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“Goldilocks Zone” for Einstein metrics:

Not too rigid. Not too flexible. Just right!

Lowest dimension in which
Einstein <<~ constant sectional curvature.

Highest dimension where the Einstein moduli space
& (M) = {Einstein g on M} /(Diff (M) x R™)

known to be connected for many interesting M.

Interplay between existence and obstruction results
sometimes leads to classification statements!
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(M*,.J) for which ¢; is a Kahler class [w].
Shorthand: “c; > 0.7

Blow-up of CPy at k£ distinct points, 0 < k <8,
in general position, or CIPy x CIPy.

Theorem. Each del Pezzo (M*J) admits a
J-compatible Hermaitian, Einstein metric, and

this metric is geometrically unique.

L. '97: Such Einstein metrics are necessarily con-
formal to extremal Kahler metrics, in the sense of
Calabi. Most of them are actually Kahler-Einstein.
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This last assertion first appeared in a conference
volume for a conference in Aarhus!

That article also showed:

Lemma. Suppose compact complex surface (M4, J)
admits a Hermitian g which 1s Einstein, but not

Kéhler. Then (M*,.]) is a Del Pezzo surface.

Lemma. Any such metric is toric, and lives on
CPy#kCPy, K =1,2 or 3.

All of these results depend on phenomenon which
only occur in dimension 4. They do not generalize
to higher dimensions!
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What'’s so special about dimension 47

The Lie group SO(4) is not simple:

s50(4) = s0(3) @ s0(3).
On oriented (M4, g), —
A=At @A~
where AF are (£1)-eigenspaces of
x 1 A% = A2
x> = 1.

AT self-dual 2-forms.
A7 anti-self-dual 2-forms.
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Riemann curvature of ¢
R: A% — A°
splits into 4 irreducible pieces:

AT* ATF

AT W_|_—|—1—82 r

s = scalar curvature
1 = trace-free Ricci curvature
W4 = self-dual Weyl curvature (conformally invariant)

W _ = anti-selt-dual Weyl curvature !
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One fundamental open problem:
Understand all Einstein metrics on del Pezzos.

[s Einstein moduli space connected?

Progress to date:

Completely understand one connected component.

Peng Wu proposed one beautiful characterization
of these metrics, in terms of an open condition on

W. AT — AT

Wu's criterion:

det(W+) > ().



Theorem (Wu/L '21).



Theorem (Wu/L 21). Let (M, g) be a
compact oriented Einstein 4-manaifold,



Theorem (Wu/lL 21). Let (M, g) be a simply-
connected compact oriented Einstein 4-manifold,



Theorem (Wu/lL 21). Let (M, g) be a simply-
connected compact oriented Einstein 4-manifold,
and suppose that its self-dual Weyl curvature

W AT = AT



Theorem (Wu/lL 21). Let (M, g) be a simply-
connected compact oriented Einstein 4-manifold,
and suppose that its self-dual Weyl curvature

W AT = AT
satisfies
det(W+) > ()
at every point of M .



Theorem (Wu/lL 21). Let (M, g) be a simply-
connected compact oriented Einstein 4-manifold,
and suppose that its self-dual Weyl curvature

W AT = AT
satisfies
d6t<W+) > ()

at every point of M. Then M s diffeomorphic to
a del Pezzo surface,



Theorem (Wu/lL 21). Let (M, g) be a simply-
connected compact oriented Einstein 4-manifold,
and suppose that its self-dual Weyl curvature

W AT = AT
satisfies
d6t<W+) > ()

at every point of M. Then M s diffeomorphic to
a del Pezzo surface, and g is one of the confor-
mally Kahler, Einstein metrics weve discussed.



Theorem (Wu/lL 21). Let (M, g) be a simply-
connected compact oriented Einstein 4-manifold,
and suppose that its self-dual Weyl curvature

W AT = AT
satisfies
det(W+) > ()

at every point of M. Then M s diffeomorphic to
a del Pezzo surface, and g is one of the confor-
mally Kahler, Einstein metrics weve discussed.

Simplified version of my argument:



Theorem (Wu/lL 21). Let (M, g) be a simply-
connected compact oriented Einstein 4-manifold,
and suppose that its self-dual Weyl curvature

W AT = AT
satisfies
det(W+) > ()

at every point of M. Then M s diffeomorphic to
a del Pezzo surface, and g is one of the confor-
mally Kahler, Einstein metrics weve discussed.

