δ-STABLE FUCHSIAN GROUPS

CHRISTOPHER J. BISHOP

Abstract. We call a Fuchsian group G δ-stable if δ(G^′) = dim(Λ(G^′)) for every quasi-Fuchsian deformation G^′ of G. It is well known that every finitely generated Fuchsian group has this property. We give examples of infinitely generated Fuchsian groups for which it holds and others for which it fails.

Date: February 10, 2002.

1991 Mathematics Subject Classification. Primary: 30F35 .

Key words and phrases. Hausdorff dimension, quasi-Fuchsian groups, quasiconformal deformation, critical exponent, convex core, Schwarzian derivative, Y-pieces .

The author is partially supported by NSF Grant DMS 0103626. 1

1. Introduction

Associated to a Kleinian group G are two numbers, the Hausdorff dimension of its limit set, dim(Λ), and the critical exponent of its Poincaré series, δ (all definitions will be given in Section 2) and it is natural to ask when they are equal. The question has a simple geometric interpretation. Points of the limit set Λ naturally correspond to geodesic rays with a fixed base point z_0 ∈ M = B /G. The limit set Λ can be written as the disjoint union of two special subsets; the conical limit set, Λ_c, which corresponds to geodesics which return to some compact set infinitely often and the escaping limit set, Λ_e, which corresponds to geodesics which escape to infinity. Thus we always have dim(Λ) = max(dim(Λ_c), dim(Λ_e)). It is a theorem from [12] that δ = dim(Λ_c) for any non-elementary group and hence δ ≤ dim(Λ) for all such groups with equality iff dim(Λ_e) ≤ dim(Λ_c).

If a Kleinian group is geometrically finite then Λ_e is at most countable (see [4], [7]) and so dim(Λ_e) = 0 ≤ dim(Λ_c) clearly holds and hence δ = dim(Λ). This equality is conjectured to hold for all finitely generated Kleinian groups; the best result so far says it holds if we also assume Λ has zero area (see [12]). For infinitely generated groups, the equality can fail, but it is still interesting to find conditions under which it holds.

We will restrict our attention to quasi-Fuchsian groups, i.e., groups G^′ which are conjugate to a Fuchsian group G of the first kind via a quasiconformal map of the plane. We shall say that a Fuchsian group G is δ-stable if δ(G^′) = dim(Λ(G^′)) for every quasi-Fuchsian deformation G^′ of G. Clearly every finitely generated Fuchsian group has this property (because the deformations are geometrically finite), but it is it not obvious whether or not any infinitely generated group does. The purpose of this note is to show both possibilities occur.

Theorem 1.1. There is a Fuchsian group G with δ = 1 which is not δ-stable.

We require δ = 1 to avoid trivial examples where δ(G) ≠ dim(Λ(G)). Examples of infinitely generated groups which are δ-stable can be obtained from a class of surfaces considered in [6]. Suppose R = D /G is a union of Y -pieces and for any ϵ > 0, only a finite number are not ϵ-bounded. Following the terminology in [6], we shall say such a R “approximates a thrice punctured sphere near infinity”.

Theorem 1.2. Suppose R = D /G approximates a thrice punctured sphere at infinity. Then G is δ-stable.

In fact, we will prove the stonger statement that for any quasi-Fuchsian deformation G^′ of G, dim(Λ_e(G^′)) = 1. Then δ-stability follows because it is known that if δ(G) = 1 then δ(G^′) ≥ 1 for any quasi-Fuchsian deformation (see Lemma 2.4). It is easy to see these examples may be taken to be either divergence or convergence type. The example in Theorem 1.1 is a convergence type group and I do not know of any divergence type examples. If G is divergence type, must it be δ-stable?

There are also results which imply δ(G^′) = dim(Λ(G^′)) for special deformations of a Fuchsian group G. For example, it is shown in [11] that this holds for any Fuchsian group G with δ(G) = 1 if the dilatation of the deformation is compactly supported modulo G. A criterion which applies to certain, non-compactly supported dilatations is given in Lemma 5.1 of [8].

The rest of the paper is organized as follows. In Section 2 we recall some basic definitions and results. In Section 3 we prove that a quasiconformal map with Beltrami coefficient μ satisfies a pointwise Hölder type estimate with exponent close to 1 far from the support of μ. In Section 4 we prove Theorem 1.2. In Section 5 we prove Theorem 1.1.

2. Definitions and background

If A, B are quantities that depend on some parameter we write A ≲ B if the ratio B/A is bounded uniformly independent of the parameter. Similarly for ≳. We write A ≃ B if both A ≲ B and A ≳ B hold and say A and B are comparable.

