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CHAPTER 1

Linear symplectic algebra

1. Symplectic vector spaces

Let E be a finite-dimensional, real vector space and E* its dual. The space A2E*
can be identified with the space of skew-symmetric bilinear forms w : F x E — R,
w(v,w) = —w(w,v).

DEFINITION 1.1. The pair (EF,w) is called a symplectic vector space if w € A2E* is
non-degenerate, that is, if the kernel

kerw :={v € E|w(v,w) =0 for all w € E}

is trivial. T'wo symplectic vector spaces (F1,w;) and (Es,ws) are called symplectomorphic
if there is an isomorphism A : F; — E5 with A*wy; = wy. The group of symplectomor-
phisms of (E,w) is denoted Sp(E).

Since Sp(F) is a closed subgroup of GI(E), it is (by a standard theorem of Lie group
theory) a Lie subgroup.

EXAMPLE 1.2. Let E = R?*" with basis {e1,...,¢en, f1,--, fa}. Then
(1) w(ei,ej) =0, w(fi, f;) =0, wles, f;) = 6ij-

defines a symplectic structure on E. Examples of symplectomorphisms are A(e;) =

fis A(f;) = —ej or Ale;) = e + [, A(f;) = f;- Also
Aley) = ZBjkeka A(f;) = Z(Biwkjfka
k

k
for any invertible n x n-matrix B, is a symplectomorphism.

ExAMPLE 1.3. Let V be a real vector space of dimension n, and V* its dual space.
Then £ =V & V* has a natural symplectic structure: w((v, a), (¢v/,a')) = o/(v) — a(v').
If B: V — V is any isomorphism and B* : V* — V* the dual map, B®(B*)™': E - F
is a symplectomorphism.

EXAMPLE 1.4. Let E be a complex vector space of complex dimension n, with com-
plex, positive definite inner product (=Hermitian metric) h : F x E — C. Then E,
viewed as a real vector space, with bilinear form the imaginary part w = Im(h) is a
symplectic vector space. Every unitary map E — E preserves h, hence also w and is
therefore symplectic.
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EXERCISE 1.5. Show that these three examples of symplectic vector spaces are in
fact symplectomorphic.

2. Subspaces of a symplectic vector space

DEFINITION 2.1. Let (E,w) be a symplectic vector space. For any subspace F' C F,
we define the w-perpendicular space F'“ by

F*={veFE, wlvw)=0foralweF}

With our assumption that E is finite dimensional, w is non-degenerate if and only if
the map

W E— E* (W), w) =w(v,w)
is an isomorphism. F“ is the pre-image of the annihilator ann(F) C E* under «’. From
this it follows immediately that

dim F“ =dim £ — dim F

and
(F*)* =F.

DEFINITION 2.2. A subspace F' C E of a symplectic vector space is called

(a) isotropic if F' C F¥,

(b) co-isotropic if F* C F

(c) Lagrangian if F' = F*,

(d) symplectic if F N FY = {0}.
The set of Lagrangian subspaces of F is called the Lagrangian Grassmannian and denoted
Lag(FE).

Notice that F' is isotropic if and only if F“ is co-isotropic. For example, every 1-
dimensional subspace is isotropic and every codimension 1 subspace is co-isotropic.

EXAMPLE 2.3. In the above example £ = R*", let L = span{g,...,g,} where for
all i, g; = e; or g; = f;. Then L is a Lagrangian subspace.

LEMMA 2.4. For any symplectic vector space (E,w) there exists a Lagrangian subspace
L € Lag(E).

PROOF. Let L be an isotropic subspace of E, which is maximal in the sense that
it is not contained in any isotropic subspace of strictly larger dimension. Then L is
Lagrangian: For if L“ # L, then choosing any v € L*\ L would produce a larger isotropic
subspace L @ span(v). O

An immediate consequence is that any symplectic vector space E has even dimension:
For if L is a Lagrangian subspace, dim £ = dim L + dim LY = 2dim L.
Lemma 2.4 can be strengthened as follows.
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LEMMA 2.5. Given any finite collection of Lagrangian subspaces My, ..., M,, one can
find a Lagrangian subspace L with L N M; = {0} for all j.

PROOF. Let L be an isotropic subspace with LNM; = {0} and not properly contained
in a larger isotropic subspace with this property. We claim that L is Lagrangian. If not,
L¥ is a coisotropic subspace properly containing L. Let 7 : L* — L“/L be the quotient
map. Choose any 1-dimensional subspace F' C L“/L, such that both F' is transversal to
all m(M; N L¥). This is possible, since w(M; N L*) is isotropic and therefore has positive
codimension. Then L' = 7~ !(F) is an isotropic subspace with L C L' and L'NM; = {0}.
This contradiction shows L = L*. U

3. Symplectic bases

THEOREM 3.1. Every symplectic vector space (E,w) of dimension 2n is symplecto-
morphic to R®™ with the standard symplectic form from Example 1.2.

PROOF. Pick two transversal Lagrangian subspaces L, M € Lag(F). The pairing
LxM—R, (v,w) — w(v,w)

is non-degenerate. In other words, the composition

MBS B L

(where the last map is dual to the inclusion L — FE) is an isomorphism. Let ey, ..., e,
be a basis for L and fi,..., f, the dual basis for L* = M. By definition of the pairing,
w is given in this basis by (1). d

DEFINITION 3.2. A basis {e1,...,en, f1,..., fu} of (E,w) for which w has the stan-
dard form (1) is called a symplectic basis.

Our proof of Theorem 3.1 has actually shown a little more:

COROLLARY 3.3. Let (E;,w;), i = 1,2 be two symplectic vector spaces of equal di-
mension, and L;, M; € Lag(E;) such that L; N M; = {0}. Then there exists a symplecto-
morphism A : Ey — Ey such that A(Ly) = Ly and A(M;) = M.

(Compare with isometries of inner product spaces, which are much more rigid!) In the
following section we give an alternative proof of Theorem 3.1 using complex structures.
4. Compatible complex structures

Recall that a complex structure on a vector space V' is an automorphism J : V — V

such that J? = —Id.

