COMPACT DEFORMATIONS OF FUCHSIAN GROUPS

CHRISTOPHER J. BISHOP AND PETER W. JONES

Abstract. A conformal map Φ on the unit disk is called a compact deformation of a Fuchsian group G if Φ has a quasiconformal extension to the plane, h, which conjugates G to a Kleinian group G^′ and the dilatation of h is compactly supported modulo G. We show that for such deformations δ = dim(Λ(G^′)) = dim(Λ_c(G^′)) (if δ ≥ 1) and the image of Λ_e = Λ \ Λ_c is contained in a countable union of rectifiable curves and has zero length iff G is divergence type.

Date: September 18, 2000.

1991 Mathematics Subject Classification. Primary: 30F35 .

Key words and phrases. Fuchsian group, Kleinian group, quasiconformal map, Hausdorff dimension, Poincare exponent, deformation, limit set, conical limit set, escaping geodesics, chord-arc curves.

The first author is partially supported by NSF Grant DMS 98-00924. The second author is partially supported by NSF grant DMS-94-23746. 1

1. Introduction

Suppose G is a non-elementary discrete group of Möbius transformations acting on the hyperbolic ball, B^3 . As usual, we let M = B^3 /G be the corresponding hyperbolic orbifold and let Λ ⊂ S^2 = ∂B^3 be the accumulation set of any orbit. Let Λ = Λ_c ∪ Λ_e denote the limit points corresponding to geodesics in M which are recurrent (i.e., return to some compact set infinitely often) or escaping (i.e., eventually leave every compact set) in M respectively.

Suppose Φ : D → Ω is a Riemann mapping. We say that Φ is a deformation of G if Φ ∘ g ∘ Φ^{−1} is a Möbius transformation for every g ∈ G. We say Φ is quasiconformal deformation if Φ has a quasiconformal extension h to the whole plane so that h∘g∘h^{−1} is a Möbius transformation for every g ∈ G. In this case the group G^′ = h ∘ G ∘ h^{−1} is called a quasi-Fuchsian group. Finally, we say Φ is a compact deformation of G if it is a quasiconformal deformation and the dilatation μ_h of h is compactly supported (modulo G).

Since recurrent geodesics come close to support of μ_h infinitely often, while the escaping ones do not, it is natural to expect that the map h can greatly distort Λ_c but not Λ_e. In fact, we will prove

Theorem 1.1. Suppose Φ is a compact deformation of a Fuchsian group G to a quasiFuchsian group G^′. Then dim(Λ_e(G^′)) = dim(Λ_e(G)).

Let δ(G) denote the critical exponent of a Kleinian group G. Clearly, dim(Λ) = max(dim(Λ_c), dim(Λ_e)) and it is known that δ = dim(Λ_c) for all non-elementary groups (Theorem 1.1, [15]). It is also known that if δ(G) = 1 for a Fuchsian group G, then δ(G^′) ≥ 1 for any deformation G^′ of G (see e.g., Theorem 0.4 of [28] applied to Λ_c or Section 1 of [11]). Thus

Corollary 1.2. Suppose Φ is a compact deformation of a Fuchsian group G to a group G^′ and δ(G) = 1. Then dim(Λ(G^′)) = δ(G^′) ≥ 1.

If dim(Λ_e(G)) = 1, then Theorem 1.1 says dim(Λ_e(G^′)) = 1 as well. In fact, we can be much more precise.

Theorem 1.3. Suppose Φ is a compact deformation of a Fuchsian group G. Then Φ(Λ_e) has σ-finite 1-dimensional Hausdorff measure and lies on a countable union of rectifiable curves. If, in addition, G is divergence type, then Φ(Λ_e) has zero 1- dimensional measure.

This is harder than Theorem 1.1 and its proof will take up most of the paper. The techniques of this paper can also be used to show that if Φ is a compact deformation of a divergence type Fuchsian group G, then Λ(G^′) = Φ(T) is either a circle or dim(Λ_c(G^′)) = δ(G^′) = dim(Λ(G^′)) > 1, thus generalizing the result of Bowen for co-compact groups [18]. However, the first author has recently shown that this holds for all deformations (without the compactness assumption), so we will not include the proof of the special case here. See [10].

Now we would like to describe a little of the philosophy of our approach. The main idea behind Theorem 1.1 is to divide the disk into two types of stopping time regions: those near the support of μ and those at least distance r from it. On a region W far from the support of μ, we will show that Φ is Hölder with exponent close to 1 (depending on r). Moreover, an escaping geodesic eventually stays inside one of these regions. Thus Λ_e(G^′) is a union of Hölder images of pieces of Λ_e(G) (with exponent close to 1) and this implies Theorem 1.1.

Theorem 1.3 is an application of the the non-linear L^2 theory for Schwarzian derivatives developed by the authors in [13] and [14]. Also see [26] for a survey of these results. Closely related are the papers by Astala and Zinsmeister [3], [6]. Given a Riemann mapping Φ : D → Ω we can compute the length of ∂Ω by

I_1 = ∫ T |Φ^′(e^{iθ})|dθ. The results of [13] and [14] imply that I_1 is bounded below by a multiple of

I_2 = ∫ D |Φ^′(z)||S(Φ(z))|^2 log 1 |z| (1 − |z|^2)^2dxdy, where S(Φ) is the Schwarzian derivative of Φ. For general domains I_1 ≄ I_2, but I_1 ≃ I_2 + diam(Ω) when Ω is a quasidisk. The integral I_2 is where the non-linear Littlewood-Paley theory comes in; had we used the usual theory, our bound for I_1 would have been of the form I^′_2 = ∫ D |Φ^′(z)||φ^{′′}(z) + 1 2 φ^′(z)^2|^2 log 1 |z| (1 − |z|^2)^2dxdy, where φ = log |Φ^′|. Since the Schwarzian can be written as S(Φ) = φ^{′′} −^1_2 (φ^′)^2, changing the “+” to a “−” is a non-linear mapping which converts this integral to I_2.

The integral I_2 is preferable to I^′_2, despite its non-linear nature, since the Schwarzian can be easily estimated in terms of the geometry of Ω and has very nice invariance with respect to composition by Möbius transformations which makes it particularly useful in studying group deformations. Moreover, I_2 is a direct analog of the so called “β-sums” used by the second author to characterize subsets of rectifiable curves in [26].

In this paper we will be more concerned with the related integral

I_3 = ∫ D |S(Φ(z))|^2 log 1 |z| (1 − |z|^2)^2dxdy. This represents more localized geometric information than I_2 in the sense that S(Φ)(z) can be estimated from the geometry of the ∂Ω near the point Φ(z) at the scale dist(Φ(z), ∂Ω), whereas estimates of Φ^′ require information about all larger scales as well. One can also consider I_3 as an analog of the β-sums in [26], but in which each dyadic square is weighted by its harmonic measure in Ω, rather than its diameter. Unfortunately, the convergence of neither I_2 nor I_3 implies the convergence of the other, but, as we shall see below, much useful information can still be derived from I_3. This integral has been studied in detail in by Astala and Zinsmeister (e.g., [2]) as part of their “rectifiable Teichmüller” theory and by the authors (e.g., [14]) for its connections to the geometry of Ω. For example, I_3 < ∞ implies |Φ^′| ∈ H^p for p <^1_2 and it implies that harmonic measure on Ω satisfies a Lavrentiev type estimate (just as rectifiable curves do). See [14].

Because of the composition properties of the Schwarzian (see Section 4), it turns out that if Φ a deformation Fuchsian group G, then the hyperbolic Schwarzian

S_H (Φ) ≡ |S(Φ(z))|^2(1 − |z|^2)^2,

is group invariant (e.g., [20], [31]). Thus we can rewrite I_3 as ∫ D S_H (Φ(z))^2 log 1 |z| dA, where dA denotes hyperbolic area. Since log^1_{|z|} is the Greens function for the disk, this integral is just the same as ∫ R S_H (Φ(z))^2G_R(z, w)dA, (1) where R = D /G is the quotient Riemann surface, S_H Φ is viewed as a function on R, G_R is the Greens function for R and w is the projection of 0 ∈ D onto R.

If G is divergence type then G_R ≡ +∞, and so the integral I_3 is infinite (unless S(Φ) ≡ 0). This does not directly imply that Φ(T) has infinite length, but we can deduce that the integral over the Stolz cone ∫ Γ(x) |S(Φ)(z)|^2(1 − |z|^2)^2dxdy = ∞, for every conical limit point, and hence almost every point on T (since G is divergence type). By Theorem 5 of [14], Φ^′ fails to have non-tangential limits almost everywhere and hence cannot be in H^1. Thus Φ(T) must have infinite length. This is Pommerenke’s result from [30].

Next, suppose G is convergence type, so that G_R is finite. Then (1) might be finite or infinite, depending on Φ. For example, if S_H (Φ) is bounded away from zero on R then the integral is infinite (since ∫ R G_RdA represents the expected time a Brownian motion spends on R, which is infinite). On the other hand, if Φ corresponds to a compact deformation of G we shall show that

S_H (Φ) ≤ C exp(−ρ(z, z_0)), (2) where ρ is hyperbolic distance on R and z_0 is some point of R. Since the hyperbolic area of a ball of radius r Riemann surface can grow at most like e^r, and since G is bounded outside a neighborhood of its pole, we deduce that (1) is always finite for any compact deformation of any convergence type group. In fact, much of this paper is devoted to showing this integral is uniformly bounded, independent of the placement of the pole of Greens function and thus

dμ = |S(Φ(z))|^2 log 1 |z| (1 − |z|^2)^2dxdy (3) is a Carleson measure on the disk. Proving this requires some estimates on the growth of Greens function for R. The simplest case is when R is “thick”, i.e., the injectivity radius at any point is uniformly bounded away from zero. Then the gradient of Greens function is uniformly bounded outside any neighborhood of its pole and so the Greens function has at most linear growth on R. From this and (2) it is easy to deduce a uniform bound for (1), independent of the choice of the pole of Green’s function. When R has thin parts, some additional arguments are needed (and only the hyperbolic thin parts cause any serious difficulty).

