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Poincaré Model of Hyperbolic 3-Space
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Poincaré Model of Hyperbolic 3-Space

h =
4(dx2 + dy2 + dz2)

(1− %2)2
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Poincaré Model of Hyperbolic 3-Space

H3
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Mini-Twistor Space of Hyperbolic 3-Space
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Mini-Twistor Space of Hyperbolic 3-Space

Space of oriented geodesics in H3.
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Mini-Twistor Space of Hyperbolic 3-Space

H3
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Mini-Twistor Space of Hyperbolic 3-Space

Space of oriented geodesics in H3.
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Mini-Twistor Space of Hyperbolic 3-Space

Space of oriented geodesics in H3.

Parameterized by ∂H3 × ∂H3−(Diagonal).
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Mini-Twistor Space of Hyperbolic 3-Space

H3
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Mini-Twistor Space of Hyperbolic 3-Space

Space of oriented geodesics in H3.

Parameterized by ∂H3 × ∂H3−(Diagonal).

In-pointing orientation for sphere of initial points.
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Mini-Twistor Space of Hyperbolic 3-Space

Space of oriented geodesics in H3.

Parameterized by ∂H3 × ∂H3−(Diagonal).

In-pointing orientation for sphere of initial points.
Out-pointing orientation for sphere of final points.

12



Mini-Twistor Space of Hyperbolic 3-Space

Space of oriented geodesics in H3.

Parameterized by ∂H3 × ∂H3−(Diagonal).

Complex structure: 90◦ rotation of Jacobi fields
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Mini-Twistor Space of Hyperbolic 3-Space

Space of oriented geodesics in H3.

Parameterized by ∂H3 × ∂H3−(Diagonal).

Complex structure: 90◦ rotation of Jacobi fields
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Mini-Twistor Space of Hyperbolic 3-Space

Space of oriented geodesics in H3.

Parameterized by ∂H3 × ∂H3−(Diagonal).
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Mini-Twistor Space of Hyperbolic 3-Space

Space of oriented geodesics in H3.

Parameterized by CP1 × CP1−(anti-diagonal).
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Mini-Twistor Space of Hyperbolic 3-Space

Space of oriented geodesics in H3.

Parameterized by CP1 × CP1−(anti-diagonal).

Anti-diagonal means graph of [ζ0 : ζ1] 7→ [ζ̄0 : ζ̄1].
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Mini-Twistor Space of Hyperbolic 3-Space

Space of oriented geodesics in H3.

Parameterized by CP1 × CP1−(anti-diagonal).

Anti-diagonal means graph of [ζ0 : ζ1] 7→ [ζ̄0 : ζ̄1].

Fixed-point set of anti-holomorphic involution

CP1 × CP1
‡−→ CP1 × CP1
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Mini-Twistor Space of Hyperbolic 3-Space

Space of oriented geodesics in H3.

Parameterized by CP1 × CP1−(anti-diagonal).

Anti-diagonal means graph of [ζ0 : ζ1] 7→ [ζ̄0 : ζ̄1].

Fixed-point set of anti-holomorphic involution

CP1 × CP1
‡−→ CP1 × CP1

([ζ0 : ζ1], [η0 : η1]) 7−→ ([η̄0 : η̄1], [ζ̄0 : ζ̄1])
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Mini-Twistor Space of Hyperbolic 3-Space

Space of oriented geodesics in H3.

Parameterized by CP1 × CP1 − S.

Anti-diagonal means graph of [ζ0 : ζ1] 7→ [ζ̄0 : ζ̄1].

Fixed-point set of anti-holomorphic involution

CP1 × CP1
‡−→ CP1 × CP1

([ζ0 : ζ1], [η0 : η1]) 7−→ ([η̄0 : η̄1], [ζ̄0 : ζ̄1])
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Mini-Twistor Correspondence
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Mini-Twistor Correspondence

Points ofH3←→ holomorphic curves C ∼= CP1 s.t.
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Mini-Twistor Correspondence

Points ofH3←→ holomorphic curves C ∼= CP1 s.t.

• C O↪→ CP1 × CP1−(anti-diagonal)
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Mini-Twistor Correspondence

Points ofH3←→ holomorphic curves C ∼= CP1 s.t.

• C O↪→ CP1 × CP1−(anti-diagonal)
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Mini-Twistor Correspondence

Points ofH3←→ holomorphic curves C ∼= CP1 s.t.

• C O↪→ CP1 × CP1−(anti-diagonal)

• [C] = [Diagonal] ∈ H2(CP1 × CP1)
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Mini-Twistor Correspondence

Points ofH3←→ holomorphic curves C ∼= CP1 s.t.

• C O↪→ CP1 × CP1−(anti-diagonal)

• [C] = [Diagonal] ∈ H2(CP1 × CP1)
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Mini-Twistor Correspondence

Points ofH3←→ holomorphic curves C ∼= CP1 s.t.

• C O↪→ CP1 × CP1−(anti-diagonal)

• [C] = [Diagonal] ∈ H2(CP1 × CP1)

• ‡(C) = C
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Mini-Twistor Correspondence

Points ofH3←→ holomorphic curves C ∼= CP1 s.t.

• C O↪→ CP1 × CP1−(anti-diagonal)

• [C] = [Diagonal] ∈ H2(CP1 × CP1)

• ‡(C) = C
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Mini-Twistor Correspondence

Points ofH3←→ holomorphic curves C ∼= CP1 s.t.

• C O↪→ (CP1 × CP1)− S

• [C] = [Diagonal] ∈ H2((CP1 × CP1)− S)

• ‡(C) = C
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Mini-Twistor Correspondence

Points ofH3←→ holomorphic curves C ∼= CP1 s.t.

• C O↪→ CP1 × CP1−(anti-diagonal)

• [C] = [Diagonal] ∈ H2(CP1 × CP1)

• ‡(C) = C
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Mini-Twistor Correspondence

Points ofH3←→ holomorphic curves C ∼= CP1 s.t.

• C O↪→ CP1 × CP1−(anti-diagonal)

• [C] = [Diagonal] ∈ H2(CP1 × CP1)

• ‡(C) = C

x ∈ H3 ←→ {oriented geodesics through x}
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x ∈ H3 ←→ {oriented geodesics through x}
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Points ofH3←→ holomorphic curves C ∼= CP1 s.t.

• C O↪→ CP1 × CP1−(anti-diagonal)

• [C] = [Diagonal] ∈ H2(CP1 × CP1)

• ‡(C) = C

x ∈ H3 ←→ {oriented geodesics through x}

These C are called mini-twistor lines.

Hitchin ’82, Jones-Tod ’85
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65



“Hyperbolic Ansatz”

Harmonic functions onH3 anti-self-dual 4-manifolds

Let U ⊂ H3 be convex open set,
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68



“Hyperbolic Ansatz”

Harmonic functions onH3 anti-self-dual 4-manifolds

Let U ⊂ H3 be convex open set,
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Let V > 0 satisfy ∆V = 0 on convex U ⊂ H3.

Penrose transform: V ! V̂ ∈ H1(Û ,O×).

 holomorphic line bundle L → Û trivial on C.

! solution of U(1)-Bogomolny equations

?dV = F = dθ
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“Hyperbolic Ansatz”

Harmonic functions onH3 anti-self-dual 4-manifolds

Let U ⊂ H3 be convex open set,

and Û ⊂ CP1 × CP1 set of geodesics it meets.

Let V > 0 satisfy ∆V = 0 on convex U ⊂ H3.

Penrose transform: V ! V̂ ∈ H1(Û ,O×).

 holomorphic line bundle L → Û trivial on C.

! solution of U(1)-Bogomolny equations

cf. Ward’s twisted photon construction
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Harmonic functions onH3 anti-self-dual 4-manifolds

Let U ⊂ H3 be convex open set,

and Û ⊂ CP1 × CP1 set of geodesics it meets.

Let V > 0 satisfy ∆V = 0 on convex U ⊂ H3.

Penrose transform: V ! V̂ ∈ H1(Û ,O×).

 holomorphic line bundle L → Û trivial on C.
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“Hyperbolic Ansatz”

Harmonic functions onH3 anti-self-dual 4-manifolds

Let U ⊂ H3 be convex open set,

and Û ⊂ CP1 × CP1 set of geodesics it meets.