DEFINITION 4.1. A complex structure J on a symplectic vector space (F,w) is called
w-compatible if
9(v,w) = w(v, Jw)
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defines a positive definite inner product. This means in particular that J is a symplec-
tomorphism:

(J*w)(v,w) = w(Jv, Jw) = g(Jv,w) = g(w, Jv) = w(w, J*v) = —w(w,v) = w(v,w).
We denote by J(FE,w) the space of compatible complex structures.

We equip J(F,w) with the subset topology induced from End(E). Later we will see
that it is in fact a smooth submanifold.

EXAMPLE 4.2. In Example 1.2, a compatible almost complex structure J is given by
Je; = fi, Jfi = —e;. This identifies (R*", w, J) with C".

A compatible complex complex structure makes E into a Hermitian vector space (
= complex inner product space), with Hermitian metric

h(v,w) = g(v,w) + vV—1lw(v, w).

That is, h is complex-linear with respect to the second entry and complex-antilinear with
respect to the first entry,

h(v, Jw) = vV—=1h(v,w), h(Jv,w) = —v—1h(v,w),
and h(v,v) > 0 for v # 0. We will show below that J(F,w) # 0. Assuming this for a

moment, let J € J(E,w) and pick an orthonormal complex basis e; ...e,. Let f; = Je;.
Then eq,...,en, f1,..., fn is a symplectic basis:

w(es, f;) = Im(h(e;, Jejy)) = Im(v/=1h(es, 5)) = bi5, w(es, ;) = Im(h(e;, ¢5)) =0

and similarly w(f;, f;) = 0. This is the promised alternative proof of Theorem 3.1.

The next Theorem gives a convenient method for constructing compatible complex
structures. For any vector space V' let Riem(V') denote the convex open subset of the
space S?V* of symmetric bilinear forms, consisting of positive definite inner products.

THEOREM 4.3. Let (E,w) be a symplectic vector space. There is a canonical contin-
uous surjective map

F: Riem(F) — J(FE,w).

The map G : J(F,w) — Riem(FE), J — g associating to each compatible complex struc-
ture the corresponding Riemannian structure is a section, i.e., F o G(J) = J.

PROOF. Given k € Riem(E) let A € GI(E) be defined by
k(v,w) = w(v, Aw)

Since w is skew-symmetric, A is skew-adjoint (with respect to k): AT = —A. It follows
that in the polar decomposition A = J|A| with |[A| = (ATA)Y2 = (=A%)1/2] J and |A|
commute. Therefore J2 = —Id. The equation

w(v, Jw) = w(v, AJA|"w) = k(v, |A]""w) = k(JA] 70, [A] 7 w)
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shows that g(v,w) = w(v, Jw) defines a positive definite inner product. We thus obtain
a continuous map F': Riem(F) — J(F,w). By construction it satisfies ' o G = id, in
particular it is surjective. U

COROLLARY 4.4. The space J(E,w) is contractible. (In particular, any two compat-
ible complex structures can be deformed into each other.)

PROOF. Let X = Riem(F) and Y = J(F,w). The space X is contractible since
it is a convex subset of a vector space. Choose a contraction ¢ : I x X — X, where
¢o = Idx and ¢; is the map onto some point in X. Then ) = F o ¢ o (Id xG) is the
required retraction of Y. O

Given a Lagrangian subspace L of E/, any orthonormal basis eq,...,e, of L is a an
orthornormal basis for F viewed as a complex Hermitian vector space. The map taking
this to an orthonormal basis €/,... e/, of L’ € Lag(FE) is unitary. Hence U(E) acts
transitively on the set of Lagrangian subspaces. The stabilizer in U(F) of L € Lag(FE)
is canonically identified with the orthogonal group O(L). This shows:

COROLLARY 4.5. Any choice of L € Lag(F) and J € J(FE,w) identifies the set of
Lagrangian subspaces of E with the homogeneous space
Lag(E) = U(E)/ O(L).

Hence Lag(F) is a manifold of dimension n? — "("2_1) = "(”;1).

5. The group Sp(F) of linear symplectomorphisms

Let (E,w) be a symplectic vector space of dimension dim £ = 2n, and Sp(F) C Gl(E)
the Lie group of symplectomorphisms A : EF — E, A*w = w. Its dimension can be
found as follows: Since any two symplectic vector spaces of the same dimension are
symplectomorphic, the general linear group GI(E) acts transitively on the open subset
of A2E* consisting of non-degenerate 2-forms. The stabilizer at w is Sp(E). It follows
that

2n)(2n —1
dim Sp(E) = dim GL(E) — dim A2E* = (2n)? — L;)
The Lie algebra sp(E) of Sp(E) consists of all £ € gl(F) such that w({v, w)+w(v, {w) = 0.
The following example (really a repetition of example 1.3) shows in particular that
Sp(F) is not compact.

=2n% +n.

EXAMPLE 5.1. Let L, M € Lag(FE) be transversal Lagrangian subspaces, and identify
M = L* so that E = L@ L*. Given B € GI(L) let B* € GI(L*) the dual map. Then
A= B® (B™Y* is a symplectomorphism. Thus for any splitting £ = L & M there is a
canonical embedding
GI(L) — Sp(E).

as a closed subgroup. Note that any A € Sp(F) preserving L, M is of this type.
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EXAMPLE 5.2. Another natural subgroup of Sp(F) is the group U(E) C Sp(E)
of automorphisms preserving the Hermitian structure for a given compatible complex
structure J € J(E,w).

Let us now fix a compatible complex structure J € J(F,w). Let U(E) C Sp(FE)
denote the unitary group and g the inner product defined by J,w. If J' is another
compatible complex structure, the map A : E — FE taking an orthonormal basis with
respect to (J, g) into one for (J', ¢’) is symplectic and satisfies A*.J" = J. This shows:

COROLLARY 5.3. The action of the symplectic group Sp(FE) on the space J(E,w) of
compatible complex structures is transitive, with stabilizer at J € J(E,w) equal to the
unitary group U(E). That is, J(E,w) may be viewed as a homogeneous space

(2) J(E,w) = Sp(E)/U(E).