When Ω = Φ(D ) is a quasidisk, the fact that (3) is a Carleson measure is equivalent to several different conditions on Φ and Ω including

A: φ = log |Φ^′| is in BMOA, B: Φ can be extended to a global quasiconformal map whose dilatation μ such that |μ(z)|^2(1 − |z|)^{−1}dxdy is a Carleson measure.

C: For every z ∈ Ω, there is a uniformly chord-arc subdomain D_z ⊂ Ω with ℓ(∂D_z) ≃ dist(z, ∂Ω) ≃ ℓ(∂D_z ∩ ∂Ω). D: Harmonic measures for the two sides of ∂Ω are A_∞ related.

Thus our methods show that a compact deformation of a Fuchsian group has limit set lying on a curve satisfying all these conditions. These equivalences are proven in [3]. Curves satisfying (A)-(D) are “well approximated” by rectifiable curves (e.g., Corollary 1 of [14]), but need not be rectifiable themselves (e.g., [33], [8], [3]), contrary to a conjecture in [23]. An example of Astala and Zinsmeister in [5] shows that a compact deformation of a convergence group can have dimension > 1, and hence must a curve which is not rectifiable but satisfies (A)-(D). See [27] for further results about such curves.

As noted above, if G is divergence type and Φ is not Möbius, then the integral (1) diverges. However, if S ⊂ R has a Greens function G_S (e.g., S = S_r = R \ B(x_0, r)) and Φ corresponds to a compact deformation, then we will show the integral ∫ S |S_H (Φ)(z)|^2G_S(z, w)dA(z) ≤ A(r) (4) with G_S replacing G_R will converge with an estimate which is uniform for w ∈ S and tending to 0 as r → ∞ (e.g., Corollary 9.4). Given a r > 0 we will construct stopping time regions W_j ⊂ D so that W_j projects into some S_r by the quotient map and every escaping geodesic (except possibly for countably many) eventually stays in some W_j. The fact that (4) is small allows us to deduce that φ = log |Φ^′| is in BMO on W_j with small norm (actually we may have to pass to a subregion of W_j to avoid a small set where φ^′ might be large) and thus that Φ(W_j ) has rectifiable boundary by the John-Nirenberg theorem and A_∞ estimates for harmonic measure on chord-arc curves. Hence Φ(Λ_e) is a subset of a union of rectifiable curves. If G is divergence type then Λ_e has zero Lebesgue measure and the F. and M. Riesz theorem then implies Φ(Λ_e) has zero linear measure. The main technicality is proving (4).

The remainder of the paper is organized as follows.

Section 2: We review definitions and facts concerning chord-arc domains, Carleson measures and BMO.

Section 3: We review background on Fuchsian and Kleinian groups. Section 4: We recall some facts about the Schwarzian derivative. Section 5: We prove the Schwarzian derivative of a compact deformation decays exponentially fast away from the support of the dilatation.

Section 6: We show that if the Schwarzian is small on a region then Φ satisfies a Hölder estimate.

Section 7: We prove Theorem 1.1.

Section 8: We prove an estimate on Greens function for a Riemann surface. Section 9: We show that if Φ is a compact deformation of a convergence type group, then φ = log |Φ^′| is in BMOA.

Section 10: We establish a variant of Greens theorem for chord-arc curves and use it to bound φ in terms of S(Φ).

Section 11: We prove Theorem 1.3.

2. Carleson measures and BMO

If A, B are quantities that depend on some parameter we write A ≲ B if the ratio B/A is bounded uniformly independent of the parameter. Similarly for ≳. We write A ≃ B if both A ≲ B and A ≳ B hold and say A and B are comparable.

The notation dist(z, w) or dist(z, E) will always denote the Euclidean distance between points or sets. We will let ρ denote the hyperbolic metric in hyperbolic space or a Riemann surface R.

If E ⊂ R^d we let |E|_d denote the d-dimensional Lebesgue measure of E and use |E| if the dimension is clear from context. Suppose φ is a increasing continuous function from [0, ∞) to itself such that φ(0) = 0. We define the Hausdorff content of a set E ⊂ R^2 as

H^φ_∞ = inf{ ∑ φ(r_j) : E ⊂ ∪_j D(x_j , r_j)}.

If φ(t) = t^α we denote H^φ by H^α. The Hausdorff dimension of E is

dim(E) = inf{α : H^α_∞(E) = 0},

and the Hausdorff measure of E is

H^φ(E) = lim_{δ→0}[inf{ ∑ φ(r_j) : E ⊂ ∪_j D(x_j , r_j), r_j ≤ δ}]. A nth generation dyadic interval in T is an interval of the form (j2^{−n}π, (j+1)2^{−n}π].

The collection of such intervals is denoted D_n. Given a point x ∈ T, we let I_n(x) denote the unique interval in D_n which contains x. If J is any bounded interval, the dyadic subintervals, D_n(J), of J refer to the images of the usual dyadic interval under an affine map from [0, 1] to J.

If Ω is a simply connected domain, the harmonic measure for Ω with respect to the point z_0 ∈ Ω is the push forward of normalized Lebesgue measure on the circle under any Riemann mapping of the disk to Ω, taking 0 to z_0.

A curve γ is called chord-arc with constant M if the shorter arc connecting any two points x, y ∈ γ has arclength bounded by M|x − y|. A chord-arc domain W is one whose boundary is a chord-arc curve. A bounded chord-arc domain always contains a point z_W with dist(z_W , ∂W ) ≃ diam(W ). We will call such a point a center of W .

A Carleson square Q in D is a region of the form Q = Q_I = {z = re^{iθ} : θ ∈ I, 1 − |I| < r < 1}, for some arc I ⊂ T. The arc I = I_Q is called the base of Q. For an arc I on the unit circle and λ > 0 we let λI denote the concentric interval with length λ|I|. We let ℓ(Q) = |I| and T (Q) = {z = re^{iθ} : θ ∈ I, 1 − |I| < r < 1 − 1 2 |I|}, denote the top half of Q. We let z_Q denote the center of T (Q). A dyadic Carleson subsquare of Q is a Carleson square whose base is a dyadic subinterval of I_Q. A particular kind of chord-arc domain which we will use are the so called “stopping time” regions. These are of the form W = Q \ ∪_j Q_j where {Q_j } is a disjoint (except for boundaries) collection of dyadic Carleson subsquares of Q.

A Carleson measure is a positive measure μ on D such that there is a C < ∞ such that μ(Q) ≤ Cℓ(Q), for every Carleson Q. A convenient test (for our purposes) is the following.

Lemma 2.1. Suppose f is a positive function on the disk and for every Carleson square Q, ∫ Q f(z)G_Q(z, z_Q) dxdy (1 − |z|^2)^2 ≤ A < ∞ where G_Q(z, w) is the Greens function for Q. Then dμ = f(z)(1 − |z|)^{−1}dxdy is a Carleson measure of norm at most CA.

Proof. We wish to show that there is a constant M < ∞ so that ∫ Q f(z)(1 − |z|^2)^{−1}dxdy ≤ Mℓ(Q), for every Carleson square Q. Rewriting this, it is equivalent to showing ∫ Q f(z) (1 − |z|^2)ℓ(Q) dxdy ≤ M. It is easy to verify that for z ∈ Q G_{2Q}(z, z_{2Q}) ≥ C 1 − |z|^2 ℓ(Q) , where 2Q denotes the “double” of Q, i.e., the Carleson square whose base is concentric with that of Q, but has twice the length. Thus it suffices to show ∫ 2Q f(z)G_{2Q}(z, z_{2Q}) dxdy (1 − |z|^2)^2 ≤ M, for every Q. This is true by assumption.

The space BMO on the unit circle is defined as the measurable functions (modulo constants) such that

‖f‖_{BMO} = sup_I m_I (f − m_I (f)) < ∞,

where the sup is over all subintervals I of T and

m_I (f) = 1 |I| ∫ I f(x)dx. Holomorphic functions in the Hardy space H^2 on D with boundary values in BMO will be denoted BMOA.

We will want to use two important facts about BMO. The first is that BMOA can be characterized by a Carleson measure condition, i.e., φ ∈ BMOA iff |φ^′(z)|^2(1 − |z|^2)dxdy is a Carleson measure on D , e.g. Theorem VI.3.4 of [22].

The second fact is the John-Nirenberg theorem ([25] or Theorem VI.2.1 of [22]) which says that if f ∈ BMO then there is a constant C < ∞, so that |{x ∈ I : |f(x) − m_I (f)| ≥ λ} ≤ C|I| exp(−Cλ/‖f‖_{BMO}), for all λ > 0. In particular, this implies that there is an ϵ_2 > 0 so that if ‖f‖_{BMO} ≤ ϵ_2 then ∫ exp(|f|)dx < ∞. Thus if F is a conformal map on D so that φ = log |F^′| is in BMOA with small norm, then F maps T to a rectifiable curve (in fact, to a chord-arc curve). See [29].