Let V > 0 satisfy ∆V = 0 on convex U ⊂ H3.

Penrose transform: V ! V̂ ∈ H1(Û ,O×).

 holomorphic line bundle L → Û trivial on C.

Each C has C×-family of lifts C̃ ⊂ L×.
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“Hyperbolic Ansatz”

Harmonic functions onH3 anti-self-dual 4-manifolds

Let U ⊂ H3 be convex open set,

and Û ⊂ CP1 × CP1 set of geodesics it meets.

Let V > 0 satisfy ∆V = 0 on convex U ⊂ H3.

Penrose transform: V ! V̂ ∈ H1(Û ,O×).

 holomorphic line bundle L → Û trivial on C.

Normal bundle ν of C̃ ⊂ L×:
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“Hyperbolic Ansatz”

Harmonic functions onH3 anti-self-dual 4-manifolds

Let U ⊂ H3 be convex open set,

and Û ⊂ CP1 × CP1 set of geodesics it meets.

Let V > 0 satisfy ∆V = 0 on convex U ⊂ H3.

Penrose transform: V ! V̂ ∈ H1(Û ,O×).

 holomorphic line bundle L → Û trivial on C.

Normal bundle ν of C̃ ⊂ L×:

0→ O → ν → O(2)→ 0
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“Hyperbolic Ansatz”

Harmonic functions onH3 anti-self-dual 4-manifolds

Let U ⊂ H3 be convex open set,

and Û ⊂ CP1 × CP1 set of geodesics it meets.

Let V > 0 satisfy ∆V = 0 on convex U ⊂ H3.

Penrose transform: V ! V̂ ∈ H1(Û ,O×).

 holomorphic line bundle L → Û trivial on C.

Normal bundle ν of C̃ ⊂ L×:

0→ O → ν → TC → 0
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“Hyperbolic Ansatz”

Harmonic functions onH3 anti-self-dual 4-manifolds

Let U ⊂ H3 be convex open set,

and Û ⊂ CP1 × CP1 set of geodesics it meets.

Let V > 0 satisfy ∆V = 0 on convex U ⊂ H3.

Penrose transform: V ! V̂ ∈ H1(Û ,O×).

 holomorphic line bundle L → Û trivial on C.

V (x) = extension class ∈ H1(C,Ω1) ∈ C.

0→ O → ν → TC → 0
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“Hyperbolic Ansatz”

Harmonic functions onH3 anti-self-dual 4-manifolds

Let U ⊂ H3 be convex open set,

and Û ⊂ CP1 × CP1 set of geodesics it meets.

Let V > 0 satisfy ∆V = 0 on convex U ⊂ H3.

Penrose transform: V ! V̂ ∈ H1(Û ,O×).

 holomorphic line bundle L → Û trivial on C.

V (x) = extension class ∈ H1(C,Ω1) ∈ C.

0→ O → ν → TC → 0
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“Hyperbolic Ansatz”

Harmonic functions onH3 anti-self-dual 4-manifolds

Let U ⊂ H3 be convex open set,

and Û ⊂ CP1 × CP1 set of geodesics it meets.

Let V > 0 satisfy ∆V = 0 on convex U ⊂ H3.

Penrose transform: V ! V̂ ∈ H1(Û ,O×).

 holomorphic line bundle L → Û trivial on C.

V 6= 0 =⇒ normal bundle is non-trivial extension

0→ O → ν → O(2)→ 0
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“Hyperbolic Ansatz”

Harmonic functions onH3 anti-self-dual 4-manifolds

Let U ⊂ H3 be convex open set,

and Û ⊂ CP1 × CP1 set of geodesics it meets.

Let V > 0 satisfy ∆V = 0 on convex U ⊂ H3.

Penrose transform: V ! V̂ ∈ H1(Û ,O×).

 holomorphic line bundle L → Û trivial on C.

V 6= 0 =⇒ each lifted curve C̃ has normal bundle

ν ∼= O(1)⊕O(1)
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“Hyperbolic Ansatz”

Harmonic functions onH3 anti-self-dual 4-manifolds

Let U ⊂ H3 be convex open set,

and Û ⊂ CP1 × CP1 set of geodesics it meets.

Let V > 0 satisfy ∆V = 0 on convex U ⊂ H3.

Penrose transform: V ! V̂ ∈ H1(Û ,O×).

 holomorphic line bundle L → Û trivial on C.

V 6= 0 =⇒ each lifted curve C̃ is twistor line

ν ∼= O(1)⊕O(1)
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“Hyperbolic Ansatz”

Harmonic functions onH3 anti-self-dual 4-manifolds

Let U ⊂ H3 be convex open set,

and Û ⊂ CP1 × CP1 set of geodesics it meets.

Let V > 0 satisfy ∆V = 0 on convex U ⊂ H3.

Penrose transform: V ! V̂ ∈ H1(Û ,O×).

 holomorphic line bundle L → Û trivial on C.

V 6= 0 =⇒ L× is a twistor space,
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“Hyperbolic Ansatz”

Harmonic functions onH3 anti-self-dual 4-manifolds

Let U ⊂ H3 be convex open set,

and Û ⊂ CP1 × CP1 set of geodesics it meets.

Let V > 0 satisfy ∆V = 0 on convex U ⊂ H3.

Penrose transform: V ! V̂ ∈ H1(Û ,O×).

 holomorphic line bundle L → Û trivial on C.

V 6= 0 =⇒ L× is a twistor space,

and represents an anti-self-dual 4-manifold.
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V ≡ 1! O(1,−1) line-bundle on CP1 × CP1

86



Prototypical Example:

V ≡ 1! O(1,−1) line-bundle on CP1 × CP1

Complement of zero section inO(1,−1)→ CP1 × CP1

87



Prototypical Example:

V ≡ 1! O(1,−1) line-bundle on CP1 × CP1

Complement of zero section inO(1,−1)→ CP1 × CP1

can be identified with CP3− (2 skew lines)

88



Prototypical Example:

V ≡ 1! O(1,−1) line-bundle on CP1 × CP1

Complement of zero section inO(1,−1)→ CP1 × CP1

can be identified with CP3− (2 skew lines)

λ 7−→ [ζ0 : ζ1 : λη0 : λη1]

89



Prototypical Example:

V ≡ 1! O(1,−1) line-bundle on CP1 × CP1

Complement of zero section inO(1,−1)→ CP1 × CP1

can be identified with CP3− (2 skew lines)

λ 7−→ [ζ0 : ζ1 : λη0 : λη1]

Bundle projection CP3− (2 skew lines) → CP1 × CP1
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Prototypical Example:

V ≡ 1! O(1,−1) line-bundle on CP1 × CP1

Complement of zero section inO(1,−1)→ CP1 × CP1

can be identified with CP3− (2 skew lines)

λ 7−→ [ζ0 : ζ1 : λη0 : λη1]

Bundle projection CP3− (2 skew lines) → CP1 × CP1

[z1 : z2 : z3 : z4] 7−→ ([z1 : z2], [z3 : z4])
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Prototypical Example:

V ≡ 1! O(1,−1) line-bundle on CP1 × CP1

Complement of zero section inO(1,−1)→ CP1 × CP1

can be identified with CP3− (2 skew lines)

λ 7−→ [ζ0 : ζ1 : λη0 : λη1]

Bundle projection CP3− (2 skew lines) → CP1 × CP1
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Complement of zero section inO(1,−1)→ CP1 × CP1
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Prototypical Example:

V ≡ 1! O(1,−1) line-bundle on CP1 × CP1

Complement of zero section inO(1,−1)→ CP1 × CP1

can be identified with CP3− (2 skew lines)
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Complement of zero section inO(1,−1)→ CP1 × CP1

can be identified with CP3− (2 skew lines)
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Prototypical Example:

V ≡ 1! CP3− (2 skew lines)
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V ≡ 1! CP3− (2 skew lines)

⇒ corresponding ASD manifold conformally flat.
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⇒ corresponding ASD manifold conformally flat.

H3 × S1 conformal to S4 − S2
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Prototypical Example:

V ≡ 1! CP3− (2 skew lines)

⇒ corresponding ASD manifold conformally flat.

H3 × S1 conformal to S4 − S2

h + dt2
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Prototypical Example:

V ≡ 1! CP3− (2 skew lines)

⇒ corresponding ASD manifold conformally flat.

