Trends in Mathematical Physics, V. Alexiades and G. Siopsis, eds. © AMS/International Press, 1999

EINSTEIN METRICS AND THE YAMABE PROBLEM

CLAUDE LEBRUN Department of Mathematics, SUNY at Stony Brook Stony Brook, NY 11794-3651 U.S.A.

E-mail: claude@math.sunysb.edu

Abstract

Which smooth compact n-manifolds admit Riemannian metrics of constant Ricci curvature? A direct variational approach sheds some interesting light on this problem, but by no means answers it. This article surveys some recent results concerning both Einstein metrics and the associated variational problem, with the particular aim of highlighting the striking manner in which the 4-dimensional case differs from the case of dimensions ˘ 5.

1 The Total Scalar Curvature

For the purposes of this article, the term Einstein metric will mean a Riemannian metric of constant Ricci curvature. In physics jargon, that’s to say that an Einstein metric g is a Euclidean-signature solution of the Einstein vacuum equations r = λg, for some (unspecified) value of the cosmological constant λ ∈ R. Here r denotes the Ricci tensor r_{ab} = R^c_{acb} of the (positive definite) Riemannian metric g. Notice that the scalar curvature s = r_a^a = R^{ab}_{ab} of g is related to the the constant λ by s = nλ, where n is the dimension of the manifold on which g is defined.

Einstein metrics are the solutions of a natural variational problem which can be traced back to Hilbert [1]. Choose a smooth compact oriented manifold M of dimension n > 2, and let M = M_M denote the space of C^∞ Riemannian metrics on M. We may then consider the total scalar curvature functional, or Einstein-Hilbert action S : M → R, given by 327

CLAUDE LEBRUN 328 S(g) = ∫ M s_g μ_g ,

where s_g and μ_g = √ det g_{ij} dx^1 ∧ · · · ∧ dx^n are respectively the scalar curvature and volume n-form of the metric g. If h_{ab} is any symmetric tensor field, one then has d dt S(g + th)|_{t=0} = − ∫ M ⟨h, r − s 2 g⟩μ_g ,

so that, as discovered by Hilbert, the critical points of S are then just the Ricci-flat metrics. If we restrict the functional to the submanifold M_1 ⊂ M of metrics of total volume 1, however, the Lagrange-multiplier method immediately predicts that the critical points of S|_{M1} are precisely the unit-volume Einstein metrics. Without singling out the metrics of unit volume, we can accomplish much the same thing by instead considering the ‘renormalized’ functional S = V^{(2−n)/n}S, where V (g) = ∫ M μ_g is the total volume of M with respect to g; the power of V has been chosen precisely so as to make S invariant under rescalings g → cg, for c any positive constant. One then has d dt S(g + th)|t=0 = −V^{(2−n)/n ∫}_M^⟨h, r −^{( s0}_n +^{s − s0}_2^) g^⟩ μg , where s_0 = S(g)/V (g) is the average value of the scalar curvature, and, since n > 2, this expression vanishes for all h iff s ≡ s_0 and r ≡^{s0}_n g. The critical points of S thus coincide with the Einstein metrics on M.

Naively, one might therefore be tempted to try to construct Einstein metrics on M by minimizing or maximizing S. Unfortunately, however, this functional is neither bounded above nor below! Nonetheless, there is a natural way of circumventing this difficulty, discovered by Hidehiko Yamabe [2] shortly before his premature death in 1960. Yamabe realized that the restriction of S to any conformal class γ = [g] = {ug | u : M^C 1_{−→} R^+ }

of metrics is always bounded below. For each conformal class, one can thus define an associated number Y (γ), called the Yamabe constant of the class, by

Y (γ) = inf_{g∈γ} S(g).

Yamabe went on to give a flawed but highly original argument purporting to show that the infimum Y (γ) is always achieved. While this assertion and Yamabe’s strategy for proving it are quite correct, his proof overlooks a fundamental analytic difficulty concerning Sobolev inequalities of critical exponent. This issue is a profound one, and Yamabe’s proof was ultimately only corrected in stages, first by Trudinger [3], then by Aubin [4], and finally by Schoen [5]. For a clear, self-contained account of the complete proof, see [6].

CLAUDE LEBRUN 329

Thus, any conformal class γ on our manifold M contains a metric g which minimizes S. Such metrics are called Yamabe metrics. Yamabe metrics always have constant scalar curvature; and conversely, metrics with s ≡ const ≤ 0 are always Yamabe metrics. An important result of Obata [7] guarantees that Einstein metrics are always Yamabe metrics, even when s > 0.

Aubin’s contributions to the subject center on the observation that the Yamabe constant of any conformal class γ on any compact n-manifold M automatically satisfies

Y (γ) ≤ S(S^n, g_0) = 2πn(n − 1) [_2 (n−1)(n−3)···1 ]_{2/n} , n even, 2πn(n − 1) [_{√2π} (n−1)(n−3)···2 ]_{2/n} , n odd,

where g_0 is the usual ‘round’ metric induced on the n-sphere by the standard embedding S^n → R^{n+1} . To see this, remember that any Riemannian manifold looks like Euclidean space on a microscopic scale, and that (S^n − {point}, g_0) is conformally related to Euclidean space via stereographic projection. Any metric on any manifold may therefore be conformally rescaled so as to make the manifold look like a nearly round, spherical balloon with a tiny, topology-laden gondola attached:

For any ε > 0, this trick constructs metrics g in any conformal class γ with S(g) ≤

S(g0) + ε. The desired inequality follows.

Thus, while S is neither bounded above nor below, one might try to find a critical point of the functional by a ‘mountain pass’ trick. Let C_M = M_M /C^∞(M, R^+ ) denote the set of conformal classes of Riemannian metrics on M. We have just seen that S can be minimized in each conformal class γ ∈ C_M . We now attempt to maximize the restriction of S to these Yamabe metrics.

CLAUDE LEBRUN 330

In particular, this idea leads [8,9] to the definition of a real-valued diffeomorphism invariant

Y(M) = sup_{γ∈CM} Y (γ) = sup_{γ∈CM} inf_{g∈γ} S(g),

which I will call the Yamabe invariant of the smooth compact manifold M. Notice that, while there are always sequences of unit-volume Yamabe metrics g_j with s_gj ↗ Y(M), we have no reason to expect that the minimax is actually achieved. Nonetheless, it is worth introducing some terminology to describe the most optimistic situation:

Definition 1.1 Let M be a smooth compact manifold, and suppose that g is an Einstein metric on M. We will say that g is a supreme Einstein metric if

S(g) = Y(M).

For example, Aubin’s estimate asserts that the standard Einstein metric g_0 on S^n is indeed supreme.