If Φ : D → W is conformal and F is a holomorphic function on W so that F ∘ Φ is in BMO of the disk, we say F is in BMO(W, dω) (since it then satisfies the definition of BMO with respect to harmonic measure on ∂W ).

Two measures μ and ν are said to be A_∞ related if for every ϵ > 0 there is a δ > 0 so that for every interval I and measurable E ⊂ I, μ(E) ≤ δμ(I) implies ν(E) ≤ ϵν(I). It is a theorem [19] that this is a equivalence relation and that if μ is A_∞ related to ν then there are constants C < ∞ and α > 0 so that μ(E) ≤ Cν(E)^α.

Next suppose W is a chord-arc domain and let σ and ω denote arclength and harmonic measure respectively. By a well known theorem of Jerison and Kenig [23], these two measures are A_∞ related. Because ω and σ are A_∞ related the John- Nirenberg theorem implies σ({x ∈ ∂W : |f(x) − m_I (f)| ≥ λ}) ≤ Cω(|{x ∈ ∂W : |f(x) − m_I (f)| ≥ λ})^α ≤ C exp(−Cαλ/‖f‖_{BMO}). Thus ∫ exp(|f|)dσ will be integrable if the BMO norm of f is small enough, i.e.,

Lemma 2.2. If W is a M-chord-arc domain and φ = log |F^′| ∈ BMO(W, dω) with small enough norm (depending only on M) then F (∂W ) is rectifiable (indeed, is chord-arc).

If V is a chord-arc domain and Ψ : D → V is a Riemann mapping then the image of any Carleson square is a chord-arc subdomain W of V (see [24]). Thus Lemma 2.1 immediately implies the following.

Corollary 2.3. Suppose V ⊂ D is a chord-arc domain and ∫ W |f^′(z)|^2G(z, z_W )dxdy ≤ A for every chord-arc subdomain W ⊂ V . Then f ∈ BMO(V, dω) with norm ≲ A.

3. Fuchsian and Kleinian groups

A discrete group G of isometries of the hyperbolic metric on B^d is called Kleinian group if d = 3 and Fuchsian if d = 2. Such a group can also be considered as a group of linear fractional transformations on S^2. G is called elementary if it contains a finite index Abelian subgroup. In this paper we are only concerned with non-elementary groups. For a non-elementary G, the accumulation of any orbit in B^d ∪ S^{d−1} is a closed set Λ ⊂ S^{d−1} which is independent of the particular orbit. This is the limit set. The conical limit set Λ_c is the set of points x ∈ Λ for which there is a sequence of orbit points of 0 converging to x within a non-tangential cone in B^d . It is easy to see that x is a conical limit point iff a geodesic ray in B ending at x projects to a geodesic in M = B^d /G which returns to some compact set of M infinitely often. We define Λ_e = Λ \ Λ_c as the ”escaping” part of the limit set.

A Fuchsian group G is called first kind if Λ = T and otherwise it is second kind. It is called cocompact if R = D /G is compact and cofinite if R has finite hyperbolic area.

If x ∈ M then the injectivity radius, inj(x), is half the length of the shortest loop through x; alternatively it is half the distance between the two closest distinct lifts of x to B . For d = 2, the ratio inj(x)/inj(y) is at most C exp(ρ(x, y)).

A Fuchsian group is called divergence type if ∑ g∈G 1 − |g(0)| = ∞, and otherwise it is called convergence type. The latter occurs iff R = D /G has a finite Greens function, which is given by the series G_R(z, w) = ∑ g∈G G_D (x, g(y)) = ∑ g∈G log | x − g(y) 1 − x̄g(y) |, where x and y project to z and w respectively.

The Poincaré exponent (or critical exponent) of the group is

δ(G) = inf{s : ∑ G exp(−sρ(0, g(0))) < ∞}, where ρ is the hyperbolic metric in B^3 . Lemma 2.2 of [17] implies that we can compute δ using any point z_0 ∈ B^3 \ Λ, i.e.,

Lemma 3.1. δ(G) = inf{s : ∑ G dist(z_0, Λ)^s < ∞}, for any z_0 ∈ B^3 \ Λ.

A result from [15] says that

Theorem 3.2. If G is a non-elementary, discrete Möbius group on B then δ(G) = dim(Λ_c(G)).

For Fuchsian groups and geometrically finite Kleinian groups this was previously known, e.g., [34], [35]. The proof given in [15] also shows

Corollary 3.3. If G is any non-elementary, discrete Möbius group, x ∈ R = D /G and ϵ > 0 then there is a R = R(ϵ, x) < ∞ such that the set of directions (i.e., unit tangents at x) which correspond to geodesic rays starting at x which never leave the ball of radius R around x has dimension ≥ δ(G) − ϵ = dim(Λ_c(G)) − ϵ. In particular, the set of directions at x of bounded geodesic rays has dimension exactly δ(G).

This is true in all dimensions, but we will only need the case of Fuchsian groups in this paper, and this is due to Fernández and Melián in [21].

The Margulis lemma (e.g., page 134 of [7]) states there is an ϵ = ϵ_M > 0 independent of G (called the Margulis constant) so that if y ∈ B , then the group G_ϵ(x) generated by {g ∈ G : ρ(x, g(x)) ≤ ϵ}, is almost-nilpotent and hence elementary. In the case of Fuchsian groups this means the subgroup is cyclic and generated by either a finite order elliptic element or a parabolic or hyperbolic element.

A thin part of R is a connected component of R_{thin} = {z ∈ R : inj(z) ≤ ϵ_M }. On a Riemann surface there are only three types of possible thin parts: parabolic, hyperbolic, and elliptic. The first is conjugate to {x + iy : y > 1} modulo z → z + 1. The second is conjugate to z → λz for λ close to 1. The last is D modulo z → e^{2πi/n}z. In the parabolic and elliptic case the boundary has uniformly bounded diameter and in the hyperbolic case the boundary has two components, each of uniformly bounded diameter, but possibly far apart in the surface. In all three cases the injectivity radius in a thin part P is comparable to exp(−ρ(z, ∂P )) and all three types of thin parts have uniformly bounded areas.

A homeomorphism h of the plane is called H-quasiconformal if for every x ∈ R^2 ,

lim inf r→0 max_{|x−y|=r} |h(x) − h(y)| min_{|x−y|=r} |h(x) − h(y)| ≤ H < ∞. Quasiconformal maps are differentiable almost everywhere and μ(w) = h_{z̄}(w)/h_z(w) is called the complex dilatation of h. We shall only need two facts about quasiconformal maps. The first is that the map h (with the correct normalization) can be recovered from μ by an explicit formula (described in Section 5). The second is

Lemma 3.4. Given ϵ > 0 there is a δ > 0 so that if h is a 1 + δ quasiconformal map of the plane and the image of D is bounded, then then there is a disk D so that D ⊂ h(D ) ⊂ (1 + ϵ)D. This is a consequence of the well know fact that quasiconformal mappings are also quasisymmetric and that the quasisymmetric constant is close to 1 if the quasiconformal constant is. See [1].

4. Geometric properties of the Schwarzian

In this section we state some basic results concerning the Schwarzian derivative. The Schwarzian derivative of a locally univalent function F is defined by S(F )(z) = [^{F ′′(z)}_{F ′(z)} ]^′ −^1_2 [^{F ′′(z)}_{F ′(z)} ]^2 = [^{F ′′′(z)}_{F ′(z)} ] −^3_2 [^{F ′′(z)}_{F ′(z)} ]^2.

If we write F^′ = e^φ, then this can be rewritten as S(F )(z) = φ^{′′} − 1 2 (φ^′)^2. (5) Recall that S(F ) ≡ 0 iff F is a Möbius transformation and that S satisfies the composition law S(F ∘ G)(z) = S(F )(G(z))(G^′(z))^2 + S(G)(z), (e.g., see Section 8.5 of [20] or Section 1.2 of [31]). In particular, if G is Möbius then S(F ∘ G) = S(F ) ∘ G(G^′)^2 and S(G ∘ F ) = S(F ).

In addition, given an ϵ > 0, hyperbolic disk D and a compact neighborhood K of D, there is a δ > 0 so that |S(F )| ≤ δ on D implies F uniformly approximates a Möbius transformation on K to within ϵ (this is easy to prove by normal families).

The composition laws imply that the hyperbolic Schwarzian , S_H (Φ)(z) ≡ |S(Φ)(z)|(1 − |z|^2)^2, is invariant under (pre or post) composition with Möbius transformations. Thus if Φ is a deformation of a Fuchsian group G, S_H (Φ) is constant on the orbits of G. This is what makes the Schwarzian such a powerful tool for studying deformations.

Lemma 4.1. Suppose F is holomorphic on D . If F is univalent then ‖S_H (Φ)‖_∞ ≤ 6. Conversely, if ‖S_H (Φ)‖_∞ ≤ 1 then F is univalent.

For a proof see Theorem 8.12 in [20] for one direction and the remarks on page 263 for the other. Recall that a simply connected domain is called a κ-quasicircle if it is the image of the disk under a κ-quasiconformal mapping of the plane (see [1]).

Lemma 4.2. If Ω is a 1 + κ quasicircle, and Φ : D → Ω is a Riemann mapping then ‖S_h(Φ)‖_∞ ≤ 6κ.