H3 × S1 conformal to S4 − S2
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Prototypical Example:

V ≡ 1! CP3− (2 skew lines)

⇒ corresponding ASD manifold conformally flat.

H3 × S1 conformal to S4 − S2

H3 ⊂ R3,1 unit future-pointing vectors
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Prototypical Example:

V ≡ 1! CP3− (2 skew lines)

⇒ corresponding ASD manifold conformally flat.

H3 × S1 conformal to S4 − S2

H3 ⊂ R3,1 unit future-pointing vectors

S1 ⊂ R2 unit circle
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Prototypical Example:

V ≡ 1! CP3− (2 skew lines)

⇒ corresponding ASD manifold conformally flat.

H3 × S1 conformal to S4 − S2

H3 ⊂ R3,1 unit future-pointing vectors

S1 ⊂ R2 unit circle

∴ H3 × S1 ⊂ R5,1 embedded in null cone
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Prototypical Example:

V ≡ 1! CP3− (2 skew lines)

⇒ corresponding ASD manifold conformally flat.

H3 × S1 conformal to S4 − S2
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Prototypical Example:

V ≡ 1! CP3− (2 skew lines)

⇒ corresponding ASD manifold conformally flat.

H3 × S1 conformal to S4 − S2
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Prototypical Example:

V ≡ 1! CP3− (2 skew lines)

⇒ corresponding ASD manifold conformally flat.

H3 × S1 conformal to S4 − S2
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Prototypical Example:

V ≡ 1! CP3− (2 skew lines)

⇒ corresponding ASD manifold conformally flat.

H3 × S1 conformal to S4 − S2
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“Hyperbolic Ansatz”

Harmonic functions onH3 anti-self-dual 4-manifolds
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“Hyperbolic Ansatz”

Harmonic functions onH3 anti-self-dual 4-manifolds

Concrete version:

Let V > 0 be harmonic on U ⊂ H3.

Then F = ?dV is closed 2-form on U .
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“Hyperbolic Ansatz”

Harmonic functions onH3 anti-self-dual 4-manifolds

Concrete version:

Let V > 0 be harmonic on U ⊂ H3.

Then F = ?dV is closed 2-form on U .

Assume 1
2π [F ] ∈ H2(U ,Z).
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“Hyperbolic Ansatz”

Harmonic functions onH3 anti-self-dual 4-manifolds

Concrete version:

Let V > 0 be harmonic on U ⊂ H3.

Then F = ?dV is closed 2-form on U .

Assume 1
2π [F ] ∈ H2(U ,Z).

Chern-Weil: ∃ U(1)-bundle P → U
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“Hyperbolic Ansatz”

Harmonic functions onH3 anti-self-dual 4-manifolds

Concrete version:

Let V > 0 be harmonic on U ⊂ H3.

Then F = ?dV is closed 2-form on U .

Assume 1
2π [F ] ∈ H2(U ,Z).

Chern-Weil: ∃ U(1)-bundle P → U
with curvature F = dθ for connection form θ.
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“Hyperbolic Ansatz”

Harmonic functions onH3 anti-self-dual 4-manifolds

Concrete version:

Let V > 0 be harmonic on U ⊂ H3.

Then F = ?dV is closed 2-form on U .

Assume 1
2π [F ] ∈ H2(U ,Z).

Chern-Weil: ∃ U(1)-bundle P → U
with curvature F = dθ for connection form θ.

(Locally, θ = dt + ϑ for 1-form ϑ on H3.)
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“Hyperbolic Ansatz”

Harmonic functions onH3 anti-self-dual 4-manifolds

Concrete version:

Let V > 0 be harmonic on U ⊂ H3.

Then F = ?dV is closed 2-form on U .

Assume 1
2π [F ] ∈ H2(U ,Z).
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“Hyperbolic Ansatz”

Harmonic functions onH3 anti-self-dual 4-manifolds

Concrete version:

Let V > 0 be harmonic on U ⊂ H3.

Then F = ?dV is closed 2-form on U .

Assume 1
2π [F ] ∈ H2(U ,Z).

Anti-self-dual conformal metric on P → U :

g = h + V −2θ2
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“Hyperbolic Ansatz”

Harmonic functions onH3 anti-self-dual 4-manifolds

Concrete version:

Let V > 0 be harmonic on U ⊂ H3.

Then F = ?dV is closed 2-form on U .

Assume 1
2π [F ] ∈ H2(U ,Z).

Anti-self-dual conformal metric on P → U :

g = V h + V −1θ2
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“Hyperbolic Ansatz”

Harmonic functions onH3 anti-self-dual 4-manifolds

Concrete version:

Let V > 0 be harmonic on U ⊂ H3.

Then F = ?dV is closed 2-form on U .

Assume 1
2π [F ] ∈ H2(U ,Z).

Anti-self-dual conformal metric on P → U :

g = u2(V h + V −1θ2)

122



Scalar-Flat Kähler Metrics:
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Scalar-Flat Kähler Metrics:

At least locally, twistor space isL×→ Û ⊂ CP1 × CP1.
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Scalar-Flat Kähler Metrics:

At least locally, twistor space isL×→ Û ⊂ CP1 × CP1.

But h0(CP1 × CP1,O(1, 1)) = 4.
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Scalar-Flat Kähler Metrics:

At least locally, twistor space isL×→ Û ⊂ CP1 × CP1.

But h0(CP1 × CP1,O(1, 1)) = 4.

=⇒ K−1/2 has many holomorphic sections on L×.
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Scalar-Flat Kähler Metrics:

At least locally, twistor space isL×→ Û ⊂ CP1 × CP1.

But h0(CP1 × CP1,O(1, 1)) = 4.

=⇒ K−1/2 has many holomorphic sections on L×.

=⇒ metrics locally admit solutions ∇(A
A′ω

BC) = 0.
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Scalar-Flat Kähler Metrics:

At least locally, twistor space isL×→ Û ⊂ CP1 × CP1.

But h0(CP1 × CP1,O(1, 1)) = 4.

=⇒ K−1/2 has many holomorphic sections on L×.

=⇒ metrics locally admit solutions ∇(A
A′ω

BC) = 0.

(cf. Pontecorvo ’92)
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Scalar-Flat Kähler Metrics:

At least locally, twistor space isL×→ Û ⊂ CP1 × CP1.

But h0(CP1 × CP1,O(1, 1)) = 4.

=⇒ K−1/2 has many holomorphic sections on L×.

=⇒ metrics locally admit solutions ∇(A
A′ω

BC) = 0.
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Scalar-Flat Kähler Metrics:

At least locally, twistor space isL×→ Û ⊂ CP1 × CP1.

But h0(CP1 × CP1,O(1, 1)) = 4.

=⇒ K−1/2 has many holomorphic sections on L×.

=⇒ metrics locally admit solutions ∇(A
A′ω

BC) = 0.

=⇒ At least locally, conformally equivalent to
scalar-flat Kähler metrics, in many different ways.
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Scalar-Flat Kähler Metrics:

At least locally, twistor space isL×→ Û ⊂ CP1 × CP1.

But h0(CP1 × CP1,O(1, 1)) = 4.

=⇒ K−1/2 has many holomorphic sections on L×.

=⇒ metrics locally admit solutions ∇(A
A′ω

BC) = 0.

=⇒ At least locally, conformally equivalent to
scalar-flat Kähler metrics, in many different ways.

Analogous to hyper-Kähler metrics, but different
complex structures require different rescalings.

131



Some Compact ASD 4-Manifolds

132



Some Compact ASD 4-Manifolds

(L ’91)
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Data: k points in H3. =⇒ V with ∆V = 0
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Data: k points in H3. =⇒ V with ∆V = 0

V = 1 +

k∑
j=1

Gj
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Data: k points in H3. =⇒ V with ∆V = 0

V = 1 +

k∑
j=1

1

e2%j − 1
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Data: k points in H3. =⇒ V with ∆V = 0

V = 1 +

k∑
j=1

Gj
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Data: k points in H3. =⇒ V with ∆V = 0

F = ?dV curvature θ on P → H3 − {pts}.
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Data: k points in H3. =⇒ V with ∆V = 0

1

2π
[F ] ∈ H2(H3 − {pj},Z)
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Data: k points in H3. =⇒ V with ∆V = 0

F = ?dV curvature θ on P → H3 − {pts}.
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Data: k points in H3. =⇒ V with ∆V = 0

g = V h + V −1θ2
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Data: k points in H3. =⇒ V with ∆V = 0

g =
1

cosh2 %0

(
V h + V −1θ2

)
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Riemannian completion is ASD metric on CP2# · · ·#CP2︸ ︷︷ ︸
k

.

g =
1

cosh2 %0

(
V h + V −1θ2

)
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Convention:

CP2 = reverse oriented CP2.
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Convention:

CP2 = reverse oriented CP2.

