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Abstract

A O-analogue of differential characters for complex manifolds
is introduced and studied using a new theory of homological
spark complexes. Many essentially different spark complexes
are shown to have isomorphic groups of spark classes. This
has many consequences: It leads to an analytic representa-
tion of O*-gerbes with connection, it yields a soft resolution
of the sheaf @ by currents on the manifold, and more gen-
erally it gives a Dolbeault-Federer representation of Deligne
cohomology as the cohomology of certain complexes of cur-
rents.

It is shown that the d-spark classes H*(X) carry a functo-
rial ring structure. Holomorphic bundles have Chern classes
in this theory which refine the integral classes and satisfy
Whitney duality. A version of Bott vanishing for holomor-
phic foliations is proved in this context.
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0. INTRODUCTION

In 1972 Jeff Cheeger and Jim Simons developed a theory of differential characters with
applications to secondary characteristic invariants, conformal geometry, the theory of fo-
liations, and much more [4], [23], [3], [5]. Over the intervening years the importance of
this theory has steadily grown — it is now relevant to many areas of mathematics and
mathematical physics. The purpose of this paper is to establish a “O-analogue” of this
theory with new applications to geometry and analysis. In fact for each integer p > 0 we
establish a ring functor H* (X, p) on the category of complex manifolds and holomorphic
maps, with two natural transformations (graded ring homomorphisms)

& H " YX,p) — Zi(X,p) and & :H"YX,p) — H*(X:Z)

where Z7 (X, p) denote the closed differential forms, with certain integrality properties, in
the truncated Dolbeault complex P i<p E3*7J(X). The kernel of §; is Deligne cohomology
(2 H*1(X,0*) when p = 1). The kernel of d3 corresponds to classes with smooth
representatives. These homomorphisms sit in an exact, functorial 3 x 3 grid.

For the sake of exposition we shall restrict attention primarily to the case p = 1, which
is quite natural and already of considerable interest. The results and proofs for p > 1,
which are strictly analogous, will be presented in §14.

We first introduce a number of distinct O-spark complexes and examine them in detail in
low degrees. One of these is related to d-gerbes with connection, another is more analytical
and concerns 0-equations relating smooth to rectifiable currents. All these complexes are
shown to have isomorphic groups of spark classes ﬁ*(X ,1). From this, one establishes
the ring structure and functoriality. In certain presentations of the theory, there are quite
explicit formulas for the product.

This theory is then applied to define refined Chern classes czk(E) € ﬁzk—l(X ,O*) for
holomorphic vector bundles E. These classes are constructed by using a hermitian metric
and its associated canonical connection, but as in ordinary Chern-Weil theory, the result
is independent of the choice. The associated total class d(E) = 1 + dy(E) + do(E) + . ..
satisfies the duality

~

dE®F) = d(E)«d(F).

Furthermore, 65 0 d(E) = ¢(E) € H*(X;Z) is the ordinary total integral Chern class of E.
These results, and their extension to p > 1, give a representation of Chern-Weil type for
the Deligne characteristic classes of F.

In a subsequent section we consider holomorphic foliations and establish the following
analogue of the Bott Vanishing Theorem.

Theorem. Let N be a holomorphic bundle of rank ¢ on a complex manifold X. If N
is (isomorphic to) the normal bundle of a holomorphic foliation of X, then for every
polynomial P of pure cohomology degree k > 2q, the associated refined Chern class satisfies

~ ~

P(dy(N),...,dy(N)) € H*1(X;C*) c H*'(X; 0%)



A nice aspect of this theory is its natural presentation of Deligne cohomology in terms
of forms and currents. In fact, we shall construct several different spark complexes, each
yielding the same ring of spark classes containing Deligne cohomology. Hence, we also
obtain several other geometric constructions of Deligne cohomology.

We note that the standard short exact sequence for the Deligne group H% (X, Z(p)) sits
as the left column in our 3 x 3-grid. When X is compact Kaehler and k = 2p, this is
the sequence: 0 — J,(X) — H2F(X,Z(p)) — Hdg??(X) — 0 where J,(X) is Griffiths’
intermediate Jacobian. (See the diagrams following Proposition 14.4.) In our context
it is trivial to see that every holomorphic cycle of codimension-p determines a class in
HZP(X,7Z(p)). Furthermore, one sees in a similar way that every maximally complex cycle
M of codimension 2p + 1 determines a class [M] € HXT'(X,Z(p)), and if M bounds a
holomorphic chain of (complex) codimension p, then [M] = 0 (cf. Prop. 14.6).

Recall that a powerful property of cohomology theory is its broad range of distinct
formulations. Some presentations of the theory make it easy to compute, while others,
such as de Rham theory, current theory or harmonic theory, lead to non-trivial assertions
in analysis. Differential characters are similar in nature. There are many distinct for-
mulations: some relatively simple and computable, and others rather more complicated,
involving Cech-deRham complexes [19] or complexes of currents [20], [10], [14]. These
latter approaches relate differential characters for example to refined characteristic classes
for singular connections [16], [17], [22], to Morse Theory [18] and to harmonic theory.

In [19] the homological apparatus of spark complexes was introduced to establish the
equivalence of the many approaches to differential characters. In §1 below, that apparatus
is generalized to treat a wide range of situations. In particular, on a complex manifold
one can replace the deRham component of differential character theory by the d-complex
of (0, g)-forms, or more generally, the deRham complex truncated at level p. The machine
developed in §1 is of independent interest and applies to a broad range of interesting
situations.

Using this machine we show that a variety of O-spark complexes are equivalent and
therefore lead to isomorphic groups of spark classes. Thus we are able to relate the classes
of d-gerbes with connection, which are defined within the Cech-Dolbeault double complex,
to classes of currents satisfying a O-spark equation of the form

da = ¢ — U(R)

where ¢ is a smooth d-closed (0, ¢)-form and ¥(R) is the (0, ¢)-component of a rectifiable
cycle R of codimension gq. These two are related by a larger enveloping complex which
contains them both.

Similar remarks apply to the case where one truncates at level p > 1.

Other geometrically motivated spark complexes will be studied in forthcoming papers.



1. HOMOLOGICAL SPARK COMPLEXES
We begin with a generalization of the homological algebra introduced in [19].

Definition 1.1. A homological spark complex is a triple of cochain complexes
(F™, E*, I*) together with morphisms

Y 5

such that:
(i) YUI*)NE* = {0} fork >0,
(i) H*(E)= H*(F), and
(iii)  W:I° — FY is injective.
Note that
Y(IYNE® ¢ Zz%E) = H'(E) = HY(F)
since for any a € ¥(I°) N E°, we have da € ¥(I') N E' = {0}
Definition 1.2. In a given spark complex (F*, E*, [*) a spark of degree k is a pair
(a,7) € FF @ IFH1
which satisfies the spark equation
(i) da = e—V(r) for some e € E¥*! and
(i) dr = 0.
The group of sparks of degree k is denoted by S¥ = S¥(F*, E*, I*). Note that by 1.1 (i)
(iii)  de=0.
Definition 1.3. Two sparks (a,r), (a’'r’) € S*(F*, E*,I*) are equivalent if there exists
a pair
(b,s) e Fk=1 g I*
(i) a—d = db+Y(s)
(i) r—7r" = —ds.
The set of equivalence classes is called the group of spark classes of degree k associated

to the given spark complex and will be denoted by PAI’“(F*, E*, I*) or simply H* when the
complex in question is evident. Note that H™! = HO(I).

We now derive the fundamental exact sequences associated to a homological spark
complex (F*, E*, I*). Let Z*(E) = {e € E* : de = 0} and set

(1.1) ZVE) = {e€ Z¥(E) : [e] = U,(p) for some pe HY(I)}
where [e] denotes the class of e in H¥(E) = H*(F).
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Lemma 1.4. There exist well-defined surjective homomorphisms:

01
—

(1.2) H* ZMYE)  and  HY 22 HMY(I)

given on any representing spark (a,r) € S¥ by
d(a,r)=ce and do(a,r) = [r]

where da = e — W(r) as in 1.2 (i).