For a proof, see page 124 of [31] or Corollary 14.7 of [32].

The Bloch space, B, on the unit disk is defined to be the collection of analytic functions such that ‖f‖_B = sup_{z∈D} |f^′(z)|(1 − |z|^2) < ∞. Writing |∇_H f(z)| = |f^′(z)|(1 − |z|^2) for the hyperbolic gradient of f we see that this is just the set of analytic functions which are Lipschitz with respect to the hyperbolic metric. Given a subdomain W ⊂ D we will say φ is M-Bloch on W (or just Bloch) if |φ^′(z)|(1 − |z|^2) ≤ M for all z ∈ W . The following is Proposition 4.1 of [31]):

Lemma 4.3. Suppose F is holomorphic on D and φ = log F^′. If F is univalent then ‖φ‖_B ≤ 6. Conversely, if ‖φ‖_B ≤ 1 then F is univalent.

We will we will also need to use the following related results.

Lemma 4.4. Given ϵ > 0 there is a δ > 0 so that if Ω is a bounded 1 + δ quasicircle then there is a choice of Riemann map Φ : D → Ω so that ‖φ‖_B ≤ ϵ.

Proof. By Lemma 4.2 the mapping has small Schwarzian. We can use Cauchy estimates to get φ^′ small at the origin. Then use Lemma 4.6 below to get small φ^′ on whole disk.

Lemma 4.5 (Lemma 3.4, [14]). Given ϵ, n > 0 there exists C = C(ϵ) > 0, δ = δ(ϵ, n) > 0 such that if Q is a Carleson square and |S_H (Φ)(z)| ≤ δ for all z ∈ T (Q), then there is a geodesic γ such that every point z ∈ Q such that 1 − |z| ≥ 2^{−n}ℓ(Q) and |φ^′(z)| ≥ ϵ/(1 − |z|^2) lies within hyperbolic distance C of γ.

Proof. First we check that the lemma is true for δ = 0, i.e., for Möbius transformations. If τ(z) = (az + b)/(cz + d), with ad − bc = 1 and |d/c| > 1, (so there is no pole in the disk), then (log τ^′(z))^′ = −2c/(cz + d), so |φ^′(z)| ≥ ϵ/(1 − |z|^2) becomes 1 − |z|^2 ≥ ϵ 2 |z + d c |. This is clearly contained in a hyperbolic neighborhood of the geodesic containing 0 and c̄/d̄. If δ is small enough (depending on n) then Φ is uniformly approximated by a Möbius transformation τ and (log Φ^′)^′ is approximated to within ϵ/(2(1 − |z|^2)) by (log τ^′)^′ on Q ∩ {z : |z| ≤ 1 − 2^{−n}ℓ(Q)}. The lemma is true for τ^′ by the calculation above, hence follows for Φ.

Lemma 4.6 (Lemma 5.2, [13]). Given 0 < ϵ <^1_4 there is a δ > 0 with the following property. Suppose z_0 = r_0e^{iθ} ∈ D and let γ = [r_0e^{iθ}, r_1e^{iθ}] be a radial line segment with endpoint z_0. Suppose |φ^′(z_0)| <^1_2 ϵ/(1 − |z_0|^2) ≤ ϵ/(1 − |z_0|) and for all z ∈ γ |S_H (Φ)(z)| ≤ δ. Then for all z ∈ γ |∇_H φ(z)| ≤ ϵ.

Proof. Suppose r_0 < r ≤ r_1 is the first point where the lemma fails, i.e., the first point on γ such that |φ^′(re^{iθ})| = ϵ/(1 − r^2). Let r_0 ≤ t ≤ r and note that by (5), |φ^{′′}(te^{iθ})| ≤ |S(Φ)(te^{iθ})| + 1 2 |φ^′(te^{iθ})|^2 ≤ (δ + 1 2 ϵ^2)/(1 − t^2)^2

≤ 4(δ + 1 2 ϵ^2)/(1 − t)^2 < ϵ/(1 − t)^2, if δ <^1_8 ϵ and ϵ ≤^1_4 . Integrating, we deduce that

|φ^′(re^{iθ})| < ϵ/(1 − r)^2 ≤ ϵ/(1 − r^2)^2,

which is a contradiction, proving the lemma.

The following is the main application of these results which we will need.

Lemma 4.7. Given any 0 < ϵ <^1_4 there is a δ > 0 so that the following holds. Suppose Φ is a conformal map on D and let φ(z) = log |Φ^′(z)| and suppose W is a stopping time region such that |S_H (Φ)(z)| ≤ δ on W . Then there are countably many Carleson squares {Q_k} so that φ is ϵ-Bloch on each W_k = Q_k ∩ W and all radii (except possibly one) which terminate in T ∩ ∂W eventually lie in the closure of some W_k.

Proof. If Q is a Carleson square and |∇_H φ(z)| ≤ ϵ on T (Q), then it holds in all of Q ∩ W by Lemma 4.6. Thus it either holds on all of W or Lemma 4.5 and iteration imply that |∇_H φ(z)| ≥ ϵ holds only within some bounded hyperbolic distance C of a single geodesic ray γ. Let U denote this C-neighborhood of γ.

If γ leaves W at some point of ∂W \ T then we simply cover T ∩ ∂W will small enough Carleson squares and we are done.

Finally, we must consider the case when γ remains in W until it hits T at a single point x_0. Given any point x ∈ (∂W ∩ T) \ {x_0} there is a dyadic Carleson square of size ≃ |x − x_0| containing x and missing U. Taking a maximal collection of such squares proves the lemma.

5. Exponential decay of the Schwarzian

In this section we will prove

Lemma 5.1. Suppose μ = μ_h is supported in A_ϵ = {z : 1 ≤ |z| ≤ 1 + ϵ} and ‖μ‖_∞ < 1. Suppose h is a quasiconformal map on R^2 with dilatation μ. Then |Sh(0)| ≤ Cϵ, where C depends only on ‖μ‖_∞.

Proof. We start by recalling the solution of the Beltrami equation, as presented, for example, in Ahlfors’ book [1]. Let P (f)(w) = − 1 π ∫ f(z)( 1 z − w − 1 z )dxdy, denote the Cauchy transform and let T f(w) = − 1 π ∫ f(z) (z − w)^2 dxdy, be the Beurling transform. Then h = P (g) + z where g = μ(1 + T μ + T μT μ + . . . ), and the convergence is geometric in L^2 since T is an isometry on L^2 and ‖μ‖_∞ < 1. Now h is conformal on D and for z ∈ D we have h^′ = e^φ where we have set e^φ = 1 + T g(z). In particular, |φ(z)| ≤ C|T g(z)|, at least if |T g(z)| ≤^1_2 .

Since Sf(0) = φ^{′′}(0) −^1_2 (φ^′(0))^2, the usual Cauchy estimates imply |Sf(0)| ≤ C max_{|z|≤1/2} |T g(z)|. If |z| ≤ 1/2 and w ∈ supp(μ) then (z − w)^{−2} ≥ 1/4, and hence |T g(z)| ≤ 4‖g‖_1. Thus by Cauchy-Schwarz,

|T g(z)| ≤ 4‖g‖_2area(supp(μ))^{1/2} ≤ 4 ‖μ‖_∞ 1 − ‖μ‖_∞ ‖μ‖_2(4ϵ)^{1/2} ≤ C(μ)ϵ. Thus |Sh(0)| ≤ Cϵ, as desired.

We will actually use this in the following form. The proof is immediate from the previous lemma and is left to the reader.

Corollary 5.2. Suppose Φ is a conformal map on D with a quasiconformal extension h to the plane with dilatation μ. Then |S_H Φ(z)| ≤ C exp(−ρ(z^∗, supp(μ)), where z^∗ = 1/z̄ and C depends only on ‖μ‖_∞ (and C → 0 as ‖μ‖_∞ → 0). 6. Small Schwarzian implies Hölder Given 0 < ϵ ≤ 1 and a Carleson square Q with base I we define Q_ϵ = {z ∈ Q :, 1 − |z| ≤ ϵ|I|}, I_ϵ = {z ∈ Q : 1 − |z| = ϵ|I|}. Lemma 6.1. Suppose ϵ > 0 and K < ∞ are given. Then there is a δ = δ(ϵ, K) > 0 and a C = C(K, ϵ) < ∞ so that the following holds. Suppose W = Q \ ∪_j Q_j ⊂ D is a stopping time domain and f is a univalent function on D which has a Kquasiconformal extension to the plane and whose Schwarzian derivative satisfies |S_H (f)(z)| ≤ δ, for every z ∈ W . Also assume that diam(f(Q)) ≤ K|f^′(z_Q)|diam(Q). Then 1 C |f^′(z_Q)|( 1 − |z| 1 − |z_Q| )^ϵ ≤ |f^′(z)| ≤ C|f^′(z_Q)|( 1 − |z_Q| 1 − |z| )^ϵ.

Proof. To estimate |f^′|, we first bound the growth of φ = log f^′. We wish to show that given ϵ > 0, we can make |φ^′(z)| ≤ ϵ log 1 1 − |z| , for all points in W ∩ Q_{ϵ0} , for some ϵ_0 > 0, if δ is chosen small enough. The first step is to show that it is true for all z ∈ W ∩ I_ϵ.

We will prove this by showing it is true for Möbius transformations and then using that fact that if f has small Schwarzian then it is uniformly approximated by some Möbius transformation. In what follows, τ will always denote a Möbius transformation, τ(z) = (az + b)/(cz + d) with ad − bc = 1.