Simplified version of my argument:

det(WH) >0 = W'~ —




Theorem (Wu/lL 21). Let (M, g) be a simply-
connected compact oriented Einstein 4-manifold,
and suppose that its self-dual Weyl curvature

W AT = AT
satisfies
d6t<W+) > ()

at every point of M. Then M s diffeomorphic to
a del Pezzo surface, and g is one of the confor-
mally Kahler, Einstein metrics weve discussed.

Simplified version of my argument:

det(WH) >0 = W'~ —

Top eigenspace L C AT of W4 is a line bundle.



Theorem (Wu/lL 21). Let (M, g) be a simply-
connected compact oriented Einstein 4-manifold,
and suppose that its self-dual Weyl curvature

W AT = AT
satisfies
det(W+) > ()

at every point of M. Then M s diffeomorphic to
a del Pezzo surface, and g is one of the confor-
mally Kahler, Einstein metrics weve discussed.

Simplified version of my argument:
Set h = o/ 3¢, where o top eigenvalue of Wig,



Theorem (Wu/lL 21). Let (M, g) be a simply-
connected compact oriented Einstein 4-manifold,
and suppose that its self-dual Weyl curvature

W AT = AT
satisfies
det(W+) > ()

at every point of M. Then M s diffeomorphic to
a del Pezzo surface, and g is one of the confor-
mally Kahler, Einstein metrics weve discussed.

Simplified version of my argument:

Set h = o/ 3¢, where o top eigenvalue of Wig,
and choose top eigenform w € AT with |w|;, = 1.



Theorem (Wu/lL 21). Let (M, g) be a simply-
connected compact oriented Einstein 4-manifold,
and suppose that its self-dual Weyl curvature

W AT = AT
satisfies
d6t<W+) > ()

at every point of M. Then M s diffeomorphic to
a del Pezzo surface, and g is one of the confor-
mally Kahler, Einstein metrics weve discussed.

Simplified version of my argument:

Set h = a2/ 3¢, where o top eigenvalue of Wig,
and choose top eigenform w € AT with |w|;, = 1.
A Weitzenbock argument



Theorem (Wu/lL 21). Let (M, g) be a simply-
connected compact oriented Einstein 4-manifold,
and suppose that its self-dual Weyl curvature

W AT = AT
satisfies
d6t<W+) > ()

at every point of M. Then M s diffeomorphic to
a del Pezzo surface, and g is one of the confor-
mally Kahler, Einstein metrics weve discussed.

Simplified version of my argument:

Set h = a2/ 3¢, where o top eigenvalue of Wig,
and choose top eigenform w € AT with |w|;, = 1.
A Weitzenbock argument then shows that

0> |Vwl + 3(w, (d+ d*)*w)



Theorem (Wu/lL 21). Let (M, g) be a simply-
connected compact oriented Einstein 4-manifold,
and suppose that its self-dual Weyl curvature

W AT = AT
satisfies
d6t<W+) > ()

at every point of M. Then M s diffeomorphic to
a del Pezzo surface, and g is one of the confor-
mally Kahler, Einstein metrics weve discussed.

Simplified version of my argument:

Set h = a2/ 3¢, where o top eigenvalue of Wig,
and choose top eigenform w € AT with |w|;, = 1.
A Weitzenbock argument then shows that

0> |Vwl + 3(w, (d+ d*)*w)

at every point, with respect to h.



Theorem (Wu/lL 21). Let (M, g) be a simply-
connected compact oriented Einstein 4-manifold,
and suppose that its self-dual Weyl curvature

W AT = AT
satisfies
d6t<W+) > ()

at every point of M. Then M s diffeomorphic to
a del Pezzo surface, and g is one of the confor-
mally Kahler, Einstein metrics weve discussed.

Simplified version of my argument:

Set h = a2/ 3¢, where o top eigenvalue of Wig,
and choose top eigenform w € AT with |w|;, = 1.
A Weitzenbock argument then shows that

0> |Vwl + 3(w, (d+ d*)*w)

at every point, with respect to h. Now integrate!



Theorem (Wu/lL 21). Let (M, g) be a simply-
connected compact oriented Einstein 4-manifold,
and suppose that its self-dual Weyl curvature

W AT = AT
satisfies
d6t<W+) > ()

at every point of M. Then M s diffeomorphic to
a del Pezzo surface, and g is one of the confor-
mally Kahler, Einstein metrics weve discussed.



