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Crass 14. COMPLEX HARMONIC THEORY (OCTOBER 17)

The anti-holomorphic Laplacian. From now on, let (M, h) be a compact com-
plex manifold M, of dimension n, with a Hermitian metric h. We then have
the space AP4(M) of smooth differential forms of type (p,q), and the d-operator
0: AP4(M) — AP9FTL(M). Recall that we defined the Dolbeault cohomology groups

ker(9: AP4(M) — AP9T1(M))
im(9: APa—1(M) — AP4(M))

HPI(M) =

According to the discussion above, we have a Hermitian inner product on the space
of (p, q)-forms, defined by

(aaﬂ)M:/ Ol/\*B,
M
and the complex-linear Hodge *-operator
x: APIU(M) — A"T"TP(M).

As in the real case, we define the adjoint 9*: AP4(M) — AP9~1(M) by the condi-
tion that, for every a € AP4~1(M) and 3 € AP9(M),

(30[7 B)M = (OZ, g*B)M
By essentially the same calculation as in Proposition [13.4] we get an the following
formula for the adjoint operator.

Proposition 14.1. We have 0* = — * Ox.

Proof. Fix a € AP4~1(M) and 8 € AP4(M); then v = a A 0 is of type (n,n — 1),
and so dy = 9y. We compute that 9y = da A x3 + (—1)PT9"ta A 9(xf3), and so it
again follows from Stokes’ theorem that

(0a, 8) /804/\*5 )p+q/ aANdxp.
The adjoint is therefore given by the formula
O*B = (—1)Pr(x=19 % B) = (1)1 %1 9% 3,

using that * is a real operator. Now 9*3 € A"~9t1Ln=P()M), and therefore x20x 3 =
(—1)2n=P=a+13: putting things together, we find that 0*8 = (=1)>"*1 x 0% 3 =
—x 0 x 3, as asserted above. (]

Definition 14.2. The anti-holomorphic Laplacian is the linear differential operator
U: AP4(M) — AP9(M), defined as [J = 000" + 9" 0. We say that a (p, g)-form w
is 0-harmonic if Ow = 0, and let HP9(M) = ker O denote the space of d-harmonic
forms.

One proves that O is formally self-adjoint and elliptic, and that a (p, ¢)-form
w is O-harmonic iff 0w = 0 and 0*w = 0. In particular, any such form defines a
class in Dolbeault cohomology. By a variant of the fundamental theorem on elliptic
operators, we have an orthogonal decomposition

APA(M) = HPU(M) @ im(T3: AP9(M) — AP9(M)).

It implies the following version of the Hodge theorem for (p, ¢)-forms by the same
argument as in the proof of Theorem [13.7
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Theorem 14.3. Let (M, h) be a compact Hermitian manifold. Then the natural
map HPI(M) — HPI(M) is an isomorphism; in other words, every Dolbeault
cohomology class contains a unique 0-harmonic form.

Similarly, one can define the adjoint 9*: AP9(M) — AP=14(M) and the holo-
morphic Laplacian 0 = 9 0 0* + 0* o 0, and get a representation theorem for the
cohomology groups of the d-operator.

Note. In general, there is no relationship between the real Laplace operator A =
dod* +d* od and the holomorphic Laplacian [J = 0 0 9* + 9% 0 9. This means that
a d-harmonic form need not be harmonic, and in fact, not even d-closed.

One can prove that if w € AP9(M) is 0-harmonic, then *w € A"~P"~9(M) is
again d-harmonic; this is due to the fact that 0* = —x9x. This observation implies
the following duality theorem.

Corollary 14.4. The two vector spaces HP1(M) and H" P"~4(M) have the same
dimension.

Kahler metrics. Let M be a compact complex manifold with a Hermitian metric
h; then ¢ = Reh also defines a Riemannian metric on the underlying smooth
manifold. Consequently, we can represent any class in H*(M,R) by a harmonic
form (in the kernel of A), and any class in HP*9(M) by a d-harmonic form (in the
kernel of 0J). As already mentioned, there is in general no relation between those
two kinds of harmonic forms. For instance, a 0-harmonic form need not be d-closed,;
and conversely, if we decompose a harmoni_c form « by type as a = Zp tq=k O,
then none of the a”? need be harmonic or 9-harmonic. In a nutshell, this is due to
a lack of compatibility between the metric and the complex structure.