Lemma 6.2. Given K < ∞ there is an ϵ_1 > 0 so that the following holds. Suppose f is a conformal map on the disk which has a K-quasiconformal extension to the plane, Q ⊂ D is a Carleson square with base I such that diam(f(I)) ≤ diam(f(T \ I)), and τ(z) is a Mobius transformation which approximates f to within ϵ_1|f^′(z_Q)| on Q \ Q_{ϵ1} . Then either c = 0 or the pole p = −d/c of τ is at least distance ϵ_1ℓ(Q) from Q. Proof. By composing with linear maps (and replacing D by a different disk), we may assume z_Q = 0, |f^′(z_Q)| = 1 and ℓ(Q) = 1. By the Ahlfors three point property (e.g., [1]) the shorter of the arcs f(I) and f(T \ I) has diameter ≤ M for some M = M(K) and by assumption this holds for f(I). Standard estimates then imply diam(f(Q)) ≲ M. (6) By Koebe’s distortion theorem, |f^′| is uniformly bounded on B(0,^1_{10} ) and hence is |τ^′(z)| = |cz +d|^{−2} = c^2|z −p|^{−2}. From this is easily follows that c and d are uniformly bounded. If c = 0 or p is more than distance ϵ_1ℓ(Q) from Q there is nothing to do, so assume otherwise. Choose a ball B of diameter ϵ_1 in Q \ Q_{ϵ1} which is distance ≤ 2ϵ_1 from p. Then |τ^′| ≳ (ϵ_1)^{−2} on B and hence τ(B) has diameter ≳ (ϵ_1)^{−1}. Thus diam(f(Q \ Q_{ϵ1} )) ≥ diam(f(B)) ≳ (ϵ_1)^{−1} − 2ϵ_1. This contradicts 6 if ϵ_1 is small enough, so proves the lemma.

Now we return to the proof of Lemma 6.1. Let τ(z) be a Möbius transformation and set ψ(z) = log τ^′. A computation shows |ψ^′(z)| = 2/|z +^d_c |. Thus the inequality |ψ^′(z)| ≥^1_2 ϵ/(1 − |z|) becomes (1 − |z|) ≥ ϵ 4 |z − p|. If Q is Carleson and the point p lies at least distance ϵ_1ℓ(Q) from Q, then this inequality can only hold for points of Q which satisfy 1 − |z| ≥ ϵ_0ℓ(Q) (where ϵ_0 depends only ϵ and ϵ_1, hence only on ϵ and K).

So given ϵ and K choose ϵ_1 by Lemma 6.2 and then choose ϵ_0 as above. Now choose δ > 0 so that if |Sf(z)| ≤ δ on W then there is a Möbius transformation τ such that |f(z) − τ(z)| ≤ ϵ_1|f^′(z_Q)| on Q \ Q_{ϵ1} , By the Cauchy estimates and taking ϵ_1 small enough, we may also assume τ^′ approximates f^′ and thus |φ^′(z)| ≤ ϵ/(1 − |z|), for all points z ∈ W ∩ I_{ϵ1} , if δ is small enough. This completes the first step of the proof of Lemma 6.1.

For the next step we use Lemma 4.6; combined with our previous result, we see that |φ^′(z)| ≤ ϵ/(1 − |z|) for all points in W ∩ Q_{ϵ1} .

Finally, we convert this into an estimate of f^′. Using Koebe’s^1_4 -theorem, the fact that φ is in the Bloch space and integrating along radial lines, we see |φ(z) − φ(z_Q)| ≤ C + ϵ log 1 − |z_Q| 1 − |z| , where z_0 ∈ T (Q) and C is a constant that only depends on K and ϵ. Thus exponentiating gives the desired result.

We will not need the following result here, but it is used in [9], [12].

Lemma 6.3. Given K < ∞ and η > 0 there are C < ∞ and r < ∞ so that the following holds. Suppose f is a conformal map of the disk with a K-quasiconformal extension to the plane with Beltrami coefficient μ. Also suppose that diam(f(D )) ≤ K|f^′(0)|. Suppose W = Q \ ∪_j Q_j is a stopping time region and ρ(W^∗, supp(μ)) ≥ r. Then ∑ C diam(f(Q_j ))^{1+η} ≤ Cdiam(f(Q))^{1+η} ∑ C diam(Q_j ) diam(Q)

≤ Cdiam(f(Q))^{1+η}.

Proof. By the estimate of the previous lemma, |f^′(z)| ≤ M|f^′(z_Q)|( 1 − |z_Q| 1 − |z| )^ϵ, for z ∈ W . In particular, diam(f(Q_j )) ≃ |f^′(z_j)|diam(Q_j ) ≲ |f^′(z_Q)|diam(Q)^ϵdiam(Q_j)^{1−ϵ} ≃ diam(f(Q))( diam(Q_j ) diam(Q) )^{1−ϵ} Thus if we choose ϵ so that 1 + η = (1 − ϵ)^{−1}, we have ∑ C diam(f(Q_j))^{1+η} ≲ diam(f(Q))^{1+η} ∑ C diam(Q_j ) diam(Q)

≲ diam(f(Q))^{1+η},

as desired.

7. Proof of Theorem 1.1 Given r < ∞ we say a Carleson square is type one if ρ(T (Q), supp(μ)) ≤ r and type 2 otherwise. If Q is a maximal type 2 square, form a stopping time region W = Q \ ∪_j Q_j , where {Q_j } ⊂ Q are the maximal type 1 dyadic subsquares of Q. Then {z : ρ(z, supp(μ)) ≥ r + 10} ⊂ W ⊂ {z : ρ(z, supp(μ)) ≥ r}, so every escaping geodesic eventually remains in a region of this form.

Given any ϵ > 0 we can choose r so large that Lemma 6 holds. Then 1 1 + ϵ dim(Λ_e ∩ ∂W ) ≤ dim(Φ(Λ_e ∩ ∂W )) ≤ (1 + ϵ) dim(Λ_e ∩ ∂W ).

Taking ϵ → 0 proves the theorem.

8. The growth of Green’s function For a point z on a Riemann surface R, let α(z) = 1/area(B(z, 1)), i.e., it is the reciprocal of the area of a unit ball centered at z. In this section we will prove. Lemma 8.1. There is a C < ∞ so that the following holds for any convergence type Riemann surface R. Suppose G_R(z, w) is the Greens function of R with pole at w. Then for any w ∈ R, there is a function G on R which satisfies |∇G(z)| ≤ Cα(z), such that G_R(z, w) ≤ G(z) + Cα(w) log^+ ρ(z, w)^{−1}. Note that the final term only occurs if ρ(z, w) < 1 and that it is integrable (with respect to hyperbolic area on R) with an absolute bound, independent of w. This is because the unit hyperbolic ball around w always has hyperbolic area ≃ min(1, inj(w)^{−1}).

Proof. The main point is the following estimate from [16] for hyperbolic manifolds. We will use it only in the case d = 2.

Lemma 8.2. Suppose R = D /G and that Greens function G(w, z) exists on R. Then sup ρ(z_1,w)=1,ρ(z_2,w)=1 |G(z_1, w) − G(z_2, w)| ≤ Aα(w), and sup_{z∈M} sup_{ρ(w,z)≥1} |∇_zG(z, w)| ≤ Aα(z). In particular, if the injectivity radius is bounded away from zero, then the gradient is uniformly bounded away from the pole.

Now to deduce Lemma 8.1 we write the Greens function for R as a sum over G orbits of the Greens function for the disk, i.e. assume z, w ∈ R are the projections of points x, 0 ∈ D so that G_R(z, w) = ∑ g∈G G_D (x, g(0)). Choose a smooth function ψ on [0, ∞) with bounded gradient so that ψ(t) = 0 for t < 1/2 and ψ(t) = 1 for t > 1. Then let H_1(x) = ∑ g∈G (1 − ψ(ρ(x, g(0)))G_D (x, g(0)), H_2(x) = ∑ g∈G ψ(ρ(x, g(0))G_D (x, g(0)). Then H_1 and H_2 are G invariant and hence well defined on R and their sum is the Greens function G_R(z, w). We claim that H_1(z) ≲ α(w) log^+ ρ(z, w)^{−1}, (7) and |∇_H H_2(z)| ≲ α(z). (8)

The first claim is easy since each term in the definition of H_1 satisfies (1 − ψ(ρ(x, g(0)))G_D (x, g(0)) ≤ C log^+ ρ(x, G(0))^{−1}, and there are at most ≃ α(w) terms in the sum.

To prove (8) we split it in three cases: ρ(z, w) > 1,^1_4 ≤ ρ(z, w) ≤ 1 and ρ(z, w) <^1_4 . For ρ(z, w) > 1, it is true by Lemma 8.2 and the fact that H_2 = G_R in this region. For^1_4 < ρ(z, w) ≤ 1 we have H_2 = G_R − H_1. The Greens function has gradient bounded by C α(z) ≃ α(w) in this region and H_1 is a sum of ≃ α(w) terms each with bounded gradient. Thus |∇_H H_2| ≲ α(z) in this region as well.

