Math 534
Problem Set 4

due Wednesday, October 1, 2025

. A characteristic subgroup of a group is a subgroup H C G such that
a(H) = H for every automorphism « € Aut(G). Show that the center
Z and the commutator subgroup G’ are characteristic subgroups of G.

. Let ¢: G — Aut(G) be the map that associates to any g € G the

corresponding inner automorphism: ¢(g) = «, where ay(z) = gzg™'.

(a) Show that ¢ is a homomorphism.
(b) Show that the kernel of ¢ is the center Z C G.
(¢) Let Inn(G) be the image of ¢. Show that Inn(G) is a normal
subgroup of Aut(G).
. Let n > 2. Show that A,, is the only subgroup of S,, of index 2.
. Let n > 3, and let N C A,, be the subgroup generated by all 3-cycles.

(a) Show that N is a normal subgroup of A,.
(b) Show that N = A,,.

. Let n > 4. Show that there exists an injective group homomorphism
Sy — Aut(A,,). What happens for n = 3?7

. Suppose that GG is a simple group of order 60.

(a) Show that G has exactly six Sylow 5-subgroups.

(b) Show that the action of G on its Sylow 5-subgroups (by conjuga-
tion) gives an injective homomorphism ¢: G — Sg, and that the
image of ¢ is a subgroup of Ag of index 6.

(¢) Show that G = As.
. In this problem, we construct an exotic automorphism of Sg.

(a) Show that S5 has exactly 6 Sylow 5-subgroups.

(b) Show that the action of S5 on its Sylow 5-subgroups gives an in-
jective homomorphism ¢: S5 — Sg, whose image H is a subgroup
of Sg of index 6.
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(c) Let Hy C Sg be the stabilizer of k € {1,2,...,6}. Show that H
is not one of the subgroups Hy, ..., Hs.

(d) Show that the action of Sg on the cosets of H gives an automor-
phism «: Sg — Si.

(e) Show that « is not an inner automorphism.
Let G be a solvable finite group. Show that there is a chain
G=Ng2N 2N22---2 N, = {1},
such that N;y; < N;, and N;/N;y1 is cyclic, for every 0 < i <r — 1.
Let G be a solvable group.

(a) Show that every subgroup of G is solvable.
(b) Let ¢: G — H be a homomorphism. Show that ¢(G) is solvable.

Let N be a normal subgroup of a group GG. Show that G is solvable if
and only if both N and G/N are solvable.



