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Sorbonne Université, 4 novembre, 2025

1



Joint work with

2



Joint work with

Tristan Ozuch

3



Joint work with

Tristan Ozuch
Massachusetts Institute of Technology

4



Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

5



Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

6



Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

7



Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

“. . . the greatest blunder of my life!”

— A. Einstein, to G. Gamow

8



Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

9



Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

As punishment . . .

10



Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

Mathematicians call λ the Einstein constant.

11



Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

Mathematicians call λ the Einstein constant.

Has same sign as the scalar curvature

s = r
j
j = Rijij.
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∼ R4/Γ` at infinity.
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• But zooming in further then reveals a “deeper
bubble” gravitational instanton;

• Terminates after finitely many steps:

• “Deepest bubbles” are smooth manifolds.
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We’ve now seen that certain compact Einstein
orbifolds with λ > 0 are Gromov-Hausdorff limits
of smooth compact Einstein 4-manifolds.

Question. What about Kähler-Einstein orbifolds?

Odaka-Spotti-Sun ’16: Classified the λ > 0 K-E
orbifolds that are limits of smooth Kähler-Einstein
manifolds.

Most K-E orbifolds simply aren’t such limits!

But could these K-E orbifolds sometimes be limits
of sequences of general Einstein manifolds?

Goal: Show that this doesn’t change anything!
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Technical Hitch! Whatever you may have been told,
ALE Ricci-flat 4-manifolds have not been classified!

All known examples all have W+ = 0. . .
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Special character of dimension 4:

On oriented (M4, g),

Λ2 = Λ+ ⊕ Λ−

where Λ± are (±1)-eigenspaces of

? : Λ2→ Λ2,

?2 = 1.

Λ+ self-dual 2-forms.
Λ− anti-self-dual 2-forms.

Only depends on the conformal class

[g] := {u2g | u : M → R+}.
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Special character of dimension 4:

On oriented (M4, g),

Λ2 = Λ+ ⊕ Λ−

where Λ± are (±1)-eigenspaces of

? : Λ2→ Λ2,

?2 = 1.

Λ+ self-dual 2-forms.
Λ− anti-self-dual 2-forms.

Reversing orientation interchanges Λ+!Λ−.
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Riemann curvature of g

R : Λ2→ Λ2
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Riemann curvature of g

R : Λ2→ Λ2

splits into 4 irreducible pieces:

R =


W+ + s

12 r̊

r̊ W− + s
12

 .
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splits into 4 irreducible pieces:

Λ+∗ Λ−∗

Λ+ W+ + s
12 r̊

Λ− r̊ W− + s
12
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Riemann curvature of g

R : Λ2→ Λ2

splits into 4 irreducible pieces:

Λ+∗ Λ−∗

Λ+ W+ + s
12 r̊

Λ− r̊ W− + s
12

where

s = scalar curvature

r̊ = trace-free Ricci curvature

W+ = self-dual Weyl curvature (conformally invariant)

W− = anti-self-dual Weyl curvature
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Riemann curvature of g

R : Λ2→ Λ2

splits into 4 irreducible pieces:

Λ+∗ Λ−∗

Λ+ W+ + s
12 r̊

Λ− r̊ W− + s
12

where

s = scalar curvature

r̊ = trace-free Ricci curvature

W+ = self-dual Weyl curvature (conformally invariant)

W− = anti-self-dual Weyl curvature ′′
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ALE Ricci-flat 4-manifolds have not been classified!

All known examples all have W+ = 0. . .
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Technical Hitch! Whatever you may have been told,
ALE Ricci-flat 4-manifolds have not been classified!

All known examples all have W+ = 0. . .

at least when correctly oriented!

Longstanding folk-conjecture: There are no others!