Proof. It is straightforward to see that these maps are well-defined. To see that §; is
surjective, consider e € Z?H(E). By definition there exists r € I**! with dr = 0 such
that [e] = ,[r] € H*(F) = H**Y(E). Hence, there exists a € F* with da = e — ¥(r)
and 6;(a,r) = e as desired. The map J, is surjective because if [r] € H**1(I), then ¥(r)
represents a class in H*T1(F) = H*1(E). Picking a representative e € E¥T1 of this class
yields a spark (a,r) with da = e — U(r). O

Lemma 1.5. Let ﬁ% = ker 0. Then
Hf, = E*/Z}(E)

Proof. Suppose a € H* is represented by the spark (a,r). Then da = e — ¥(r) with
e € E**1 and dr = 0. Now dya = 0 means that [r] =0 € H*T(I), i.e., r = —ds for some
s € I*. The equivalent spark (a —V¥(s), 0) satisfies d(a—¥(s)) = e. Since H*(E) = H*(F),
we know by [19, Lemma 1.5] that we can find b € F*~! so that a — ¥(s) + db € E*. This
proves that each « € IA{’;; has a representative of the form (a,0) with a € E*. If (a,0) is
equivalent to 0, then a = db+ ¥(s) for some b € F¥~! and some s € I* with ds = 0. That
is, a € Z¥(E). O

Definition 1.6. Associated to any spark complex (F*, E* I*) is the cone complex
(G*, D) defined by setting

GF = FFg k! k> —1

(1.3) D(a,r) = (da+ ¥(r),—dr) )

Note that there is a short exact sequence of complexes

(1.4) 0 —- F* - G" - I"(1) - 0

where I¥(1) = I**!. The morphism ¥ defines a chain map of degree 1:
r~  Z )

which induces the connecting homomorphisms in the associated long exact sequence in
cohomology.



Proposition 1.7. There are two fundamental short exact sequences:

13 0 — HMG) — HF 2% zZMYE) — 0
‘ 0 — ITI% — H 2 HYD) — 0
Proof. This follows immediately from Lemmas 1.4, 1.5 and Definition 1.6. O

Consider the homomorphism W, : H*(I) — H¥(F) = H*(E), and define
HYE) = Image{¥,} and Kerf(I) = ker{U,}
The exact sequences above fit into the following 3 x 3 commutative grid.

Proposition 1.8. Associated to any spark complex (F*, E* I*) is the commutative dia-
gram

0 0 0
H"(E) Yk k
0 ) HY, —— dE* —— 0
(1.6) 0 —— HNG) —— HF “, ZME) —— 0
02
0 —— Kert+Y(I) —— HM1(I) —2 HMYE) —— 0

whose rows and columns are exact.

2. QUASI-ISOMORPHISMS OF SPARK COMPLEXES

In this section we introduce a useful criterion for showing that two spark complexes
have isomorphic groups of spark classes.

Definition 2.1. Two spark complexes (F*, E*, I'*) and (F*,F*,T*) are quasi-isomorphic
if there exists a commutative diagram of morphisms

LF*DE

inducing an isomorphism

(2.1) v HY(I) = H*(I)
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Proposition 2.2. A quasi-isomorphism of spark complexes (F*, E*, I*) and (F*,E*,T*)
induces an isomorphism

H*(F*, E*,I") ~ H*F ,E".T)

of the associated groups of spark classes. In fact, it induces an isomorphism of the grids
(1.6) associated to the two complexes.

Proof. There is evidently a mapping ﬁ*(F*, E* I*) — IA{*(F*,F*,T*). To see that it is
onto, consider a spark (a,T) € S* with dF = 0 and da = e — U(7) where e € E = pre
By the RHS of (2.1) there exists an element 5 € 7" such that 7 = Y(r) — ds for some
r € I**1 with dr = 0. Hence, da = e — U(7) = e — U((r)) + ¥(ds) = e — ¥(r) + d¥(3),
and we have

d{a—TE) = e—U(r) € FFL
It follows (see [19, Lemma 1.5]) that there exists b € F"' such that
a = a—VE)+db € FF

Consequently, (a@,T) is equivalent to (@ — ¥ (3) + db, T + ds) = (a, 1 (r)) which is the image
of the spark (a,r) € S* = S¥(F*, E*,I*), (note that da = e — ¥(r)). Hence, the map is
onto as claimed.

We now prove that the mapping is injective. Suppose that the image of (a,r) € S¥ is

. . ok . . . T —=k— =k
equivalent to 0 in & . This means that there exists a pair (b,5) € F '@ T" such that

(2.2) a = db— U(3) and Y(r) = ds.

Since 9, : H*(I) — H*(I) is an isomorphism , the RHS of (2.2) implies that there exists
s € I* such that r = ds Hence (a,r) is equivalent in S* to (a’,0) where a’ = a + ¥(s).
The triviality condition (2.2) now becomes

a = db—U(F) and 0 = ds.

Again since 1, : H*(I) — H*(I) is an isomorphism, there exists s’ € I* with ds’ = 0 such
that ¢(s") =5 + dt where t € J Hence, U(3') = U(¢(s') — dt) = ¥(s') — d¥ (), and
we conclude that

a +0(s") = db)
where b = b+ U(t) € F*'. Since H*(F) = H*(F), there exists an element b € Fk~1
with

a +U(s") = db.

Hence, (a’,0) is equivalent in S¥ to (0,0) = (a’ + ¥(s') — db, ds’). O
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Remark 2.3. Proposition 2.2 can be strengthened by replacing the inclusion F* C F
with a strong homological equivalence F'* — F  which induces an isomorphism E* — E .
A strong homological equivalence is a chain map whose kernel and cokernel are acyclic.

Proposition 2.2 unifies the diverse theories of sparks, gerbes, differential characters and
holonomy maps (see [19]). In what follows we examine a “0- analogue” of these objects.

3. CECH-DOLBEAULT SPARKS

Suppose X is a complex manifold of dimension n, and let

0 - O — g0 9, g01 9 02 9 = 9 con

denote the Dolbeault resolution of the sheaf O = Ox of holomorphic functions on X
by smooth (0, g)-forms. Suppose U = {Uy}aca is a covering of X by Stein open sets
such that all finite intersections U,, N---NU,, are contractible, and consider the double
Cech-Dolbeault complex

oW, £0n) —2— cl U, 0 —2—s C2(U, £0m) cn (U, 0
E] E) E] E)
E] 9 E] 9
oW, £92) —2 s clu, £9?) —> c2u, £%?) —2— .. 2 onU, £02)
o E) o E)
oW, 0 —2— cvu, 9 —2— 2, £01) 2 o onU, £
E] 9 E] 9
oW, 90— clu, €90 — > c2u, €90 —2 . 2 onU, £09)
There are two edge complexes:
(3.1) {ker(0) on the left column} = zZ%U, £%*) = HOU, £%*) = £%*(X)

the standard smooth Dolbeault complex with differential 0, and
(3.2) {ker(9) on the bottom row} = C*(U, O)

the standard Cech complex with coefficients in the sheaf ©. There is also the total complex
(F*, D) where

(3.3) F* = @ crW, ™)  and D = (1’640
p+q=k
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Lemma 3.1. The inclusions of the edge complexes
E%*(X) cF* and C*(U,0) C F*

each induce an isomorphism in cohomology.

Proof. There are two spectral sequences converging to H*(F') cf. [12, 4.8]. For the first
one, 'E}"" = the §-cohomology of C*(U,E%*), which, by the fineness of the sheaves £%*,
reduces to the edge complex (3.1) in the far left column and zero elsewhere.

For the second sequence, " E}"™ = the d-cohomology of C*(U,E%*), which, since each
£9%4 is fine and each U,, N ---NU,, is Stein, reduces to the edge complex (3.2) in the
bottom row and zero elsewhere. O

Associated to this double complex are many interesting spark complexes. The most
basic is the following.

Definition 3.2. The Cech-Dolbeault spark complex is the homological spark complex
(F*, E*, I*) where F* is defined by (3.3),
E*=&"*(X) and I"=C*U,Z)->C*U,O0)

and where W is the chain map associated to the inclusion of the sheaf of locally constant
integer-valued functions into @. The groups of spark classes associated to this complex
will be denoted by H®*(X).