One of the main mathematical reasons for studying Einstein metrics is the desire to find a higher-dimensional analog of the uniformization theorem for Riemann surfaces. That is, given a compact manifold, one would like find a Riemannian metric on it which is fairly unique. Now Einstein metrics are just the critical points of the functional S, and it might very well be that there are many different critical values. In this case, it is natural to choose the highest critical value since this definitely gives one the right answer for the sphere, and, moreover, can be seen [10] to give one the standard metric on compact quotients of locally symmetric spaces of rank 1. The supreme condition, of course, is even stronger than this, for it is defined in terms of a comparison involving non-Einstein metrics. The purpose of this article is to explore what this condition means in practice. Here are some of the questions I will try to explore:

• Which compact manifolds admit supreme Einstein metrics?

CLAUDE LEBRUN 331

• Are there manifolds which admit Einstein metrics, but do not admit supreme Einstein metrics?

• Is the Yamabe invariant Y(M) really computable in practice?

Of course, it should be clear from the outset that it is impossible to find supreme Einstein metrics on many manifolds. For example, in all dimensions ≥ 3 there are manifolds like S^{n−1} ×S^1 which admit metrics of positive scalar curvature, but which have infinite fundamental group. A supreme Einstein metric on such a manifold would have to have positive Ricci curvature — which is of course ruled out by Myers’ Theorem. Thus, a direct minimax construction of supreme Einstein metrics could generally hope only to produce, at best, Einstein metrics on related spaces obtained by ‘bubbling off’ some of the topology. But in any case it seems worthwhile to attempt to catalog the known topological obstructions to the existence of supreme Einstein metrics. In the process, it will become clear that dimension 4 is utterly anomalous for problems involving the scalar curvature.

2 Dimension Three

In dimension 3, the Ricci curvature algebraically determines the entire curvature tensor via the formula ⋆R⋆ = s 2 g − r, where the Hodge star operator ⋆ has been used to identify ⊙^2Λ^2 with ⊙^2Λ^1. Consequently, a Riemannian 3-manifold is Einstein iff it has constant sectional curvature. While this makes 3-dimensional Einstein manifolds ‘locally trivial,’ in the sense that they are necessarily locally isometric to standard models depending only on the Einstein constant λ, there are still some global issues worthy of discussion.

2.1 Obstructions

Not every 3-manifold admits an Einstein metric. Indeed, since the a 3-dimensional

Einstein manifold M must have constant sectional curvature, its universal cover M̃ must be diffeomorphic to S^3 or R^3 , which implies that

π_2(M) = π_2(M̃) = 0.

This can be used to rule out not only S^1 × S^2, but also any connected sum M_1#M_2 where neither M_1 nor M_2 is a homotopy 3-sphere. Here the connected sum operation #, which is defined for any pair of manifolds of the same dimension, is performed

by deleting a standard ball from each manifold, and then identifying the resulting spherical boundaries via a reflection.

CLAUDE LEBRUN 332

2.2 Uniqueness

As we have already observed, the problem of classifying 3-dimensional Einstein manifold reduces to that of classifying Riemannian 3-manifolds of constant sectional curvature M. The sign of this sectional curvature, and hence of the Einstein constant λ, is determined by the structure of the fundamental group π_1(M). Namely, λ > 0 ⇐⇒ |π_1(M)| < ∞; λ = 0 ⇐⇒ Z ⊕ Z ⊂ π_1(M); λ < 0 ⇐⇒ |π_1(M)| = ∞, but Z⊕Z ⊄ π_1(M). The moduli space of Einstein metrics (modulo rescalings and diffeomorphisms) is at most a point in the λ < 0 case. This is the prototypical case of Mostow rigidity [11], which tells us that there is, up to global isometry, at most one hyperbolic metric on any compact manifold of dimension > 2. When λ > 0, the same phenomenon occurs, albeit for somewhat different reasons [12]. When λ = 0, however, the situation is different, as the n-dimensional torus carries a non-trivial moduli space SL(n, Z) \ SL(n, R)/SO(n) of geometrically distinct flat metrics of unit volume.

2.3 Supreme Einstein Metrics

Some two decades ago, Schoen and Yau showed [13] that the 3-torus T^3 cannot admit metrics of positive scalar curvature. (Using a complete different set of ideas, this result was then generalized to arbitrary dimension by Gromov and Lawson [14].) If a compact 3-manifold admits a flat metric, it thus follows that this metric is a supreme Einstein metric, since any flat manifold is finite covered by a torus [15]. It is natural to hope that similar statements can be made about 3-dimensional Einstein manifolds for other values of λ.

In this direction, Michael Anderson [16,17] is attempting to show that the hyperbolic metric on any compact hyperbolic 3-manifold M = H^3/Γ is in fact supreme — meaning, once again, that it realizes the Yamabe invariant Y(M). This would follow from an ambitious program he is now pursuing in an attempt to prove Thurston’s geometrization conjectures. His strategy is to first demonstrate the existence of minimizers for the functionals

g → V^{−1/3} ∫ M (s^2_g + ε|R|^2)μ_g ,

and then prove Gromov-Hausdorff convergence of these solutions as ε → 0. Surprisingly, the most delicate technical issues hinge on uniqueness questions for static black holes! Up-to-date e-prints detailing describing Anderson’s current progress can be obtained from his website

http://www.math.sunysb.edu/~anderson

2.4 Yamabe Invariants

As we have just seen, Anderson hopes to prove, in particular, that hyperbolic 3- manifolds always have negative Yamabe invariant. Hyperbolic manifolds, of course, necessarily have large fundamental groups; and one might instead ask about the behavior of the Yamabe invariant for simply connected manifolds. But in dimension

CLAUDE LEBRUN 333 3, the celebrated Poincaré conjecture speculates that the only simply connected 3- manifold is the 3-sphere S^3, and this most certainly has positive Yamabe invariant! That is, the usual Poincaré conjecture would immediately imply Conjecture 2.1 (Weak Poincaré Conjecture) Any simply connected compact 3-manifold M^3 has positive Yamabe invariant Y(M).

This weak assertion is of independent interest, as will become clear in §4.1.

Of course, the full Poincaré conjecture is equivalent to the assertion that every simply connected 3-manifold admits an Einstein metric. Richard Hamilton’s work on heat flow for the Ricci curvature [18] provides a powerful tool for constructing Einstein metrics with λ > 0 on suitable 3-manifolds, and may well yet offer the best strategy for proving the conjecture.

3 Dimension Four Dimension 4 is the transitional dimension for Einstein’s equations. In dimension n ≥ 4, the curvature tensor of g is no longer determined by the Einstein condition in a point-wise manner, and Einstein metrics are no longer describable in terms of universal local models. On the other hand, a constellation of low-dimensional accidents gives one strong topological information about Einstein 4-manifolds for which there is no apparent high-dimensional analog.

3.1 Obstructions Suppose that (M, g) is a compact oriented Riemannian 4-manifold. Then the rank-6 bundle of 2-forms on M invariantly decomposes into two rank-3 bundles Λ^2 = Λ^+ ⊕ Λ^−, (1) defined as the (±1)-eigenspaces of the Hodge star operator

⋆ : Λ^2 → Λ^2.