Theorem (Wu/lL 21). Let (M, g) be a simply-
connected compact oriented Einstein 4-manifold,
and suppose that its self-dual Weyl curvature

W AT = AT
satisfies
d6t<W+) > ()

at every point of M. Then M s diffeomorphic to
a del Pezzo surface, and g is one of the confor-
mally Kahler, Einstein metrics weve discussed.

Corollary. Every simply-connected compact ori-
ented Einstein (M*, h) with det(W,) > 0 is dif-
feomorphic to a del Pezzo surface.



Theorem (Wu/lL 21). Let (M, g) be a simply-
connected compact oriented Einstein 4-manifold,
and suppose that its self-dual Weyl curvature

W AT = AT
satisfies
d6t<W+) > ()

at every point of M. Then M s diffeomorphic to
a del Pezzo surface, and g is one of the confor-
mally Kahler, Einstein metrics weve discussed.

Corollary. Every simply-connected compact ori-
ented Einstein (M*, h) with det(W,) > 0 is dif-
feomorphic to a del Pezzo surface. Conversely,
every del Pezzo M?* carries Finstein h with
det(Wi) > 0, and these sweep out exactly one
connected component of moduli space & (M ).



The existence of these conformally Kahler, Einstein
metrics depends in part on the theory of Gromov-
Hausdorft convergence.
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We've now seen that certain compact Einstein
orbifolds with A > 0 are Gromov-Hausdorfl limits
of smooth compact Einstein 4-manifolds.

Question. What about Kahler-Einstein orbifolds?

Odaka-Spotti-Sun '16: Classified the A > 0 K-E
orbifolds that are limits of smooth Kahler-Einstein
manifolds.

Most K-E orbifolds simply aren’t such limits!

But could these K-E orbifolds sometimes be limits
of sequences of general Einstein manifolds?

(Goal: Show that this doesn’t change anything!
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We avoid this question by means of a definition!
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Definition. Suppose that (M, g;) — (X, goo) in
the Gromov-Hausdorff sense, where the g; are
Einstein metrics of fizred A > 0 on a connected
compact oriented M*, and where X* is a com-
pact orbifold with only isolated singularities. We
will then say that (M,g;) is an admissible se-
quence, and that (X, goo) 4s an admissible orbifold
limit, of every Ricci-flat ALE spaces (Y ;, h;) that
bubbles off from the (M, g;) satisfies W= 0 with

respect to the induced orientation.
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Proposition. Any admissible orbifold limit (X, goo)
only has singularities of type T.

Definition. An isolated orbifold singularity of
an oriented orbifold X* will be said to be of
type T if it has an open neighborhood modeled
on RY/T for a finite subgroup T < SO(4) for
which RY/T is also the tangent cone at infin-
ity of an anti-self-dual Ricci-flat ALE manifold
(Y4, h).

We can now recast this definition in a much more
concrete and effective form by citing classification
results of Ioana Suvaina and Evan Wright.
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Proposition. An oriented singularity R* /1" is of

type T iff ' < SO(4) is conjugate to a subgroup

of U(2) of one of the two following types:

o Finite subgroups I' < SU(2). These are clas-
sified by the stmply-laced Dynkin diagrams:

Dynkin Diagram ["< SU(2) Classical Figure

A, e - -eoee Cyclic

Di. o .. 4. Binary Dihedral

Eg 04;+0 Binary Tetrahedral

E~ mjﬂ Binary Octahedral

@ & 4 | U

ESH“JM Binary Icosahedral

The corresponding gravitational instantons are
exactly the hyper-Kahler ALE manifolds.
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This second possibility arises in connection with
oravitational instantons that are Ricci-flat Kahler,
but not simply-connected. These are all free Zyy,-
quotients of Ay, 1 hyper-Kahler instantons.
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Proposition. An oriented singularity R* /1" is of
type T iff ' < SO(4) is conjugate to a subgroup
of U(2) of one of the two following types:

o Finite subgroups I' < SU(2). These are clas-
sified by the stmply-laced Dynkin diagrams.

o Cyclic groups Z,,» < U(2), m > 2, gen’d by

ot
Cﬁmn—l

for ¢ = 627”/67”2, with n < m, ged(m,n) = 1.

The corresponding singularities C2 /I are exactly
the ones that algebraic geometers term singularities
of class T. For them, the defining property is that
they have (Q-Gorenstein local smoothings. . .
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Proposition. Either there are infinitely many
topological types of compact K-E 4-dimensional
orbifolds with only isolated singularities that can-
not arise as Gromov-Hausdorff limits of smooth
Einstein manifolds, or else there are infinitely
many Ricci-flat ALE 4-manifolds that remain to
be discovered.