Connected sum #:
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Convention:
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Convention:

CP2 = reverse oriented CP2.
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Convention:

CP2 = reverse oriented CP2.
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Convention:

CP2 = reverse oriented CP2.
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Convention:

CP2 = reverse oriented CP2.

Connected sum #:

...........................
..........................................................................................................................................................................................................................................................................................................................................................
................

...........................
..........................................................................................................................................................................................................................................................................................................................................................

................

.............................................................................
.... .....................................................

.............................................................................
.........................................................

........................................
.......
.......
.......
.... ..................................

................................

....................
............

................................

....................
............

151



Convention:

CP2 = reverse oriented CP2.

Connected sum #:
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Riemannian completion is ASD metric on CP2# · · ·#CP2︸ ︷︷ ︸
k

.

g =
1

cosh2 %0

(
V h + V −1θ2

)
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Riemannian completion is ASD metric on CP2# · · ·#CP2︸ ︷︷ ︸
k

.

This gives all possible homeotypes of compact, π1 = 0,
ASD 4-manifolds of positive scalar curvature.
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Some AE Scalar-Flat Kähler Surfaces:
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Some AE Scalar-Flat Kähler Surfaces:

(AE = “asymptotically Euclidean”)
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Data: k points inH3 and one point at infinity. =⇒
V with ∆V = 0
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Data: k points in H3 = upper half-space model.
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Data: k points in H3. =⇒ V with ∆V = 0

V = 1 +

k∑
j=1

Gj
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Data: k points in H3. =⇒ V with ∆V = 0

g = z2
(
V h + V −1θ2

)
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Data: k points in H3. =⇒ V with ∆V = 0

g = z2

(
V
dx2 + dy2 + dz2

z2
+ V −1θ2

)
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Data: k points in H3. =⇒ V with ∆V = 0

g = V (dx2 + dy2 + dz2) + z2V −1θ2
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Data: k points in H3. =⇒ V with ∆V = 0

g = z2
(
V h + V −1θ2

)
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Riemannian completion is AE scalar-flat Kähler.

g = z2
(
V h + V −1θ2

)
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Data: k points in H3. =⇒ V with ∆V = 0

g = z2
(
V h + V −1θ2

)
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Complex structure of scalar-flat Kähler surface. . .

g = z2
(
V h + V −1θ2

)
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Blow-up of C2 at k collinear points.

g = z2
(
V h + V −1θ2

)
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Blow-up of C2 at k collinear points.

g = z2
(
V h + V −1θ2

)
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Blow-up of C2 at k collinear points.

g = z2
(
V h + V −1θ2
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Heights of centers! areas exceptional divisors.

g = z2
(
V h + V −1θ2

)
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Blow-up of C2 at k collinear points.

g = z2
(
V h + V −1θ2

)
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Twistor Spaces:
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Twistor Spaces:

For these metrics, twistor space is not globally a
principal line-bundle over CP1 × CP1.
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xy = P1 · · ·Pk

179



Twistor Spaces:

For these metrics, twistor space is not globally a
principal line-bundle over CP1 × CP1.

Instead, an open dense set is given by

xy = P1 · · ·Pk
in O(1, k − 1)⊕O(k − 1, 1)→ CP1 × CP1,
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For these metrics, twistor space is not globally a
principal line-bundle over CP1 × CP1.
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Twistor Spaces:

For these metrics, twistor space is not globally a
principal line-bundle over CP1 × CP1.

Instead, an open dense set is given by

xy = P1 · · ·Pk
in O(1, k − 1)⊕O(k − 1, 1)→ CP1 × CP1,

where x ∈ O(1, k − 1), y ∈ O(k − 1, 1), and where

Pj ∈ H0(CP1 × CP1,O(1, 1)) represent centers
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Twistor Spaces:

For these metrics, twistor space is not globally a
principal line-bundle over CP1 × CP1.

Instead, an open dense set is given by

xy = P1 · · ·Pk
in O(1, k − 1)⊕O(k − 1, 1)→ CP1 × CP1,

where x ∈ O(1, k − 1), y ∈ O(k − 1, 1), and where

Pj ∈ H0(CP1 × CP1,O(1, 1)) represent centers

p1, . . . , pk ∈ H3.
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Twistor Spaces:

For these metrics, twistor space is not globally a
principal line-bundle over CP1 × CP1.

Instead, an open dense set is given by

xy = P1 · · ·Pk
in O(1, k − 1)⊕O(k − 1, 1)→ CP1 × CP1,

where x ∈ O(1, k − 1), y ∈ O(k − 1, 1), and where

Pj ∈ H0(CP1 × CP1,O(1, 1)) represent centers

p1, . . . , pk ∈ H3.
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Twistor Spaces:

For these metrics, twistor space is not globally a
principal line-bundle over CP1 × CP1.

Instead, an open dense set is given by

xy = P1 · · ·Pk
in O(1, k − 1)⊕O(k − 1, 1)→ CP1 × CP1,

where x ∈ O(1, k − 1), y ∈ O(k − 1, 1). and
where
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Twistor Spaces:

For these metrics, twistor space is not globally a
principal line-bundle over CP1 × CP1.

Instead, an open dense set is given by

xy = P1 · · ·Pk
in O(1, k − 1)⊕O(k − 1, 1)→ CP1 × CP1,

where x ∈ O(1, k − 1), y ∈ O(k − 1, 1). and
where

C×-action is given by

(x, y) 7→ (tx, t−1y)
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Twistor Spaces:

For these metrics, twistor space is not globally a
principal line-bundle over CP1 × CP1.

Instead, an open dense set is given by

xy = P1 · · ·Pk
in O(1, k − 1)⊕O(k − 1, 1)→ CP1 × CP1,

where x ∈ O(1, k − 1), y ∈ O(k − 1, 1). and
where

C×-action is given by

(x, y) 7→ (tx, t−1y)

so points in CP1 × CP1 rep’d by one or two orbits
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Twistor Spaces:

For these metrics, twistor space is not globally a
principal line-bundle over CP1 × CP1.

Instead, an open dense set is given by

xy = P1 · · ·Pk
in O(1, k − 1)⊕O(k − 1, 1)→ CP1 × CP1,

where x ∈ O(1, k − 1), y ∈ O(k − 1, 1). and
where
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Twistor Spaces:

For these metrics, twistor space is not globally a
principal line-bundle over CP1 × CP1.

Instead, an open dense set is given by

xy = P1 · · ·Pk
in O(1, k − 1)⊕O(k − 1, 1)→ CP1 × CP1,

where x ∈ O(1, k − 1), y ∈ O(k − 1, 1). and
where

Analogous to Hitchin’s twistor spaces for Gibbons-
Hawking gravitational instantons.
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Twistor Spaces:

For these metrics, twistor space is not globally a
principal line-bundle over CP1 × CP1.

Instead, an open dense set is given by

xy = P1 · · ·Pk
in O(1, k − 1)⊕O(k − 1, 1)→ CP1 × CP1,

where x ∈ O(1, k − 1), y ∈ O(k − 1, 1). and
where

Twistor spaces are Moishezon — i.e. they are bimero-
morphic to algebraic varieties.
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Compact Scalar-Flat Kähler Manifolds?
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Compact Scalar-Flat Kähler Manifolds

If (M4, g, J) is a Kähler surface, then [g] is ASD

193



Compact Scalar-Flat Kähler Manifolds

If (M4, g, J) is a Kähler surface, then [g] is ASD
⇐⇒ the scalar curvature s of g is identically zero.
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Compact Scalar-Flat Kähler Manifolds

If (M4, g, J) is a Kähler surface, then [g] is ASD
⇐⇒ the scalar curvature s of g is identically zero.