We avoid this question by means of a definition!
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Definition. Suppose that (M, gj)→ (X, g∞) in
the Gromov-Hausdorff sense, where the gj are
Einstein metrics of fixed λ > 0 on a connected
compact oriented M4, and where X4 is a com-
pact orbifold with only isolated singularities. Then
we will say that (X, g∞) is an orbifold limit of
expected type if every oriented gravitational in-
stanton that bubbles off in the limiting process
satisfies W+ = 0.
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Einstein metrics of fixed λ > 0 on a connected
compact oriented M4, and where X4 is a com-
pact orbifold with only isolated singularities. We
will then say that (M, gj) is an admissible se-
quence, and that (X, g∞) is an admissible orbifold
limit, if every Ricci-flat ALE spaces (Yi, hi) that
bubbles off from the M, gj) satisfies W+≡ 0 with
respect to the induced orientation.
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Proposition. Any admissible orbifold limit (X, g∞)
only has singularities of type T.
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Definition. An isolated orbifold singularity of
an oriented orbifold X4 will be said to be of
type T if it has an open neighborhood modeled
on R4/Gamma for a finite subgroup Γ ⊂ SO(4)
for which R4/Gamma is also the tangent cone at
infinity of an anti-self-dual Ricci-flat ALE man-
ifold (Y 4, h).
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Proposition. Any admissible orbifold limit (X, g∞)
only has singularities of type T.

Definition. An isolated orbifold singularity of
an oriented orbifold X4 will be said to be of
type T if it has an open neighborhood modeled
on R4/Γ for a finite subgroup Γ < SO(4) for
which R4/Γ is also the tangent cone at infin-
ity of an anti-self-dual Ricci-flat ALE manifold
(Y 4, h).

Subtle point: Gravitational instantons that bub-
ble off could be orbifolds rather than manifolds! But
this has no effect on their tangent cones at infinity.
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Proposition. Any admissible orbifold limit (X, g∞)
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Definition. An isolated orbifold singularity of
an oriented orbifold X4 will be said to be of
type T if it has an open neighborhood modeled
on R4/Γ for a finite subgroup Γ < SO(4) for
which R4/Γ is also the tangent cone at infin-
ity of an anti-self-dual Ricci-flat ALE manifold
(Y 4, h).

We can now recast this definition in a much more
concrete and effective form by citing classification
results of Ioana Şuvaina and Evan Wright.
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Proposition. An oriented singularity R4/Γ is of
type T iff Γ < SO(4) is conjugate to a subgroup
of U(2) of one of the two following types:
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sified by the simply-laced Dynkin diagrams:

Dynkin Diagram Γ < SU(2) Classical Figure

Ak z . . . z z z Cyclic

Dk z . . . z z z
z

Binary Dihederal

E6 z
z

z z z z Binary Tetrahedral

E7 z z
z

z z z z Binary Octahedral

E8 z z z
z

z z z z Binary Icosahedral
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type T iff Γ < SO(4) is conjugate to a subgroup
of U(2) of one of the two following types:

• Finite subgroups Γ < SU(2). These are clas-
sified by the simply-laced Dynkin diagrams:

Dynkin Diagram Γ < SU(2) Classical Figure

Ak z . . . z z z Zk+1

Dk z . . . z z z
z

Dih∗k−2

E6 z
z

z z z z Binary Tetrahedral

E7 z z
z

z z z z Binary Octahedral

E8 z z z
z

z z z z Binary Icosahedral
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type T iff Γ < SO(4) is conjugate to a subgroup
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• Finite subgroups Γ < SU(2). These are clas-
sified by the simply-laced Dynkin diagrams:

Dynkin Diagram Γ < SU(2) Classical Figure

Ak z . . . z z z Cyclic

Dk z . . . z z z
z

Binary Dihederal

E6 z
z

z z z z Binary Tetrahedral

E7 z z
z
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Proposition. An oriented singularity R4/Γ is of
type T iff Γ < SO(4) is conjugate to a subgroup
of U(2) of one of the two following types:

• Finite subgroups Γ < SU(2). These are clas-
sified by the simply-laced Dynkin diagrams:

Dynkin Diagram Γ < SU(2) Classical Figure

Ak z . . . z z z Cyclic

Dk z . . . z z z
z

Binary Dihederal

E6 z
z

z z z z Binary Tetrahedral

E7 z z
z

z z z z Binary Octahedral

E8 z z z
z

z z z z Binary Icosahedral

The corresponding gravitational instantons are
exactly the hyper-Kähler ALE manifolds.
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for ζ = e2πi/`m2

, with n < m, gcd(m,n) = 1.
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Proposition. An oriented singularity R4/Γ is of
type T iff Γ < SO(4) is conjugate to a subgroup
of U(2) of one of the two following types:

• Finite subgroups Γ < SU(2). These are clas-
sified by the simply-laced Dynkin diagrams.

• Cyclic groups Z`m2 < U(2), m ≥ 2, gen’d by[
ζ

ζ`mn−1

]
for ζ = e2πi/`m2

, with n < m, gcd(m,n) = 1.