Suppose φ is a increasing continuous function from [0, ∞) to itself such that φ(0) = 0. We define the Hausdorff content of a set E ⊂ R^2 as

H^φ_∞ = inf{ ∑ φ(r_j) : E ⊂ ∪_j D(x_j , r_j)}. If φ(t) = t^α we denote H^φ by H^α. The Hausdorff dimension of E is

dim(E) = inf{α : H^α_∞(E) = 0},

and the Hausdorff measure of E is

H^φ(E) = lim_{δ→0}[inf{ ∑ φ(r_j) : E ⊂ ∪_j D(x_j , r_j), r_j ≤ δ}].

A discrete group G of isometries of the hyperbolic metric on B^d is called a Kleinian group if d = 3 and Fuchsian if d = 2. A Kleinian group can also be considered as a group of linear fractional transformations on S^2. G is called elementary if it contains a finite index Abelian subgroup. In this paper we are only concerned with non-elementary groups. For a non-elementary G, the accumulation of any orbit in B^d ∪ S^{d−1} is a closed set Λ ⊂ S^{d−1} which is independent of the particular orbit. This is the limit set. The conical limit set Λ_c is the set of points x ∈ Λ for which there is a sequence of orbit points of 0 converging to x within a non-tangential cone in B^d . It is easy to see that x is a conical limit point iff a geodesic ray in B ending at x projects to a geodesic in M = B^d /G which returns to some compact set of M infinitely often. The set Λ_b ⊂ Λ_c denotes the subset corresponding to geodesic rays that remain bounded. We define Λ_e = Λ \ Λ_c as the “escaping” part of the limit set. Points of Λ_e correspond to geodesic rays which eventually leave every compact set.

A Fuchsian group G is called first kind if Λ = T and otherwise it is second kind. It is called cocompact if R = D /G is compact and cofinite if R has finite hyperbolic area. A Fuchsian group is called divergence type if ∑ g∈G (1 − |g(0)|) = ∞, and otherwise it is called convergence type. The latter occurs iff R = D /G has a finite Greens function, which is given by the series G_R(z, w) = ∑ g∈G G_D (x, g(y)) = ∑ g∈G log | x − g(y) 1 − x̄g(y) |, where x and y project to z and w respectively.

The Poincaré exponent (or critical exponent) of the group is

δ(G) = inf{s : ∑ G exp(−sρ(0, g(0))) < ∞}, where ρ is the hyperbolic metric in B^3 . A result from [12] says that

Theorem 2.1. If G is a non-elementary Kleinian group then δ(G) = dim(Λ_c(G)).

For Fuchsian groups and geometrically finite Kleinian groups this was previously known, e.g., [27], [29]. The proof given in [12] also shows

Corollary 2.2. If G is any non-elementary, discrete Möbius group, x ∈ M = D /G and ϵ > 0 then there is a R = R(ϵ, x) < ∞ such that the set of directions (i.e., unit tangents at x) which correspond to geodesic rays starting at x which never leave the ball of radius R around x has dimension ≥ δ(G) − ϵ = dim(Λ_c(G)) − ϵ. In particular dim(Λ_b) = dim(Λ_c) = δ(G).

For Fuchsian groups this is due to Fernández and Melián in [21]. If E ⊂ R^d is compact, let N(E, ϵ) be the minimal number of ϵ-balls needed to cover E. The upper Minkowski dimension of E is

dim_M (E) = lim sup_{ϵ→0} log N(E, ϵ) − log ϵ . This is well known to be an upper bound for the Hausdorff dimension of E. If E ⊂ T is compact, let {I_n} be an enumeration of the complementary intervals, i.e., the components of T \ E. The Besicovitch-Taylor index is defined as inf{s : ∑ n diam(I_n)^s < ∞},

and is well known to equal the upper Minkowski dimension of E if E has zero Lebesgue measure. If G is a finitely generated Fuchsian group, it is known that the upper Minkowski and Hausdorff dimensions of the limit set agree and both agree with δ. These remarks give

Lemma 2.3. If Λ is the limit set of a finitely generated Fuchsian group G, δ is the critical exponent and {I_n} is a enumeration of the components of T \ Λ then ∑ n diam(I_n)^{δ+ϵ} ≤ C(ϵ, G) < ∞, (1) for every ϵ > 0.

The critical exponent δ also has a close relationship to λ_0, the base eigenvalue of the Laplacian on the quotient manifold M which is defined as λ_0 = sup{λ : ∃f ∈ C^∞(M)s.t.Δf = −λf and f > 0}

= inf f∈C^∞_0 (M) ∫ M |∇f|^2 |f|^2 . If δ ≥ n − 1 and G acts on hyperbolic n-space, then the Elstrodt-Patterson-Sullivan formula says λ_0 = δ(n − 1 − δ). See [30] for the proof of these facts.