If compact, Kodaira-Enriques =⇒ either

• Ricci-flat (Calabi-Yau); or
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Compact Scalar-Flat Kähler Manifolds

If (M4, g, J) is a Kähler surface, then [g] is ASD
⇐⇒ the scalar curvature s of g is identically zero.

If compact, Kodaira-Enriques =⇒ either

• Ricci-flat (Calabi-Yau); or

• ruled, as a complex surface.
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M = Σ× S2
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Example.

M = Σ× S2

K = −1
Σ
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Σ
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Product is scalar-flat Kähler.
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M = Σ× S2
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Product is scalar-flat Kähler.
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Example.

M = Σ× S2
K = +1

K = −1
Σ

S2
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Product is scalar-flat Kähler.
For both orientations!
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M = Σ× S2
K = +1

K = −1
Σ
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Product is scalar-flat Kähler.
For both orientations!
W+ = 0.
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M = Σ× S2
K = +1

K = −1
Σ
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Product is scalar-flat Kähler.
For both orientations!
W± = 0.
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Example.

M = Σ× S2
K = +1

K = −1
Σ

S2
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Product is scalar-flat Kähler.
For both orientations!
W± = 0.
Locally conformally flat!

M̃ = H2×S2= S4 − S1
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K = +1

K = −1
Σ
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M̃ = H2×S2= S4 − S1
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M = Σ× S2
K = +1

K = −1
Σ
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M̃ = H2×S2 = S4 − S1
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Example:

H2 × S2 conformal to S4 − S1
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Example:

H2 × S2 conformal to S4 − S1
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Example:

H2 × S2 conformal to S4 − S1
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Example:

H2 × S2 conformal to S4 − S1
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Example:

H2 × S2 conformal to S4 − S1
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What about non-minimal ruled surfaces?
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What about non-minimal ruled surfaces?

Hyperbolic ansatz also provides such examples!
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What about non-minimal ruled surfaces?

Hyperbolic ansatz also provides such examples!

Construction based on Fuchsian groups. L ’91
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Γ Fuchsian

X ≈ Σ× [0, 1]

Tunnel-Vision function:

f : X → [0, 1]

∆f = 0
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Construction of scalar-flat Kähler manifolds:
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Construction of scalar-flat Kähler manifolds:

Choose k points p1, . . . , pk ∈ X
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Construction of scalar-flat Kähler manifolds:

Choose k points p1, . . . , pk ∈ X

satisfying
∑k
j=1 f (pj) ∈ Z.
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Construction of scalar-flat Kähler manifolds:

Choose k points p1, . . . , pk ∈ X

satisfying
∑k
j=1 f (pj) ∈ Z.

Can do if k 6= 1.
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Construction of scalar-flat Kähler manifolds:

Let Gj be the Green’s function of pj:
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Construction of scalar-flat Kähler manifolds:

Let Gj be the Green’s function of pj:

∆Gj = 2πδpj, Gj → 0 at ∂X
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Construction of scalar-flat Kähler manifolds:

Let Gj be the Green’s function of pj, and set

V = 1 +

k∑
j=1

Gj.
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Construction of scalar-flat Kähler manifolds:

V = 1 +

k∑
j=1

Gj.
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Construction of scalar-flat Kähler manifolds:

V = 1 +

k∑
j=1

Gj.

Choose P → (X−{p1, . . . , pk}) circle bundle with
connection form θ such that

dθ = ?dV .

247



s ss

ss
X = H3/Γ

...........................
..........................................................................................................................................................................................................................................................................................................................................................
................

...........................
..........................................................................................................................................................................................................................................................................................................................................................

................

.............................................................................
.... .....................................................

.............................................................................
.........................................................

...........................
..........................................................................................................................................................................................................................................................................................................................................................
................

...........................
..........................................................................................................................................................................................................................................................................................................................................................

................

.............................................................................
.... .....................................................

.............................................................................
.........................................................

...............................................................
..

.....................
............................................

...............................................................
..

.....................
............................................

.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.

.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.

Construction of scalar-flat Kähler manifolds:

V = 1 +

k∑
j=1

Gj.

∑k
j=1 f (pj) ∈ Z⇐⇒ 1

2π [?dV ] ∈ H2(X−{pj},Z)
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Construction of scalar-flat Kähler manifolds:

V = 1 +

k∑
j=1

Gj.

Choose P → (X−{p1, . . . , pk}) circle bundle with
connection form θ such that

dθ = ?dV .

249



s ss

ss
X = H3/Γ

...........................
..........................................................................................................................................................................................................................................................................................................................................................
................

...........................
..........................................................................................................................................................................................................................................................................................................................................................

................

.............................................................................
.... .....................................................

.............................................................................
.........................................................

...........................
..........................................................................................................................................................................................................................................................................................................................................................
................

...........................
..........................................................................................................................................................................................................................................................................................................................................................

................

.............................................................................
.... .....................................................

.............................................................................
.........................................................

...............................................................
..

.....................
............................................

...............................................................
..

.....................
............................................

.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.

.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.

Construction of scalar-flat Kähler manifolds:

g = f (1− f )[V h + V −1θ2]

V = 1 +

k∑
j=1

Gj

dθ = ?dV
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Construction of scalar-flat Kähler manifolds:

g = f (1− f )[V h + V −1θ2]

V = 1 +

k∑
j=1

Gj

dθ = ?dV
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Construction of scalar-flat Kähler manifolds:

g = f (1− f )[V h + V −1θ2]

M = P ∪ {p̂1, . . . , p̂k} ∪ ∂X
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Construction of scalar-flat Kähler manifolds:

g = f (1− f )[V h + V −1θ2]

M = P ∪ {p̂1, . . . , p̂k} ∪ ∂X
↓ ↓ ↓ ↓
X = X − {p1, . . . , pk} ∪ {p1, . . . , pk} ∪ ∂X
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Construction of scalar-flat Kähler manifolds:

g = f (1− f )[V h + V −1θ2]

M = P ∪ {p̂1, . . . , p̂k} ∪ ∂X
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Construction of scalar-flat Kähler manifolds:

g = f (1− f )[V h + V −1θ2]

M = P ∪ {p̂1, . . . , p̂k} ∪ ∂X

≈(Σ× S2)#kCP2 scalar-flat Kähler
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By the mid-’90s, this construction, and related twistor
results with Kim, Pontecorvo, and Singer provided
a reasonably complete picture of compact scalar-flat
Kähler surfaces.

261



By the mid-’90s, this construction, and related twistor
results with Kim, Pontecorvo, and Singer provided
a reasonably complete picture of compact scalar-flat
Kähler surfaces.

Foreshadowed more general recent results on cscK
metrics and extremal Kähler metrics.

262



By the mid-’90s, this construction, and related twistor
results with Kim, Pontecorvo, and Singer provided
a reasonably complete picture of compact scalar-flat
Kähler surfaces.

Foreshadowed more general recent results on cscK
metrics and extremal Kähler metrics.

But most small ASD deformations of above metrics
are not Kähler!

263



By the mid-’90s, this construction, and related twistor
results with Kim, Pontecorvo, and Singer provided
a reasonably complete picture of compact scalar-flat
Kähler surfaces.

Foreshadowed more general recent results on cscK
metrics and extremal Kähler metrics.

But most small ASD deformations of above metrics
are not Kähler!

Nonetheless, small ASD deformations are still (con-
formally) almost-Kähler.

264



By the mid-’90s, this construction, and related twistor
results with Kim, Pontecorvo, and Singer provided
a reasonably complete picture of compact scalar-flat
Kähler surfaces.

Foreshadowed more general recent results on cscK
metrics and extremal Kähler metrics.

But most small ASD deformations of above metrics
are not Kähler!

Nonetheless, small ASD deformations are still (con-
formally) almost-Kähler.

What about large deformations?

265



By the mid-’90s, this construction, and related twistor
results with Kim, Pontecorvo, and Singer provided
a reasonably complete picture of compact scalar-flat
Kähler surfaces.

Foreshadowed more general recent results on cscK
metrics and extremal Kähler metrics.

But most small ASD deformations of above metrics
are not Kähler!

Nonetheless, small ASD deformations are still (con-
formally) almost-Kähler.

What about large deformations?

Recently explored in Bishop-L ’20.
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Almost-Kähler: drop integrability of J .
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Almost-Kähler: drop integrability of J .

Dimension 4: g almost-Kähler
⇐⇒ ω self-dual harmonic, |ω|g ≡ 1.
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Almost-Kähler: drop integrability of J .

