D C M be a hypersurface in M, that is, an analytic subset of
dimension n — 1 that is locally defined by the vanishing of a single holomorphic
function. Then there is a holomorphic line bundle &x(—D), whose sections over
an open set U are all holomorphic functions f € Ox(U) that vanish along U N
D. To compute the transition functions, suppose that we have U, N D = Z(f4),
where each f, is not divisible by the square of any nonunit, and hence unique up
to multiplication by units. It follows that the ratios g.,3 = f3/fa are nowhere
vanishing holomorphic functions on U, N Ug.

Let us describe Hermitian metrics and the Chern connection in the case of a
holomorphic line bundle. A local trivialization ¢: 7=1(U) — U x C of the line
bundle is the same as a nonvanishing holomorphic section s € A(U, L), and so a
Hermitian metric h on L is locally described by a single smooth function h = h(s, s)
with values in the positive real numbers.

The Chern connection is determined by its action on s, and if we put Vs = 0®s,
then we have seen that 6§ € A%!(U) because Vs = s = 0. The other defining
property of the Chern connection,

Oh + Oh = dh(s,s) = h(Vs, s) + h(s,Vs) = hf + ho

shows that we have § = h™10h = dlogh. The (1,1)-form © = 99 = —9dlogh is
called the curvature of the connection.

Lemma 21.4. Let h be a Hermitian metric on a holomorphic line bundle L — M .
(1) The curvature form ©p, € AV (M) is globally well-defined.
(2) 00 = 001 = 0, and the class of O in H“1(M) does not depend on h.
(3) With the induced metric on L=, we have Op-1 = —O7.
(4) With the induced metric on L1 ® Lo, we have O, g1, = O, + Op,.

Proof. In a local trivialization ¢: 771 (U) — U x C, we have © = —9dlog h(s, s),
where s is the distinguished holomorphic section determined by ¢. For a second
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trivialization ¢, we have s’ = fs for some f € 03%,;(U), and hence h(s',s") =
|fI2h(s,s). It follows that

©' = —99(|f]> + h(s,s)) = —9d(ff) +© = O,

and so O is independent of the local trivializations. Moreover, the local formula
clearly shows that 00 = 90 = 0, and so © defines a class in the Dolbeault coho-
mology group HV1(M).

To prove that [O] does not depend on h, note that since the fibers of L are one-
dimensional, any other choice of Hermitian metric has to differ from h by multipli-
cation by a positive real-valued function 1 € A(M). We then have —39log(yh) =
© 4 001og ), and so both forms differ by a J-exact form, and hence define the same
cohomology class. The remaining two assertions are left as an exercise. O

Note. More generally, suppose that we have a connection V: & (E) — «/*(E) on
a holomorphic vector bundle E. It induces a mapping V: &/*(E) — «/?(E), by
requiring that the product rule
Vie®s)=da®s—aAVs
be satisfied for smooth forms o € A'(M) and smooth sections s € A(M, E). The
composition V2: o/ (E) — «/%(E) is called the curvature of the connection. From
V3(fs) =V (df ® s+ fVs) = —df ANVs+df ANVs+ f-V?s,

we see that V2 is an A(M)-linear operator, and hence described in local trivial-
izations by an r x r-matrix of 2-forms. Now suppose that (E,h) is a holomorphic
vector bundle with a Hermitian metric, and let V be its Chern connection. As we
have seen, the connection is locally given by the formula

T
Vs; = Z 0.k © sk
k=1

and so we have
T

V2Sj = Z(d&m & Sk — Hj,k A Vsk) = Z d@j’k X Sk — Z ej,]c A ek,l & 81
k=1 k=1 k=1

=> <d9j,k I 9l,k> sk =Y O sk.
k=1 =1 k=1

To describe more concretely the forms ©;; € A?(U), we note that the Chern
connection satisfies Oh; = > hy 0, ;; from this, we obtain

T

0= 82h]‘7k = Z(E)hl,k A\ 0]-,1 + h17k80j7l) = Z hm7k917m AN 0]-,1 + Z hhka@j’l.
=1

=1 I,m=1

It follows that we have ©; ;, = 593', &, which are therefore (1, 1)-forms. Just as in the
case of line bundles, one can show that the curvature is a globally defined (1, 1)-form
with coefficients in the bundle Hom(E, E).

It follows from Lemma that we have a group homomorphism
HY (M, 03) — HY' (M)

that associates to a holomorphic line bundle the cohomology class of its curvature
form O, (with respect to an arbitrary Hermitian metric). On the other hand, the
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exponential sequence 0 — Zy; — Oy — Oj; — 0 gives us a long exact sequence,
part of which reads

HY (M, 0y) — HY(M, O3) — H*(M,Zy) — H*(M, Oy)

As mentioned earlier, the sheaf cohomology group H?(M,Zy) is isomorphic to the
singular cohomology group H?(M,7Z), which in turn maps to the de Rham coho-
mology group H?(M,C). The class in H?(M,Z) associated to (the isomorphism
class of) a holomorphic line bundle L is called the first Chern class of L, and is
denoted by c¢;(L). The following lemma shows that ¢;(L) can also be computed
from Op.