Sections of Λ^+ are called self-dual 2-forms, whereas sections of Λ^− are called antiself-dual 2-forms. The numbers b_±(M) = dim{φ ∈ Γ(Λ^±) | dφ = 0} are independent of the metric, and depends only on the oriented homeomorphism type of M^4. The sum b_2(M) = b_+(M) + b_−(M) is called the second Betti number of the manifold, while the difference τ(M) = b_+(M) − b_−(M) is called the signature. The Euler characteristic of M can then be defined as χ(M) = 2 − 2b_1(M) + b_2(M), where the first Betti number b_1(M) = dim Hom(π_1(M), R)

CLAUDE LEBRUN 334

counts the number of independent group homomorphisms from the fundamental group to the real numbers.

Example. Let C P_2 denote the complex projective plane, with its standard orientation, and let C P_2 be the same smooth 4-manifold, but equipped with the opposite orientation. Then one can construct new manifolds from these by the connected sum operation #, where one removes small standard balls from a pair of manifolds and glues the resulting S^3 boundaries together in a manner consistent with the orientations, much as a surface of genus 2 can be constructed by gluing together two 2-dimensional tori. Because the invariants b_± and b_1 behave additively with respect to #, the iterated connected sum

kC P2#ℓC P2 = C P2# · · · #C P2 k # C P2# · · · #C P2 ℓ ,

satisfies b_+ = k, b_− = ℓ, and b_1 = 0. In particular, this manifold has τ = k − ℓ, and χ = 2 + k + ℓ. ♦

Now, for an arbitrary Riemannian metric g on M, let us think of the curvature tensor as a linear map R : Λ^2 → Λ^2. Decomposing the 2-forms as in (1), we have

R = W^+ +^s_{12}^∘r ∘ r W^− +^s_{12}

. (2)

Here W_± are the trace-free pieces of the appropriate blocks, and are called the self-dual and anti-self-dual Weyl curvatures, respectively. The scalar curvature s is understood to act by scalar multiplication, whereas the trace-free Ricci curvature ∘ r= r − s 4 g acts on 2-forms by φ_{ab} →^∘r_{ac} φ^c_b−^∘r_{bc} φ^c_a. Now both the Euler characteristic χ(M) and the signature τ(M) are actually indices of elliptic operators on M, and the index theorem therefore predicts that they can be expressed as curvature integrals. The formula

χ(M) = 1 8π^2 ∫ M [ |W^+|^2 + |W^−|^2 + s^2 24 − |^∘r |^2 2 ] μ

is usually called the 4-dimensional Gauss-Bonnet formula, while its analog

τ(M) = 1 12π^2 ∫ M [ |W^+|^2 − |W^−|^2 ] μ

CLAUDE LEBRUN 335

is closely related to the Hirzebruch signature theorem. Here the curvatures, norms | · |, and volume form μ are all, of course, those of the same arbitrary Riemannian metric g on M. In particular,

(2χ ± 3τ)(M) = 1 4π^2 ∫ M [ 2|W_±|^2 + s^2 24 − |^∘r |^2 2 ] μ. (3)

Since the above integrand is non-negative for any Einstein metric, we therefore have the following celebrated result of Thorpe [19] and Hitchin [20]:

Theorem 3.1 (Hitchin-Thorpe Inequality) If the smooth compact oriented 4- manifold M admits an Einstein metric g, then 2χ(M) ≥ 3|τ(M)|, with equality iff the g-induced connection on one of the bundles Λ^± is flat.

In particular, there are [20] simply connected 4-manifolds which do not admit Einstein metrics.

Example. Since the 4-manifold kC P_2#ℓC P_2 has χ = 2 + k + ℓ and τ = k − ℓ, it cannot admit an Einstein metric if ℓ > 4 + 5k or k > 4 + 5ℓ. ♦

Now let us define a diffeomorphism invariant of M by

I(M) = inf_g ∫ M s^2_gμ_g ,

where the infimum is taken over all Riemannian metrics on M. Referring back to (3), it is then immediate that the existence of an Einstein metric on M would force

(2χ ± 3τ)(M) ≥ 1 96π^2 I(M).

Thus, we have an apparent improvement on the Hitchin-Thorpe inequality — but devoid of content until something can be said about the invariant I!

Intriguingly, I is determined by the Yamabe invariant of M, according to the formula [21,22,23] I(M) = { 0, if Y(M) ≥ 0

|Y(M)|^2, if Y(M) ≤ 0.

This is easily proved by considering one conformal class at a time. The good news is thus that the invariant I is related to another invariant we’ve already agreed plays a natural rôle in the theory of Einstein metrics. The bad news is that this still doesn’t help calculate anything!

Seiberg-Witten theory, however, provides us with just the sort of information we need. This theory captures certain properties of a 4-manifold M which are invariant under diffeomorphisms, but not generally under homeomorphisms. The

CLAUDE LEBRUN 336

relevant invariants are calculated by counting solutions to a non-linear version of the Dirac equation.

While it is not possible to define spinors on an arbitrary 4-manifold, it is always possible to define rank-2 complex vector bundles V_± → M which formally satisfy

V_± = S_± ⊗ L^{1/2},

where S_± are the left- and right-handed spin bundles, and where L = ∧^2V_± is some Hermitian complex line bundle on M. After possibly passing to a finite cover of M, the possible choices of such V_± become determined by knowing the de Rham class c_1(L) ∈ H^2_{DR}(M), represented by^i_{2π} times the curvature 2-form F of any Hermitian connection on L. One then says that c_1(L) is a spin^c structure on M. If c_1(L) and c_1(L^′) are two different spin^c structures, their difference is a cohomology class whose integral on every compact surface is an even integer, and this criterion completely characterizes the set of spin^c structures.

Now given a metric g and a spin^c structure c_1(L) on an oriented 4-manifold M, the locally defined Dirac operators

D : Γ(S_+) → Γ(S_−)

do not quite suffice to give one a globally defined Dirac operator. However, the choice of any Hermitian connection A has been chosen on L → M, there is a natural Dirac-type operator

D_A : Γ(V_+) → Γ(V_−).

This allows us to consider the Seiberg-Witten equations

D_AΦ = 0 (4)

F^+_A = iσ(Φ) (5)

for a pair (Φ, A), consisting of a twisted spinor Φ ∈ Γ(V_+) and a Hermitian con-

nection A on L → M. Here F^+_A denotes the self-dual part of the curvature 2-form of A, and σ : V_+ → Λ^+ is a natural real-quadratic map arising from the identity Λ^+ ⊗ C = ⊙^2S_+.