There is, however, a large class of complex manifolds on which the two theories
interact very nicely: the so-called Kdhler manifolds. Recall that the projective space
P™ has a very natural Hermitian metric, namely the Fubini-Study metric hpg. Its
associated (1, 1)-form wgg, after pulling back via the map ¢: C**1\ {0} — P", is
given by the formula

) _
¢ wps = %8810g(|zo|2 + a2+ 4+ |zn|2)

The formula shows that dwrs = 0, which means that wgg is a closed form. This
simple condition turns out to be the key to the compatibility between the metric
and the complex structure.

Definition 14.5. A Hermitian metric h on a complex manifold M is said to be
Kahler if its associated (1,1)-form w satisfies dw = 0. A Kdhler manifold is a
complex manifold M that admits at least one Kéahler metric.

Any complex submanifold N of a Kéhler manifold (M,h) is again a Kéhler
manifold; indeed, if we give IV the induced metric, then wy = i*w, wherei: N — M
is the inclusion map, and so dwy = d(i*w) = i*dw = 0. In particular, since P"
is Kahler, any projective manifold is automatically a Kéhler manifold. To a large
extent, this accounts for the usefulness of complex manifold theory in algebraic
geometry.
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Let’s look at the Kahler condition in local holomorphic coordinates z1, ..., 2z, on
M. With hj i, = h(0/0z;,0/0z), the associated (1, 1)-form is given by the formula

. n
i
=3 > hjkdz; A dz.
jk=1
Note that the matrix with entries h; j is Hermitian-symmetric, and therefore, hy ; =
hj k. Now we compute that

i Oh; i

dw =3 ] a,i dzp Ndzj A dZg + = Z

gkl j,k l

and so dw = 0 iff Oh; /02 = Ohy 1 /0z; and Oh;,/0Z = Oh;,;/0Z;. The second

condition is actually equivalent to the first (by conjugating), and this proves that
the metric h is Kéhler iff

ahj 5

de ANdze N\ dZ,

Oh; 1 Ohy 1.
14. FELI s
( 6) 821 8zj

for every j, k,l € {1,...,n}.
Note that the usual Euclidean metric on C™ has associated (1, 1)-form

% > dzj A dz,
=1

and is therefore Kéhler. The following lemma shows that, conversely, any Ké&hler
metric agrees with the Euclidean metric to second order, in suitable local coordi-
nates.

Lemma 14.7. A Hermitian metric h is Kdhler iff, at every point p € M, there is
a holomorphic coordinate system z1,...,z, centered at p such that

. n
4 - 2
w=3 Zdzj NdZ; + O(]2]%).
j=1
Proof. One direction is very easy: If we can find such a coordinate system centered
at a point p, then dw clearly vanishes at p; this being true for every p € M, it
follows that dw = 0, and so h is Kéahler.

Conversely, assume that dw = 0, and fix a point p € M. Let z1,...,2, be
arbitrary holomorphic coordinates centered at p, and set hj;, = h(0/0z;,0/0z);
since we can always make a linear change of coordinates, we may clearly assume
that h; ,(0) = id; x is the identity matrix. Using that h;, = hy j, we then have

hjg = idjk +Ejr + Egj + O(%),
where each Ejj is a linear form in zy,...,2,. Since h is Kéhler, (14.6) shows
that OF; /02 = OF) 1 /0z;; this condition means that there exist (homogeneous)
quadratic polynomials gx(z) such that E; , = 0qx/0z; and g5 (0) = 0. Now let
wy, =z + qr(2);
since the Jacobian O(wy, ..., w,)/0(z1,..., z,) is the identity matrix at z = 0, the

functions wy, . . ., w, give holomorphic coordinates in a small enough neighborhood
of the point p. By construction,