Proposition 3.3. The diagram (1.6) for the groups H*(X) can be written as

0 0 0
e ) )
VA )

34) 0 —— HHX,0¢) — HOX) 2, 2Z0HY(X) —— 0

where HY (X, 0) = Image{H*(X;Z) — H*(X,0)} and § : H*(X,0*) — H*1(X;Z) is
the coboundary map coming from the exponential sequence 0 — Z — O — O* — 0 and
where Zg’k(X) denotes d-closed (0, k)-forms representing classes in HY (X, Q) = Hg’k(X).
The group H%:F(X) = £0%(X)/ Z%k(X ) consists exactly of the spark classes representable
by smooth (0, k)-forms.
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Proof. This is essentially straightforward. The only real point is the identification of
H*(G) in (1.6) with H*(X, O*). This is done explicitly in Theorem 9.1.

Remark 3.4. If I/’ is another open cover having the same properties as U, then the
associated groups of Cech-Dolbeault spark classes and 3x3 diagrams are isomorphic. This
follows from the fact that if ¢’ is also a refinement of U, the associated Cech-Dolbeault
spark complexes are quasi-isomorphic.

Remark 3.5. In the above discussion one can replace Z with any subring A C C. In this
case the sheaf O* is replaced by O/A

4. O*-GERBES WITH CONNECTION

To each Cech-Dolbeault spark one can associate a slightly more geometric object called
an “O*-grundle”’or a (generalized) “O*-gerbe with connection”. Under the correspon-
dence, spark equivalence becomes a certain “gauge equivalence”, so the groups of spark
classes discussed in §3 become gauge equivalence classes of O*-gerbes with connection.
These objects have very nice interpretations in low dimensions.

An “O*-grundle” of degree k is obtained from a Cech-Dolbeault spark A of degree k
by replacing the bottom component A*¥ with its exponential

271 A

gal...ozk+1 = € k41

Therefore, g € C*(U,E*) where £* denotes the sheaf of smooth C*-valued functions. The
bottom component of the spark equation:

SARO =

where 7, . € Z, implies that g is a cocycle, that is

41
d0g = 0.

Definition 4.1. An O*-grundle of degree k is a pair (4,g) where g € C*(U,EX)

satisfies g = 0 and A € P, .y 4>0 CP(U, E%9) satisfies

EAO,R =gpe gO,k—l—l(X)
gAl,k—l + (—1)k5A0’k =0
5A2,k‘—2 + (_1)k—15A1,k—1 — 0

gAk_l’l-i-(SAk_Q’Q _—
19

— A =0
2mi g



12

Definition 4.2. Two O*-grundles (A4, g), (ﬁ, g) of degree k are gauge equivalent if there
exists a pair (B, h) where h € C*¥~1(U, EX) satisfies

oh = g§_1

and B € @ CP(U, E%) satisfies

p+q=k—1,4>0
A0k _ 40k _ pok-1

ALR-1 _ ALk-1 — jplLk-2 4 (_1)k—1530,k—1

A2k—2 _ J2k—2 _ 532,k—3+(_1)k—25B1,k—2

Ak-11 _ k=11 _ g _ spk-21

The group of gauge equivalence classes of O*-grundles is denoted by ﬁg;ﬁn ae(X). The
following proposition is straightforward to check.

Proposition 4.3. The correspondence above induces an isomorphism

HOF(X) = HOE L (X)

grundle

In the next two sections we examine these groups ﬁo’k(X ) in low degrees where they
have interesting interpretations analogous to those of differential characters [4], [20].

5. THE CASE OF DEGREE 0

From Proposition 4.3 one immediately deduces the isomorphism
H"0(X) = Map(X,C")

with the space of C*°-maps to C*. The two fundamental exact sequences (1.5) become

0 — OX(X) — Map(X,C¥) 2 20(X) — 0

exp

0 — Map(X,C)/Z —> Map(X,C*) — HYX;Z) — 0

6. THE CASE OF DEGREE 1

From Proposition 4.3 one sees that an element of IA{O’l(X ) is represented by a pair
(4, g) where go5 : Uy NUz — C* is a Cech 1-cocycle, and 4, € £E%(U,) are (0,1)-forms
satisfying

1 59a5 .
A, —Ag = — Uo,NUgz.
« p 271 Gap P p
Thus g gives the data for a complex line bundle L on X and A represents the (0,1)-part
of a connection on L. These objects have intrinsic interest.
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Definition 6.1. Let L — X be a smooth complex line bundle on a complex manifold X.
Then a 0-connection on L is a linear mapping

04:8%(X, L) — E%Y(X,L)
from smooth sections of L to smooth (0,1)-forms with values in L such that
Oa(fo) = (0f)® 0+ f0a(0)
for all f € C’OO_(X) and o € E99(X, L). Two O-connections &4, Op are said to be gauge
equivalent if 95 = go 94 0 g~ ! for some bundle isomorphism ¢ : L — L.
A O-connection extends naturally to define a Dolbeault sequence

9a da

6.1) 90X, L) 24 g01(x, 1) 24 g02(x, 1) 24,

L4, gon(x, 1)

for non-holomorphic bundles L. In general 5?4 is not zero. However, on a section o €
EYY(X, L) one has

=2

8AO' = YA Qo
for o4 € £%2(X). The form 4 is called the d-curvature of the connection. It has the
following properties.
Proposition 6.2.

(1) @A depends only on the gauge equivalence class of the 9-connection.

(2) L admits a O-connection with curvature o4 = 0 if and only if L is (smoothly)
equivalent to a holomorphic line bundle. In fact each 04 with ¢4 = 0 determines
a unique holomorphic structure on L.

Proof. The first assertion is a calculation. The second is a standard consequence of the
Newlander-Nirenberg Theorem.

Proposition 6.3. Let X be a complex manifold. Then there is a natural isomorphism:

A0 (X) { smooth complex line bundles with d-connection on X }

gauge equivalence

Proof. Exercise.

Note that the 0-spark equation in this case can be written

(6.2) 0(A,g) = pa—Ci(L)

where ¢4 is the curvature of the d-connection and C;(L) is a Cech representative of the
first Chern class of the line bundle L. In this case the two fundamental exact sequences
(1.5) become:

0 — HY(X,0") - H*'(X) 2% z22%(X) — 0
0 — H% (X) - H'(X) % H*(X:;Z) — 0

triv
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where H%! (X) C ﬁo’l(X ) is the subgroup where the line bundles are topologically trivial.

triv

7. 0-SPARKS

Suppose X is a complex manifold of dimension n. Let £P9(X) denote the smooth
forms of bidegree (p,q) on X and D'"%(X) D £P9(X) the generalized forms or currents
of bidegree (p,q) on X. (Recall that by definition D'”"?(X) is the topological dual space
to D"~P"~49(X) with the C*°-topology.) The standard Dolbeault decomposition induces
a decomposition

(7.1) D*(x) = @ D™(x)
ptaq=k

of the currents of degree k on X.

Let R¥(X) ¢ D'*(X) denote the group of locally rectifiable currents of degree k (and
dimension 2n — k) on X (cf. [8]). A current T € D'"(X) is called locally integral if
T € R¥(X) and dT € R¥*1(X). The group of locally integral currents of degree k on X
is denoted Z¥(X). The complex of sheaves 0 — Z — I* is a fine resolution of Z and one
has a natural isomorphism

(7.2) H*(Z) = H*(X;Z)
For compact manifolds X this is a basic result of Federer and Fleming [9], [8, 4.4.5].

Note 7.1. In all that follows, one could replace the complex Z*(X) with the subcomplex
Tz (X) of de Rham integral chain currents, which are defined by integration over (locally
finite) C'*° singular chains with Z-coefficients (cf. [7]). This follows from Proposition 2.2
and the fact that H*(Z} g (X)) = H*(X;Z). Readers unfamiliar with integral currents
may want to replace them with integral chain currents.