This shows in particular that Sp(E) is connected. We see that J(F,w) is a non-
compact smooth manifold of dimension (2n? +n) —n* = n* + n. We will show below
that the choice of J actually identifies 7 (E,w) with a vector space. Let ()7 denote the
transpose of an endomorphism with respect to g.

LEMMA 5.4. An automorphism A € GI(E,w) is in Sp(E) if and only if
AT = A~y
where AT is the transpose of A with respect to g. An endomorphism & € gl(E) is in
sp(E) if and only if
& = JeJ.
PrROOF. A € Sp(F) if and only if for all v,w € E, w(Av, Aw) = w(v,w), or equiv-

alently g(JAv, Aw) = g(Jv,w), i.e. ATJA = J. The other identity is checked simi-
larly. U

EXERCISE 5.5. For £ = R?" with the standard symplectic basis and the standard

symplectic structure, J is given by a matrix in block form, J = ( _0] é > . Writing

A= CCL Z ) , verify that A € Sp(E) is symplectic if and only if a’ ¢, bTd are symmetric

and a”d — bTc = I. In particular, for n = 1 we have Sp(R?) = SI(2, R).

THEOREM 5.6 (Symplectic eigenvalue Theorem). Let A € Sp(E). Then det(A) =1,
and all eigenvalues of A other than 1,—1 come in either pairs

M, A =1
or quadruples
AN AL AT £ L
The members of each multiplet all appear with the same multiplicity. The multiplicities
of eigenvalues —1 and +1 are even.
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PROOF. Since det(J) = 1, the Lemma shows that det(A)? = 1. Hence det(A) =
1 since Sp(F) is connected. For any A € GI(E) the eigenvalues appear in complex-
conjugate pairs of equal multiplicity. For A € Sp(A), the eigenvalues A, \™! have equal
multiplicity since by the Lemma, the matrices A and A~! are similar: AT = JA-1J~1
The multiplicities of eigenvalues —1 and +1 have to be even since the product of all
eigenvalues equals det A = 1. O

LEMMA 5.7. Suppose A € Sp(E) is symmetric, A = AT so that A is diagonalizable
and all eigenvalues are real. Let E\ = ker(A — \) denote the eigenspace. Then

EY = @1 By

In particular, all Ey for eigenvalues N\ € {1,—1} are isotropic while the eigenspaces for
A € {1, —1} are symplectic. Moreover, E\x ® Ex-1 is symplectic.

ProoF. For v € E),w € E, we have
w(v,w) = w(Av, Aw) = Auw(v, w).

This, together with a check of dimensions proves the Lemma. Il

6. Polar decomposition of symplectomorphisms

We will use Lemma 5.7 to obtain the polar decomposition of symplectomorphisms.
Recall that for any A € GI(F), the polar decomposition is the unique decomposition
A = CB into an orthogonal matrix C' and a positive definite symmetric matrix B.
Explicitly, B = |A| := (ATA)Y2 and C = A|A|~!. Since the exponential map defines a
diffeomorphism from the space of symmetric matrices onto positive definite symmetric
matrices, this shows that GI(£) is diffeomorphic to a product of O(E) and a vector
space. We want to show that if A € Sp(FE), then both factors in the polar decomposition
are in Sp(FE). Thus let

p={¢csp(B)¢=¢"}, P={AeSp(E) A=A" A>0}

be the intersection of Sp(£) with the set of positive definite automorphism and of sp(E)
with the space of symmetric endomorphisms.

LEMMA 6.1. The exponential map restricts to a diffeomorphism exp : p — P.

PROOF. Since clearly exp(p) C P, it suffices to show that exp : p — P is onto.
Given A € P, let £ € gl(E) the unique symmetric endomorphism with exp(§) = A. We
have to show & € sp(F), or equivalently that A% = exp(s€) € Sp(F) for all s € R. The
power A° acts on v € Ey as A’Id. Let v € E\, w € E,. If Ay # 1 then w(v, w) = 0 and
also w(A*v, A*w) = (A\u)’w(v,w) = 0. If Ap =1 then w(A%v, A%w) = (Apu)’w(v,w) =
w(v,w). This shows A® € Sp(E). O

THEOREM 6.2 (Polar decomposition). The map U(E) x P — Sp(E), (C,B) — A=
CB is a diffeomorphism.
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PROOF. We have to show that the map is onto. Let A € Sp(F). By Lemma 5.4,
AT = JAJ™! € Sp(E). Therefore, using Lemma 6.1, |A| = (ATA)Y2 € Sp(E) and
AlAl7Y € Sp(E)NO(E) =U(E). O

Since J(F,w) = Sp(£)/ U(E), we have thus shown:

COROLLARY 6.3. Any fized J € J(F,w) defines a canonical diffeomorphism between
J(E,w) and the vector space p.

In particular, we see once again that J(F,w) is contractible.

COROLLARY 6.4. Sp(FE) is homotopically equivalent to U(E). In particular, it is
connected and has fundamental group m (Sp(F)) = Z.

REMARK 6.5. Let g = sp(F) the Lie algebra of the symplectic group and ¢ = u(F) =
sp(E) No(F) the Lie algebra of the orthogonal group. Then g = £ @ p as vector spaces,
and

[Ee]CE [ep]Cp, [pp]CE

The Killing form on g is positive definite on ¥ and negative definite on p. From these
facts it follows that g = € @ p is a Cartan decomposition of the semi-simple Lie algebra
sp(E). In particular, K = U(F) is a maximal compact subgroup of G = Sp(E).

REMARK 6.6. The symplectic group Sp(FE) should not be confused with the symplec-
tic group Sp(n) from the theory of compact Lie groups. They are however two different
real forms of the same complex Lie group.