Dimension 4: g almost-Kähler
⇐⇒ ω self-dual harmonic, |ω|g ≡ 1.

up to conformal rescaling,
⇐⇒ ω self-dual harmonic, ω 6= 0 everywhere.
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ĴJ
J
J
J
J
J
J
J
J
J]




















�


















�

-�

Almost-Kähler: drop integrability of J .

Dimension 4: g almost-Kähler
⇐⇒ ω self-dual harmonic, |ω|g ≡ 1.

up to conformal rescaling,
⇐⇒ ω self-dual harmonic, ω 6= 0 everywhere.

Open condition on [g], in C2 topology.
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Simultaneous Uniformization (Bers ’60)

Given two compact Riemann surfaces Σ1, Σ2
of same genus ≥ 2,

and isotopy class of diffeomorphisms Σ1→ Σ2

∃! representation π1(Σ) ↪→ PSL(2,C) that yields
a hyperbolic cobordism X between Σ1 and Σ2.

X called a quasi-Fuchsian 3-manifold.

π1(Σ) ⊂ PSL(2,C) called a quasi-Fuchsian group.
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301



X = H3/Γ

...............
.....................

...............................
..........................................................................................................................................................................................................................................................................................................................................................................................................................................................................
...........................

...................
..............

...........................
..........................................................................................................................................................................................................................................................................................................................................................

................

.............................................................................
.... .....................................................

.............................................................................
.........................................................

...........................
..........................................................................................................................................................................................................................................................................................................................................................
................

...................
..............................

..............................................................................................................................................................................................................................................................................................................................................................................................................
.........................

................

.............................................................................
.... .....................................................

.............................................................................
.........................................................

...............................................................
..

.....................
............................................

...............................................................
..

.....................
............................................

........
........

........
........

........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
......

.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
.........
.........
.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
...

Γ quasi-Fuchsian

X ≈ Σ× R

302



X = H3/Γ

...............
.....................

...............................
..........................................................................................................................................................................................................................................................................................................................................................................................................................................................................
...........................

...................
..............

...........................
..........................................................................................................................................................................................................................................................................................................................................................

................

.............................................................................
.... .....................................................

.............................................................................
.........................................................

...........................
..........................................................................................................................................................................................................................................................................................................................................................
................

...................
..............................

..............................................................................................................................................................................................................................................................................................................................................................................................................
.........................

................

.............................................................................
.... .....................................................

.............................................................................
.........................................................

...............................................................
..

.....................
............................................

...............................................................
..

.....................
............................................

........
........

........
........

........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
......

.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
.........
.........
.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
...

Γ quasi-Fuchsian

X ≈ Σ× [0, 1]

303



s

s

1

0

f
.......................................................................................................................................

.........
..................

X = H3/Γ

...............
.....................

...............................
..........................................................................................................................................................................................................................................................................................................................................................................................................................................................................
...........................

...................
..............

...........................
..........................................................................................................................................................................................................................................................................................................................................................

................

.............................................................................
.... .....................................................

.............................................................................
.........................................................

...........................
..........................................................................................................................................................................................................................................................................................................................................................
................

...................
..............................

..............................................................................................................................................................................................................................................................................................................................................................................................................
.........................

................

.............................................................................
.... .....................................................

.............................................................................
.........................................................

...............................................................
..

.....................
............................................

...............................................................
..

.....................
............................................

........
........

........
........

........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
......

.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
.........
.........
.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
...

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

....

Γ quasi-Fuchsian

X ≈ Σ× [0, 1]

Tunnel-Vision function:

f : X → [0, 1]

304



s

s

1

0

f
.......................................................................................................................................

.........
..................

X = H3/Γ

...............
.....................

...............................
..........................................................................................................................................................................................................................................................................................................................................................................................................................................................................
...........................

...................
..............

...........................
..........................................................................................................................................................................................................................................................................................................................................................

................

.............................................................................
.... .....................................................

.............................................................................
.........................................................

...........................
..........................................................................................................................................................................................................................................................................................................................................................
................

...................
..............................

..............................................................................................................................................................................................................................................................................................................................................................................................................
.........................

................

.............................................................................
.... .....................................................

.............................................................................
.........................................................

...............................................................
..

.....................
............................................

...............................................................
..

.....................
............................................

........
........

........
........

........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
......

.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
.........
.........
.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
...

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

....

Γ quasi-Fuchsian

X ≈ Σ× [0, 1]

Tunnel-Vision function:

f : X → [0, 1]

∆f = 0

305



.......

.......

.......

.......

.......

.......

.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
.........
.........
.........
.........
..........
..........
...........
...........
............
.............
...............

.................
....................

............................
.....................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

........................
..................

................
..............

.............
............

...........
..........

..........
..........

.........
.........
.........
........
........
........
........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
... .......

.......

.......

.......

.......

.......

.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
.........
.........
.........
.........
..........
..........
...........
...........
............
.............
...............

.................
....................

............................
.....................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

........................
..................

................
..............

.............
............

...........
..........

..........
..........

.........
.........
.........
........
........
........
........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.............................................................................................................................................................................................................................................................................................................................................................................................

..........................................
.............................

.......................
..................

..............
...........
.........
........
..... ...................................

.............
..............

.......................................................................................................................................
............

.........
.................................................................................................................................................

................................................................................................
...............
...............
...............

................................
.......
.......
................................

........
......
.....
.........................................................................................

.........
...........
....................

...............
............
.........................................

..................
........................................................................

...................
............

..........................................................................................................................................................
................................................................................................

...............
...............
...............

................................
.......
.......
................................

........
......
.....
...................................................................................

.........
...........
....................

...............
............
.........................................

..................
........................................................................

...................
............

.............................................
......

.......................
.............

................................................................................
.......
......
.....
....
....
....
.........

......
............
. .............

............. ............. ............. ............. ............. ............. ............. ............. ............. ............. ............. ............. ............. ............. ............. ............. ............. .............
...... ......

.......
.............

..................
......
........
......
.......
.............
............
. ................. ...

.....

.....
.......
.......................

... ................. .....
................... ............... ...........

..
......
....... .......................... ................... .....

.......
.. .............

............... .......
......... ....................................... ..................... ................ ...

..
.............

.......
.............

Fuchsian quasi-Fuchsian

306



s

s

1

0

f
.......................................................................................................................................

.........
..................

X = H3/Γ

...............
.....................

...............................
..........................................................................................................................................................................................................................................................................................................................................................................................................................................................................
...........................

...................
..............

...........................
..........................................................................................................................................................................................................................................................................................................................................................

................

.............................................................................
.... .....................................................

.............................................................................
.........................................................

...........................
..........................................................................................................................................................................................................................................................................................................................................................
................

...................
..............................

..............................................................................................................................................................................................................................................................................................................................................................................................................
.........................

................

.............................................................................
.... .....................................................

.............................................................................
.........................................................

...............................................................
..

.....................
............................................

...............................................................
..

.....................
............................................

........
........

........
........

........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
......

.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
.........
.........
.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
...

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

....

Γ quasi-Fuchsian

X ≈ Σ× [0, 1]

Tunnel-Vision function:

f : X → [0, 1]

∆f = 0

307



X = H3/Γ

...............
.....................

...............................
..........................................................................................................................................................................................................................................................................................................................................................................................................................................................................
...........................

...................
..............

...........................
..........................................................................................................................................................................................................................................................................................................................................................

................

.............................................................................
.... .....................................................

.............................................................................
.........................................................

...........................
..........................................................................................................................................................................................................................................................................................................................................................
................

...................
..............................

..............................................................................................................................................................................................................................................................................................................................................................................................................
.........................

................

.............................................................................
.... .....................................................

.............................................................................
.........................................................

...............................................................
..

.....................
............................................

...............................................................
..

.....................
............................................

........
........

........
........

........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
......

.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
.........
.........
.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
...

308



X = H3/Γ

...............
.....................

...............................
..........................................................................................................................................................................................................................................................................................................................................................................................................................................................................
...........................

...................
..............

...........................
..........................................................................................................................................................................................................................................................................................................................................................

................

.............................................................................
.... .....................................................

.............................................................................
.........................................................

...........................
..........................................................................................................................................................................................................................................................................................................................................................
................

...................
..............................