The solution space of these equations tends to be very large, because the infinitedimensional gauge group of smooth functions M → S^1 acts on the solution. After modding out by this action, however, we obtain a moduli space which is compact and, for a generic metric on a manifold with b_+(M) ≠ 0, is actually a manifold, the dimension of which is given by [c_1(L)^2 − (2χ + 3τ)(M)]/4. If b_+(M) > 1, the moduli spaces corresponding to different generic metrics are cobordant, and this allows one to define invariants which force the existence of solutions of (4-5) for any metric, given only suitable information about just one particular metric on M. For example, if c_1(L)^2 = (2χ + 3τ)(M), the moduli space is just a set of points. These can be given orientations in a canonical manner, and the number of points, counted with signs, is then independent of the metric; if this number is non-zero, we then deduce that the Seiberg-Witten equations will have solutions, no matter which metric we choose on M. It is this property alone which will interest us here.

Definition 3.1 If c_1(L) is a spin^c structure on the smooth oriented 4-manifold M, we will say that c_1(L) is a monopole class if the Seiberg-Witten equations (4-5) have at least one solution (Φ, A) for every smooth Riemannian metric g on M.

CLAUDE LEBRUN 337

As was realized by Witten [24], the existence of a monopole class can sometimes be used to show that I(M) ≠ 0. The reason is that (4-5) imply the Weitzenböck formula 0 = 4∇^∗_A∇_AΦ + sΦ + |Φ|^2Φ. (6)

From this one may then obtain the inequality 1 4π^2 ∫ M s^2_g 24 μ_g ≥ 1 3 (c^+_1 )^2,

where c^+_1 denotes the orthogonal projection of c_1(L) into the cohomology classes represented by closed self-dual 2-forms. Now a remarkable result of Taubes shows that symplectic 4-manifolds with b_+ > 1 always have a monopole class, and one therefore gets many monopole classes on the blow-ups of symplectic 4-manifolds. this then leads [23] to results of the following type:

Theorem 3.2 (LeBrun) Let X be a symplectic 4-manifold with b_+ > 1. Then

M = X#kC P_2 does not admit Einstein metrics if k ≥^2_3 (2χ + 3τ)(X).

In particular, this gives one many simple examples [23] of simply connected 4-manifolds which do not admit Einstein metrics, even though the Hitchin-Thorpe inequality makes no such prediction.

However, Theorem 3.2 can be significantly improved upon. The reason is that so far we have only considered the scalar-curvature term in (3). In fact, a more subtle Weitzenböck argument [25] shows that the existence of a solution of (4-5) also implies that 1 4π^2 ∫ M ( 2|W_+|^2 + s^2_g 24 ) μ_g ≥ 5 9 (c^+_1 )^2.

Using this, together with a recent result of Ozsváth and Szabó [26] concerning monopole classes of non-simple type, one immediately obtains

Theorem 3.3 Let X be a symplectic 4-manifold with b_+ > 1. Then

M = X#kC P_2#ℓ(S^1 × S^3)

does not admit Einstein metrics if k + 4ℓ ≥^4_9 (2χ + 3τ)(X).

While the Hitchin-Thorpe inequality only involves homotopy invariants of the 4-manifold in question, the newer obstructions discussed here strongly depend on the smooth structure of the manifold. Indeed, these results allow one [27,25] to find examples of homeomorphic pairs of 4-manifolds where one member does not admit Einstein metric, but where the homeomorphic partner is known to admit an Einstein metric by Yau’s solution of the Calabi conjecture [28].

3.2 Uniqueness

Theorem 3.1 gives uniqueness results as well as obstructions. For example, any Einstein metric on a 4-torus must be flat, since χ = τ = 0 for this manifold; thus

CLAUDE LEBRUN 338

the picture is similar to that encountered in dimension 3, albeit for highly non-trivial reasons. It is therefore natural to ask whether the analogy extends to 4-manifolds which admit metrics of constant curvature. When the curvature is negative, the affirmative answer is supplied [10] by the following remarkable result:

Theorem 3.4 (Besson-Courtois-Gallot) Let M^4 be a smooth compact quotient of hyperbolic 4-space H^4 = SO(4, 1)/SO(4), and let g_0 be its standard metric of constant sectional curvature. Then every Einstein metric g on M is of the form g = λφ^∗g_0, where φ : M → M is a diffeomorphism and λ > 0 is a constant.

If one knew that the standard metric minimized ∫ s^2μ, this would follow from

(3). Unfortunately, however, this L^2 estimate is only a conjecture [22] at present. However, an entropy argument can be used to prove [10] that the standard metric minimizes (inf r)^2V , and when restricted to the set of Einstein metrics this amounts to the same inequality anyway. This entropy-comparison technique can also be used to prove the non-existence of Einstein metrics on certain manifolds of large fundamental group [29].

Instead of considering manifolds of constant sectional curvature, one might consider manifolds for which the curvature tensor is covariantly constant: ∇R = 0. Spaces of this type are called locally symmetric. In dimension 4, a compact irreducible locally symmetric space with non-constant sectional curvature is either

C P2 with a multiple of its standard metric, or else is covered by the so-called complex

hyperbolic plane C H_2 with a multiple of its standard metric. Concretely, C H_2 may be realized as the unit ball in C^2 with the so-called Bergmann metric.

One then has the following result [30]:

Theorem 3.5 (LeBrun) Let M = C H_2 /Γ be a compact complex-hyperbolic 4- manifold, and let g_0 be its tautological metric. Then every Einstein metric g on M is of the form g = φ^∗cg_0, where φ : M → M is a diffeomorphism and c > 0 is a constant.

In this case, Seiberg-Witten theory tells us that the standard metric minimizes ∫ s^2μ, and the result then follows from (3).

One might naively hope that it would be as easy to classify solutions of Einstein’s equations on S^4 and C P_2 as on their negative-curvature analogs. But the simplicity of an Einstein manifold and the simplicity of its Einstein moduli space are largely unrelated. In fact, there is essentially only one other 4- manifold for which the Einstein moduli space is completely known, namely K3. The Hitchin-Thorpe inequality tells us that every Einstein metric on K3 is one of the hyper-Kähler metrics constructed by Yau [28]. While these metrics cannot themselves be written down in closed form, the algebraic geometry allows us [31] to canonically identify their moduli space with the locally symmetric space [O(3, 19) ∩ GL(22, Z)] \ O(3, 19)/[O(3) × O(19)].

3.3 Supreme Einstein Metrics

We have seen that Seiberg-Witten theory gives rise to certain estimates concerning the scalar curvature. These estimates are actually sharp, and are precisely saturated by the Kähler-Einstein metrics:

Theorem 3.6 Let M be a smooth 4-manifold which admits a Kähler-Einstein metric g of scalar curvature ≤ 0. Then g is a supreme Einstein metric. Conversely, every other supreme Einstein metric on M is Kähler-Einstein.