7. Maslov indices and the Lagrangian Grassmannian

Let F,w, J, g as before, dim E = 2n. The determinant map det : U(E) — S* induces
an isomorphism of fundamental groups 71 (U(F)) — 7,(S') = Z. Composing with the
identification m (U(E)) = m(Sp(E)), we obtain an isomorphism

p: m(Sp(E)) — Z

called the Maslov index of a loop of symplectomorphisms. It is independent of the
choice of J, since any two choices are homotopic. If A, B are two loops and AB there
pointwise product, u(AB) = p(A) + u(B). Dually, we can pull-back the generator
a € HY(S',Z) = Z by det to find a canonical class fi € H'(Sp(E),Z), called the Maslov
class.

There are other “Maslov indices” related to the geometry of the Lagrangian Grass-
mannian

Lag(E) = U(E)/O(L).

Since det : U(E) — S! takes values +1 on O(L), its square descends to a well-defined
function det? : Lag(E) — S'.
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THEOREM 7.1 (Arnold). The map det® : Lag(E) — S* defines an isomorphism of

fundamental groups, p : m (Lag(FE)) = m(S') = Z (independent of the choice of L or
J). It is called the Maslov index of a loop of Lagrangian subspaces.

PRrROOF. Choose an orthonormal basis for L to identify L = R" C C" and £ = C" so
that Lag(E) = U(n)/O(n). For t € [0,1] let Ax(t) € U(n) be the diagonal matrix with
entries (exp(v/—1knt),1,...,1). Since Ax(1) € O(n), we obtain a loop Li(t) = Ax(t)R™.
This loop has Maslov index k, which shows that p is surjective.

To show that wu is injective, it is enough to show that any loop L(t) with L(0) =
L(1) = R™ can be deformed into one of the loops Li. To see this lift L(t) to a path
A(t) € U(t) (not necessarily closed) with endpoints A(0) = 1 and A(1) equal to a diagonal
matrix with entries (£1,1,...,1). We have to show that A(¢) can be deformed into one
of the paths Ag(t) while keeping the endpoints fixed. If the endpoint is the identity
matrix diag(1,1,...,1) so that A(t) is actually a loop, this is clear because m1(U(n)) —
71 (SY) = Z is an isomorphism; in this case k must be even. If A(1) = diag(—1,1,...,1)
the path B(t) = A(t) A_1(t) (pointwise product) is a loop, i.e. can be deformed into Ay
for some I. Thus A(t) = B(t)A;(t) can be deformed into Ay Ay = Agpyq. O

Pulling back the generator o € H'(S',Z) by det® we find an integral cohomology
class i € H'(Lag(E),Z) called the Maslov class.

PROPOSITION 7.2. Let A: S' — Sp(E) and L : S — Lag(E) be loops of symplec-
tomorphisms resp. of Lagrangian subspaces. Then
1(A(L)) = p(L) + 2p(A).
Proor. Using the notation from the previous proof we may assume that A takes

values in U(n) since Sp(E) = U(E) x p. Any such A is homotopic to a loop Ay where
I = p(A). The Proposition follows since Ag o Ay = Ao O

Given M € Lag(F) consider the subset
Lag(E; M) ={L € Lag(F)| LN M = {0}}.
LEMMA 7.3. For any fized L € Lag(E; M) one has a canonical diffeomorphism
Lag(E; M) = S*(L*), N+ Sy
with the space of symmetric bilinear forms on L. In particular it is contractible. The
kernel ker(Sy) C L is the intersection N N L.

PRrOOF. Recall that the non-degenerate pairing L x M — R defined by w identifies
M = L*. Any n-dimensional subspace N transversal to M is of the form N = {v +
Sy(v)|v € L} for some linear map Sy : L — M. One has N N L = ker(Sy). Since
L* = M we may view S as a bilinear form Sy € L* ® L*. The condition that N is
Lagrangian is equivalent to

0 =w(v+ Sy(v),w + Sy(w)) = w(v, Sy(w)) — w(w, Sy(v))
for all v,w € L. In terms of Sy this says precisely that Sy € S2L* is symmetric. O
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We note in passing that this Lemma defines coordinate charts on the Lagrangian
Grassmannian.

REMARK 7.4. The coordinate version of this Lemma is as follows: Let L € Lag(R*")
such that L is transversal to the span of fi,..., f,. Then L has a unique basis of the
form g; = e; + > ;5ijfj. The condition L* = L translates into S being a symmetric
matrix. If L, L' are two such Lagrangian subspaces and gj, g; the corresponding bases,
the pairing w : L x L' — R is given by

w(givg_;') = Sij — Sl{j'
That is, the dimension of the intersection L N L' = L* N L’ equals the nullity of S — 5.

The fact that Lag(F; M) is contractible can be used to generalize the Maslov index
to paths L : [0,1] — Lag(F) which are not loops but satisfy the boundary conditions
L(0), L(1) € Lag(E; M). Indeed, we can complete L to a loop L : S* = R/Z — Lag(E)
with L(t) = L(2t) for 0 < t < 1/2 and L(t) € Lag(E; M) for 1/2 < t < 1 such that
L(1) = L(0). The Maslov intersection index is defined as

[L:M]:=u(L) €Z
which is independent of the choice of L.

REMARK 7.5. Maslov’s index can be interpreted as a (signed) intersection number
of L with the “singular cycle” Lag(F)\ Lag(E;M). It was in this form that Maslov
originally introduced his index. The difficulty of this approach is that the singular cycle
is not a smooth submanifold of Lag(E). Given a path in Lag(E), one perturbs this path
until it intersects only the smooth part of the singular cycle and all intersections are
transversal. It is then necessary to prove that the index is independent of the choice of
perturbation.

Maslov invented his index in the context of geometrical optics (“high frequency
asymptotics”) and quantum mechanics “semi-classical approximation”. It appears phys-
ically as a phase shift when a light ray passes through a focal point; a phenomenon dis-
covered in the 19th century. Mathematically Maslov’s theory gave rise to Hormander’s
theory of Fourier integral operators in PDE.