Standard shorthand: 1
`m2(1, `mn− 1).
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ζ

ζ`mn−1

]
for ζ = e2πi/`m2

, with n < m, gcd(m,n) = 1.

This second possibility arises in connection with
gravitational instantons that are Ricci-flat Kähler,
but not simply-connected. These are all free Zm-
quotients of A`m−1 hyper-Kahler instantons.
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The corresponding singularities C2/Γ are exactly
the ones that algebraic geometers term singularities
of class T. For them, the defining property is that
they have Q-Gorenstein local smoothings. . .
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ated by  1

e2πi/p

e−2πi/p

 .
If p ≥ 5 is a prime, this is K-E orbifold with only
isolated singularities which cannot be a limit of ad-
missible type. In fact, even forbidden if we allow
reverse-oriented instantons!
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Proposition. Either there are infinitely many
topological types of compact K-E 4-dimensional
orbifolds with only isolated singularities that can-
not arise as Gromov-Hausdorff limits of smooth
Einstein manifolds, or else there are infinitely
many Ricci-flat ALE 4-manifolds that remain to
be discovered.
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many Ricci-flat ALE 4-manifolds that remain to
be discovered.
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Example. CP2/Zp, where the Zp action is gener-
ated by  1

e2πi/p

e−2πi/p

 .
If p ≥ 5 is a prime, this is K-E orbifold with only
isolated singularities which cannot be a limit of ad-
missible type. In fact, even forbidden if we allow
reverse-oriented instantons!
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Example. CP2/Zp, where the Zp action is gener-
ated by  1

e2πi/p

e−2πi/p

 .
If p ≥ 5 is a prime, this is K-E orbifold with only
isolated singularities which cannot be a limit of ad-
missible type. In fact, even forbidden if we allow
reverse-oriented instantons!

By contrast, if p = 3, then it is actually a limit of
K-E metrics on CP2#6CP2, where three A2 instan-
tons bubble off in the limit.
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Example. CP2/Zp, where the Zp action is gener-
ated by  1

e2πi/p

e−2πi/p

 .
If p ≥ 5 is a prime, this is K-E orbifold with only
isolated singularities which cannot be a limit of ad-
missible type. In fact, even forbidden if we allow
reverse-oriented instantons!

By contrast, if p = 3, then it is actually a limit of
K-E metrics on CP2#6CP2, where three A2 instan-
tons bubble off in the limit.
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Example. CP2/Zp, where the Zp action is gener-
ated by  1

e2πi/p

e−2πi/p

 .
If p ≥ 5 is a prime, this is K-E orbifold with only
isolated singularities which cannot be a limit of ad-
missible type. In fact, even forbidden if we allow
reverse-oriented instantons!

By contrast, if p = 3, then it is actually a limit of
K-E metrics on CP2#6CP2, where three A2 instan-
tons bubble off in the limit.

These examples form part of a systematic picture. . .
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Del Pezzo surfaces:
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.
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Blowing up:
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up

M ≈ N#CP2

in which added CP1
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up

M ≈ N#CP2

in which added CP1 has normal bundle O(−1).
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up

M ≈ N#CP2

in which added CP1 has normal bundle O(−1).
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up

M ≈ N#CP2

in which added CP1 has normal bundle O(−1).
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up

M ≈ N#CP2

in which added CP1 has normal bundle O(−1).
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Conventions:

CP2 = reverse oriented CP2.

162



Conventions:

CP2 = reverse oriented CP2.

Connected sum #:

...........................
..........................................................................................................................................................................................................................................................................................................................................................
......................

...............
..........
........
.......
........
...........

................
... ...........................

..........................................................................................................................................................................................................................................................................................................................................................
......................

...............
..........

........
.......
........
...........
................

...

.............................................................................
.... .....................................................

.............................................................................
.........................................................

163



Conventions:

CP2 = reverse oriented CP2.

Connected sum #:
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Conventions:

CP2 = reverse oriented CP2.

Connected sum #:
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Conventions:

CP2 = reverse oriented CP2.

Connected sum #:
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Conventions:

CP2 = reverse oriented CP2.

Connected sum #:
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Conventions:

CP2 = reverse oriented CP2.

Connected sum #:
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Conventions:

CP2 = reverse oriented CP2.