CLAUDE LEBRUN 339

For a large class of 4-manifolds, this and Yau’s solution [28] of the Calabi conjecture allow one to identify the moduli space of supreme Einstein metrics with a finite union of connected components of the moduli space of non-singular complex algebraic surfaces in C P_5.

What about Kähler-Einstein manifolds with s > 0? The standard Seiberg- Witten invariants vanish for such spaces, and thus shed no light at all on the story. However, a perturbed version of the Seiberg-Witten equations can be used [32] to prove

Theorem 3.7 The Fubini-Study metric on C P_2 is a supreme Einstein metric. In

particular, Y(C P_2) = 12 √ 2π. It might thus seem that the story is really independent of the sign of the Einstein constant λ. However, Tian’s Kähler-Einstein metrics [33] on C P_2#kC P_2, 3 ≤ k ≤ 8, turn out not to be supreme!

Proposition 3.8 While the 4-manifolds C P_2#kC P_2, k = 1, 3, 4, 5, 6, 7, 8 admit Einstein metrics, they do not admit supreme Einstein metrics.

Proof. By a pioneering result of Osamu Kobayashi [8],

Y(M1), Y(M2) > 0 =⇒ Y(M1#M2) ≥ min[Y(M1), Y(M2)].

Since the Yamabe invariant is independent of orientation, this tells us that

Y(C P2#kC P2) ≥ Y(C P2) = 12^√2π.

On the other hand, a beautiful Weitzenböck argument of Matthew Gursky [34] shows that any positive-scalar-curvature metric on a 4-manifold M with b_+ ≠ 0 must satisfy ∫ M |W_+|^2μ ≥

4π^2 3 (2χ + 3τ)(M).

If the metric is Einstein, (3) allows us to rewrite this as ∫ M s^2μ ≤ 32π^2(2χ + 3τ)(M),

so that

S(g) ≤ 4π^√2(2χ + 3τ)(M).

For C P2#kC P2, we have 2χ + 3τ = 9 − k, so this assertion would become

S(g) ≤ 4π^√2(9 − k < 12^√2π ≤ Y(C P2#kC P2),

showing that the Einstein metric is not supreme.

On the other hand, these spaces actually do admit Einstein metrics by the work of Page [35] and Tian [33], so the result follows.

CLAUDE LEBRUN 340

While this argument shows, in particular, that Tian’s metrics are not supreme, it also shows, incidentally, that these metrics do correspond to the highest critical value of S. This weaker conclusion also holds for the standard product metric on S^2 × S^2, and inspection of the Hessian of S at this metric indicates that S^2 × S^2 does not admit a supreme Einstein metric, either.

3.4 Yamabe Invariants

The Seiberg-Witten estimates can also be used, in conjunction with appropriate direct geometric arguments, to calculate the Yamabe invariants of many other 4- manifolds. For example, one has [25]

Theorem 3.9 (LeBrun) Let M be a complex surface of general type, and let X be its minimal model. Then

Y(M) = Y(X) = −4π^√2(2χ + 3τ)(X).

Moreover, M does not admit a supreme Einstein metric if M ≠ X.

Here one says that X is a minimal model of M if M can be obtained by blowing up X at some finite number of points, but X is not itself the blow-up of another complex surface [31]. A surface M is said to be of general type if its Kodaira dimension Kod(M) equals 2. The invariant Kod(M) of a complex surface takes values in {−∞, 0, 1, 2}, and is a rough measure of the number of holomorphic sections of powers of the canonical line bundle. This ostensibly depends on the particular complex structure J, but actually turns out to instead reflect the differential topology of the underlying 4-manifold. Indeed, it is related to the Yamabe invariant, in the following manner:

Theorem 3.10 Let M be the underlying 4-manifold of a complex surface (M, J) of Kähler type. Then Y(M) > 0 ⇐⇒ Kod(M, J) = −∞ Y(M) = 0 ⇐⇒ Kod(M, J) = 0 or 1 Y(M) < 0 ⇐⇒ Kod(M, J) = 2.

Notice that these results give the exact value of the Yamabe invariant for any complex algebraic surface of Kodaira dimension ≥ 0.

Also notice that we now know that the Yamabe invariant is negative for infinitely many simply connected 4-manifolds. Indeed, any complete intersection of high-degree hypersurfaces in a complex projective space will be both simply connected and of general type, and so has this property.

Leaving the arena of simply connected manifolds, there is a beautiful and simple way of altering a 4-manifold without changing its Yamabe invariant [36]:

Theorem 3.11 (Petean) If M is any 4-manifold with Y(M) ≤ 0, then

Y(M#[S^1 × S^3]) = Y(M).

The proof stems from surgical ideas which will be described in the next section.

CLAUDE LEBRUN 341

Corollary 3.12 Let X be any minimal complex surface of general type, and, for integers k, ℓ ≥ 0, let M = X#kC P_2#ℓ(S^1 × S^3). Then

Y(M) = Y(X) = −4π^√2(2χ + 3τ)(X).

This corollary can also be proved directly from Seiberg-Witten ideas, using the results of Ozsváth and Szabó [26].

Finally, let us consider 4-manifolds with positive Yamabe invariant. To prove that Y(M) > 0, all one has to is produce a metric of positive scalar curvature on M, and examples can therefore easily be produced in great abundance. On the other hand, Aubin’s argument says that the Yamabe invariant can never be bigger than that of the sphere. Showing that 0 < Y(M^4) < Y(S^4) for some particular M remains, however, is a non-trivial problem. So far, we have seen that this does, however, actually happen in the case of M = C P_2. There are [37] some other known examples of this type:

Theorem 3.13 For k = 1, 2, 3, and any integer ℓ ≥ 0, 12 √ 2π ≤ Y(kC P_2#[S^1 × S^3]) ≤ 4π √ 16 + 2k.

In particular, these manifolds all have Yamabe invariant < Y(S^4).

Presumably there are many more 4-manifolds with this property. Whether there are high-dimensional analogs of these examples remains completely open.

4 High Dimensions

While the work of many people [28,33,38,39,40] has given us a fascinating menagerie of high-dimensional Einstein manifolds, the high-dimensional arena is notably devoid of any results regarding the non-existence or uniqueness of Einstein metrics. As I shall point out here, however, the situation is quite different for supreme Einstein metrics. My remarks in this direction are inspired, in part, by a paper of Futaki [41] and some spectacular recent results of my student Jimmy Petean [42,36,43].

4.1 Yamabe Invariants

The Yamabe invariant Y(M) turns out to be relatively well behaved with respect to surgeries in high codimension [42]. Recall [44] that if M is any smooth compact n-manifold, and if S^q ⊂ M is a smoothly embedded q-sphere with trivial normal bundle, we may construct a new n-manifold N by replacing a tubular neighborhood S^q × R^{n−q} of S^q with S^{n−q−1} × R^{q+1} . One then says N is obtained from M by performing a surgery in codimension n−q (or dimension q). This operation precisely describes the way that level sets of a Morse function change as one passes a critical point of index q + 1, and two manifolds are therefore cobordant iff one can be obtained from the other by such a sequence of surgeries.