Maslov’s index can be generalized to paths L that are not necessarily transversal to
M at the end points. This was first done by Dazord in a 1979 paper and re-discovered
several times since then. We will describe one such construction in the following section.

8. The index of a Lagrangian triple

In this section we describe a different approach towards Maslov indices, using the
Hormander-Kashiwara index of a Lagrangian triple. As a motivation, consider the action
of Sp(F) on Lag(FE). We have seen that this action is transitive. Moreover, any two
ordered pairs of transversal Lagrangian subspaces can be carried into each other by some
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symplectomorphism. An analogous statement is true if one fixes the dimension of the
intersection dim(Ly N Lg).

EXERCISE 8.1. Show that for any L, L, € Lag(FE) there exists a symplectic basis
in which L, is spanned by the ey,...,e, and Ly by eq,...,ex, frs1, .., fn. Where k =
dim(L; N Ly). It follows that the action of Sp(£) on Lag(FE) x Lag(E) has n + 1 orbits,
labeled by the dimension of intersections.

Is this true also for triples of Lagrangian sub-spaces?

EXERCISE 8.2. Let £ = R? with symplectic basis e, f. Let L; = span{e},
Ly = span{f}. What is the form of a matrix of the most general symplectomorphism
preserving Ly, Ly? Let Ly = span{e + f}, and (L}, L}, L}) a second triple of Lagrangian
subspaces with L} = Ly, Ly, = Ly. Show by direct computation that there exists a sym-
plectic transformation A € Sp(FE) with L} = A(L;) for all j = 1,2,3, if and only if
Ly = span{e + Af} with A > 0.

Thus, specifying the dimensions of intersections is insufficient for describing the orbit
of a Lagrangian triple L, Ly, L3. There is another invariant called the Hormander-
Kashiwara index of a Lagrangian triple.

Before we define the index, let us recall that the signature Sig(B) € Z of a symmetric
matrix B is defined to be the number of its positive eigenvalues, minus the number of
its negative eigenvalues. More abstractly, letting sign : R — R denote the sign function

-1 ift<0
sign(t) = 0 ift=0
+1 ift>0

and defining sign(B) by functional calculus, we have Sig(B) = tr(sign(B)). The signature

has the property Sig(ABA") = Sig(B) for any invertible matrix A. If k € S*(V*) is a

symmetric bi-linear form (equivalently, a quadratic form) on a vector space V', one defines
Sig(k) := Sig(B)

where B is the matrix of k£ in a given basis of V. The signature and the nullity are the
only invariants of a symmetric bilinear form: That is, the action of GI(V') on S?(V*) has
a finite number of orbits labeled by dim(ker(V")) and Sig(k).

Given three Lagrangian subspaces (not necessarily transversal) consider the symmet-
ric bilinear form Q(L1, Ls, L3) on their direct sum L; & Ly & L3, given by

Q(L1, L, L3)((v1, v2,v3), (v1,v2,v3)) = w(v1,v2) + w(vy, v3) 4+ w(vs, v1).
The index of the the Lagrangian triple (L1, Lo, L3) is the signature,
S(Ll, LQ, Lg) = Slg(Q(Ll, LQ, Lg)) € 7.

It is due to Hormander (in his famous 1971 paper on Fourier integral operators) and,
in greater generality, Kashiwara (according to the book by Lion-Vergne). Clearly s is
invariant under the action of Sp(F) on Lag(E)?.
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Choosing bases for Li, Ly, L3, the definition gives Q(L1, Lo, L3) as a symmetric
3n x 3n-matrix. Omne can reduce to signatures of n x n-matrices as follows. Choose
a symplectic basis ey, ..., e,, fi,..., fn of E, such that L, Lo, L3 are transversal to the
span of fi,..., f,. Let S; denote the symmetric bilinear forms on the span of ey, ..., e,
corresponding to S;. In terms of the basis, S; is just a matrix, and Q (L1, Lo, L3) is given
by a symmetric matrix,

0 S-S5 S-S
Q(Ly, Ly, L) =5 | Si—=Sy 0 Sh—S5
S3—S S3—S; 0

LEMMA 8.3. S(Ll, LQ, Lg) = Slg(51 - SQ) + Slg(Sg — 53) + Slg(Sg — Sl)

PROOF. (Brian Feldstein) Let

T —

I
—_ O =

1
1
0

An elementary calculation shows that det(7T) # 0 and that T Q(Ly, Lo, L3) T" is the
symimetric matrix,

S3 — 54 0 0
0 Sy — 53 0
0 0 S; — Ss.
From this the Lemma is immediate. O

THEOREM 8.4. The signature s : Lag(E)> — Z of a Lagrangian triple has the fol-
lowing properties:

(a) s is anti-symmetric under permutations of Ly, Lo, L.
(b) (Cocycle Identity) For all quadruples Ly, Lo, L3, Ly € Lag(FE),

s(Ly, Lo, L) — s(Lg, L3, Ly) + s(Ls, Lg, L) — $(L4, L1, Ly) = 0.

(c) If M(t) is a continuous path of Lagrangian subspaces such that M (t) is always
transversal to Ly, Ly € Lag(E), then s(Ly, Lo, M(t)) is constant as a function of
t.

(d) Any ordered triple of Lagrangian subspaces is determined up to symplectomor-
phism by the five numbers

dlm(L1 N Lg), d1m(L2 N Lg), dlm(Lg N Ll), d1m(L1 N L2 N Lg), S(Ll, L27 Lg)

PRroOOF. The first property is immediate from the definition, while the second and
third property follow from the Lemma. The fourth property is left as a non-trivial
exercise. (Perhaps try it first for the case that the L; are pairwise transversal.) O
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LEMMA 8.5. Suppose Li(t), La(t) € Lag(E) are two paths of Lagrangian subspaces,
a <t < b. Suppose there exists M € Lag(FE) transversal to Li(t) and Ls(t) for all
t € [a,b]. then the difference

(L1 : Lo] := 5(s(La(a), La(a), M) — s(La1(b), La(b), M))
1s independent of the choice of such M.