Lemma 21.5. We have ¢1(L) = 5=[01], as elements of H*(M,C).

Proof. The main issue is to transform the element ¢; (L) from a class in Cech coho-
mology to a class in de Rham cohomology. Since we did not prove Theorem [11.6]
we will just go through the procedure here without justifying it. We begin by
covering M by open sets U, over which L is trivial. Choose holomorphic func-
tions fo 3 € On (U NUg) lifting the transition functions g, g under the map exp,
meaning that g, g = e2™/«.4; then ¢ (L) is the class of the 2-cocycle

Ca,8y = [8y = fary T fa,B-

To turn this cocycle into a class in de Rham cohomology, let 1 = > p, be a
partition of unity subordinate to the cover. Since c, g, are locally constant, df. g
is a 1-cocycle for the sheaf @;. Using the partition of unity, we define

Pa = Zp'y “dfy,a € Al(Ua)
v

which is easily seen to satisfy df, g = ¢g —¢q. Thus the forms dy, € A%(U,) agree
on the overlaps between open sets, and thus define a global 2-form that is closed
and represents the image of ¢;(L) in H?(M,C).

Now choose a Hermitian metric h on L, and let hy = h(Sq4, Sa) be the resulting
local functions. From the relation sg = ga gSa, we find that hg = [ga,s|?ha, and
hence

dga .
05 — 0o = Dlog hy — Dlog ho = Dlog(|ga sI?) = % = 2ri - dfa .

This means that we have
1

1
Pa = % Zy:p’y(aa - a’y) - ﬁaa —ﬁ%
where 1) = 5= 3" p,0, € A'(M). Remembering that O, = 90, = df., we now get

d@a == Lea + dwv
27

which shows that 5-©Op, represents the same cohomology class as c1(L). O

Note. Since O, is a form of type (1,1), the first Chern class ¢;(L) is an example
of a Hodge class: a class in H*’(M,Z) whose image in H?P(M, C) belongs to the
subspace HP'P in the Hodge decomposition. In fact, the kind of argument just given
proves that any Hodge class in H?(M,Z) is the first Chern class of a holomorphic
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line bundle on M, a fact that is known as the Lefschetz (1, 1)-theorem. To see how
this works, consider the diagram

HY(M,0%,) —2 H2(M,Z) —— H2(M, Oy)

l /

in which the first row is exact (as part of a long exact sequence). Under the assump-
tion that M is a Kihler manifold, we have the Hodge decomposition H%(M,C) =
H?°aHY1 @ H2; moreover, H2(M, Oy;) ~ H%?, and under this identification, the
diagonal map in the diagram is the projection map. Note that any o € H?(M,C)
in the image of H?(M,Z) is real, and hence satisfies a®>? = a0:2. Thus a class
in H?(M,Z) is the first Chern class of a holomorphic line bundle iff its image in
H?(M,C) is of type (1,1).

Examples. On P, we have the tautological line bundle Opn(—1), described as
follows: by definition, each point of P corresponds to a line in C"*!, which we
take to be the fiber of &pn (—1) over that point. In other words, the fiber of Opn(—1)
over the point [z, 21, ..., 2,] is the line C - (29, 21, ..., 2n). This makes Opn(—1) a
subbundle of the trivial bundle P x C"*!, and gives it a natural Hermitian metric
(induced from the standard metric on the trivial bundle).

To compute the associated curvature form © € ALL(P"), let Uy ~ C™ be one of
the standard open sets; then [1,z1,...,2,] — (1,20,...,2,) defines a holomorphic
section sq of our line bundle on Uy, with norm

ho = h(SO, 80) =14+ |Z1|2 + -4 |Zn|2
Consequently,
i% = —%aalogho = —i@@log(l +lalP 4 [2al?) = —wrslo
is the negative of the Fubini-Study form. In particular, this shows that wgg equals
the first Chern class of the dual line bundle Opn (1).

For another example, let M be a complex manifold of dimension n with a Her-
mitian metric h; in other words, h is a Hermitian metric on the holomorphic tangent
bundle 7M. Now consider the so-called canonical bundle QF,, whose sections over
an open set U are the holomorphic n-forms on U. Locally, any such section can
be written in the form f(z)dz; A --- A dz,, with f holomorphic. Since Q%, can be
viewed as the n-th wedge power of the dual of 7'M, it inherits a Hermitian metric.
In local coordinates z1,..., z,, we define as usual a matrix H with entries

hj,k = h(a/az], 6/6%),

and then h/** = h(dz;, dz;) are the entries of the inverse matrix H~!. The induced
Hermitian metric on Q}, satisfies

h(dzy A -+ Ndzp,dzy A--- ANdz,) = det H' = —det H,
and therefore its curvature form is given by
O = —9dlogh(dzy A -+ ANdzp,dzy A -+ Ndz,) = 00 log(det H).