The base eigenvalue, in turn, can be bounded by the geometry of M using Cheeger’s constant h(M). This is defined as the infimum over all compact n-submanifolds N of M of vol_{n−1}(∂(N))/vol_n(N). Cheeger [19] proved that λ_0(M) ≥ h(M)^2/4 and Buser [17] showed that λ_0 ≤ Ch(N) for manifolds of bounded negative curvature (C depends on the dimension and a lower bound for the curvature). See [18] for a different proof of Buser’s result. Combining these comments, we see that a Fuchsian group G has λ_0 = 0 (and hence δ = 1) if the quotient surface R contains subregions S_n with ℓ(∂S_n)/area(S_n) → 0.

A homeomorphism of the plane is called K-quasiconformal if

lim sup r→0 sup_{|y−x|=r} |f(y) − f(x)| inf_{|y−x|=r} |f(y) − f(x)| ≤ K. Such maps are known (see [1]) to be differentiable almost everywhere and μ = f_{z̄}/f_z is called the Betrami coefficient of f and is in L^∞ with norm k = (K − 1)(K + 1). It is also true (see [1] again) that any quasiconformal map f is Hölder continuous with an exponent α > 0 depending only on K. In particular, we will use the fact that if f is K-quasiconformal and γ_1 and γ_2 are hyperbolic geodesics in the unit disk such that γ_1 separates 0 from γ_2 then diam(f(γ_2)) diam(f(γ_1)) ≤ C( diam(γ_1) diam(γ_2)

)^α, (2) for some α depending only on K and C depending on diam(f(γ_2))/diam(f(Ω)), where Ω ⊂ D is region separated from 0 by γ_1.

If G is a Fuchsian group and μ is a bounded measurable function on the unit disk, D , which satisfies ‖μ‖_∞ < 1 and μ(g(z)) = μ(z)g^′(z)/g^′(z), for every g ∈ G, then we say μ is a G-invariant Beltrami coefficient (or complex dilatation). There is a corresponding quasiconformal mapping f_μ which is analytic outside the disk and which conjugates G to a quasi-Fuchsian group G_μ.

A conformal mapping f : D → Ω is called a deformation of the Fuchsian group G if for every g ∈ G, f ∘ g ∘ f^{−1} is Möbius transformation restricted to Ω. It is called a quasiconformal deformation if f has a quasiconformal extension to the whole plane.

Bowen’s theorem [14] says that if G is a cocompact Fuchsian group then for any quasi-Fuchsian deformation G^′ of G either Λ(G^′) is a circle or dim(Λ(G^′)) > 1. This was extended to all divergence type groups in [9] and is false for all convergence groups (see [3]). See [28], [13] [15] for alternate proofs of Bowen’s theorem.

It is easy to see that if G^′ is a deformation of G then Λ_c(G^′) = f(Λ_c(G)) and Λ_e(G^′) = f(Λ_e(G)). A theorem of Makarov [25] says that if E ⊂ T has dim(E) = 1 then dim(f(E)) ≥ 1 for any conformal map of the disk. Applying this to E = Λ_c we see that

Lemma 2.4. If G is a Fuchsian group with δ(G) = 1 then δ(G^′) ≥ 1 for any deformation of G.

An alternate proof is described in [5]. Of course, the same result holds for the escaping limit set as well. Indeed, by a result of Fernández and Melián in [22], dim(Λ_e) = 1 for any infinitely generated Fuchsian group of the first kind. Thus

Lemma 2.5. If G is an infinitely generated Fuchsian group of the first kind then dim(Λ_e(G^′) ≥ 1 for any deformation of G.

A theorem of Astala [2] says that if f is a K-quasiconformal map then dim(f(E)) ≥ 2 dim(E)/(2K + (1 − K) dim(E)). This is a sharper version of a result of Gehring and Väisälä in [23].

A generalized Y -piece in a Riemann surface R is a region bounded by three simple closed geodesics (or punctures) which is homeomorphic to a 2-sphere minus three disks (or points). If all three boundary components have length ≤ L we say the Y - piece is L-bounded (punctures count as zero length). We say that R has a L-bounded Y -piece decomposition if it can be written as a union of L-bounded Y -pieces with disjoint interiors. Let Γ be the union of all simple closed geodesics which occur as boundary arcs in the Y -piece decomposition and let Γ^ϵ ⊂ Γ denote the union of all those with lengths ≥ ϵ. By the collar lemma (e.g., [24], [26]) there is a C > 0 (depending only on L) so that the hyperbolic C-neighborhoods of elements of Γ are pairwise disjoint.

The following is the result from [6] which we will use to prove Theorem 1.2.

Theorem 2.6. Given L, K < ∞ and η > 0 there are ϵ > 0 and r < ∞ so that the following holds. Suppose R = D /G is a Riemann surface which has a decomposition into L-bounded Y -pieces. Suppose F : R → S is a K-quasiconformal map with Beltrami coefficient μ and dist(supp(μ), Γ^ϵ) > r (here “dist” denotes hyperbolic distance on R). Then the corresponding quasi-Fuchsian deformation of G has limit set of dimension ≤ 1 + η.