..............................................................................................................................................................................................................................................................................................................................................................................................................
.........................

................

.............................................................................
.... .....................................................

.............................................................................
.........................................................

...............................................................
..

.....................
............................................

...............................................................
..

.....................
............................................

........
........

........
........

........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
......

.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
.........
.........
.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
...

Construction of ASD 4-manifolds:
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Construction of ASD 4-manifolds:

Choose k points p1, . . . , pk ∈ X
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Construction of ASD 4-manifolds:

Choose k points p1, . . . , pk ∈ X

satisfying
∑k
j=1 f (pj) ∈ Z.
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Construction of ASD 4-manifolds:

Choose k points p1, . . . , pk ∈ X

satisfying
∑k
j=1 f (pj) ∈ Z.

Can do if k 6= 1.
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Construction of ASD 4-manifolds:

Let Gj be the Green’s function of pj:
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Construction of ASD 4-manifolds:

Let Gj be the Green’s function of pj:

∆Gj = 2πδpj, Gj → 0 at ∂X

314
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Construction of ASD 4-manifolds:

Let Gj be the Green’s function of pj, and set

V = 1 +

k∑
j=1

Gj.

315



s ss

ss
X = H3/Γ

...............
.....................

...............................
..........................................................................................................................................................................................................................................................................................................................................................................................................................................................................
...........................

...................
..............

...........................
..........................................................................................................................................................................................................................................................................................................................................................

................

.............................................................................
.... .....................................................

.............................................................................
.........................................................

...........................
..........................................................................................................................................................................................................................................................................................................................................................
................

...................
..............................

..............................................................................................................................................................................................................................................................................................................................................................................................................
.........................

................

.............................................................................
.... .....................................................

.............................................................................
.........................................................

...............................................................
..

.....................
............................................

...............................................................
..

.....................
............................................

........
........

........
........

........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
......

.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
.........
.........
.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
.........

.........
...

Construction of ASD 4-manifolds:

V = 1 +

k∑
j=1

Gj.
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Construction of ASD 4-manifolds:

V = 1 +

k∑
j=1

Gj.

Choose P → (X−{p1, . . . , pk}) circle bundle with
connection form θ such that

dθ = ?dV .
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Construction of ASD 4-manifolds:

g = f (1− f )[V h + V −1θ2]

V = 1 +

k∑
j=1

Gj

dθ = ?dV
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Construction of ASD 4-manifolds:

g = f (1− f )[V h + V −1θ2]

V = 1 +

k∑
j=1

Gj

dθ = ?dV
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Construction of ASD 4-manifolds:

g = f (1− f )[V h + V −1θ2]

M = P ∪ {p̂1, . . . , p̂k} ∪ ∂X
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Construction of ASD 4-manifolds:

g = f (1− f )[V h + V −1θ2]

M = P ∪ {p̂1, . . . , p̂k} ∪ ∂X
↓ ↓ ↓ ↓
X = X − {p1, . . . , pk} ∪ {p1, . . . , pk} ∪ ∂X
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Construction of ASD 4-manifolds:

g = f (1− f )[V h + V −1θ2]

M = P ∪ {p̂1, . . . , p̂k} ∪ ∂X
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Construction of ASD 4-manifolds:

g = f (1− f )[V h + V −1θ2]

M = P ∪ {p̂1, . . . , p̂k} ∪ ∂X

≈(Σ× S2)#kCP2 scalar-flat Kähler
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Construction of ASD 4-manifolds:

g = f (1− f )[V h + V −1θ2]

M = P ∪ {p̂1, . . . , p̂k} ∪ ∂X

≈(Σ× S2)#kCP2 scalar-flat Kähler
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Construction of ASD 4-manifolds:

g = f (1− f )[V h + V −1θ2]

M = P ∪ {p̂1, . . . , p̂k} ∪ ∂X

Fuchsian case: (Σ× S2)#kCP2 scalar-flat Kähler
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Γ quasi-Fuchsian

X ≈ Σ× [0, 1]

Tunnel-Vision function:

f : X → [0, 1]

∆f = 0
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Theorem. Let (M, [g]) be ASD manifold arising
from a quasi-Fuchsian 3-manifold (X, h) and a
configuration of points in X.

Then ∃ almost-Kähler g ∈ [g] ⇐⇒ tunnel-vision
function f : X → (0, 1) has no critical points.
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Theorem. Let (M, [g]) be ASD manifold arising
from a quasi-Fuchsian 3-manifold (X, h) and a
configuration of points in X.

Then ∃ almost-Kähler g ∈ [g] ⇐⇒ tunnel-vision
function f : X → (0, 1) has no critical points.
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Theorem. Let (M, [g]) be ASD manifold arising
from a quasi-Fuchsian 3-manifold (X, h) and a
configuration of points in X.

Then ∃ almost-Kähler g ∈ [g] ⇐⇒ tunnel-vision
function f : X → (0, 1) has no critical points.
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Theorem. Let (M, [g]) be ASD manifold arising
from a quasi-Fuchsian 3-manifold (X, h) and a
configuration of points in X.

Then ∃ almost-Kähler g ∈ [g] ⇐⇒ tunnel-vision
function f : X → (0, 1) has no critical points.
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Theorem. Let (M, [g]) be ASD manifold arising
from a quasi-Fuchsian 3-manifold (X, h) and a
configuration of points in X.

Then ∃ almost-Kähler g ∈ [g] ⇐⇒ tunnel-vision
function f : X → (0, 1) has no critical points.
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Theorem. Let (M, [g]) be ASD manifold arising
from a quasi-Fuchsian 3-manifold (X, h) and a
configuration of points in X.

Then ∃ almost-Kähler g ∈ [g] ⇐⇒ tunnel-vision
function f : X → (0, 1) has no critical points.
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Theorem. Let (M, [g]) be ASD manifold arising
from a quasi-Fuchsian 3-manifold (X, h) and a
configuration of points in X.

Then ∃ almost-Kähler g ∈ [g] ⇐⇒ tunnel-vision
function f : X → (0, 1) has no critical points.
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Theorem. Let (M, [g]) be ASD manifold arising
from a quasi-Fuchsian 3-manifold (X, h) and a
configuration of points in X.

Then ∃ almost-Kähler g ∈ [g] ⇐⇒ tunnel-vision
function f : X → (0, 1) has no critical points.
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Theorem. Let (M, [g]) be ASD manifold arising
from a quasi-Fuchsian 3-manifold (X, h) and a
configuration of points in X.

Then ∃ almost-Kähler g ∈ [g] ⇐⇒ tunnel-vision
function f : X → (0, 1) has no critical points.

Proof.
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Theorem. Let (M, [g]) be ASD manifold arising
from a quasi-Fuchsian 3-manifold (X, h) and a
configuration of points in X.

Then ∃ almost-Kähler g ∈ [g] ⇐⇒ tunnel-vision
function f : X → (0, 1) has no critical points.

Proof.

b+[(Σ× S2)#kCP2] = 1.
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Theorem. Let (M, [g]) be ASD manifold arising
from a quasi-Fuchsian 3-manifold (X, h) and a
configuration of points in X.

Then ∃ almost-Kähler g ∈ [g] ⇐⇒ tunnel-vision
function f : X → (0, 1) has no critical points.

Proof.

b+[(Σ× S2)#kCP2] = 1.

ω = df ∧ θ + V ? df .

342



Theorem. Let (M, [g]) be ASD manifold arising
from a quasi-Fuchsian 3-manifold (X, h) and a
configuration of points in X.

Then ∃ almost-Kähler g ∈ [g] ⇐⇒ tunnel-vision
function f : X → (0, 1) has no critical points.

Proof.

b+[(Σ× S2)#kCP2] = 1.

ω = df ∧ θ + V ? df .
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Theorem. Fix an integer k ≥ 2, and then con-
sider the 4-manifolds M = (Σ× S2)#kCP2,
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Theorem. Fix an integer k ≥ 2, and then con-
sider the 4-manifolds M = (Σ× S2)#kCP2,
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Theorem. Fix an integer k ≥ 2, and then con-
sider the 4-manifolds M = (Σ× S2)#kCP2, where
Σ compact Riemann surface of genus g .
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Theorem. Fix an integer k ≥ 2, and then con-
sider the 4-manifolds M = (Σ× S2)#kCP2, where
Σ compact Riemann surface of genus g .
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Theorem. Fix an integer k ≥ 2, and then con-
sider the 4-manifolds M = (Σ× S2)#kCP2, where
Σ compact Riemann surface of genus g .