PROOF. Let M, M’ be two choices. By the cocycle identity, the first term changes
by
s(Lx(a), La(a), M) = s(Li(a), La(a), M') = s(Ly(a), M, M) = s(La(a), M, M").
We have to show that this equals the change of the second term,
S(La(B), La(B), M) — s(Ly(b), Lo(b), M') = s(Ly(b), M, M') — s(Ls(b), M, M.
But s(Lq(t), M, M') and s(Lo(t), M, M') are independent of ¢, since L; stay transversal
to M, M'. 0

We define the Maslov intersection index for two arbitrary paths Ly, Ly : [a,b] —
Lag(FE) as follows: Choose a subdivision a =ty < t; < ---t; = b such that, for all j =
1,...,k, there is a Lagrangian subspace M7 transversal to Ly(t), Lo(t) for t € [t;_1,1].
Then put

k
D (5(La(ty1), La(tj1), M7) = s(La(t;), La(t;), M),

Jj=1

1
[Ll . LQ] = 5
‘Clearly, this is independent of the choice of subdivision and of the choice of the
M?. Note that this definition does not require transversality at the endpoints. The

intersection is additive under concatenation of paths. It is anti-symmetric [Ly : Ly] =
—[LQ . Ll]

EXERCISE 8.6. Show that for any path of symplectomorphisms A : [a,b] — Sp(E),
[A(Ll) : A(LQ)] = [Ll . LQ]

EXERCISE 8.7. Let F = R? and let Ly, Ly : [a,b] — Lag(E) be defined by L,(t) =
span(f + te) and Lo(t) = span(f). Find [L; : Ls]. How does it depend on a, b?

EXERCISE 8.8. Let Ly, Lo, L3 : [a,b] — Lag(FE) be three paths of Lagrangian sub-
spaces. Show that

[Ll . LQ] + [LQ . Lg] + [Lg . Ll] = %(S(Ll(a),Lg(a), Lg(a)) — S(Ll(b)7L2(b), L3(b))

The approach can also be used to define Maslov indices of paths (not necessarily
loops) of symplectomorphisms. Let E~ denote E with minus the symplectic form, and let
E® E~ be equipped with the symplectic form prj w — prj w where pr; are the projections
to the first and second factor.
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PROPOSITION 8.9. For any symplectomorphism A € Sp(FE), the graph
I'y:={(Av,0)|lve E} C E® E™
15 a Lagrangian subspace.
PROOF. Let pry, pr, denote the projections from E & E~ to the respective factor.
For all v1,v, € E, we have
(priw — pryw)((Avy, v1), (Avg, v9)) = —w(v1, v2) + w(Avy, Ave) = 0.
O

In this sense Lagrangian subspaces of E~ @ E may be viewed as generalized sym-
plectomorphisms. If A : [a,b] — Sp(F) is a path of symplectomorphisms, one can define
a Maslov index [I'y : A] where A C E @ E~ is the diagonal. For loops based at the
identity this reduces (up to a factor of 2) to the index u(A) introduced earlier.

9. Linear Reduction

Suppose F' C E is a subspace. Then the kernel of the restriction of w to F' is just
FNF* (by the very definition of F*). It follows that the quotient space Er = F/(FNF¥)
inherits a natural symplectic form wp: Letting 7 : F' — F/(F N F¥) be the quotient
map we have

WF(W(UL W(w)) - W(U, w)
for all v,w € F. The space Er is called the reduced space or symplectic quotient.
PROPOSITION 9.1. Suppose F' C E is co-isotropic and L € Lag(E) Lagrangian. Let

Lg be the image of L N F wunder the reduction map m : F — F/F“ = Er. Then
Ly € Lag(Ep).

PROOF. Since L N F' is isotropic, it is immediate that Lg is isotropic. To verify that
L is Lagrangian we just have to count dimensions: Using (Fy N Fy)¥ = Fy¥ + Fy for any
Fy, F, C E we compute

dim(LNF¥) = dimFE —dim(L N F*)*
dim E — dim(L + F)
dim £ —dim L — dim F' + dim(L N F)
dim(L N F) — dim F' + dim L.

This shows that
dim Lp = dim(L N F) —dim(L N F¥) = dim F' — dim L,
on the other hand
dimFEr =dimF —dim F¥ =2dimF —dim F = 2dim F' — 2dim L.
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For any symplectic vector space (F,w) let £~ denote E with symplectic form —w.
Suppose F1, Es, F5 are symplectic vector spaces. and let
E=FEsoFE, ®E,® E].

Then the diagonal A C FE, consisting of vectors (vs, vy, v9,v1) is co-isotropic. Given
Lagrangian sub-spaces I'; € Lag(F> @ E; ) and I'y € Lag(E3 @ E; ), the direct product
is a Lagrangian subspace of E. The composition of I'y, T’y is defined as

[y0l = (I x I'1)a € Lag(E3 @ Ey ).
This is really the composition of relations:
[y 0Ty = {(vs3,v1)| Jvg € By with (v3,vq) € Ty, (vg,v1) € T'1}.
If Ay, Ay are symplectomorphisms,
I'syon, =14, 004,
Similarly, for L € Lag(FE) we have I'y o L = A(L).
EXERCISE 9.2. Let F' C E be co-isotropic. Show that
I'r={(v,w) e Er@E |weF, v=mn(w)}

(where m : ' — Ef is the projection) is Lagrangian. It satisfies I'r o L = Lp for all
L € Lag(E).






CHAPTER 2

Review of Differential Geometry

1. Vector fields

We assume familiarity with the definition of a manifold (charts, smooth maps etc.).
We will always take paracompactness as part of the definition — this condition ensures
that every open cover U, of M admits a subordinate partition of unity f, € C*(M).
That is, f, is a non-negative function supported in U,, near every point only a finite
number of f,’s are non-zero, and > fo = 1.