Definition 7.2. By the 0-spark complex on X we mean the triple (F*, E*, I*) where

r* = D' (X)
E* = £"(X)
I = I*(X)

with
(X)) ¢ P**(X) and VU:T*(X) — DVN(X)

where the inclusion that of smooth forms into the space of forms with distribution coef-
ficients, and where for r € Z%(X), we have U(r) = r%*  the (0,%)"™™ component of r in
the decomposition (7.1). The isomorphism H*(E) = H*(F) is standard. The fact that
E* N W(I*) = {0} for k > 0 is proved in Appendix B.

Thus a d-spark of degree k is a pair (a,r) € D'*"(X) & I (X) such that dr = 0
and a satisfies the O-spark equation:

(7.3) 0a = ¢ —rOFt!
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The set of these will be denoted by S®*(X). A O-spark (a,r) € S*¥(X) is equivalent to
zero if there exits (b, s) € D'" 1 (X) @ Z%(X) such that

(7.4) a = Ob+ sHFFL and r = —ds
The set of spark classes is denoted by

HY*  (X)

O—spark

SUHX)/ ~.

8. CECH-DOLBEAULT HYPERSPARKS

Suppose X is a complex manifold of dimension n, and let

0 -0 —p» & p¥ 2 po 2 2 pon

denote the Serre resolution of the sheaf O = Ox by generalized (0, ¢)-forms. Suppose
U ={U,}aca is a covering of X as in §3, and consider the double Cech-Serre complex

9 9

Q|

cow, v’ —2— ctwu, P —2— c2u, %) —2— ..

) F] F)
cow, oYy —2— ctu, pY —2— 2w, D) —2—

E) 9 9

cw, o™ —2— ctw, p —2— 2w, D) —2— ...

There are two edge complexes:

{ker(5) on the left column} = ZoU, D) = D" (X) > £°%(X),
{ker(9) on the bottom row} = C*(U, O)

where in the second line we are using the standard regularity results for 0. Consider the
total complex (F, D) where

(8.1) F''= @ c*w,p*) and D= (-1)’6+
p+q=Fk
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Lemma 8.1. The inclusions of the edge complexes

*

(X)) cF and C*U,0) CF
each induce an isomorphism in cohomology.

Proof. The argument is essentially the same as the one given for Lemma 3.1. U

Let 79 denote the sheaf of germs of locally integrally flat currents of degree ¢ on X.
The standard boundary operator gives a resolution

0—-2Z—-71°=>7' 712 - 71% — ...

of the constant sheaf Z (cf. [21, Appendix A]). Consider the double complex

d d d

oW, 1?) —— ', 1?) —2— 2, 1?) —2— ...

d d d

oW, Y —— ctu, 1Y) —2— c2u, 1Y) —2—

d d d

oW, 1% —2— ', 10 —>— U, 1% —>— ...

There are two edge complexes:

{ker(8) on the left column} = Z%U,T*) = I*(X),

{ker(d) on the bottom row} = C*(U, Z)
Consider the total complex (I", D) where
(8.2) I"= @ U179 and D = (-1)’6+0

pt+q=k

*

Lemma 8.2. The inclusions of the edge complexes IT*(X) < I and C*(U,Z) c T
induce isomorphisms

H*(T*(X)) = H*(C*(U, 2)) = H*(I") = H*(X; 7).
Proof. This follows as before since the sheaves Z¢ are acyclic. (See [21, Appendix A].) O

Inclusion Z9 C D’ followed by projection D' — D’ 0.4 gives a morphism of sheaves
79 — D'*9 which induces a mapping of double complexes

(8.3) U CP(U,IY) — CP(U, D)
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Definition 8.3. By the Cech-Dolbeault hyperspark complex on X we mean the homo-
logical spark complex (F*,F*,T*) where = = EV(X) C F s given as in Lemma 8.1
and U:T — F is defined by (8.3). The associated group of spark classes will be denoted
by HYF (X)

hyperspark

Theorem 8.4. The Cech-Dolbeault hyperspark complex is quasi-isomorphic to the (smooth)
Cech-Dolbeault spark complex and also to the (analytic) 0-spark complex of §8. Hence
there are natural isomorphisms

(X) 2 Hyherparc(X)

hyperspark

70,k ~ 170,k
H (X) o Hg—spark
Proof. Let (F*, E*,I*) denote the Cech-Dolbeault spark complex defined in 3.2. The
natural inclusion £%* C D'** of the smooth forms into the generalized forms gives an
inclusion F* — F which is the identity on E*. We define a mapping I* — I by the
inclusions

I'=c*WU,z) c C*U,1° c C*U,T)=T.

This commutes with the maps ¥, and by Lemma 8.2 it induces an isomorphism H *(I)
H*(I). This establishes the first assertion.
Now let (F*, E*, I*) denote the 0-spark complex defined in 7.2, and consider the inclu-

sion

12

FF=D""(X) = 22U, D) ¢ P cru D) = F
p+q=k

which is essentially the identity on E*. One sees that under this inclusion I* = F* N T is
the vertical edge complex of the double complex I . Hence, by Lemma 8.2 one has that
H*(I*) = H*(T"), and so this inclusion is a quasi-isomorphism as claimed. O

9. A CURRENT RESOLUTION OF THE SHEAF O*

One of the first consequences of Theorem 8.4 is the following theorem of deRham-Federer
type, giving an isomorphism between H* (X, O*) and the cohomology of a certain complex
of currents on a complex manifold X.

Consider the complex of sheaves on X:

(9.1) 0-glogt gt 22D

with

Gl = p'*git! and  D(a,r) = (Oa+ "7 —dr).
where D' and Z* are as in §8. Let
G1UX) =D "YX) s T (X)
be the group of global sections and consider the associated complex

(9.2) X)) 2o x) 2 e x) 2 arx) 2
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Note that G=! = 70 is the sheaf of locally integrable Z-valued functions, and D : G~! —
GO =D"° @ 7! is given by D(f) = (f, —df). We define

G" = G°/Dg™!

to be the quotient sheaf and claim that the kernel of D on GO is the sheaf O%. To see
this fix a contractible open set U and consider an element (a,r) € G°(U) with D(a,r) =
(Oa + r%1, —dr) = (0,0). Since HY(Z*(U)) = H*(U,Z) = 0, we have r = df for f : U — Z
locally integrable. Hence (a,r) ~ (a+f,r—df) = (a,0) and da = a+[df]** = da+r"! = 0.
Two such holomorphic functions (a,0), (a’,0) are equivalent if they differ by a integer
constant. Thus we obtain a complex of sheaves

(9.3) 00X g 2gt 2,g2 0,

Theorem 9.1. The complex (9.3) is a soft resolution of the sheaf O*, and there are
natural isomorphisms

(9.4) HIG(X)) = HIX;0%)

for all ¢ > 0.

Proof. Fix x € X and consider the cofinal family of contractible Stein neighborhoods of
x. For any such neighborhood U we have H?(G*(U)) = 0 for all ¢ > 0. This results from
the long exact sequence in cohomology associated to the short exact sequence of complexes:
0 — D'"*(U) — G*(U) — I"**(U) — 0. Exactness at ¢ = 0 was proved above. Since
the sheaves D'** and T are soft, so are the sheaves G* and GY. This easily implies (9.4),
which can also be deduced from the quasi-equivalence of the complex (9.1) with the trivial
complex O* (in degree 0). O

10. RING STRUCTURE

In this section we show that on any complex manifold X, the group PAIO’*(X ) carries
the structure of a graded commutative ring with the property that the homomorphisms d;
and dy in the fundamental exact sequences (3.4) are ring homomorphisms. To do this we

shall use the d-spark representation of IAIO’*(X ) and its analogue in the real case.
Recall from [20] (cf. [10] and [14]) that on any C°°-manifold X the differential characters

of degree k can be defined as the spark classes ﬁk(X ) of the spark complex (F*, E* I*)
where

(10.1) F* =D'"(X), E* = £%(X), I =75 (X).

There is a ring structure on H* (X)) defined at the spark level as follows. Fix o € ﬁk(X )
and 3 € HY(X) and choose representatives (a,r) € a and (b, s) € 3 with

da = ¢—r and db = Y —s
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where a As, 7 Aband r A s are all well defined and r A s € ZFHF2(X). Tt is shown in [20]
that this can always be done and that

(102)  axf L lanv+ (DAL = ahst (- oAl € BE(X)

defines a graded commutative ring structure on H* (X)) which coincides with the one defined
by Cheeger in [3].