Proposition 4.1 (Petean-Yun) Let M be any smooth compact n-manifold, and let N be obtained from M by performing a surgery in codimension ≥ 3. If Y(M) ≤ 0, then Y(N) ≥ Y(M).

CLAUDE LEBRUN 342

Proof. Let us consider the invariant I_−(M) = inf_g ∫ M |s_{−g}|^{n/2}μ_g, where

s_− = { 0, s ≥ 0 s, s ≤ 0. Assume that n ≥ 3, as otherwise there is nothing to prove. With this assumption, I_− can be rewritten as

I_−(M) = { 0, Y(M) ≥ 0 |Y(M)|^{n/2}, Y(M) ≤ 0. Indeed, if M admits a metric of positive scalar curvature, it also [45] admits a metric with s ≡ 0, so both sides vanish. If, on the other hand, M does not admit a metric of positive scalar curvature, both functionals [10] are minimized in each conformal class by a metric of constant scalar curvature ≤ 0, and the claim is then an immediate consequence.

Now let g be a metric on M such that ∫ M |s_{−g} |^{n/2}μ_g < I_−(M) + ϵ 2 ,

and suppose that S^q ⊂ M is any embedded sphere of codimension n − q ≥ 3. By making a conformal change which is trivial outside a small tubular neighborhood of the sphere, one may produce a conformally related metric g̃ = ug which has positive scalar curvature along S^q, but still satisfies ∫ M |s_{−g̃} |^{n/2}μ_{g̃} < I_−(M) + ϵ.

But on the manifold N obtained by surgery on S^q , a celebrated local construction of Gromov-Lawson [46] then gives us a metric ĝ which has positive scalar curvature in the surgered region, and agrees with g̃ on the set where s_{g̃} ≤ 0. Thus ∫ N |s_{−ĝ} |^{n/2}μ_ĝ = ∫ M |s_{−g̃} |^{n/2}μ_{g̃} < I_−(M) + ϵ,

so that

I_−(N) = inf_ĝ ∫ N |s_{−ĝ} |^{n/2}μ_ĝ ≤ I_−(M), and the claim follows.

Even in dimension 4, this implies Theorem 3.11, since M^4 and M^4#[S^1 × S^3] are obtainable from each other in codimension ≥ 3. But in dimension ≥ 5, the consequences are much more startling. Indeed, it implies [43]

CLAUDE LEBRUN 343

Theorem 4.2 (Petean) Let M be any smooth, simply connected compact nmanifold, n ≥ 5. Then Y(M) ≥ 0.

That is, modulo Conjecture 2.1, the only simply connected manifolds with

Y(M) < 0 live in dimension 4 — where they exist in profusion!

To prove the above result, it suffices to show that any simply connected manifold can be obtained by performing a sequence of codimension ≥ 3 surgeries on some manifold with Y ≥ 0. Using related results of Gromov-Lawson [46] and Stolz [47], this can be reduced to the problem of generating the spin-cobordism ring with manifolds for which Y ≥ 0. Fortunately, most of the needed generators have been known for some time, and the last piece of the puzzle is supplied by Joyce’s construction [38] of 8-manifolds of holonomy Spin(7).

4.2 Supreme Einstein Metrics

It is relatively easy to produce high dimensional examples of supreme Einstein manifolds. For example, most Calabi-Yau manifolds give us examples:

Proposition 4.3 Let (M, g) be a simply connected Ricci-flat Kähler manifold. Assume that the complex manifold M cannot be expressed as a Cartesian product of other complex manifolds. Then g is a supreme Einstein metric iff dim_C M ≢ 3 mod 4.

Proof. The canonical line bundle of M is trivial, since it is flat and M is simply connected. It follows [20] that M is spin. For the Kähler metric g, moreover, the spin bundles are given by

S+ =^⨁_{p even} Λ^{0,p},

S− =^⨁_{p odd} Λ^{0,p},

and the Dirac operator D : Γ(S_+) → Γ(S_−) is given by D = √ 2(∂ + ∂^∗). In particular, the index of the Dirac operator is just the Todd genus Â(M) = χ(M, O) = ∑ p (−1)^ph^0(M, Ω^p),

and dim Ker(D) = ∑ p even

h^0(M, Ω^p).

Now let m denote the complex dimension of M, so that n = 2m is the real dimension. The index of D is independent of the Riemannian metric, and does not vanish a priori if n ≡ 0 mod 4. If n ≡ 2 mod 8, the Hitchin invariant

â(M) ≡ dim Ker(D) mod 2

CLAUDE LEBRUN 344

is similarly metric-independent. If either of these invariants were non-zero, the Lichnerowicz Weitzenböck formula [48,49,50]

D^∗D = ∇^∗∇ + s 4 would preclude the existence of a metric of positive scalar curvature on M, and the Ricci-flat metric g would be supreme.

Now Bochner observed that a holomorphic form on a Ricci-flat Kähler manifold must be parallel, and our hypothesis forces M to be holonomy irreducible [40]. If m is odd, Berger’s holonomy classification predicts that M must have holonomy SU(m), so the only parallel holomorphic forms are in dimensions 0 and m, so that

â(M) ≡ dim Ker(D) ≡ 1 mod 2

if dim_C M ≡ 1 mod 4. If, on the other hand, m = 2k is even, the holonomy could be either SU(m) or Sp(k), but in either case every parallel form would be of even degree, and we would have χ(M) > 0. Thus g is a supreme Einstein metric if m ≢ 3 mod 4.

On the other hand, any simply connected compact manifold with dimension ≡ 6 mod 8 admits metrics of positive scalar curvature by a cobordism argument of Gromov-Lawson [46] and Stolz [47]. A supreme Einstein metric would thus have to have s > 0, and g is therefore not supreme in this case.

If M is an arbitrary simply connected Calabi-Yau manifold, it can be written as a product M = M_1 × · · · × M_ℓ of simply connected irreducible factors. A Ricci-flat Kähler metric on M will thus be supreme iff none of the factors has complex dimension ≡ 3 mod 4.

Similar reasoning can also be applied to the Ricci-flat manifolds of exotic holonomy constructed by Joyce [38]. Thus any compact Einstein 8-manifold of holonomy Spin(7) is supreme. On the other hand, a compact 7-manifolds with holonomy G_2 is never supreme.

We now come to the problem of constructing manifolds which do not admit supreme Einstein metrics. These are particularly easy to construct when the dimension is ≡ 1 mod 8.

Proposition 4.4 Let M be any smooth, simply connected, compact spin manifold of dimension n = 9, 17, 25, 33, . . . Then M is homeomorphic to a smooth manifold N which does not admit a supreme Einstein metric.