Then ∀ even g � 0, ∃ family [gt], t ∈ [0, 1], of
anti-self-dual conformal classes on M , such that
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Theorem. Fix an integer k ≥ 2, and then con-
sider the 4-manifolds M = (Σ× S2)#kCP2, where
Σ compact Riemann surface of genus g .

Then ∀ even g � 0, ∃ family [gt], t ∈ [0, 1], of
anti-self-dual conformal classes on M , such that
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Theorem. Fix an integer k ≥ 2, and then con-
sider the 4-manifolds M = (Σ× S2)#kCP2, where
Σ compact Riemann surface of genus g .

Then ∀ even g � 0, ∃ family [gt], t ∈ [0, 1], of
anti-self-dual conformal classes on M , such that

• ∃ scalar-flat Kähler metric g0 ∈ [g0]; but
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Theorem. Fix an integer k ≥ 2, and then con-
sider the 4-manifolds M = (Σ× S2)#kCP2, where
Σ compact Riemann surface of genus g .

Then ∀ even g � 0, ∃ family [gt], t ∈ [0, 1], of
anti-self-dual conformal classes on M , such that

• ∃ scalar-flat Kähler metric g0 ∈ [g0]; but

• @ almost-Kähler metric g ∈ [g1].
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Lemma. For any piecewise smooth Jordan curve
γ ⊂ C and any ε > 0, there is a positive integer
N such that, for every compact oriented surface
Σ of genus g ≥ N , there is quasi-Fuchsian group
Γ ∼= π1(Σ) whose limit set Λ(Γ) ⊂ C ⊂ CP1 is
within Hausdorff distance ε of γ.

If γ is invariant under ζ 7→ −ζ, and if g is even,
we can also arrange for Λ(Γ) to also be invariant
under reflection through the origin.

352



Lemma. For any piecewise smooth Jordan curve
γ ⊂ C and any ε > 0, there is a positive integer
N such that, for every compact oriented surface
Σ of genus g ≥ N , there is quasi-Fuchsian group
Γ ∼= π1(Σ) whose limit set Λ(Γ) ⊂ C ⊂ CP1 is
within Hausdorff distance ε of γ.

If γ is invariant under ζ 7→ −ζ, and if g is even,
we can also arrange for Λ(Γ) to also be invariant
under reflection through the origin.

353



Lemma. For any piecewise smooth Jordan curve
γ ⊂ C and any ε > 0, there is a positive integer
N such that, for every compact oriented surface
Σ of genus g ≥ N , there is quasi-Fuchsian group
Γ ∼= π1(Σ) whose limit set Λ(Γ) ⊂ C ⊂ CP1 is
within Hausdorff distance ε of γ.

If γ is invariant under ζ 7→ −ζ, and if g is even,
we can also arrange for Λ(Γ) to also be invariant
under reflection through the origin.
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Lemma. For any piecewise smooth Jordan curve
γ ⊂ C and any ε > 0, there is a positive integer
N such that, for every compact oriented surface
Σ of genus g ≥ N , there is quasi-Fuchsian group
Γ ∼= π1(Σ) whose limit set Λ(Γ) ⊂ C ⊂ CP1 is
within Hausdorff distance ε of γ.

If γ is invariant under ζ 7→ −ζ, and if g is even,
we can also arrange for Λ(Γ) to also be invariant
under reflection through the origin.
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Lemma. For any piecewise smooth Jordan curve
γ ⊂ C and any ε > 0, there is a positive integer
N such that, for every compact oriented surface
Σ of genus g ≥ N , there is quasi-Fuchsian group
Γ ∼= π1(Σ) whose limit set Λ(Γ) ⊂ C ⊂ CP1 is
within Hausdorff distance ε of γ.

If γ is invariant under ζ 7→ −ζ, and if g is even,
we can also arrange for Λ(Γ) to also be invariant
under reflection through the origin.
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Lemma. For any piecewise smooth Jordan curve
γ ⊂ C and any ε > 0, there is a positive integer
N such that, for every compact oriented surface
Σ of genus g ≥ N , there is quasi-Fuchsian group
Γ ∼= π1(Σ) whose limit set Λ(Γ) ⊂ C ⊂ CP1 is
within Hausdorff distance ε of γ.

If γ is invariant under ζ 7→ −ζ, and if g is even,
we can also arrange for Λ(Γ) to also be invariant
under reflection through the origin.
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Lemma. For any piecewise smooth Jordan curve
γ ⊂ C and any ε > 0, there is a positive integer
N such that, for every compact oriented surface
Σ of genus g ≥ N , there is quasi-Fuchsian group
Γ ∼= π1(Σ) whose limit set Λ(Γ) ⊂ C ⊂ CP1 is
within Hausdorff distance ε of γ.

If γ is invariant under ζ 7→ −ζ, and if g is even,
we can also arrange for Λ(Γ) to also be invariant
under reflection through the origin.
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Lemma. For any piecewise smooth Jordan curve
γ ⊂ C and any ε > 0, there is a positive integer
N such that, for every compact oriented surface
Σ of genus g ≥ N , there is quasi-Fuchsian group
Γ ∼= π1(Σ) whose limit set Λ(Γ) ⊂ C ⊂ CP1 is
within Hausdorff distance ε of γ.

If γ is invariant under ζ 7→ −ζ, and if g is even,
we can also arrange for Λ(Γ) to also be invariant
under reflection through the origin.
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Lemma. For any piecewise smooth Jordan curve
γ ⊂ C and any ε > 0, there is a positive integer
N such that, for every compact oriented surface
Σ of genus g ≥ N , there is quasi-Fuchsian group
Γ ∼= π1(Σ) whose limit set Λ(Γ) ⊂ C ⊂ CP1 is
within Hausdorff distance ε of γ.

If γ is invariant under ζ 7→ −ζ, and if g is even,
we can also arrange for Λ(Γ) to also be invariant
under reflection through the origin.
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Lemma. For any piecewise smooth Jordan curve
γ ⊂ C and any ε > 0, there is a positive integer
N such that, for every compact oriented surface
Σ of genus g ≥ N , there is quasi-Fuchsian group
Γ ∼= π1(Σ) whose limit set Λ(Γ) ⊂ C ⊂ CP1 is
within Hausdorff distance ε of γ.

If γ is invariant under ζ 7→ −ζ, and if g is even,
we can also arrange for Λ(Γ) to also be invariant
under reflection through the origin.
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Lemma. For any piecewise smooth Jordan curve
γ ⊂ C and any ε > 0, there is a positive integer
N such that, for every compact oriented surface
Σ of genus g ≥ N , there is quasi-Fuchsian group
Γ ∼= π1(Σ) whose limit set Λ(Γ) ⊂ C ⊂ CP1 is
within Hausdorff distance ε of γ.

If γ is invariant under ζ 7→ −ζ, and if g is even,
we can also arrange for Λ(Γ) to also be invariant
under reflection through the origin.

Ahlfors-Bers: Quasi-conformal mappings
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Theorem. Fix an integer k ≥ 2, and then con-
sider the 4-manifolds M = (Σ× S2)#kCP2, where
Σ compact Riemann surface of genus g .

Then ∀ even g � 0, ∃ family [gt], t ∈ [0, 1], of
anti-self-dual conformal classes on M , such that

• ∃ scalar-flat Kähler metric g0 ∈ [g0]; but

• @ almost-Kähler metric g ∈ [g1].
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Construction of ASD 4-manifolds:

g = f (1− f )[V h + V −1θ2]

V = 1 +

k∑
j=1

Gj

dθ = ?dV
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Theorem. Fix an integer k ≥ 2, and then con-
sider the 4-manifolds M = (Σ× S2)#kCP2, where
Σ compact Riemann surface of genus g .

Then ∀ even g � 0, ∃ family [gt], t ∈ [0, 1], of
anti-self-dual conformal classes on M , such that

• ∃ scalar-flat Kähler metric g0 ∈ [g0]; but

• @ almost-Kähler metric g ∈ [g1].
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Construction of ASD 4-manifolds:

g = f (1− f )[V h + V −1θ2]

V = 1 +

k∑
j=1

Gj

dθ = ?dV
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