Let X(M) denote the vector space of derivations X : C*°(M) — C*°(M). That is
X € X(M) if and only is

X(fg)=X(fg+ fX(9)
for all f,g € C°°(M). From this definition it follows easily that the value of X (f) at
m € M depends only on the behavior of f in an arbitrarily small neighborhood of m

(i.e. on the “germ” of f at m). One can show that in any chart U C M, with local
coordinates z1, ..., x, every X € X(M) has the form

n 8f

a/.
- ! (9@-’
=1

X(f) =

where a; are smooth functions. Elements of X(M) are called vector fields. The space
X(M)isa C*°(M)-module (that is, for all f € C*°(M), X € X(M) one has fX € X(M)),
and it is a Lie algebra with bracket
[X,Y]=XoY —YoX.
In local coordinates, if X =), aia%i and Y =), bia%i then
ob; da;, 0
X,Y] = T Sy 9
[ ’ ] Z(Za]al’j j@xj)&ﬁi

i J
A tangent vector at m € M is a linear map v : C*°(M) — R such that
v(fg) = v(f) g(m) + f(m)v(g)
for all smooth f,g. The space of tangent vectors at m is denoted T}, M, and the union
T™ = ] T.M

meM
21
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is the tangent bundle. In local coordinated, every v € T,, M is of the form

One can use this to define a manifold structure on TM, with local coordinates
X1y, Ty, V1,...,0,. LThe natural projection map 7 : T'M — M is smooth.

Clearly, every vector field X defines a tangent vector v = X, by X,,,(f) := X(f)(m).
Conversely, every smooth map X : M — TM with 7 o X = id); defines a vector field.
Thus vector fields can be viewed as sections of the tangent bundle T'M.

For any smooth function F': M — N one has a linear pull-back map

F*: C*(N)— C*®(M), Frg=goF.
This defines a smooth push-forward map
F.: TM — TN, v~ F,(v)

where F,(v)(g) = v(F*g). This map is fiberwise linear, but does not in general carry
vector fields to vector fields. (There are two problems: If F' is not surjective we have no
candidate for the section N — T'N away from the image of F. If F' is not injective, we
may have more than one candidate over some points in the image of F.) Vector fields
X € X(M) and Y € X(N) are called F-related (write X ~p Y) if for all g € C*°(N),

X(Frg)=F"(Y(9))-

This is equivalent to F.(X,,) = Yr@y for all m € M. From the definition one sees easily
the important fact,

Xi~p Y, Xo~p Yo = [X17X2] ~F [Ysz]-

If F' is a diffeomorphism, we denote by F,X the unique vector field that is F-related to
- A (global) flow on M is a smooth map
¢: RxM— M, (t,m)— ¢(m)
with
G0 =1dm, @10 Qs = Pris.
Every global flow on M defines a vector field X € X(M) by

0
X(f) = En t:0¢ff-

For compact manifold M every vector field arises in this way. For non-compact M, one
has to allow for “incomplete” flows, that is one has to restrict the definition of ¢ to some
open neighborhood of {0} x M in R x M, and require ¢;(¢s(m)) = ¢y1s(m) whenever
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these terms are defined. Suppose ¢, is the flow defined by X € X(M). We define the
Lie derivative of vector fields Y € X(M) by

0
Lx(Y)=— )Y M).
)= 2] (6-0.7) € %)
It is a very important fact that for all vector fields XY,

2. Differential forms
Let E be a vector space of dimension n over R. A k-form on FE is a multi-linear map

a: Ex...xE—R,
—_——

k times

anti-symmetric in all entries. The space of k-forms is denoted A¥E*. One has A*E* = {0}
for k > n, A°’E* = R and
dim A*E* = < Z )

for 0 < k < n. The space AE* = @)_, AFE* is an algebra with product given by
anti-symmetrization of a ® :

—1)°
(a/\ﬁ)(Xla--ka—i—l): Z ( 'l? Q<X0(1)7-"7Xa(k))ﬁ(X0'(k+1)>"'aXo'(kJrl))

UESk+l

for « € A*E* and 3 € A'E*. Given v € E there is a natural contraction map ¢, :
AF(E*) — AFTLE* given by
Lot = (V... 0).

This operator is a graded derivation:
L(a A B) = (L,a) A B+ (—=1)Fa A ,5.

REMARK 2.1. In general, given a Z-graded algebra A = @, _, A" over a commutative
ring R, a derivation of degree r of A is a linear map D : A — A taking A* into A"
and satisfying the graded Leibniz rule,

D(ab) = D(a)b+ (—=1)"a D(b)

for aA*, b € A'. Let Der(A) = @, ,Der"(A) denote the graded space of graded
derivations of 7. Then Der(A) is a graded Lie algebra over R: That is, for D; € Der'7(A),
j = 1,2 one has

[Dl, DQ] = D1D2 —+ (—1)TIT2D2D1 € Der”'H"Q (A)
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Suppose now that M is a manifold. Then we can define vector bundles

NTM = ] AT M)".
meM

Smooth sections of A¥T*M are called k-forms, and the space of k-forms is denoted
QF(M). The space Q*(M) = @, Q*(M) is a graded algebra over C*°(M). Equivalently,
k-forms can be viewed as C'°°(M)-multilinear anti-symmetric maps

a: X(M) x---X(M) — C°(M).

~
k times

Note Q°(M) = C*(M). For any vector field X € X(M) there is a contraction operator
tx 1 (M) — QF1(M) which is a graded derivation.

For any function f € C*(M), denote by df € Q'(M) the 1-form such that df(X) =
X(f)-

THEOREM 2.2. The map d: Q°(M) — QY(M) extends uniquely to a graded deriva-
tion d: Q(M) — Q(M) of degree 1, in such a way that d* = 0.

The quotient space H¥(M) = ker(d|Q2*)/im(d|Q*1!) is called the kth de Rham co-
homology group of M. Wedge product gives H*(M) the structure of a graded algebra.
For M compact, the de Rham cohomology groups are always finite-dimensional vector
spaces.