Proof. If the Hitchin invariant â(M) ∈ Z_2 is non-zero, set N = M. Otherwise, let Σ be an exotic n-sphere with â(Σ) ≠ 0, and let N be the connected sum M#Σ. In either case, N is then homeomorphic to M and has non-trivial â invariant. Since N is simply connected, Petean’s result then tells us that Y(N) = 0.

Now suppose that there were a supreme Einstein metric g on N. Since

Y(N) = 0, g would then have to be Ricci-flat. On the other hand, since N is

simply connected, the de Rham lemma tells us that we can express it as a Riemannian product N = N_1 × · · · N_k, where each of the factors is holonomy irreducible, and since (N, g) is Ricci-flat, simply connected, and has non-trivial â invariant, the

CLAUDE LEBRUN 345

same is true of each factor. But because N has odd dimension, so must at least one of the factors, say N_1. Since N_1 is simply connected, it cannot have dimension 1, and its holonomy irreducibility and Ricci-flatness would therefore force it, by Berger’s classification, to be a 7-manifold with holonomy G_2. But since the â invariant is trivial in dimension 7, this is a contradiction. Thus N does not admit a supreme Einstein metric, and the claim follows.

The situation is similar when the dimension is ≡ 2 mod 8.

Proposition 4.5 Let M be any smooth, compact, 2-connected manifold of dimension n = 10, 18, 26, 34, . . . Then M is homeomorphic to a smooth manifold N which does not admit a supreme Einstein metric.

Proof. Any such manifold has H^2(M, Z_2) = 0, and so is spin. By again taking the connected sum of M and a suitable exotic sphere Σ, we can again construct a manifold N = M#Σ which is homeomorphic to M and has non-trivial â invariant. As before, a supreme Einstein metric g on N would therefore have to be Ricci-flat. Now assume that such a metric exists, and consider the holonomy decomposition N = N_1 × · · · N_k of (N, g). Each factor N_j must be 2-connected, so none can be Kähler. Also, each has non-zero â invariant, and so has special holonomy. This eliminates all possible holonomy groups for the factors except Spin(7), and N is therefore a product of 8-manifolds. But since dim N ≡ 2 mod 8, this is a contradiction, and it follows that N cannot carry a supreme Einstein metric.

Similar reasoning also shows

Proposition 4.6 There are simply connected 8-manifolds which admit Kähler- Einstein metrics with λ < 0, but which nonetheless do not admit supreme Einstein metrics.

Proof. Let m be a positive integer, and let M be the non-singular complex hypersurface of degree 2m + 6 in C P_5; for concreteness, we could thus take M to be defined by the homogeneous equation

z^{2m+6}

1 + z^{2m+6}_2 + · · · + z^{2m+6}_6 = 0.

The adjunction formula then tells us that the canonical line bundle of M is then given by K = O(2m)|_M , and it follows that M is spin. For any Kähler metric g on M, the kernel and cokernel of the Dirac operator can be identified with the Dolbeault cohomology spaces ⨁ p even

H^p(M, O(m)) and ⨁ p odd H^p(M, O(m)),

respectively, and the fact that

Â(M) = 2h^0(C P_5, O(m)) = 2 ( m + 5 5 )

CLAUDE LEBRUN 346

can therefore be read off directly from the algebraic geometry without needlessly invoking the index theorem. In particular, the underlying simply connected 8-

dimensional spin manifold has Â(M) ≠ 0, so that Y(M) = 0 by Petean’s theorem.

It follows that M cannot admit a supreme Einstein metric. Indeed, we have just seen that Y(M) = 0, and a supreme Einstein metric g on M would therefore have

to be Ricci-flat. Since Â(M) = 2 (_{m+5} 5 ) ≥ 12, there would also have to be at least 12 linearly independent harmonic sections of the spinor bundle S_+ over M, and each of these would have to be parallel by the Weitzenböck formula. But the maximal dimension of the space of parallel sections of S_+ is the rank of this bundle, which is 8 < 12. This contradictions shows that M does not admit a supreme Einstein metric.

On the other hand, M certainly does admit non-supreme Einstein metrics. Indeed, the complex manifold M has ample canonical line bundle K = O(2m)|_M , so that M therefore admits a Kähler-Einstein metric of negative scalar curvature compatible with the given complex structure. Of course, M admits many geometrically distinct Einstein metrics by the same argument, since for free we get a Kähler- Einstein metric for each of the different complex structures obtained by varying the homogeneous polynomial which defines the hypersurface M ⊂ C P_5.

Thus Theorem 3.6 no longer applies when the real dimension is greater than 4. A more extreme form of this failure is illustrated by [51]

Theorem 4.7 (Catanese-LeBrun) There is a smooth 8-manifold M which admits a pair of Einstein metrics for which the Einstein constants λ have opposite signs. Moreover, one may arrange for both of these Einstein metrics to be Kähler, albeit with respect to wildly unrelated complex structures.

Indeed, one may take the 8-manifold M to be X ×X, where X is the 4-manifold

C P2#8C P2, which admits the Kähler-Einstein metrics with λ > 0 constructed by

Tian [33]. However, one can show that this M is diffeomorphic to Z × Z, where Z is the Barlow surface [52]. By a deformation argument, one can construct [51] complex structures on Z with c_1 < 0, and Yau’s proof [28] of the Calabi conjecture thus makes Z into a Kähler-Einstein manifold with λ < 0. Taking product metrics on X × X and Z × Z proves the claim.

Thus the geometry of general Einstein metrics seems rather loosely tied to topology in high dimensions. On the other hand, restricting one’s attention to supreme Einstein metrics would seem to offer a better chance of geometrizing manifolds in a meaningful way. However, as we have seen in this article, one cannot expect most manifolds to admit such metrics. The most interesting avenue would thus perhaps be to try, in the spirit of Anderson’s 3-dimensional program, to break a general manifold into supreme Einstein pieces and collapsed pieces. The technical obstacles to doing this are formidable even in low dimensions, however, so the prospects for such a general scheme remain extremely murky.

Acknowledgment

This research was funded in part by NSF grant DMS-9802722.

CLAUDE LEBRUN 347

References

1. D. Hilbert. Die Grundlagen der Physik. Nachrichten der Gesellschaft der Wissenschaften in Göttingen, 461–472, 1915.

2. H. Yamabe. On the deformation of Riemannian structures on compact manifolds. Osaka Journal of Mathematics, 12:21–37, 1960.

3. N. Trudinger. Remarks concerning the conformal deformation of metrics to constant scalar curvature. Annali della Scuola Normale Superiore di Pisa, 22:265–274, 1968.

4. T. Aubin. Métriques Riemanniennes et courbure. Journal of Differential Geometry, 4:383–424, 1970.

5. R. Schoen. Conformal deformation of a Riemannian metric to constant scalar curvature. Journal of Differential Geometry, 20:478–495, 1984.