= d27 Z ai 2 = de + ZEdezk'
k= k=1
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and so we have, up to second-order terms,

%Zdwj A\ dﬁ)j = %Zdzj A\ dfj + % Z de VAN Ek’jdgk + % Z Ek’jdzk A\ dij

j=1 j=1 jk=1 jk=1

= Zdzj/\dzj—&- Z Ejx + Ey;)dz; A dzy,
jk‘l

E% Z hjxdz; A dz.

k=1
which shows that w = £ > dwj Ndwy, +O(Jw|?) in the new coordinate system. [

This lemma is extremely useful for proving results about arbitrary Kahler metrics
by only looking at the Euclidean metric on C™.

Kahler metrics and differential geometry. To show how the condition dw = 0
implies that the metric is compatible with the complex structure, we shall now look
at equivalent formulations of the Kéahler condition.

We begin by reviewing some Riemannian differential geometry. Let M be a
smooth manifold, with real tangent bundle Tk M, and let T'(M) denote the set of
smooth vector fields on M. Recall that vector fields can be viewed as operators
on smooth functions: if £ € T(M), then £ - f is a smooth function for any smooth
function f. In local coordinates zi,...,x,, we can write & = Y a;0/0z;, with
smooth functions a1, ..., a,, and then

§-f= aim—
"o

Given any two vector fields £ and 7, their commutator [£,n] € T'(M) acts on smooth
functions by the rule [¢,n]-f = &-(nf)—n-(£f). Inlocal coordinates, { =) a;0/0x;
and n = > b;0/0z;, and then

& b Ba;\ B
[fﬂ?] - Z <az 8% b 39%) 3%

ij=1

as a short computation will show.
Since Tgr M is a vector bundle, there is no intrinsic way to differentiate its sections;
this requires the additional data of a connection. Such a connection is a mapping

V:T(M) xT(M) = T(M), (&§mn)— Ven,
linear in the first argument, and satisfying the Leibniz rule
Ve(f-n) =(&f)-n+f-Ven.

In other words, a connection gives a way to differentiate vector fields, and V¢n
should be viewed as the derivative of 7 in the direction of €.

Proposition 14.8. On a Riemannian manifold (M, g), there is a unique connec-
tion that is both compatible with the metric, in the sense that

and torsion-free, in the sense that

Ven — Vo€ =1[6,m].
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This connection is known as the Levi-Civita connection associated to the metric.

Proof. Let x1,...,x, belocal coordinates on M, and set 9; = 9/9x;; the Riemann-
ian metric is represented by the matrix ¢; ; = ¢(0;, 9;). To describe the connection,
it is sufficient to know the coefficients F’.c . in the expression

Va,0; _Zrk Ok

The conditions above now mean the followmg: the connection is torsion-free iff
Ff) = I‘fl, and compatible with the metric iff
99,k

D 9(Va,05,0k) + 9(9;,Vo,0k) Z gz,kfé,j + ngFﬁ,k) .

=1

From these two identities, we compute that

n

391‘;‘ 09i k 59] k
2 — ’ =2
oxy, oz axl ;gj ik

and so the coefficients are given by the formula

1o 9gi1 0gi; | Ogi;
ko1 k,l il 04 J
"I 229 Oz ox; + ox; )’

=1

where ¢g*7 are the entries of the inverse matrix. O

We come back to the case of a Hermitian manifold (M, h). At each point p € M,
we have an isomorphism between the real tangent space Tk ,M and the real vector
space underlying the holomorphic tangent space T, M. As usual, we denote by
Jp € End (TRJ,M ) the operation of multiplying by i. We can say that the complex
structure on M is encoded in the map J € End (TRM). On the other hand, g = Reh
defines a Riemannian metric on the underlying smooth manifold, with Levi-Civita
connection V.

Theorem 14.9. Let (M, h) be a Hermitian manifold. The following two conditions
are equivalent:
(1) The metric h is Kahler.
(2) The complex structure J € End (TRM) is flat for the Levi- Civita connection,
e., Ve(Jn) = JVen for any two smooth vector fields §,m on M.