Note. Given a spark a € D’ k(X ) with da=¢-r where ¢ is smooth and r is integrally flat,
the elements ¢ and r are uniquely determined by a (cf. [20]). For this reason we refer to
the spark (a,r) simply by a.

Remark 10.1. In discussing differential characters and sparks the standard references
only consider real differential forms and currents. However, if one replaces these with
complex differential forms and currents and if one replaces R/Z with C/Z = C*, the
standard discussion remains valid. We shall assume that the forms and currents in (10.1)
are complex.

Let us denote the d-spark complex of §7 by (F%* E%* I*) where
FO* =D (Xx), E* =&%(X), I*=T°(X)

Proposition 10.2. The projection 7 : D" (X) — D’O’*(X) determines a morphism of
spark complexes (F*, E*,I*) — (F%* E%* I*) which induces a surjective additive ho-
momorphism

(10.3) IT: H*(X) — H%*(X)
whose kernel is an ideal.

Proof. Note that for any a € D'k(X) one has
[da]O,k—i—l — g(ao,k>'
From this it is straightforward to see that

TdmPld FO’* @ EO,* ® I*

FroE oI
is a map of complexes which commutes with structure maps: I* — F*, I* — F0* etc. in
the definition of a spark complex. Consequently, the the induced map (a,r) — (a®4,7) on
sparks descends to a well-defined homomorphism IT : H*(X) — H%*(X) as claimed.

To see that II is surjective, consider a d-spark (A, r) € FOFQI*! with 04 = & —r0k+1,
By theorems of de Rham [7] there exist ¢ € E**! and ag € F* such that dag = ¢¢ — 7.
(That is, there exists a smooth representative of the cohomology class of r in H*(F™).)
Let Ag = [ag)®* and @ = [¢]?**! and note that A4y = &g —r"F+1. Hence, I(A— Ay) =
d — ®( is a smooth form. It follows that there exist b € FO%*~1 and ¢ € E%* with
A—Ag = +0b (cf. [19, Lemma 1.5]). Set a = ag+1 +db and note that da = (¢ +dip) —r.
Hence, a is a spark of degree k and a®* = Ay + ¢ + Ob = A. Hence, the mapping II is
surjective as claimed.

We now invoke the following.
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Lemma 10.3. On H*(X), one has that
ker (II) = {a € H*(X) : 3(a,0) € a where a is smooth and a®* = 0}

Proof. Clearly if a = [(a,0)] where a®* = 0, then II(a) = 0. Conversely, suppose
a € ker (II) and choose any spark (a,7) € a. Then II(or) = 0 means that there exist
b e DV HX) and s € TF(X) with 7 = —ds and a%F = —9b + "% = (—db + )0+,
Replace (a,r) by the equivalent element (@, 0) = (a+db— s,r+ds) and note that a%* = 0.
Repeated application of [19, Lemma 1.5] now shows that after modification by some db
we may assume that @ is smooth. Specifically, since da"*~! is smooth, there exists plk—2
so that @*=1 + 9b1*~2 is smooth. Replacing a by a + db we can assume that ab*~1 is
smooth and da = 0. Thus da*>*=2 = —9a'**~! is smooth, and by [19, Lemma 1.5] there
exists b1F~2 with a2*~2 4+ 9b1*~2 smooth. Continuing inductively completes the proof. [

It remains to show that ker (II) is an ideal. Fix « € ker (II) and choose (a,0) € o with
a®* = 0 by Lemma 10.3. Let 5 € IA{e(X) be any class, and (b, s) € § any representative
with spark equation db = 1) — s. Then by formula (10.2) the class « * 3 is represented by
(aA1,0) and (a A )OFHFL = g0k A 9p04+1 = 0. Hence, a * 3 € ker (II), and so ker (II) is
a ideal as claimed. U

The projection II is well behaved with respect to the fundamental exact sequences.

Proposition 10.4. There are commutative diagrams

HE(X) —2 ZEH(X) HE(X) —2— HM(X;2)
n| |- u| |=
HOH(X) —"— 29" (X) HOH(X) —" HY(X; 2)

where 7 denotes the projection. In fact the surjective homomorphism Il expands to a
morphism of the fundamental diagram for H*(X) ([19)):

0 0 0
k ~
0 Hbffc(‘(XXC%) HE (X) —— dEFX) —— 0
(10.4) 0 — HFX,CX) ——  HF(X) o, ZEH(X) —— 0
02
0 —— H{(X,Z2) —— HY(X;Z) —— H{EN(X) —— 0

to the diagram (3.4).
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Proof. Fix o € H**(X) and o/ € H*(X) with II(a’) = o. Choose a representative

(a,7) € o with da = ¢ — r where ¢ € ZF¥1(X). Then (m(a),r) = (a®*,r) represents «

and we see that a®* = [da]**! = ¢**! — k1 Thus 61 = ¢* ! = 7(¢) = 7(d1a’). The

argument for d, is similar. The assertion concerning the diagrams follows directly. U
This brings us to the main result.

Theorem 10.5. For any complex manifold X the 0-spark classes PAIO’*(X ) carry a biad-
ditive product
% HO,k:(X) % HO’E(X) _ HO,k—l—E—l-l(X)

which makes ﬁo’*(X ) into a graded commutative ring (commutative in the sense that
axf= (-G

for o € HO¥(X) and 8 € H*(X).) With respect to this ring structure the fundamental
maps 01 and 0y are ring homomorphisms.

Proof. The first assertions follow immediately from Proposition 10.2. For the last asser-
tion we apply Proposition 10.4 as follows. Suppose a € ﬁo’k(X) and § € ITIO")(X) are
given and choose o/ € H*(X) and ' € HY(X) with II(¢/) = v and TI(8) = 3. If 610/ = ¢
and 618" = 9, then 61(a/ * ') = ¢ Ay and so 01(a* B) = 61 1(a’ * 3') = w1 (o x ) =
(o NY) =7(p) Am(v) = d1(a) A d1(5). The argument for J, is similar. O

Remark 10.5. The product on ﬁo’*(X ) can be defined at the spark level as follows. Let
(a,r) € a € ﬁo’k(X) and (b,s) € B € ITIO’E(X) be sparks with da = ¢ — r and 9b = 1) — s.
Assume that the currents a A s%¢*1 r0k+1 Ap and r A s are well defined and that 7 A s is
integrally flat. (The intersection theory for currents in [20] shows that such representatives
exist,) Then the product « * (3 is represented by each of the following:

(@A + (=)0 AD rAs)  and (@ AsYTFT 4 (=)Mo AD, T As).

Corollary 10.6. The subgroup H*(X,0*) = ker 8, is an ideal in H**(X). In particular,
H*(X,0*) has a ring structure compatible with the spark product. In this product the

coboundary map
§: H'(X,0*) — H*(X; Z)

from the sheaf sequence 0 — Z — O — O* — 0 is a ring homomorphism.

11. FUNCTORIALITY
The main result of this section is the following.

Theorem 11.1. Any holomorphic map f :Y — X between complex manifolds induces a
graded ring homomorphism

froHY(X) — HY(Y)
with the property that if g : Z — Y is holomorphic, then (fog)* = g*o f*. In other words,

ﬁo’*(o) is a graded ring functor on the category of complex manifolds and holomorphic
maps.
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Proof. We know that f induces a ring homomorphism f* : H* (X) — H* (Y) with the
asserted property. We need only show that f* ker (II) C ker (II). This follows directly from
the Lemma 10.3. O

12. REFINED CHERN CLASSES FOR HOLOMORPHIC BUNDLES

In this section we construct refined Chern classes d(E) € H2*~1(X,0*) for holo-
morphic bundles F which extend the tautological case £ = 1. These classes possess
the usual properties and map to the integral Chern classes under the coboundary map
§: H**~1(X,0%) — H*(X,Z). In fact they descend to holomorphic K-theory in the
sense of Grothendieck.