For the final case we lift to the disk, and break the sum defining H_2 into two sums H_2(x) = S_1(x) + S_2(x) = ∑ g:ρ(0,g(0))<1 + ∑ g:ρ(0,g(0))≥1 . The first has at most Cα(w) terms, each with bounded gradient, so it is bounded as desired. The second defines a harmonic function in {x : ρ(x, 0) <^1_2 } and hence its gradient on {x : ρ(0, x) <^1_4 } is bounded by its oscillation on {x :^1_4 ≤ ρ(x, 0) ≤^1_2 }. Here we are using the following fact about harmonic functions: if U is harmonic on B(0, 1) then max_{|z|≤ 1} 2 |∇U(z)| ≤ C[ max_1 2 <|z|<1 U(z) − min_1 2 <|z|<1 U(z)]. Since S_2(x) = G_R(x, 0) − H_1(x) − S_1(x), and each of the terms on the right has oscillation on the annulus bounded by Cα(w) we have completed the proof of the second claim. This completes the proof.

Lemma 8.3. Suppose R is Riemann surface and suppose G(z) is a function on R which satisfies |∇G(z)| ≤ Cα(z). Let z, w ∈ R be two points where the injectivity radius is larger than ϵ_M , the Margulis constant. Then |G(z) − G(w)| ≤ C exp( 1 2 ρ(z, w)). Proof. Let γ be a geodesic connecting z to w. Suppose γ_0 ⊂ γ is a maximal subarc contained in a thin part P . If P is a parabolic thin part, then the endpoints of γ_0 are a uniformly bounded distance apart and so G only changes by a uniformly bounded amount over γ_0. If P is a hyperbolic thin part then the endpoints of γ_0 are either in the same boundary component of P or they are not. In the first case they are only a bounded distance apart and the previous remark holds. Otherwise they are in different boundary components, say distance d apart. The injectivity radius in P is bounded below by C exp(−ρ(z, ∂P )) and hence the gradient of G is bounded above by C exp(ρ(z, ∂P )) and hence the change in G over γ_0 is at most C exp(d/2).

Since γ can be broken into sections {γ_j} (each of at least hyperbolic length 1) along which either G has bounded gradient, or changes by at most C exp(ℓ(γ_j)/2), the lemma is proven.

Of course, if R has a positive lower bound on its injectivity radius then the previous result can be greatly improved; away from the pole G changes at most linearly.

9. The Schwarzian integral

In this section we establish the finiteness of the Schwarzian integrals used in the proof of Theorem 1.3. We begin by showing the integral is always finite for compact deformations of convergence groups and end the section by deducing the estimates we need for divergence groups from the proof of the earlier result.

Theorem 9.1. Suppose G is a convergence type Fuchsian group and Φ : D → Ω is a compact deformation of G. Then |S(Φ)|^2(1 − |z|^2)^3dxdy is a Carleson measure (with norm depending on G and μ). Thus Φ satisfies conditions (A)-(D) in the introduction. Moreover, the Carleson norm is close to zero if supp(μ) is fixed and ‖μ‖_∞ is small enough.

By Lemma 2.1 and the fact that G_Q ≲ G_D (except near the pole z_Q), it suffices to show ∫ D |S_H (Φ)(z)|^2G_D (z, w)dA(z) ≤ M, for every w ∈ D , where dA denotes hyperbolic area. By group invariance, this is the same as showing ∫ R |S_H (Φ)(z)|^2G_R(z, w)dA(z) ≤ M, (9) for every w ∈ R = D /G. This is just the t = 0 case of the following more general result which we will need.

Theorem 9.2. With notation as above, and z_0 ∈ R we have ∫ z∈R:ρ(z,z_0)>t |S_H (Φ)(z)|^2G_R(z, w)dA(z) ≤ Me^{−t/2}, (10) uniformly for all w ∈ R. Moreover, we may take M as close to zero as we wish if the diameter of supp(μ) is fixed and ‖μ‖_∞ is close enough to zero.

We will only need that the integral goes to zero, so the exponential decay is much stronger than we need (but it might be useful for other applications, e.g., proving differentiability of Φ at certain points on the boundary).

Proof. Fix a point w ∈ R to be the pole of Greens function and choose a z_0 ∈ R with ρ(z_0, supp(μ)) ≤ 1 and ρ(z_0, w) ≥ 2. Let S_t = z ∈ R : ρ(z, z_0) > t. By Lemma 8.1, G(z, w) ≲ G_R(z_0, w) + G(z) + α(w) log^+ ρ(z, w),

(11) where G(z_0) = 0 and |∇G(z)| ≤ Cα(z), and by Corollary 5.2, |S_H (Φ)(z)| ≤ C exp(−ρ(z, z_0)). Now break the integral in (10) into three terms, corresponding to the three terms in (11). The first and last terms are easy to deal with. The first term is ∫ S_t |S_H (Φ)(z)|^2G_R(z_0, w)dA(z) ≤ G_R(z_0, w) ∫_∞ t e^{−2r}e^rdr ≤ CG_R(z_0, w)e^{−t}, This is bounded depending on z_0, but independent of w, (as long as ρ(z_0, w) ≥ 1) since by the symmetry of Greens function and the maximum principle, G_R(z_0, w) = G_R(w, z_0) ≤ max_{z:ρ(z,z0)=1} G(z, z_0).

The third term is bounded by ∫ S_t |S_H (Φ)(z)|^2α(w) log^+ ρ(z, w)dA(z) ≤ e^{2(ρ(z0 ,w)−1)} ∫ S_t∩B(w,1) α(w) log^+ ρ(z, w)dA(z) ≤ C exp(−2ρ(z_0, w)). Hence we need only deal with the middle term in (11). Thus to prove (10) it suffices to show ∫ S_t |S_H (Φ)(z)|^2|G(z)|dA(z) ≤ Me^{−t/2}, for G is any function on R such that G(z_0) = 0 and |∇G(z)| ≤ α(z).

To prove this, let R = R^1 ∪ R^2 denote the thick and thin parts of R (i.e., the points where the injectivity radius is more or less than the Margulis constant ϵ_M ). Let S^1_t and S^2_t be the thick and thin pieces of S_t. On the thick part we use our estimates |S_H (Φ)(z)| ≤ C exp(−ρ(z, z_0)), G(z) ≤ C exp( 1 2 ρ(z, z_0)), ∫ z:ρ(z,z_0)<r dA(z) ≤ Ce^r, to get ∫ S^1_t |S_H (Φ)(z)|^2G(z)dA(z) ≲ ∫_∞ t e^{−2r}e^{r/2}e^rdr ≲ e^{−t/2}, as desired.

Now we have to bound the integral over the thin parts. For each thin part P ⊂ R we will show that the integral over P is controlled by the integral over a unit annular neighborhood A_P of its boundary. Since these neighborhoods are in the thick part and are disjoint (if the Margulis constant is chosen small enough), this finishes the proof. Let P_s = {z ∈ P : ρ(z, ∂P ) ≥ s}. We first wish to show that ∫ P_s |S_H (Φ)(z)|^2G(z)dA(z) ≤ Ce^{−s} ∫ A_P |S_H (Φ)(z)|^2(G(z) + 1)dA(z).

(12)

If we can do this, then for each thin part whose boundary is distance d ≤ t from z_0 we have S_t ∩ P ⊂ P_{t−d} and hence ∑ ∂P ⊂S_d ∫ S_t∩P |S_H (Φ)(z)|^2(G(z) + 1)dA(z) ≲ e^{d−t} ∫ S^1_d

|S_H (Φ)(z)|^2(G(z) + 1)dA(z) ≲ Ce^{d−t}(e^{−d/2} + e^{−d}) ≲ e^{−t+d/2} Now summing over integers all integers d between 0 and t gives ∫ S_t |S_H (Φ)(z)|^2G(z)dA(z) ≤ C t∑ d=0 e^{−t+d/2} ≤ Ce^{−t/2}, as desired. Thus it suffices to prove (12) for every thin part P .

First suppose that P is a parabolic or elliptic thin part. For each such thin part, z ∈ P implies ρ(z, z_0) ≥ dist(z_0, ∂P ) + diam_ρ(∂P ) + ρ(z, ∂P ), and thus |S_H (Φ)(z)| ≤ C exp(−ρ(∂P, z_0)) exp(−ρ(z, ∂P )). By the gradient estimate for G, G(z) ≤ max_{z∈AP} G(z) + C exp(ρ(z, ∂P ), and ∫ z∈P :ρ(z,∂P )>r dA(z) ≤ Ce^r. Combining these gives ∫ P_s |S_H (Φ)(z)|^2G(z)dA(z) ≤ Ce^{−s}(max_{z∈∂P} G(z) + 1) exp(−2ρ(∂P, z_0) ≤ Ce^{−s} ∫ A_P |S_H (Φ)(z)|^2(G(z) + 1)dA(z) Now assume P is a hyperbolic thin part. Divide the part into two pieces P_1 and P_2, separated by the geodesic associated to the part P . Then P has two boundary components, which we denote by ∂P_1 and ∂P_2. Let d = ρ_P (∂P_1, ∂P_2) be the distance between the boundary components through P and let d_i = ρ(z_0, ∂P_i) for i = 1, 2. For z ∈ P ρ(z, z_0) ≤ min(d_1 + ρ(z, ∂P_1), d_2 + ρ(z, ∂P_2)), and hence

|S_H (Φ)(z)| ≤ C max(exp(ρ(−d_1 − ρ(z, ∂P_1)), C exp(−d_2 − ρ(z, ∂P_2))) ≤ C exp(−d_1 − ρ(z, ∂P_1)) + C exp(−d_2 − ρ(z, ∂P_2)) Thus to prove (10) it is enough to prove an estimate of the form ∫ P_s exp(−ρ(z, ∂P_1)G(z)dA(z) ≲ G(z_1, w)e^{−s}, (13) where z_1 ∈ ∂P_1. On P_1 the function G is bounded by G(z) ≤ G(z_1, w) + C exp(ρ(z, ∂P_1)) and on P_2 it is bounded by G(z) ≤ G(z_1) + C exp(d/2).