Example. CPy/Z),, where the Zj, action is gener-
ated by

1
o2/
o —2mi/p

If p > 5is a prime, this is K-E orbifold with only
isolated singularities which cannot be a limit of ad-
missible type. In fact, even forbidden if we allow
reverse-oriented instantons!




Example. CPy/Z),, where the Zj, action is gener-

ated by i )
1

o2/

o —2mi/p

If p > 5is a prime, this is K-E orbifold with only
isolated singularities which cannot be a limit of ad-
missible type. In fact, even forbidden if we allow
reverse-oriented instantons!

By contrast, if p = 3, then it is actually a limit of
K-E metrics on CPPy#6CPo,



Example. CPy/Z),, where the Zj, action is gener-

ated by i )
1

o2/

o —2mi/p

If p > 5is a prime, this is K-E orbifold with only
isolated singularities which cannot be a limit of ad-
missible type. In fact, even forbidden if we allow
reverse-oriented instantons!

By contrast, if p = 3, then it is actually a limit of

K-E metrics on CPo#6CP5, where three As instan-
tons bubble off in the limit.



Example. CPy/Z),, where the Zj, action is gener-

ated by i )
1

o2/

o —2mi/p

If p > 5is a prime, this is K-E orbifold with only
isolated singularities which cannot be a limit of ad-
missible type. In fact, even forbidden if we allow
reverse-oriented instantons!

By contrast, if p = 3, then it is actually a limit of

K-E metrics on CPo#6CP5, where three As instan-
tons bubble off in the limit.

These examples form part of a systematic picture. . .
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Odaka-Spotti-Sun:
Classified Gromov-Hausdorft limits of Del Pezzos.

Of course, one only gets non-trivial limits for

CPy#kCP>, < k<S8.

o CIPo#5CPs: only A; singularities arise.
o CIPo#6CP5: only Ay or As singularities arise.
o CPy#7CP>: only Ay, ..., Ay or %(1, 1) arise.

o CPo#8CPy: only (1) Ay, ..., Ay, Dy, 3(1,1),
%(1, 3), or %(1, 2) singularities arise.



Example.



Example. (S x S?)/Zs



Example. (S x S?)/Zs

S2 % G2




Example. (S x S?)/Zs

S2 % G2




Example. (S? x S?)/Z,

is limit of sequence of smooth Kahler-Einstein on

CP2#5@2 — (Cﬂbl X CP1>#4@2



Example. (S? x S?)/Z,

is limit of sequence of smooth Kahler-Einstein on

CP2#5@2 — (Cﬂbl X CP1>#4@2

CPl X CPl



Example. (S? x S?)/Z,

is limit of sequence of smooth Kahler-Einstein on

CP2#5@2 — (Cﬂbl X CP1>#4@2

CPl X CPl



Example. (S? x S?)/Z,

is limit of sequence of smooth Kahler-Einstein on

CP2#5@2 — (Cﬂbl X CP1>#4@2

CPl X CPl



Example. (S? x S?)/Z,

is limit of sequence of smooth Kahler-Einstein on

CP2#5@2 — (Cﬂbl X CP1>#4@2

CPl X CPl



Example. (S? x S?)/Z,

is limit of sequence of smooth Kahler-Einstein on

CP2#5@2 — (Cﬂbl X CP1>#4@2

CPl X CPl



Example. (S? x S?)/Z,

is limit of sequence of smooth Kahler-Einstein on

CP2#5@2 — (Cﬂbl X CP1>#4@2

CPl X CPl



Example. (S? x S?)/Z,

is limit of sequence of smooth Kahler-Einstein on

CP2#5@2 — (Cﬂbl X CP1>#4@2

CPl X CPl



Example. (S? x S?)/Z,

is limit of sequence of smooth Kahler-Einstein on

CP2#5@2 — (Cﬂbl X CP1>#4@2

CPl X CPl



Example. (S? x S?)/Z,

is limit of sequence of smooth Kahler-Einstein on

CP2#5@2 — (Cﬂbl X CP1>#4@2

CPl X CPl



Example. (S? x S?)/Z,

is limit of sequence of smooth Kahler-Einstein on

CP2#5@2 — (Cﬂbl X CP1>#4@2

CPl X CPl



Example. (S? x S?)/Z,

is limit of sequence of smooth Kahler-Einstein on

CP2#5@2 — (Cﬂbl X CP1>#4@2

CPl X CPl



We thus understand limits of A > 0 K-E metrics.