These classes can also be accessed through Deligne cohomology, and our construction
could be considered a Chern-Weil approach to Deligne cohomology in lowest degree. In
[13] this is extended to the full Deligne theory.

Our point of departure is the fundamental work of Cheeger and Simons [4] who showed
that for a smooth complex vector bundle £ — X with unitary connection V there exist
refined Chern classes ¢, (E, V) € H2~1(X) with

(12.1) 51(/C\k(E,V)> == Ck(QV) and 52(/C\R(E,V)> == Ck(E)

where c;,(E) is the integral k** Chern class and ¢ (2V) is the Chern-Weil form representing
ck(E) ® R in the curvature of V (cf. (10.4)). Setting ¢(E) =14¢; + ¢ + ... they show

(12.2) (E@E ,VaV') = ¢E,V)xc(E',V)

Whenever X is a complex manifold we can take the projections

o~

dy(E,V) = TI{ex(E,V)} € H**1(X)
and note that by (12.1), (12.2) and Proposition 10.4
(12.3) 51(dp(E, V) = cx(QV)%*  and  8(di(E,V)) = ci(E)
and with d(E,V) =1+ dy(E,V) 4+ do(E, V) + ...,
(12.4) AE®E VoV = dE,V)«dE, V).
Suppose now that E is holomorphic and is provided with a hermitian metric h. Let V

be the associated canonical hermitian connection. Then ¢ (E, V) is of type (k, k) and so
by (12.3) we have

~

(12.5) dp(E,V) € ker(6;) = H?*Y(X, 0%)

Proposition 12.1. The class in (12.5) is independent of the choice of hermitian metric.
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Proof. Let hg, hy be hermitian metrics on E with canonical connections V°, V! respec-
tively. Then (see [4])
(B, V) = (E,V°) = [T

where [T is the differential character represented by the smooth transgression form
1
T = T(VHL VY = k/ Cr(VE =V Q... Q) dt
0

where Cy(X1,..., X3) is the polarization of the k' elementary symmetric function and
where €2, is the curvature of the connection V! = tV! — (1 —¢)V". Fix a local holomorphic
frame field for £ and let H; be the hermitian matrix representing the metric h; with
respect to this trivialization. Then

V-V =w; —w where ijHj_laﬂj:(?logHj.

In this framing, V! = d+w; where w; = tw; —(1—t)wp and so its curvature Q; = dw; —w Awy
only has Hodge components of type (1, 1) and (2,0). It follows that the Hodge components

(12.6) 71 = 0 for p<yq.

In particular, T%?*~! = 0 and so II[T] = c?k(E, vl — c?k(E, V% =0. O

By Proposition 12.1 each holomorphic vector bundle E of rank k£ has a well defined total
refined Chern class

d(E) = 1+d\(E)+---+dy(E) € H'(X,0%)

Denote by V¥(X) the set of isomorphism classes of holomorphic vector bundles of rank k
on X, and note that V(X) =[], VF(X) is an additive monoid under Whitney sum.

Theorem 12.3. On any complex manifold there is a natural transformation of functors
d:V(X) — H*(X,0%)

with the property that:
(i) dE@F) = d(E)«d(F),
(ii) d: VHX) = 1+ HY(X,0%) is an isomorphism, and

(iii) under the coboundary map 6 : H(X,0*) — H*(X, Z),

Sod = ¢ (the total integral Chern class).
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Proof. Property (i) follows from (12.4), Property (ii) is classical, and Property (iii) follows
from (12.3). O

Property (i) implies that d extends to the additive group completion
(12.7) VHX) = V(X) x V(X)/ ~

where (E, F) ~ (E', F') iff there exists G € V(X) with FEG F @ G2 E' ¢ F®G. It is
natural to ask is whether d then descends to the Grothendieck quotient. It does.

Theorem 12.4. For any short exact sequence of holomorphic vector bundles on X

0 — B — E — E'" — 0

one has

d(E) = d(E')*d(E")
Proof. Choose hermitian metrics A’ and h” for E/ and E” respectively, and choose a
C*°-splitting
0O — F 5 E 5 E" — 0.

«—

o

Define a hermitian metric h = A’ @ h” on E via the smooth isomorphism
(i,0): B ®E" — E.

We must show that the O-spark classes for the direct sum of the canonical hermitian
connections on E’' @ E" agree with the spark classes for the canonical hermitian connection
on F. For this it will suffice to work over an open set U C X on which there exist
holomorphic framings

(€},...,ey) for FE and (ef,...,el) for E"
We now choose two framings form E over U.
Framing 1 (holomorphic):

(€1, s nam) = (€], ..., €], ....em)

where each €} is a holomorphic lift of .
Framing 2 (smooth and direct-sum compatible):

(€1, s nam) = (€], .. e, 0€],...,0em).

Let H and H"” be the smooth hermitian-matrix-valued functions representing the metric
h' and h" in their respective holomorphic frames over U. Then the connection 1-form for
the direct sum connection on F in framing 2 is

w=uwoeu’ where ' = O0H'-(H')™! and " = 0H"-(H")™'.
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In particular in framing 2 this connection form is of type (1,0).

Now let H be the smooth hermitian-matrix-valued function representing the metric h
in the holomorphic framing 1 of E over U. In this framing the connection 1-form of the
canonical hermitian connection on F is

0 = OH-H .
We want to compute the connection 1-form f for this connection in the second framing

(€1, ..., €ntm). For this we consider the change of framing €5, = Z?;m greee and recall (cf.
[11, p. 72]) that

(12.8) 0 = dg-gt+g-0-g7!

where g = (gxe). We now observe that gxy = dxe for 1 < k < n and so g has the form

(I 0 I I 0
g = (A I) and g = <—A I)'
In particular we have that
(12.9) dg-g —dgg—gdg—dg—<dA 0)

Suppose now that ® is any Ad-invariant symmetric k-multilinear function on the Lie
algebra of GL; 4., (C). Then the two given connections on FE give rise to two Cheeger-

Simons differential characters, say ®¢ and @1, and the difference
o, — Dy = [T]

where [T] is the character associated to the smooth differential form
1 ~
T = ]{7/ @(9—60,915,...,915) dt.
0

where € is the curvature 2-form of the connection wy = (1 — t)g + tw. To compute the
corresponding difference in 0-characters we take the projection onto (0,2k — 1)-forms

1
T02k=1 — k/ DO —w, Yy, .., Q)2 dt
0
1
(12.10) :k/ O(dg- gL, Qo Q)2 L dt
0

1
:k/ ®(dg, Qy, ..., Q)21 dt
0
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where the second line follows from the fact that w and € are of type (1,0) and the last line
follows from (12.9).
Observe now that

®(dg, Qy, ..., )21 = (B9, 002, ..., Q02
and from type considerations one computes that
092 = {dwy — wy Awi )% = (1 — )29 A Bg = (1 — )2[Dg, Dg).
From the Adjoint-invariance of ® we conclude that
®(dg, [9g, dg], ..., [0g,0g]) = 0.
Indeed for any matrix-valued 1-form w, invariance implies that

O ([w, w], w, [w,w], ...,|w,w]) + ®(w, [w,w], ..., [w, w])
+ O(w, w, [w, [w, w]], [w, w]..., [w,w]) + ...
= 2®(w, [w,w], ..., [w,w]) = 0

since [w, [w,w]] = 0 by the Jacobi Identity. We conclude that T%2*~1 = 0 and the proof
is complete. O

Consider the natural transformation
d:V(X)T — H*(X,0%)

where V(X)T is the group completion of V(X) (cf. (12.7)). Following Grothendieck we
define the holomorphic K-theory of X to be the quotient

Khol(X> = V(X>+/ ~
where ~ is the equivalence relation generated by setting [E] ~ [E’ @ E”]| whenever there
is a short exact sequence of holomorphic bundles 0 - E' - E — E” — 0 on X.