Thus (13) is bounded by C ∫_{d/2} s e^{−2r}(G(z_1, w) + e^r)e^{−r}dr + C ∫_{(d/2)−s} 0 e^{−2r−d}(G(z_1, w) + e^{d/2})e^{r−(d/2)}dr ≲ G(z_1)(e^{−s} + e^{−d}) ≲ G(z_1)e^{−s}, since s ≤ d. This completes the proof of the theorem.

Corollary 9.3. Suppose G is a Fuchsian group and Φ : D → Ω is a compact deformation of G. Then if x ∈ R and S = R \ B(x, r) we have ∫ S |S_H (Φ)(z)|^2G_S (z, w)dA(z) ≤ Me^{−r/2}, for some M < ∞ independent of w.

Proof. There are two metrics on S, the restriction of R’s hyperbolic metric and the hyperbolic metric that makes S into a complete Riemann surface. First we claim that the Poincare metric for S is comparable to that for R on S_1 = R \ B(x, r + 1). To prove this lift S and S_1 to an open sets Ω and Ω_1 in D by the covering map for R. For z ∈ Ω_1, dist(z, ∂Ω) ≃ 1 − |z| and hence the density for the hyperbolic metric in Ω at z is comparable to the density the hyperbolic metric for D . This proves the claim.

If we choose z_0 in B(x, r + 1) with ρ(z_0, w) ≥ 1 then it is easy to see G_S (z_0, w) is uniformly bounded. Thus the Greens function G_S satisfies G_S(z, w) ≤ C + G(z) + α(w) log^+ ρ(z, w)^{−1}, for some G with bounded gradient with respect to the hyperbolic metric on S (and hence with respect to the hyperbolic metric on R). Thus the estimates in the proof of Theorem 9.1 apply here and prove the result.

Next we want to use the previous corollary to bound integrals on the disk.

Lemma 9.4. Suppose Φ is a compact deformation of a Fuchsian group G, V ⊂ D is a region whose projection into R does not hit the ball B(x_0, r) ⊂ R, Then ∫ V |S_H (Φ(z)|^2G_V (z, w)dA ≲ e^{−r/2} (14) uniformly for every w ∈ V where dA denotes area on the Riemann surface R = D /G, S_r = R \ B(x_0, r), Proof. Write the Greens function G_S for S as a sum over orbits of the Greens function for the planar domain Ω = D \ ∪_{g∈G}g(B), where B is a lift of the ball B(x_0, r) on R, i.e., G_S (Π(z), Π(w)) = ∑ g∈G G_Ω(z, g(w)), where Π : D → R is the quotient map. Since V ⊂ Ω, G_V (z, w) ≤ G_Ω(z, w). Hence ∫ V |S_H (Φ)(z)|^2G_V (z, w)(1 − |z|^2)^{−2}dxdy ≲ ∫ V ψ(z)|S_H (Φ)(z)|^2G_Ω(z, w)dA(z) ≲ ∫ Π(V )

|S_H (Φ)(z)|^2G_S (w, Π(z_V ))dA(w) ≲ ∫ S_r |S_H (Φ)(z)|^2G_S (w, Π(z_V ))dA(w) ≲ e^{−r/2}, by Corollary 9.3.

10. A version of Green’s theorem In the last section we proved that ∫ D |S(Φ)(z)|^2G_D (z, w)(1 − |z|^2)^2dxdy (15) is uniformly bounded whenever Φ is a compact deformation of a convergence group. By results in [3] or [14] this implies that φ = log |Φ^′| is in BMO. We need two stronger versions this fact.

First, we will want to deduce φ is in BMO on a stopping time domain W ⊂ D when we only know sup_V ∫ V |S(Φ)(z)|^2G_V (z, z_V )(1 − |z|^2)^2dxdy, (16) is uniformly bounded for all chord-arc domains V ⊂ W . The difference between (15) and (16) is that G_D has been replace by the Greens function G_V . Since G_V ≤ G_D (except near the pole), the second integral is smaller and may be much smaller at some points. Thus we will have reproduce part of the argument from [14], modified to deal with this slightly different integral.

Secondly, for our applications we will need φ in BMO with small norm, and this does not necessarily follow even if the integrand in (15) is Carleson with small norm (just consider a Möbius transformation Φ of the disk to a half-plane; S(Φ) ≡ 0 but φ is not the zero element of BMO). However, we will show that if we assume that φ also has small Bloch norm, then φ has small BMO norm, i.e., we will show ‖φ‖_{BMO} ≲ ‖φ‖_B + ‖|S(Φ)(z)|^2(1 − |z|^2)^3dxdy‖_C . (17)

We begin by establishing the following result for chord-arc domains.

Lemma 10.1. Suppose V ⊂ D is a M-chord-arc domain and suppose φ is a Bloch function on D . Then ∫ V |φ^′(z)|^2G_V (z, z_V )dxdy ≲ |φ^′(z_V )|diam(V )^2 + ∫ V |φ^{′′}(z)|^2G_V (z, z_V )d_V (z)^2dxdy, where G_V is the Greens function for V , z_V is a point in V with dist(z_V , ∂V ) ≃ diam(V ) and the constants in ≲ depend only on M.

Proof. The proof closely follows the proof of the related inequality ∫ W |F^′(z)|^2d_W (z)dxdy ≲ |F^′(z_W )|d_W (z)^2 + ∫ W |F^{′′}(z)|^2d_W (z)^3dxdy, which is given in [24]. Let Ψ : D → V be a Riemann mapping taking 0 to z_V and for z ∈ V , let γ(z) be the image under Ψ of the radial segment in D connecting 0 to Ψ^{−1}(z). If z_0 ∈ γ(z) we let γ(z_0, z) = γ(z) \ γ(z_0). Then as in Section 1 of [24], γ(z) is a chord-arc curve (with constant depending only on K) and for 0 < α < 1, ∫ γ(z) d_V (w)^{1−α}ds ≃ d_V (z)^{−α}, (18)

and if z_0 ∈ γ(z) ∫ γ(z,z_0) d_V (w)^{−α}ds ≃ d_V (z)^{1−α}. (19)

By adding a constant to φ^′ and noting ∫ V G_V (z, z_V )dxdy ≃ diam(V )^2,

(20) we may assume that φ^′(z_V ) = 0. Fix some 0 < α < 1 and note that φ^′(z) = ∫ γ(z) φ^{′′}(w)ds = ∫ γ(z) φ^{′′}(w)d_V (w)^{(1+α)/2}d_V (w)^{−(1+α)/2}ds, and hence |φ^′(z)|^2 ≲ ( ∫ γ(z) |φ^{′′}(z)|^2d_V (w)^{1+α}ds)d_V (w)^{−α}. Thus using (18), (19) and the fact that G_V is monotone decreasing on γ(z), we deduce ∫ γ(z_0 ) |φ^′(z)|^2G_V (w, z_V )ds ≲ ∫ γ(z_0)

G_V (z, z_V )d_V (z)^{−α}[ ∫ γ(z) |φ^{′′}(z)|^2d_V (w)^{1+α}ds(w)]ds(z) ≲ ∫ γ(z_0)

|φ^{′′}(w)|^2G_V (w, z_V )d_V (w)^{1+α}[ ∫ γ(z_0,w) d_V (z)^{−α}ds(z)]ds(w) ≲ ∫ γ(z_0)

|φ^{′′}(w)|^2G_V (w, z_V )d_V (w)^2.

To finish the proof of Lemma 10.1, we need the following observation, Lemma 10.2. With γ(z) defined as above, define a positive measure μ on W by ∫ gdμ = ∫ ∂W ∫ γ(z) g(w)ds(w)ds(z). Then dμ is boundedly equivalent to dxdy (i.e., μ(E) ≃ area(E) for every E ⊂ V ) Proof. We pull back to the disk by the Riemann mapping Ψ and consider what happens on the top half T (Q) of some Carleson square. Let z be some point in T (Q). Then by Koebe distortion the area of W = Φ(T (Q)) is ≃ |Φ^′(z)|^2area(T (Q)) and the length of each arc γ(w) ∩ W which hits W is ≃ |Φ^′(z)|ℓ(Q). Let I be the base of Q. Then since V is chord-arc ℓ(Φ(I)) ≃ diam(W ) ≃ |Φ^′(z)|ℓ(Q). Thus dμ is boundedly equivalent to dxdy on W , as desired.

Using this and (18), (19) and (20), we integrate over ∂Ω and deduce ∫ V |φ^′(z)|^2G_V (z, z_V )dxdy ≲ |φ^′(z_V )|diam(V )^2 + ∫ V |φ^{′′}(z)|^2G_V (z, z_V )d_V (w)^2dxdy.