We thus understand limits of A > 0 K-E metrics.

But what about limits of general Einstein metrics?



Theorem A.



Theorem A. Let (X, goo) be a compact Kdhler-
Einstein orbifold



Theorem A. Let (X, goo) be a compact Kdhler-
Einstein orbifold of Einstein constant A > 0,



Theorem A. Let (X, goo) be a compact Kdhler-
FEinstein orbifold of Einstein constant A > 0, and
suppose that (M4,gj) 1s an admaissible sequence



Theorem A. Let (X, goo) be a compact Kdhler-
FEinstein orbifold of Einstein constant A > 0, and
suppose that (M4,gj) 1s an admaissible sequence
of compact oriented Einstein manifolds



Theorem A. Let (X, goo) be a compact Kdhler-
FEinstein orbifold of Einstein constant A > 0, and
suppose that (M4,gj) 1s an admaissible sequence
of compact oriented Einstein manifolds that con-
verges to (X, goo)



Theorem A. Let (X, goo) be a compact Kdhler-
FEinstein orbifold of Einstein constant A > 0, and
suppose that (M4,gj) 1s an admissible sequence
of compact oriented Einstein manifolds that con-
verges to (X, goo) in the Gromov-Hausdorff sense.



Theorem A. Let (X, goo) be a compact Kdhler-
FEinstein orbifold of Einstein constant A > 0, and
suppose that (M4,gj) 1s an admissible sequence
of compact oriented Einstein manifolds that con-

verges to (X, goo) in the Gromov-Hausdorff sense.
Then, for all 7 >0,



Theorem A. Let (X, goo) be a compact Kdhler-
FEinstein orbifold of Einstein constant A > 0, and
suppose that (M4,gj) 1s an admissible sequence
of compact oriented Einstein manifolds that con-
verges to (X, goo) in the Gromov-Hausdorff sense.

Then, for all j > 0, the (M*, gj) are actually all
Kahler-Einstein.



Theorem A. Let (X, goo) be a compact Kdhler-
FEinstein orbifold of Einstein constant A > 0, and
suppose that (M4,gj) 1s an admissible sequence
of compact oriented Einstein manifolds that con-
verges to (X, goo) in the Gromov-Hausdorff sense.

Then, for all j > 0, the (M*, gj) are actually all
Kahler-Einstein. In particular,



Theorem A. Let (X, goo) be a compact Kdhler-
FEinstein orbifold of Einstein constant A > 0, and
suppose that (M4,gj) 1s an admissible sequence
of compact oriented Einstein manifolds that con-
verges to (X, goo) in the Gromov-Hausdorff sense.
Then, for all j > 0, the (M*, gj) are actually all

Kahler-Einstein.  In particular, (X, goo) must
therefore be



Theorem A. Let (X, goo) be a compact Kdhler-
FEinstein orbifold of Einstein constant A > 0, and
suppose that (M4,gj) 1s an admissible sequence
of compact oriented Einstein manifolds that con-
verges to (X, goo) in the Gromov-Hausdorff sense.
Then, for all j > 0, the (M*, gj) are actually all
Kahler-Einstein.  In particular, (X, goo) must
therefore be one of the Kahler-Einstein orbifolds



Theorem A. Let (X, goo) be a compact Kdhler-

FEinstein orbifold of Einstein constant A > 0, and
suppose that (M4,gj) 1s an admaissible sequence

of compact oriented Einstein manifolds that con-

verges to (X, goo) in the Gromov-Hausdorff sense.
Then, for all j > 0, the (M*, gj) are actually all

Kahler-Einstein.  In particular, (X, goo) must

therefore be one of the Kahler-Einstein orbifolds

classified by Odaka-Spotti-Sun.
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Applying Peng Wu's criterion to prove Theorems A
and D 1s technically very delicate.

Condition det(W4) > 0 is required everywhere!
Easy away from “gravitational instanton” regions.
Harder in the regions of singularity formation!

But results of Biquard and Ozuch provide the key!

Curvature tensor behaves roughly like Kahler paradigm
in regions of singularity formation.

Technically hardest when curvature accumulates on
many different length-scales, giving rise to a com-

plicated bubble tree.
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Basic strategy:

Weaken Einstein condition to Einstein-modulo ob-
structions.

Construct universal family of such metrics that desin-
oularize given Einstein orbifold.

Show that Wu'’s criterion holds for these metrics.

Then show that the given Einstein metrics g; below
to this universal family for all 5 > 0.

And hence that they are actually conformally Kahler!
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