Corollary 12.5. The natural transformation d defined above descends to a natural trans-
formation

d: Kpo(X) — H*(X,0%)

such that properties (i), (ii) and (iii) of Theorem 12.3 continue to hold. In particular for
algebraic manifolds this gives a total Chern class map

)

.CH(X) — H*(X,0%)

from the group of algebraic cycles modulo rational equivalence.
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13. BOTT VANISHING FOR HOLOMORPHIC FOLIATIONS

In 1969 R. Bott constructed a family of connections on the normal bundle of any smooth
foliation of a manifold. Using these classes he established the vanishing of characteristic
classes of the normal bundle in sufficiently high degrees [1]. Cheeger and Simons then
showed that for these classes which vanish, the corresponding differential characters are well
defined (independent of the choice of Bott connection) and represent secondary invariants
of the foliation [4, §7]. These invariants are highly non-trivial and can vary continuously
as RF-valued objects.

Suppose now that IV is the normal bundle to a holomorphic foliation of codimension-q
on a complex manifold X. Then there are two natural families of connections to consider
on N: the family of Bott connections and the family of canonical hermitian connections.

Proposition 13.1. Let P(ci,...,cq) be a polynomial in Chern classes which is of pure
cohomology degree 2k with k > 2q. Then the d-character P(C, ...,¢,)%?*~1 for the Bott

connections agrees with the O-character P(c?l, e Jq) for the canonical hermitian connec-
tions.

Note. The polynomial P has pure cohomology degree 2k if it satisfies the weighted ho-
mogeneity condition: P(tcy,t?c,...,t%,) = t*P(cy, ...,c,) for all t € R.

Theorem 13.2. Let N be a holomorphic bundle of rank q on a complex manifold X. If
N is (isomorphic to) the normal bundle of a holomorphic foliation of X, then for every
polynomial P of pure cohomology degree k > 2q, the associated refined Chern class satisfies

P(dy(N),...,dy(N)) € H*(X;C*)c H* (X; 0¥)

Proof. This is an immediate consequence of Proposition 13.1 which we shall now prove.

Suppose N is the normal bundle to a holomorphic foliation F of codimension-g. Then

X has a distinguished atlas of coordinate charts (z4,wq) : Uy — C?~7 x C? such that in

the open subset U, C X, F is defined by the equation w, = constant. Under the change
of such coordinates one has
owg

(13.1) 925 = 0, that is Wo = Wo(wg)

depends on wg alone. Note that therefore the operator

Zdwg /\—

is independent of the choice of distinguished coordinates (z,w) and therefore globally
defined on X.

Suppose now that a hermitian metric h is given for the normal bundle N = span{dw}
and let H, be the hermitian matrix representing h in the holomorphic frame dw?, ..., dwg
We define a connection 1-form 6, for N in this frame by setting

0n = OuH,-H,*
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The transition functions for the N = are given by the jacobian matrix

g:ga,ﬂza

A straightforward calculation shows that

0o = 9059 ' +0uwg-9g" = g-0s-g +dg-g ",

and so these 1-forms assemble to give a well-defined Bott connection V on N.
Recall that in the local frame dw},...,dw? for N the canonical hermitian connection

Vis given by the 1-form N
0, = OH, -H".

We can now explicitly compute the transgression term in any distinguished coordinate
system (z,w). (We shall drop the a’s for convenience.) Given P, let ®(X7y,..., X%) be
the Ad-invariant k-multilinear symmetric function on the Lie algebra gl,(C) such that
P(o1(X),...;04(X)) = ®(X, ..., X) where 0;(X) is the j*® elementary symmetric function
of the eigenvalues of X. Then the difference between the O-differential characters associated
to P for the two connections V and V is the character associated to the smooth form

1
T02k=1 — k/ DO —0,Q, ..., Q)02 Lt
0

where

-0 = 9, H H*
and Qt = d@t—Qt/\Ot with

0, = (1—t)0+t0 = O,H -H ' —t(0,H-H™).

Since 6, is of type 1,0 we have that €, is of type 1,1 plus 2,0. Hence, T%:2k=1 = 0. O
Note 13.3. The above calculation shows that

1
P4 — k:/ D0 —0,,..,0)P9dt = 0 for all p < gq.
0

This will allow us to generalize Theorem 13.2 to all Deligne cohomology.
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14. GENERALIZATIONS AND THE RELATION TO DELIGNE COHOMOLOGY

Most of the discussion above can be easily generalized to other truncations of the de
Rham complex. This leads to spark complexes with multiplicative structure on the asso-
ciated spark classes. The role of H*(X,0*) in the above is now played by more general
Deligne cohomology groups.

Fix an integer p > 0 and consider the truncated de Rham complex (D’* (X, p),d) with

D*(X,p) = P P"(X) and d=Vod

r+s=k
r<p

where
v:DH(X) — DX, p)
is the projection ¥(a) = a®* + a'*~1 ... 4 aP~ k=P Note the subcomplex

e X.p) = P e (X)

r+s=k
r<p

of smooth forms with projection ¥ : £*(X) — £*(X, p) whose kernel is a d-closed ideal.

Definition 14.1. By the d-spark complex of level p we mean the triple (F*, E*, I*)
where

rk = p*(X,p)
EF = £F(X,p)
" = 7FX)
with maps
E* C F* and v:.[* — F*
given by the inclusion and projection above. The group of associated spark classes in
degree k will be denoted by H*(X, p).

Note that a spark in this complex is a pair (a,7) € D'"(X,p) x ZFt1(X) such that
dr =0, and a satisfies the d-spark equation
(14.1) da = ¢ —U(r)
for some smooth (k + 1)-form ¢ on X. Note that ptF 1=t = 0 for all £ > p and that
dg =0, ie.,dp =0 (modkerV). B

The O-spark complexes of level 1 are exactly the 0-sparks discussed in §7.

Of course we have not yet established that the triple (F*, E*, I'*) in Definition 14.1 is

a spark complex. The fact that E¥ N I*¥ = {0} for k > 0 is proved in Proposition B.1. To
show that the inclusion E* C F™* induces an isomorphism in cohomology

H*(E) ¥ H*(F) = H*(X,p),
consider E* and I'* as double complexes and note that the inclusion induces an isomor-
phism on vertical d-cohomology (and hence in total cohomology by a standard spectral
sequence argument (cf. [2, Lemma 1.2.5]). Note that H*(X, p) is the hypercohomology of
the complex of sheaves: 0 — Q% — Q% - Q% — -+ — Qf,’(_l — 0.
To analyze the groups of spark classes ﬁk(X ,p) we recall the following (cf. [2] or [24]).
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Definition 14.2. By the Deligne complex of level p we mean the complex of sheaves
Zpr(p) : O—>Z—>Q&—>Q§HQ§(—>-~-HQ§(_1—>O

where Q% | the sheaf of holomorphic k-forms on X, is considered to live in degree k + 1.
(Typically the constant sheaf Z is embedded into Ox = Q% by m — (27i)Pm. We will
not adopt this convention here.) By the Deligne cohomology of X in level p we mean
the hypercohomology of this complex:

Hp(X,Z(p)) = H"(X,Zp(p))

Note that when p = 1 the complex of sheaves Zp (1) is quasi-equivalent to O%[—1], the
sheaf O% shifted to the right by 1 so its formal degree is 1 and not 0. Thus we have that

Hp(X,Z(1)) = H*(X,03),

and so in the fundamental exact grid (3.4), the left-middle term could be replaced by
HE(X,Z(1)). In this form the picture generalizes to all levels.

Proposition 14.3. The first fundamental exact sequence (1.5) for the group H*(X, p) is

01

0 — HE'Y(X,Z(p)) — HMX,p) 25 ZEYX,p) — 0

where Zg“(X ,p) is the set of d-closed forms in E**1(X,p) which represent classes in
HH(X, p) = Tmage{ ¥, : H*"(X; Z) — H*'(X,p)}.

Proof. The identification of Image(d;) is straightforward. To identify the kernel consider
the acyclic resolution

v ® %
* VAor)
IX DX

7 —Y
of the Deligne complex. Proposition A.3 then gives the following.