6. J. Lee and T. Parker. The Yamabe problem. Bulletin of the American Mathematical Society, 17:37–91, 1987.

7. M. Obata. The conjectures on conformal transformations of Riemannian manifolds. Journal of Differential Geometry, 6:247–258, 1971.

8. O. Kobayashi. Scalar curvature of a metric of unit volume. Mathematische Annalen, 279:253–265, 1987.

9. R. Schoen. Variational theory for the total scalar curvature functional for Riemannian metrics and related topics. Lecture Notes in Mathematics, 1365:120– 154, 1987.

10. G. Besson, G. Courtois, and S. Gallot. Entropies et rigidités des espaces localement symétriques de courbure strictement négative. Geometric and Functional Analysis, 5:731–799, 1995.

11. G.D. Mostow. Quasiconformal mappings in n-space and the strong rigidity of hyperbolic space forms. Publications Mathématiques de l’IHES, 34:53–104, 1968.

12. J. Wolf. Spaces of Constant Curvature. McGraw-Hill, 1967. 13. R. Schoen and S.-T. Yau. Existence of incompressible minimal surfaces and the topology of three-dimensional manifolds with non-negative scalar curvature. Annals of Mathematics, 110:127–142, 1979.

14. M. Gromov and H.B. Lawson, Jr. Spin and scalar curvature in the presence of the fundamental group. Annals of Mathematics, 111:209–230, 1980.

15. L. Bieberbach. Über die Bewegungsgruppen des Euklidischen Räume I. Mathematische Annalen, 70:297–336, 1911.

16. M.T. Anderson. Scalar curvature and geometrization conjectures for 3- manifolds. In Comparison Geometry, volume 30 of Mathematical Sciences Research Institute Publications, pages 49–82. Cambridge University Press, 1997.

17. M.T. Anderson. The L^2 structure of moduli spaces of Einstein metrics on 4-manifolds. Geometric and Functional Analysis, 2:29–89, 1992.

18. R. Hamilton. Three-manifolds with positive Ricci curvature. Journal of Differential Geometry, 17:255–306, 1982.

19. J.A. Thorpe. Some remarks on the Gauss-Bonnet formula. Journal of Mathematics and Mechanics, 18:779–786, 1969.

20. N.J. Hitchin. On compact four-dimensional Einstein manifolds. Journal of Differential Geometry, 9:435–442, 1974.

21. M.T. Anderson. Extrema of curvature functionals on the space of metrics on 3-manifolds. Calculus of Variations and Partial Differential Equations,

CLAUDE LEBRUN 348

5:199–269, 1997.

22. G. Besson, G. Courtois, and S. Gallot. Volume et entropie minimale des espaces localement symétriques. Inventiones Mathematicæ, 103:417–445, 1991.

23. C. LeBrun. Four-manifolds without Einstein metrics. Mathematical Research Letters, 3:133–147, 1996.

24. E. Witten. Monopoles and four-manifolds. Mathematical Research Letters, 1:809–822, 1994.

25. C. LeBrun. Weyl curvature, Einstein metrics, and the Seiberg-Witten equations. Mathematical Research Letters, 5:423–438, 1998.

26. P. Ozsváth and Z. Szabó. Higher type adjunction inequalities in Seiberg- Witten theory. Princeton University preprint, 1998.

27. D. Kotschick. Einstein metrics and smooth structures. Geometry and Topology, 2:1–10, 1998.

28. S.-T. Yau. Calabi’s conjecture and some new results in algebraic geometry.

Proceedings of the National Academy of the USA, 74:1789–1799, 1977. 29. A. Sambusetti. An obstruction to the existence of Einstein metrics on 4- manifolds. Comptes Rendus de l’Académie des Sciences, Paris, 322:1213– 1218, 1996.

30. C. LeBrun. Einstein metrics and Mostow rigidity. Mathematical Research Letters, 2:1–8, 1995.

31. W. Barth, C. Peters, and A. Van de Ven. Compact Complex Surfaces.

Springer-Verlag, 1984.

32. C. LeBrun. Yamabe constants and the perturbed Seiberg-Witten equations.

Communications in Analysis and Geometry, 5:535–553, 1997. 33. G. Tian. On Calabi’s conjecture for complex surfaces with positive first chern class. Inventiones Mathematicæ, 101:101–172, 1990.

34. M. Gursky. The Weyl functional, de Rham cohomology, and Khler-Einstein metrics. Annals of Mathematics, (2) 148:315–337, 1998.

35. D. Page. A compact rotating gravitational instanton. Phys. Lett., 79B:235– 238, 1979.

36. J. Petean. Computations of the Yamabe invariant. Mathematical Research Letters, to appear.

37. M. Gursky and C. LeBrun. Yamabe invariants and spin^c structures. Geometric and Functional Analysis, 8:965-977, 1998.

38. D. Joyce. Compact Riemannian 8-manifolds with holonomy Spin(7). Inventiones Mathematicæ, 123:507–552, 1996.

39. C. P. Boyer, K. Galicki, B. M. Mann, and E. G. Rees. Compact 3-Sasakian 7-manifolds with arbitrary second Betti number. Inventiones Mathematicæ, 131:321–344, 1996.

40. A. Besse. Einstein Manifolds. Springer-Verlag, 1987.

41. A. Futaki. Scalar-flat closed manifolds not admitting positive scalar curvature metrics. Inventiones Mathematicæ, 112:23–29, 1993.

42. J. Petean and G. Yun. Surgery and the Yamabe invariant. Geometric and Functional Analysis, to appear.

43. J. Petean. Yamabe invariants of simply connected manifolds. e-print # math.DG/9808062, 1998.

44. J. Milnor. Lectures on the h-Cobordism Theorem. Princeton University Press, 1965.

45. T. Aubin. Equations du type Monge-Ampère sur les variétés Kählériennes compactes. Comptes Rendus de l’Académie des Sciences, Paris, 283A:119–

CLAUDE LEBRUN 349

121, 1976.

46. M. Gromov and H.B. Lawson, Jr. The classification of simply connected manifolds of positive scalar curvature. Annals of Mathematics, 111:423–434, 1980.

47. S. Stolz. Simply connected manifolds of positive scalar curvature. Annals of Mathematics, (2) 136:511–540, 1992.

48. A. Lichnerowicz. Spineurs harmoniques. Comptes Rendus de l’Académie des Sciences, Paris, 257:7–9, 1963.

49. N.J. Hitchin. Harmonic spinors. Advances in Mathematics, 14:1–55, 1974. 50. H.B. Lawson, Jr. and M.L. Michelsohn. Spin Geometry. Princeton University Press, 1989.

51. F. Catanese and C. LeBrun. On the scalar curvature of Einstein manifolds.

Mathematical Research Letters, 4:843–854, 1997.

52. R. Barlow. A simply connected surface of general type with p_g = 0. Inventiones Mathematicæ, 79:293–301, 1985.