3. A Hölder type estimate

It is well known that quasiconformal maps satisfy a Hölder condition with exponent that depends only on the quasiconformal constant (e.g. page 47 of [1]). In this section we wish to prove that they satisfy a pointwise Hölder type estimate with exponent close to 1 if the support of the Beltrami coefficient μ is sufficiently “thin” near the point.

Theorem 3.1. Suppose Ω is a K-quasidisk and μ is Beltrami coefficient supported on Ω with ‖μ‖_∞ ≤ k < 1. Let f_μ be the corresponding quasiconformal map of the plane fixing 0, 1 and ∞. Given ϵ > 0 there is a r = r(K, k, ϵ) < ∞ and a C = C(K, k, ϵ) < ∞ so that the following holds. Suppose x ∈ ∂Ω, z ∈ Ω, s = dist(z, ∂Ω) (Euclidean distance) and γ ⊂ Ω is a hyperbolic geodesic connecting z to x. Suppose the hyperbolic distance (in Ω) from γ to the support of μ is at least r. Then for any 0 < t < s, 1 C ( t s )^{1+ϵ} ≤ diam(f(B(x, t)) diam(f(B(x, s))) ≤ C( t s )^{1−ϵ}. Before giving the proof, we will recall a few facts which we will need. If 0 < a < b < ∞ we let R(a, b) = {x ∈ R^n : a < |x| < b}. Let L_f denote the inner dilatation

L_f (x) =

J_f (x) ℓ(f^′(x))^n , where ℓ(f^′(x)) = inf_{|h|=1} |f^′(x)h|. For n = 2 (the only case we will use here) this agrees with the usual dilatation of f. Let M_f (r) = max_{|x|=r} |f(x)|, m_f (r) = min_{|x|=r} |f(x)|. Also let ω_{n−1} be the n − 1 measure of the unit sphere in R^n . The following combines Corollaries 2.21 and 2.34 of [10].

Lemma 3.2. Suppose f : R^n → R^n is quasiconformal, f(0) = 0 and n ≥ 2. Then log b a − log

M_f (b) m_f (a) ≤ 1 ω_{n−1} ∫ R(a,b) L_f (x) − 1 |x|^n dx. and log m_f (b) M_f (a)

− log b a ≤ 1 ω_{n−1} ∫ R(a,b) L_f (x) − 1 |x|^n dx. The following is an easy consequence of this.

Lemma 3.3. Given K < ∞ and ϵ > 0 there is a δ > 0 and C < ∞ so that the following holds. Suppose f : R^2 → R^2 is a K-quasiconformal map with Beltrami coefficient supported on a set E. Suppose that for 0 < r ≤ 1, E satisfies area(E ∩ B(x, r)) ≤ δr^2. Then 1 C r^{1+ϵ} ≤ diam(f_μ(B(x, r))) diam(f_μ(B(x, 1))) ≤ Cr^{1−ϵ}. Proof. Let N be the smallest integer such that 2^{−N} ≤ r. Then ∫ R(r,1) L_f (x) − 1 |x|^2 dx ≤ N∑ n=0 ∫ E∩R(2^{−n−1} ,2^{−n}) (K − 1)2^{2n+2}dx

≤ N∑ n=0 (δ2^{−2n})(K − 1)2^{2n+2}

≤ 4δ(K − 1) N∑ n=0 1 ≤ 4δ(K − 1)(log_2 1 r + 1).

Thus by Lemma 3.2, M_f (1) m_f (r) ≥ ( 1 r )^{1−O(δ)}, m_f (1) M_f (r) ≤ ( 1 r )^{1+O(δ)}.

For quasiconformal maps M_f (r) ≃ m_f (r) ≃ diam(f(B(0, r))), so this proves the lemma.

We also need a few easy facts about quasidisks. The proofs are included for completeness, but the results are well known.

Lemma 3.4. Suppose Ω is a K-quasidisk and z_0 ∈ B(x, r) ∩ Ω is a point which satisfies dist(z_0, ∂Ω) ≥ Mr (“dist” is Euclidean distace). Then there is a C < ∞ and an a > 0 so that {w ∈ Ω ∩ B(x, r) : ρ(w, z_0) ≥ s} ⊂ {w ∈ Ω ∩ B(x, r) : dist(w, ∂Ω) ≤ Cr exp(−as)}. Proof. By rescaling we may assume r = 1. Any point w_0 in B(x, 1) ∩ Ω which is distance d from the boundary can be joined to z_0 be a path of length at most C which satisfies dist(z, ∂Ω) ≥ c|z − w_0|. The quasi-hyperbolic length of such a path is at most C log^1_d and and hence the same is true of its hyperbolic length. Thus ρ(z_0, w_0) ≤ C log^1_d or d ≤ exp(−ρ(z_0, w_0)/C), as desired.

