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Mini-Twistor Correspondence

Points of 1> +—s holomorphic curves C = CP; s.t.

o (C fg CPy x CPP;—(anti-diagonal)
e [C] = |Diagonal] € Hy(CPy x CPy)

o I(C)=C

r € H> «— {oriented geodesics through z}

These C are called mini-twistor lines.

Hitchin '82, Jones-Tod '85
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Harmonic functions on 4> ~ anti-self-dual 4-manifolds
Let U/ C H3 be convex open set,

and U C CIPy x CPy set of geodesics it meets.

Let V' > 0 satisfy AV = 0 on convex U/ C H>.
Penrose transform: V. «w Ve HY{U, O).

~~ holomorphic line bundle £ — I/ trivial on C.

V #£0=— L is a twistor space,

and represents an anti-selt-dual 4-manifold.
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Chern-Weil: 4 U(1)-bundle P — U/
with curvature FF' = df for connection form 6.

(Locally, @ = dt + ¥ for 1-form ¥ on H?.)
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Concrete version:

Let V' > 0 be harmonic on U/ C H.

Then F' = %dV is closed 2-form on /.

Assume %[F] c HX(U,7).

Anti-self-dual conformal metric on P — U/:

g=u*(Vh+V~16%
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Scalar-Flat Kahler Metrics:
At least locally, twistor spaceis £ — U C CPy x CPy.

But hY(CP; x CPy, O(1, 1)) = 4.

1/2

—> K~/ has many holomorphic sections on £*.

— metrics locally admit solutions Vif,le C) = .

—> At least locally, conformally equivalent to
scalar-flat Kahler metrics, in many different ways.

Analogous to hyper-Kahler metrics, but different
complex structures require different rescalings.
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Riemannian completion is ASD metric on @2# ce #@2.
k

This gives all possible homeotypes of compact, m; = 0,
ASD 4-manifolds of positive scalar curvature.
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°

X

Complex structure of scalar-flat Kahler surface. . .

g =2z (Vh + V_16’2)
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Twistor Spaces:

For these metrics, twistor space is not globally a
principal line-bundle over CIPy x CPy.

Instead, an open dense set is given by
ry =P Py
n (9(1, k — 1) S, O(k — 1, 1) — CPy x CIPyq,

where x € O(1,k—1), y € O(k—1,1).

Twistor spaces are Moishezon — i.e. they are bimero-
morphic to algebraic varieties.
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If (M*, g, .J) is a Kihler surface, then [g] is ASD

<= the scalar curvature s of ¢ is identically zero.

If compact, Kodaira-Enriques = either
e Ricci-flat (Calabi-Yau); or

e ruled, as a complex surtace.
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K=—1

Product is scalar-flat Kahler.
For both orientations!

Wiy =0.
Locally conformally flat!
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By the mid-"90s, this construction, and related twistor
results with Kim, Pontecorvo, and Singer provided
a reasonably complete picture of compact scalar-flat
Kahler surfaces.

Foreshadowed more general recent results on cscK
metrics and extremal Kahler metrics.

But most small ASD deformations of above metrics
are not Kahler!

Nonetheless, small ASD deformations are still (con-
formally) almost-Kahler.

What about large deformations?

Recently explored in Bishop-L "20.
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Kahler geometry intertwines three structures:

J: - W
9

Almost-Kahler: drop integrability of J.

Dimension 4: ¢ almost-Kahler
<= w self-dual harmonic, |w|, = 1.

up to conformal rescaling,
<= w self-dual harmonic, w # 0 everywhere.

Open condition on [g], in C? topology.
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! representation 71 (>) — PSL(2, C) that yields
a hyperbolic cobordism X between >.; and .

X called a quasi-Fuchsian 3-manifold.

m1(2) C PSL(2, C) called a quasi-Fuchsian group.
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Quasi-conformally conjugate to Fuchsian.
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Ahlfors-Bers: Quasi-conformal mappings
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Hitchin 87 component PSL(2,C)
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It’s a pleasure to be here!