Lemma 10.3. Let W ⊂ D be a chord-arc domain. Then there are constants ϵ_1, C < ∞ such that if Φ is univalent on D , φ(z) = log |Φ(z)|, and φ is ϵ_1-Bloch on W , then ∫ W |φ^′(z)|^2G_W (z, z_W )dxdy ≲ |φ^′(z_W )|^2(1 − |z_W |^2)^2 + ∫ W |S(Φ)(z)|^2G_W (z, z_W )dA ≲ ‖φ‖_{B(W )} + ∫ W |S(Φ)(z)|^2G_W (z, z_W )dA. Proof. Apply Lemma 10.1 to W and the fact that |φ^{′′}|^2 ≤ 2|S(Φ)|^2 + |φ^′|^4, to get ∫ W |φ^′(z)|^2G_W (z, z_W )dxdy ≲ |φ^′(w)|^2(1 − |z_W |^2)^2 + ∫ W |φ^{′′}(z)|^2G_W (z, z_W )(1 − |z|^2)^2dxdy ≲ |φ^′(z_W )|^2(1 − |z_W |^2)^2 + ∫ W |S(Φ)(z)|^2G_W (z, z_W )(1 − |z|^2)^2dxdy + ϵ^2_1 ∫ W |φ^′(z)|^2G_W (z, z_W )dxdy. The far right term is small compared to the left hand side if ϵ_1 is small enough, and so can be subtracted, and the proof is complete.

Combining this with our earlier results we obtain the following. Lemma 10.4. Suppose Φ is a compact deformation of a Fuchsian group G and z_0 ∈ R = D /G. There are ϵ > 0 and r < ∞ so that if W is a chord-arc subdomain of the disk so that the projection of W into R is at least hyperbolic distance r from z_0 and φ is ϵ-Bloch on W , then Φ(W ) has a rectifiable boundary (in fact, it is a chord-arc curve).

Proof. This follows immediately from 2.3, 9.4 and 10.3 and the fact that small BMO norm for log |Φ^′| implies Φ(W ) is rectifiable (see Section 2).

11. Proof of Theorem 1.3

We start by giving a new proof of a result of Astala and Zinsmeister [4], that a compact deformation with a sufficiently small dilatation gives a rectifiable curve as a limit set.

Lemma 11.1. Suppose G is a convergence type group and Φ is a compact deformation of G. If ‖μ‖_∞ is small enough (depending only on the hyperbolic diameter of its support on R = D /G) then Φ(T) is a chord-arc curve.

Proof. First, if μ is small, then Ω = Φ(D ) is a quasi-circle with small constant and so by Lemma 4.4, Φ can be chosen so φ is in Bloch with small norm. Now apply Corollary 2.3, Theorem 9.1 and Lemma 10.3 and the fact that small BMO norm for log |Φ^′| implies Φ(T) is chord-arc.

Next we want to prove Theorem 1.3. The proof is essentially the same as the previous result, except that the disk D must be replaced by a certain stopping time regions.

Lemma 11.2. Suppose Φ is a compact deformation of a Fuchsian group G. Then Φ(Λ_e) lies on a countable union of rectifiable curves. If, in addition, G is divergence type, then Φ(Λ_e) has zero linear measure.

Proof. As before let S_r = R \ B(x_0, r) and let Ω_r be the lift of S_r to D (note that S_r and Ω_r need not be connected). Thus |S_H Φ| ≤ Ce^{−r} on all of Ω_r. For any Carleson square Q, let E_r(Q) ⊂ I_Q be the set of points x so that radial segment in Q ending at x is contained in Ω_r. It suffices to show that each E_r(Q) has h image which is σ finite length, if r is large enough.

Form a stopping time region W by removing from Q the maximal dyadic Carleson subsquares whose top half does not intersect Ω_r. The parent of such a square does hit Ω_r and hence the resulting region W is contained in a hyperbolic C_0-neighborhood of Ω_r. Moreover, W contains all the radial lines which terminate at E_r. Thus Φ(E_r) ⊂ Φ(∂W ).

Since W ⊂ Ω, the Schwarzian of Φ is small on all of W and so by Lemma 4.7 we may cover all but one point of E_r by stopping times regions where both the Schwarzian integral is small and φ is in Bloch with small norm, with estimates that tend to zero as r → ∞. Fix r large enough so that Lemma 10.4 implies the image boundary is rectifiable and hence E_r is contained in a countable union of rectifiable curves.

If G is divergence type then E_r has zero Lebesgue measure, so its image also has zero 1-dimensional measure by the F. and M. Riesz theorem (e.g., Theorem 6.8 of [31]). This completes the proof.

References

[1] L.V. Ahlfors. Lectures on quasiconformal mappings. Math. Studies 10. Van Nostrand, 1966. [2] K. Astala and M. Zinsmeister. Mostow rigidity and Fuchsian groups. Comptes Rendu Acad.

Sci., Paris, 311:301–306, 1990.

[3] K. Astala and M. Zinsmeister. Teichmüller theory and BMOA. Math. Ann., 289:613–625, 1991. [4] K. Astala and M. Zinsmeister. Holomorphic families of quasi-Fuchsian groups. Ergod. Th. & Dynam. Sys., 14:207–212, 1994.

[5] K. Astala and M. Zinsmeister. Abelian coverings, Poincaré exponent of convergence and holomorphic deformations. Ann. Acad. Sci. Fenn., 20:81–86, 1995.

[6] K. Astala and M. Zinsmeister. Rectifiability and Teichmüller theory. In Topics in complex analysis, volume 31, pages 45–52, Warsaw, Poland, 1995. Banach Center Publications.

[7] R. Benedetti and C. Petronio. Lectures on hyperbolic geometry. Universitext. Springer-Verlag, 1992.

[8] C.J. Bishop. A counterexample in conformal welding concerning Hausdorff dimension. Mich.

Math. J., 35:151–159, 1988.

[9] C.J. Bishop. A criterion for the failure of Ruelle’s property. 1999. Preprint. [10] C.J. Bishop. Divergence groups have the Bowen property. 1999. Preprint. [11] C.J. Bishop. Quasiconformal Lipschitz maps, Sullivan’s convex hull theorem and Brennan’s conjecture. 1999. Preprint.

[12] C.J. Bishop. Surfaces which approximate the thrice punctured sphere. 2000. Preprint. [13] C.J. Bishop and P.W. Jones. Harmonic measure and arclength. Ann. Math., 132:511–547, 1990. [14] C.J. Bishop and P.W. Jones. Harmonic measure, L^2 estimates and the Schwarzian derivative.

J. d’Analyse Math., 62:77–113, 1994.

[15] C.J. Bishop and P.W. Jones. Hausdorff dimension and Kleinian groups. Acta. Math, 179:1–39, 1997. also appeared as Stony Brook IMS preprint 1994/5.

[16] C.J. Bishop and P.W. Jones. The law of the iterated logarithim for Kleinian groups. In Lipa’s Legacy, volume 211 of Contemporary Mathematics, pages 17–50, 1997.

[17] C.J. Bishop and P.W. Jones. Wiggly sets and limit sets. Arkiv Mat., 35:201–224, 1997. [18] R. Bowen. Hausdorff dimension of quasicircles. Publ. I. H. E. S., 50:11–25, 1979. [19] R. Coifman and C. Fefferman. Weighted norm inequalities for maximal functions and singular integrals. Studia Math., 51:241–250, 1974.

[20] P. Duren. Univalent functions. Springer-Verlag, 1983.

[21] J.L. Fernández and M.V. Melián. Bounded geodesics of Riemann surfaces and hyperbolic manifolds. Trans. Amer. Math. Soc., 347:3533–3549, 1995.

[22] J.B. Garnett. Bounded analytic functions. Academic Press, 1981.

[23] D.S. Jerison and C.E. Kenig. Boundary behavior of harmonic functions in nontangentially accesible domains. Advances Math., 46:80–147, 1982.

[24] D.S. Jerison and C.E. Kenig. Hardy spaces, A_∞ and singular integrals on chord-arc domains.

Math. Scand., 50:221–248, 1982.

[25] F. John and L. Nirenberg. On functions of bounded mean oscillation. Comm. Pure Appl. Math., 14:415–426, 1961.

[26] P. W. Jones. The travelling salesman problem and harmonic analysis. Publ. Mat., 35:259–267, 1991.

[27] P. MacManus. Quasiconformal mappings and Ahlfors-David curves. Trans. Amer. Math. Soc., 343:853–881, 1994.

[28] N.G. Makarov. Conformal mapping and Hausdorff measures. Arkiv Mat., 25:41–89, 1987. [29] Ch. Pommerenke. Schlichte functionen und analytische funktionen von beschrankter mittlerer oszillation. Comment. Math. Helv., 52:591–602, 1977.

[30] Ch. Pommerenke. Polymorphic functions for groups of divergence type. Math. Ann., 258:353– 366, 1982.

[31] Ch. Pommerenke. Boundary behavior of conformal maps. Grundlehren der Math. Wissenschaften, 299. Springer-Verlag, 1992.

[32] G. Schober. Univalent functions - selected topics. Lecture Notes in Math., 478. Springer-Verlag, 1975.

[33] S. Semmes. A counterexample in conformal welding concerning chord-arc curves. Arkiv Mat., 24:141–158, 1986.

[34] D. Sullivan. The density at infinity of a discrete group of hyperbolic motions. Publ. I.H.E.S., 50:172–202, 1979.

[35] D. Sullivan. Entropy, Hausdorff measures old and new, and limits sets of geometrically finite Kleinian groups. Acta. Math., 153:259–277, 1984.

C.J. Bishop, Mathematics Department, SUNY at Stony Brook, Stony Brook, NY 11794-3651

E-mail address: bishop@math.sunysb.edu

P.W. Jones, Mathematics Department, Yale University, New Haven, CT 06520