Lemma 3.5. If Γ is a K-quasiarc then there is a α > 0 and C < ∞ (both depending only on K) so that the ϵ-neighborhood of Γ has area ≤ Cϵ^αdiam(Γ)^2.

Proof. This follows from the well known fact that quasicircles are porous, i.e., there is an N (depending on K), such that if we divide a square Q into N^2 disjoint subsquares, then Γ misses at least one of them. After dropping down k times, the squares of size ϵ_k = N^{−k} γ hits have area at most (1−N^{−2})^k = ϵ^α_k where α = − log(1−N^{−2})/ log N. Tripling each square covers an ϵ-neighborhood of Γ and only increases the area by a factor of 9.

The proof of Theorem 3.1 is immediate from the previous lemmas. We will now deduce some consequences that we will need later. In what follows Ω will be a bounded K-quasicircle with a fixed base point z_0 which satisfies dist(z_0, ∂Ω) ≃ diam(Ω). We will let W ⊂ Ω will be a subdomain bounded by hyperbolic geodesics. Moreover we assume there is an a > 0 so that any two geodesics in ∂W are at least hyperbolic distance a apart. If W does not contain z_0 then the component of ∂W which separates z_0 from W will be called the “top edge” of W and the other components will be called “bottom edges”. The following are easy consequences of the results above.

Corollary 3.6. With notation as above, let γ denote the top edge of W and let {γ_k} be an enumeration of the bottom edges. Let E = ∂W ∩ ∂Ω. Suppose μ is a Beltrami coefficient supported on Ω with ‖μ‖_∞ ≤ k < 1. Then given η > 0 there is an r = r(K, k, η) so that if the support of μ is at least hyperbolic distance r from W then ∑ k ( diam(f(γ_k)) diam(f(γ))

)^{1+η} ≤ C ∑ k diam(γ_k) diam(γ) , (3) and dim(E) 1 + η

≤ dim(f(E)) ≤ (1 + η) dim(E). (4) Corollary 3.7. Suppose μ and ν are two Beltrami coefficients on D with disjoint supports and E ⊂ T is such that for every x ∈ E, lim inf_{r→1} ρ(rx, supp(ν)) = ∞. Then dim(f_μ(E)) = dim(f_{μ+ν} (E)).

4. Proof of Theorem 1.2

Suppose R = D /G is a Riemann surface which approximates the thrice punctured sphere near infinity and suppose f is a K-quasiconformal deformation of G to a quasi-Fuchsian group G^′. By Lemma 2.5, dim(Λ_e(G^′)) = dim(f(Λ_e(G))) ≥ 1, so we only have to prove the opposite inequality.

Fix some η > 0 and use Theorem 2.6 to choose ϵ and r. Let μ be the Beltrami coefficient of f and write μ = μ_1 + μ_2 where each μ_i is G invariant, they have disjoint supports, μ_2 is supported on a finite union of Y -pieces and ρ(supp(μ_1), Γ^ϵ) > r. Let f_1 be the deformation of G to a quasi-Fuchsian group G_1 corresponding to μ_1. By Theorem 2.6, dim(f_1(T)) ≤ 1 + η.

Let E denote Λ_e(G), minus the (at most countably many) parabolic fixed points of G. Then each geodesic corresponding to a point of E moves arbitrarily far from supp(μ_2). Thus by Corollary 3.7,

dim(Λ_e(G)) = dim(f(E)) = dim(f_{μ1} (E)) ≤ 1 + η.

Since this holds for every η > 0, we deduce dim(Λ_e(G^′)) = 1, as desired.

5. Proof of Theorem 1.1

Let Y_0 be a Y -piece that has three equal length boundary components. Construct an X-piece, X_0, by identifying two copies of Y_0, which we will denote Y_1 and Y_2, along one boundary component of each. We will consider several Riemann surfaces which are unions of copies of X_0 with various boundary identifications. The first is the compact, genus two Riemann surface R_0 we obtain by identifying the two remaining boundary components of Y_1 and the two remaining boundary components of Y_2 (there are many ways to do this, but any choice will be sufficient for our purposes). Let G_0 be a Fuchsian group such that R_0 = D /G_0 . We will think of R_0 as being labeled by a multi-graph Γ_0 with one vertex and two edges Given any multigraph Γ which covers Γ_0 we can define an associated Riemann surface R = D /G which covers R_0 and hence G is a subgroup of G_0.

One such covering graph is Γ_2, the infinite regular, degree four tree. It is easy to check that Cheeger’s constant for the corresponding surface R_2 = D /G_2 is positive and hence the corresponding critical exponent satisfies δ(G_2) < 1. See also [16], [20]. For future reference we will denote this number as δ_2 = δ(G_2). Since R_2 has a finite upper bound for its injectivity radius, the limit set of G_2 is the whole circle and hence G_2 is a Fuchsian group for which δ < dim(Λ).