Connected sum #:
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up

M ≈ N#CP2

in which added CP1 has normal bundle O(−1).
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

M
diff
≈


CP2#kCP2, 0 ≤ k ≤ 8,

or

S2 × S2
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.
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No 3 on a line, no 5 on conic, no 8 on nodal cubic.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.
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No 3 on a line, no 6 on conic, no 8 on nodal cubic.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.
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No 3 on a line, no 6 on conic, no 8 on nodal cubic.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.
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Of course, one only gets non-trivial limits for

CP2#kCP2, 5 ≤ k ≤ 8,

because the others are rigid.
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Classified Gromov-Hausdorff limits of Del Pezzos.

Of course, one only gets non-trivial limits for

CP2#kCP2, 5 ≤ k ≤ 8.

•CP2#5CP2: only A1 singularities arise.

•CP2#6CP2: only A1 or A2 singularities arise.

•CP2#7CP2: only A1, . . . , A4 or 1
4(1, 1) arise.

•CP2#8CP2: only (!) A1, . . . , A10, D4, 1
4(1, 1),

1
8(1, 3), or 1

9(1, 2) singularities arise.
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We thus understand limits of λ > 0 K-E metrics.

But what about limits of general Einstein metrics?
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Theorem A. Let (X, g∞) be a compact Kähler-
Einstein orbifold of Einstein constant λ > 0, and
suppose that (M4, gj) is an admissible sequence
of compact oriented Einstein manifolds that con-
verges to (X, g∞) in the Gromov-Hausdorff sense.
Then, for all j � 0, the (M4, gj) are actually all
Kähler-Einstein. In particular, (X, g∞) must
therefore be one of the Kähler-Einstein orbifolds
classified by Odaka-Spotti-Sun.
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Theorem B. Let (X, g∞) be a compact Einstein
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Kähler-Einstein, and Theorem A therefore ap-
plies.
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Theorem B. Let (X, g∞) be a compact Einstein
orbifold which is Hermitian with respect to an
integrable complex structure J on X. Assume
that X has at least one singular point, and sup-
pose that (X, g∞) is the Gromov-Hausdorff limit
of an admissible sequence Then (X, g∞) is actu-
ally Kähler-Einstein, and Theorem A therefore
applies.
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orbifold which is Hermitian with respect to an
integrable complex structure J on X. Assume
that X has at least one singular point, and sup-
pose that (X, g∞) is the Gromov-Hausdorff limit
of an admissible sequence

(M, gj)→ (X, g∞)

on a connected compact smooth oriented 4-manifold
M . Then (X, g∞) is actually Kähler-Einstein,
and Theorem A therefore applies.
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the orbifold Einstein metric g∞ is conformally Kähler.
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This assertion is peculiar to dimension 4.
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of Einstein metrics of fixed λ > 0 on a con-
nected compact smooth oriented 4-manifold M .
Then (X, g∞) is actually Kähler-Einstein, and
Theorem A therefore applies.

This assertion is peculiar to dimension 4.
It is false in all higher dimensions!
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A key tool used in the proofs of the main theorems
is based on a criterion discovered by Peng Wu ’21.
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A key tool used in the proofs of the main theorems
is based on a criterion discovered by Peng Wu ’21.

A more transparent proof was then given in L ’21.
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Theorem (Wu ’21, L ’21). Let (M,h) be a simply-
connected compact oriented Einstein 4-manifold,
and suppose that its self-dual Weyl curvature

W+ : Λ+→ Λ+

satisfies
det(W+) > 0

at every point of M . Then h is conformal to an
orientation-compatible extremal Kähler metric g
on M .
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Applying Peng Wu’s criterion to prove Theorems A
and B is technically very delicate.
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Applying Peng Wu’s criterion to prove Theorems A
and B is technically very delicate.

Condition det(W+) > 0 is required everywhere!

Easy away from “gravitational instanton” regions.

Harder in the regions of singularity formation!

But results of Biquard and Ozuch provide the key!

Curvature tensor behaves roughly like Kähler paradigm
in regions of singularity formation.

Technically hardest when curvature accumulates on
many different length-scales, giving rise to a com-
plicated bubble tree.
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Basic strategy:

Weaken Einstein condition to Einstein-modulo ob-
structions.

Construct universal family of such metrics that desin-
gularize given Einstein orbifold.

Show that Wu’s criterion holds for these metrics.

Then show that the given Einstein metrics gj below
to this universal family for all j � 0.

And hence that they are actually conformally Kähler!
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