Math 534
Problem Set 10

due Monday, November 24, 2025

. Describe all finitely generated subgroups of (Q,+). What are the
possible values for the rank of such a subgroup?

. Let R be a principal ideal domain. Show that every submodule of R¢
is isomorphic to R® for some number e < d.

. Let R be an integral domain with fraction field F'.

(a) Show that an isomorphism of R-modules R? = R¢ induces an
isomorphism of F-vector spaces F'¢ = [¢.

(b) Conclude that R? = R¢ implies d = e.

. Let R be a principal ideal domain, and M a nontrivial finitely gen-
erated torsion-free R-module. For any element m € M, denote by
(m) = {rm ‘ r € R} the submodule generated by m.

(a) Show that if mq, me € M are such that (m1) N (ma) # {0}, then
(m1) + (ma) = (m) for some m € M.
(b) Show that M/(m) is torsion-free if and only if (m) is maximal

among submodules of this type.

(c) Show that there exists a nonzero element m € M such that the
R-module M/(m) is torsion-free.

. Let T: V — V be a linear transformation of a finite-dimensional vector
space (over F'). After choosing a basis vy, ...,v, € V, we can represent
T by an nxXn-matrix A. Show that if A’ is the nxn-matrix representing
T with respect to another basis v},...,v], € V, then A’ is conjugate
to A, in the sense that there exists B € GL,(F) with A’ = B~1AB.

. Let V' be an F-vector space. Denote by V* = Hom(V, F') the dual
vector space, whose elements are the linear functionals ¢: V — F.

(a) Show that there is a natural linear transformation V' — V**.

(b) If V is finite-dimensional, show that V' = V**.

. Let V be an F-vector space. The notation (¢, v) = ¢(v) is sometimes
used to mean the value of a linear functional ¢ € V* on a vector v € V.



(a) Show that a linear transformation 7: V' — V induces a linear
transformation T%: V* — V*, called the adjoint of T, such that
(T*p,v) = (p,Tv) for all v € V and all ¢ € V*.

(b) Choose a basis v1,...,v, € V. Show that V* has a unique basis
Y1, ..., pn With the property that

() 1 ifi=j,
i(vj) =
P 0 ifi#j.

(c) Let A be the matrix representing T with respect to vy,...,v,.
Show that the matrix representing 7™ with respect to ¢1,..., v,
is the transpose of the matrix A.

(d) Show that T** = T under the isomorphism in Problem 6.

8. Let ¢(z) € Rz] be an irreducible quadratic polynomial and e > 1.
Find a basis for the R-vector space R[x]/(¢(x)¢) such that the linear
transformation corresponding to x is given by the following matrix:

a b
b a 1/b
a b
b a 1/b

a b
b a 1/b

Hint: Do the case e = 1 first. How do you get a, b from the polynomial?

9. Let V be a finite-dimensional F-vector space. Suppose that the mini-
mal polyonomial of a linear transformation 7': V' — V can be factored
as (x — A\ -+ (x — \p)® for distinct elements A\q,..., A\, € F. We
proved in class that, as F'[x]-modules,

VooV,

where V; C V is the submodule annihilated by (z — A;)®. Show that
the resulting coordinate projections m;: V' — V; can be written in the
form 7;(v) = f;(T)v for certain polynomials f;(z) € Flz].