Figure 1. The graphs Γ_1, Γ_2, Γ^′_2 and Γ_3

The example in Theorem 1.1 is obtained by modifying R_2 in order to make δ = 1. Choose a vertex z_0 ∈ Γ_2 to be the root and let Γ^′_2 be the component containing z_0 when two of the four edges adjacent of z_0 is removed (thus Γ^′_2 is a union of two of the four “branches” which meet at z_0). Let Γ_3 be the multigraph with vertex set N = {1, 2, 3, . . . } and such that vertex n is connected to n + 1 by exactly two edges. Define Γ_1 to be the union of Γ^′_2 and Γ_3 with z_0 and {1} joined by two edges.

Clearly Γ_1 covers Γ_0 and is covered by Γ_2. Thus the associated Riemann surface R_1 covers R_0 and is covered by R_2 and the corresponding Fuchsian groups satisfy G_2 ⊂ G_1 ⊂ G_0. We claim that G_1 has the properties claimed in Theorem 1.1.

To prove this, we need to show δ_1 = δ(G_1) = 1 and to construct a G_1 invariant Beltrami coefficent μ so that the corresponding quasiconformal deformation f satisfies dim(f(Λ_c(G_1))) < dim(f(Λ_e(G_1))).

The first part is easy. Considering the part of R_2 coresponding to Γ_3 ⊂ Γ_2, one easily shows that the the Cheeger constant for R_2 is zero. Thus δ_1 = 1 as desired by the Elstrodt-Patterson-Sullivan formula.

To prove the second part, we will actually construct as sequence of G_1-invariant coefficients {μ_n} and show that the corresponding deformations {f_n} satisfy

dim(f_n(Λ_e)) ≥ 1 + ϵ, (5) for some ϵ independent of n and

dim(f_n(Λ_c)) → 1 (6) as n → ∞. Together, these clearly imply the desired result if n is large enough.

We now define μ_n. Choose η_1 so that δ_2 < η_1 < 1. By taking k > 0 small enough, we may assume that any map with Beltrami coefficient bounded by k is Hölder of order η_1. Taking k smaller, if necessary, we may also assume k ≤ 1 − δ_2/2.

Choose a non-trivial deformation G^′_0 of G_0 so that ‖μ‖_∞ ≤ k. Since R_0 is a compact surface, Bowen’s theorem says every deformation of G_0 gives a quasi-Fuchsian group whose limit set is either a circle or has critical exponent δ > 1. Thus we can choose ϵ > 0 so that δ(G^′_0) > 1 + ϵ. Let f denote the corresponding deformation of G_0. By Astala’s theorem and the fact that k < 1 − δ_2/2,

dim(E) ≤ δ_2 ⇒ dim(f(E)) < 1. (7) The G_0-invariant coefficient μ is also G_2-invariant (since G_2 is a subgroup of G_0).

Let G^′_2 be the corresponding quasi-Fuchsian deformation of G_2. Note that

δ(G^′_2) = dim(Λ_c(G^′_2)) = dim(f(Λ_c(G_2)) < 1

by (7). Thus dim(Λ_e(G^′_2)) = dim(Λ(G^′_2)) = dim(f(T)) = 1 + ϵ.

Moreover, Λ_e(G_2) breaks into four pieces depending on which branch (i.e., component of R_2 \ X_0 the corresponding geodesic ray eventually stays in. We claim that the f-image of each of the four sets has the same dimension (and is equal to dim(f(Λ_e)). Given one such piece E, there is clearly an element g ∈ G_0 so that ∪_ng^n(E) is all of Λ_e(G_2) except for one point (the attracting fixed point of g). Since g is conjugated to a Möbius transformation by f (since it is a deformation of G_0), this says that f(Λ_e) is the union of one point and a countable number of Möbius images of f(E). Thus dim(f(E)) = dim(f(Λ_e)), as desired.

The coefficient μ is also G_1 invariant (since G_1 ⊂ G_0) and the sequence {μ_n} will be defined by restricting μ to certain subregions of the disk.

Label the vertices of Γ^′_2 by their distance to the root z_0. This gives a labeling of the corresponding X-pieces in R_2 and we will let S^+_n ⊂ R_2 be the union of all Xpieces with labels ≥ n. Let Ω^+_n ⊂ D be the preimage of S_n under the quotient map. Similarly, let S^−_n = R_2 \S^+_n and let Ω^−_n be the lift of S^−_n . Let Γ_n = ∂Ω_n ∩D . Note that Γ is a union of infinite geodesics (each a lift of a boundary geodesic of a X-piece) and that any two components are a uniform hyperbolic distance apart. Note for future use that the hyperbolic distance from S^−_1 to S^+_n is ≥ cn for some fixed c > 0.