Proposition 14.4. There is a natural isomorphism

I

Hyp(X,Z(p)) = H*(Cone(I*(X) % D" (X,p)))

This cone complex is exactly the cone complex G* associated to our spark complex as in
(1.5). O
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The diagram (1.6) for the groups H*~1(X, p) can be written as

0 0 0
H*1(X,p) Tk—1 SGeok—1
0 Hg_l(X,p) Hoo (va) — d& (X7p) — 0

0 —— HE(XZ(p) —— B '(X,p) —— ZEX.p) —— 0

l | !

0 ——  ker(¥,) —— H¥X;Z) —2— HEX,p) —— 0

l l l

0 0 0

where as usual IA{’;O_l(X ,p) denotes the spark classes representable by smooth forms.
Note that when X is Kaehler, we have

ker(0,) = HMX;Z)n @D H* 7 (X)
= H¥X:;Z)n _ b = X)

|r—s|<k—2p
r+s=k

where the second line is deduced from the reality of H*(X; Z). In particular when k = 2p
we deduce

0 ——  Jp(X) —— HZ(X,p) —— dE¥1(X,p) —— 0

0 —— HZ(X,Z(p) —— AP 1(X,p) —2— ZP(X,p) —— 0

02

0 —— Hdg’?(X) —— H¥(X;Z) —2— HZPX,p) —— 0

0 0 0

where J,(X) denotes the Griffiths’ p*® intermediate Jacobian and HdgP'?(X) C H?P(X;Z)
are the Hodge classes, i.e., the integral classes representable over R by closed (p, p)-forms.
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The left vertical sequence, which is classical for Deligne cohomology, is deduced directly
from this theory.

Remark 14.5. (The Deligne class of a holomorphic chain.) A holomorphic k-chain
on X is an integral current which can be written as a locally finite sum Z = > ; 1 Vj where
for each j, n; € Z and Vj is an irreducible complex subvariety of dimension-k. Any such
chain determines a spark (0,2) € S?*’71(X) where p = n — k (since d0 = 0 — ¥(Z) = 0)
and therefore a class in ﬁzp—l(X ). This is clearly in the kernel of ; and we obtain a class

[(0,2)] € HE (X, Z(p)).
This retrieves Griffiths’ generalized Abel-Jacobi mapping when X is compact Kaehler and

Z is homologous to zero. The existence of this class goes back to Deligne [6].

Remark 14.6. (The Deligne class of a maximally complex cycle.) The above
construction clearly generalizes to any integral cycle of restricted Hodge type. An interest-
ing case is the following. An integral cycle M € Z?’T1(X) with Dolbeault decomposition
M = MPP+L 4 MPHLP g called maximally complex (cf. [15]). As above, any such a cycle
determines a class in Deligne cohomology

(0, M)] € Hp™ (X, Z(p)-
As in [15] we shall say that M is the boundary of a holomorphic chain if M = dZ where

Z is a current defined by a holomorphic (n — p)-chain in X — M.

Proposition 14.6. If M is a maximally complex cycle which bounds a holomorphic chain,
then its Deligne class in HXT' (X, Z(p)) is zero.

Proof. If M = dZ where Z € 7??(X) N D'"?(X), then [(0,M)] = [(¥(Z),M — dZ)] =
[(0,0)] = 0 in HZXTH (X, Z(p)). O

The above remarks also apply to cycles with compact support with classes in com-
pactly supported Deligne cohomology. In this case one retrieves the moment conditions
characterizing boundaries of holomorphic chains in [15].

15. THEOREMS IN THE GENERAL SETTING
Most of the results proved for d-sparks carry over to the general d-sparks of §14.

Theorem 15.1. The projection ¥ induces a morphism from the de Rham-Federer spark
complex to the d-spark complex in 14.1. This induces a surjective homomorphism

II: H(X) — H*(X,p)

of abelian groups whose kernel is an ideal. Hence, ﬁ*(X ,p) carries a ring structure given
at the spark level by explicit formulas.
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Theorem 15.2. Holomorphic vector bundles E have Chern classes d,(E) € HZ (X, Z(p))

defined as the image of the Cheeger-Simons classes ¢,(E,V) € H2P(X) where V is any
canonical hermitian connection on E.

This constitutes a form of Chern-Weil Theory for Deligne characteristic classes.
Proofs of these theorems appear in [13] where Ning Hao also establishes the following.
e Analytic formulas for the full product in Deligne cohomology.

e A Cech-deRham spark complex equivalent to the one given above.

e A strengthened Bott vanishing theorem and the construction of secondary classes in
Deligne cohomology for holomorphic foliations.

APPENDIX A. HYPERCOHOMOLOGY AND CONE COMPLEXES

In this section we present some elementary homological algebra relevant to Deligne
cohomology and the following cone construction.

Definition A.1. Let ¥ : 7 — J* be a degree-0 mapping of cochain complexes. The
associated cone complex C* = Cone (Z* — J*) is defined by

Ok = Ik+1 D jk
with differential D : C* — C**! given by

D(a,b) = (—da,db+ ¥(a)).

Consider now a two-step complex of sheaves
AL B
on a manifold X (with A in degree 0), and an acyclic resolution

X g

[

A Y . B
Proposition A.2. There is a natural isomorphism
H*(X,A— B) = H*(Cone(I'I" —T'J"))

where I' denotes the sections functor.
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Note. This is the a relative version of the classical isomorphisms:
H*(X,A) = H*(TI") and H*(X,B) = H*(I'J").

Proof. By definition the hypercohomology H*(X, A — B) is the total cohomology of the
double complex

d d

rr2 — ¥ .2

d d

it Y .t

d d

rro —Y , pyo

whose total differential

rP et 2 pre+tlgrge

is given by D(a,b) = (—da, ¥(a) + db). This is exactly the cone complex as asserted. [

The simple fact asserted in Proposition A.2 has a useful generalization. Consider a
complex of sheaves on X:

A YoB LBl LB B

where B* has formal degree k + 1, and suppose we are given an acyclic resolution

o

so that H*(X,A) = H*(I'I*) and H*(X,B*) = H*(I'J**). Arguing exactly as above
proves the following.

Proposition A.3. There is a natural isomorphism

H*(X,A— B*) 2 H*(Cone(I'I* — TI'J*™))
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APPENDIX B. NON-SMOOTHNESS OF INTEGRAL CURRENTS

Recall that a current 7' on a manifold is called locally integral if both T" and dT are
locally rectifiable. The main result of this section is the following.

Proposition B.1. Let X be a complex manifold and for fixed integers k,p > 0 consider
the projection
VD) — D(X.p)

defined in §14. Then for any locally rectifiable current T € TF(X),

U(T) is smooth = U (T) = 0.

Proof. Consider an open subset U C RN . For any current S € D'*(U) and any z € U we
have the upper m-density:

5" (x. |8)) = T SUBE:r)

r—0 Q™

where ||S|| is the total variation measure of S (cf. [8]), m = N — k is the dimension of S,
B(z,r) is the ball of radius r centered at x and «,, is the volume of the unit ball in R™.
We now observe that

(B.1) S is smooth = 0" (x|S) = 0

for all x € U and all m < N. To see this, suppose S is smooth and fix § > 0 with
B(z,6) CC U. Let ¢ = supj,_, <5 [|Syll. Then |S[|(B(z,7))) < crV for r < §, and so
0" (x,||S|) < erN=™ for r < &, which proves (B.1).

Suppose now that 7" is a locally rectifiable current of dimension m < N (i.e., of degree
k=N —m > 0). Let H™ denote Hausdorff measure in dimension m. Then T = nHm‘B
for some (H™, m) locally rectifiable subset B and some A™ R¥-valued function 7 which
is L . with respect to Hm}B. In fact 5 is a simple m-vector of with |n| € ZT, Hm}B—a.e.
The corresponding total variation measure is just ||T'|| = |17|Hm} B

Suppose now that X is an open subset of U C C" and that T is a locally rectifiable
current on X with ||T| = nHm}B as above. Then

S=W(T)=V(nH"|,

where W(n) denotes the pointwise projection of n onto B, /\E,k—é‘

Now assume that S is smooth. Then by (B.1) we have that
0" (z,[ISI) = ©" (x,[¥(m)H"|,) = 0

for all x € U. However, this implies that ¥(n) = 0, Hm}B—a.e., and so S = 0 as claimed.[]
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