Let μ_n be the restriction of the Beltrami coefficient μ to Ω^+_{2n} and let f_n be the corresponding quasiconformal map. We claim that (5) and (6) hold for these maps.

First we prove (5). Consider a component W of Ω^+_0 and let E = Λ_e(G_1)∩∂W . Then f_n can be written as a composition of f with a quasiconformal map whose dilatation is supported on f(D \ Ω_{2n}). Applying Corollary 3.7, we see that dim(f_n(E)) = dim(f(E)). Since dim(f(E)) = dim(Λ_e(G^′_2)) = 1 + ϵ and f_n(E) ⊂ Λ_e(G^′_1) we clearly have dim(Λ_e(G^′_1)) ≥ 1 + ϵ, as desired.

Next we prove (6). For any m < ∞. Let Λ^m_b ⊂ Λ(G_1) denote the subset corresponding to geodesics which never enter Ω^+_m. Then Λ_b(G_1) ⊂ ∪^∞_{m=1}Λ^m_b and so δ(G_1) ≤ sup_m dim(Λ^m_b ) by Theorem 2.1. Similarly, δ(G^′_1) = sup_m dim(f_n(Λ^m_b )). Thus it suffices to show that given η > 0 there is a n_0 so that dim(f_n(Λ^m_b )) ≤ 1 + η for all n ≥ n_0.

Suppose x ∈ Λ^m_b is a point corresponding to a geodesic γ. Then one of the following must be hold for γ:

(1) γ eventually never leaves S^+_1 , (2) γ eventually never leaves S^−_n or (3) γ alternately leaves S^+_1 and S^−_n infinitely often.

Let E_1, E_2 and E_3 denote the subsets of Λ^m_b which correspond to each of these possibilities. Note that E_1 ⊂ ∂Ω_{n,m} = ∂(Ω^+_n ∩ Ω^−_m). Moreover, if Ω is a component of Ω_{n,m} then ∂Ω∩T is the limit set of a finitely generated Fuchsian group G̃ corresponding to the Riemann surface obtained by attaching funnels to boundary components of S_{n,m} = S^+_n ∩ S^−_m. Since δ(S_{n,m}) ≤ δ(R_1) = δ_2 < 1 we see that dim(∂Ω) ≤ δ_2. Since E_1 is contained in a countable union of such sets, its dimension is also ≤ δ_2. Hence dim(f_n(E_1)) ≤ 1 by (7), independent of n and m.

Next consider the set E_2 = ∂Ω^−_n ∩ T. Since the hyperbolic distance from Ω^−_n to the support of μ_n is at least cn (since μ_n is supported in Ω_{2n}), (4) of Corollary 3.6 says that dim(f(E_2)) < 1 + ϵ/2 if n is large enough.

Finally, consider the set E_3. It is separated from 0 by infinitely many alternating curves from Γ_0 and Γ_n. Given a component γ ⊂ Γ_n the maximal components of Γ_0 separated from 0 by γ will be denoted {γ_k}. Since η_1 > δ_2, by Lemma 2.3, they satisfy ∑ k ( diam(γ_k) diam(γ) )^{η1} ≤ C.

By our choice of μ, f_n is η_1-Hölder, so we get for any η > 0 ∑ k ( diam(f_n(γ_k)) diam(f_n(γ))

)^{1+η} ≤ ∑ k ( diam(γ_k) diam(γ)

)^{η1(1+η)} ≤ Ce^{−η1ηcn} ∑ k ( diam(γ_k) diam(γ)

)^{η1} ≤ Ce^{−η1ηcn}. This is ≤ 1 if n is large enough.

On the other hand, if γ ⊂ Γ_0 and {γ_j} are the maximal components of Γ_n separated from 0 by γ then trivially ∑ j diam(γ_j) diam(γ) ≤ 1. If we apply Theorem 3.1, with ϵ so small that (1 − ϵ)(1 + η) ≥ 1 + η/2, then we see that if n is large enough ∑ j [ diam(f_n(γ_j)) diam(f_n(γ))

]^{1+η} ≤ C( ∑ j diam(γ_j) diam(γ)

)^{1+η/2} ≤ Ce^{−ηcn/2}( ∑ j diam(γ_j) diam(γ) ) ≤ Ce^{−ηcn}, which is ≤ 1 if n is large enough. Thus if n is large (depending on η), there is a cover of f_n(E_3) with 1 + η Hausdorff sum bounded by 1. Taking η small enough completes the proof that dim(f_n(Λ^m_b )) ≤ 1+ϵ if n is large enough (independent of m) and hence finishes the proof of Theorem 1.1.

References

[1] L.V. Ahlfors. Lectures on quasiconformal mappings. Math. Studies 10. Van Nostrand, 1966. [2] K. Astala. Area distortion of quasiconformal mappings. Acta Math., 173(1):37–60, 1994. [3] K. Astala and M. Zinsmeister. Mostow rigidity and Fuchsian groups. Comptes Rendu Acad.

Sci., Paris, 311:301–306, 1990.

[4] A.F. Beardon and B. Maskit. Limit points of Kleinian groups and finite sided fundamental polyhedra. Acta Math., 132:1–12, 1974.

[5] C.J. Bishop. Quasiconformal Lipschitz maps, Sullivan’s convex hull theorem and Brennan’s conjecture. to appear in Arkiv för Mat.

[6] C.J. Bishop. Quasiconformal mappings of Y-pieces. to appear in Rev. Mat. Iberoamericana. [7] C.J. Bishop. On a theorem of Beardon and Maskit. Ann. Acad. Sci. Fenn. Math., 21(2):383–388, 1996.

[8] C.J. Bishop. A criterion for the failure of Ruelle’s property. 1999. Preprint.

[9] C.J. Bishop. Divergence groups have the Bowen property. Annals of Math., 154:205–217, 2001. [10] C.J. Bishop, V. Ya. Gutlyanskii, O. Martio, and M. Vuorinen. On conformal dilatation in space.

2000. University of Helsinki Preprint 256.

[11] C.J. Bishop and P.W. Jones. Compact deformations of Fuchsian groups. to appear in J.

d’Analyse.

[12] C.J. Bishop and P.W. Jones. Hausdorff dimension and Kleinian groups. Acta. Math, 179:1–39, 1997. also appeared as Stony Brook IMS preprint 1994/5.

[13] C.J. Bishop and P.W. Jones. Wiggly sets and limit sets. Arkiv Mat., 35:201–224, 1997. [14] R. Bowen. Hausdorff dimension of quasicircles. Publ. I. H. E. S., 50:11–25, 1979. [15] M. Bridgeman and E.C. Taylor. Length distortion and the Hausdorff dimension of limit sets.

Amer. J. Math., 122(3):465–482, 2000.

[16] M. Burger. Small eigenvalues of Riemann surfaces and graphs. Math. Z., 205(3):395–420, 1990. [17] P. Buser. A note on the isoperimetric constant. Ann. Sci. École Norm. Sup. (4), 15(2):213–230, 1982.

[18] R.D. Canary. On the Laplacian and the geometry of hyperbolic 3-manifolds. J. Differential Geom., 36(2):349–367, 1992.

[19] J. Cheeger. A lower bound for the smallest eigenvalue of the Laplacian. In Problems in analysis (Papers dedicated to Salomon Bochner, 1969), pages 195–199. Princeton Univ. Press, Princeton, N. J., 1970.

[20] J. Dodziuk, T. Pignataro, B. Randol, and D. Sullivan. Estimating small eigenvalues of Riemann surfaces. In The legacy of Sonya Kovalevskaya (Cambridge, Mass., and Amherst, Mass., 1985), pages 93–121. Amer. Math. Soc., Providence, R.I., 1987.

[21] J.L. Fernández and M.V. Melián. Bounded geodesics of Riemann surfaces and hyperbolic manifolds. Trans. Amer. Math. Soc., 347:3533–3549, 1995.

[22] J.L. Fernández and M.V. Melián. Escaping geodesics of Riemannian surfaces. 1998. Preprint. [23] F.W. Gehring and J. Väisälä. Hausdorff dimension and quasiconformal mappings. J. London Math. Soc. (2), 6:504–512, 1973.

[24] L. Keen. Collars on Riemann surfaces. pages 263–268. Ann. of Math. Studies, No. 79, 1974. [25] N.G. Makarov. Conformal mapping and Hausdorff measures. Arkiv Mat., 25:41–89, 1987. [26] J.P. Matelski. A compactness theorem for Fuchsian groups of the second kind. Duke Math. J., 43(4):829–840, 1976.

[27] D. Sullivan. The density at infinity of a discrete groups of hyperbolic motions. Publ. I.H.E.S., 50:172–202, 1979.

[28] D. Sullivan. On the ergodic theory at infinity of an arbitrary discrete group of hyperbolic motions. In Riemann surfaces and related topics: Proceedings of the 1978 Stony Brook Conference (State Univ. New York, Stony Brook, N.Y., 1978), pages 465–496, Princeton, N.J., 1981. Princeton Univ. Press.

[29] D. Sullivan. Entropy, Hausdorff measures new and old and limit sets of geometrically finite Kleinian groups. Acta. Math., 153:259–277, 1984.

[30] D. Sullivan. Related aspects of positivity in Riemannian geometry. J. Differential Geom., 25(3):327–351, 1987.

C.J. Bishop, Mathematics Department, SUNY at Stony Brook, Stony Brook, NY 11794-3651

E-mail address: bishop@math.sunysb.edu