Suppose now that F': M — N is smooth. Then F' defines a unique pull-back map
F*: QF(N) — QF(M), by

F*B(vy,...,v5) = B(Fi(v1), ..., Fu(vg))
for all v; € T, M. The exterior differential respects F', that is
dF*g = F*dg.

Suppose ¢; is the flow of X € X. The Lie derivative of a € Q*(M) with respect to X is
defined as follows:

L = — ‘.
xa ot t:0¢ta

Since pull-backs commute with the exterior differential, Lx od = d o Lyx. The operator
Ly is a graded derivation of degree 0:

Lx(aAB)=(Lxa)AB+aA (Lxf).
One has the following relations between the derivations d, Lx, tx.
[d,d]=2d* =0, [d,Lx]=0, [Lx,Ly] = Lixy,
ltx,ty] =0, [Lx,y] =xy [d,ex] = Lx.

The last formula
dobx+LXod:LX
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is known as Cartan’s formula. These relations show that the linear subspace of
Der(2(M)) spanned by tx, Lx,d is in fact a subalgebra of the graded Lie algebra
Der(2(M)) .

Let us re-express some of the above in local coordinates x4, ..., x, for a chart U C M.
At every point m € M, the 1-forms dzq,...,dx, are a basis of T M dual to the basis
o . % of T, M. Every 1-form « is given on U by an expression

Bay?
n

o = E Oél'dfi
i=1

where «; are smooth functions. For X =} Xi£ we have

i=1

More generally, for every ordered tuple I = (iy, ..., i) of cardinality |I| = k put

Then every o € Q¥(M) has the coordinate expression
o= Z ardx
I

where «; are smooth functions and the sum is over all ordered tuples i; < ... < 7. One

has
“ (904[
da = E E —dx; AN d
' j=1 1 axj " a

indeed, this formula is forced on us by the derivation property of d and the conditions
d*=0.

EXERCISE 2.3. Verify that this formula indeed gives d*> = 0, using the equality of
mixed partials.

EXERCISE 2.4. Work out the coordinate expressions for Lie derivatives Ly and con-
tractions tx.

A volume form on a manifold M of dimension n is an n — form A € Q"(M) with
A, # 0 for all m. If M admits a volume form it is called orientable. The choice of an
equivalence class of volume forms, where Ay, Ay are equivalent if Ay = fA; with f >0
everywhere, is called an orientation.

EXERCISE 2.5. For any volume form A and X € X(M), the divergence of X with
respect to A is the function diva(X) such that LxA = divy(X)A. Find a formula for
LxA in local coordinates.






CHAPTER 3

Foundations of symplectic geometry

1. Definition of symplectic manifolds

DEFINITION 1.1. A symplectic manifold is a pair (M,w) consisting of a manifold
M together with a closed, non-degenerate 2-form w € Q%(M). Given two symplectic
manifolds (M;,w;), a symplectomorphism is a diffeomorphism F' M; — M, such that
F*wy = wy. The group of symplectomorphism of M onto itself is denoted Symp(M,w).
The space of vector fields X with Lxw = 0 is denoted X(M,w).

Non-degeneracy means that for each m € M, the form w,, is a symplectic form on
T,,M, in particular dim M = 2n is even. Equivalently, the top exterior power wy is
Non-zero.

DEFINITION 1.2. The volume form A = exp(w)[dim M) = L™ is called the Liouville

n!
form.

DEFINITION 1.3. For any H € C*(M,R), the corresponding Hamiltonian vector
field Xy is the unique vector field satisfying

Lx,w=dH
The space of vector fields X of the form X = Xy is denoted Xyam (M, w).

PROPOSITION 1.4. Every Hamiltonian vector field is a symplectic vector field. That
18,
Xiam (M, w) C X(M,w).
PROOF. Suppose X = Xy, that is txw = dH. Then

Lxyw=dixw=ddH = 0.

2. Examples

2.1. Example: open subsets of R*",

EXAMPLE 2.1. The basic example are open subsets U C R?". Let q1,...,Gn.P1,-- -, Pn
be coordinates with respect to a symplectic basis ei,...,ep, fi,..., fn for R?". This

27
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identifies e; = 3%_ and f; = %. In terms of the dual 1-forms dq, ..., dp,, the symplectic
form is given by

w=Y dg; Adp;
j=1
and the Liouville form reads

A:dql/\dpl/\.../\dqn/\dpn.

Given a smooth function H on U, we have

—~(0H 9 OH 0
X =3 G~ o)

Hence the ordinary differential equation defined by Xy is
. O0H . 0OH
G =5 Dj=—5—
J apj J a qj

Note that Hamiltonians H(q,p) = p, generate translation in g;-direction while H(q,p) =
¢; generate translation in minus p;-direction.

DEFINITION 2.2. Let (M,w) be a symplectic manifold. We denote by Xpam(M,w)
the space of Hamiltonian vector fields on M, and by X(M,w) the space of vector fields
X on M preserving w, i.e. Lxw = 0.

2.2. Example: Surfaces. Let ¥ be an orientable 2-manifold, and w € Q*(2) a
volume form. Then w is non-degenerate (since w" = w # 0 everywhere) and closed
(since every top degree form is obviously closed). A symplectomorphism is just a volume-
preserving diffeomorphism in this case. By a result of Moser, any two volume forms on a
compact manifold M, defining the same orientation and having the same total volume,
are related by some diffeomorphism of M. In particular, every closed symplectic 2-
manifold is determined up to symplectomorphism by its genus and total volume.

2.3. Example: Cotangent bundles. A very important example for symplectic
manifolds are cotangent bundles. Let ) be a manifold, M = T*(@) its cotangent bundle.
There is a canonical 1-form 6 € QY(T*Q) given as follows: Let 7 : M = T*Q — Q the
bundle projection, dmw : TM — T'Q its tangent map. Then for vectors X,, € T,,M,

Oy Xon) := (m, dppy(X0))

since m € T is a covector at m(m), we can pair it with the projection of X,, to
w(m) J
the base!) An alternative characterization of the form @ is as follows.

PROPOSITION 2.3. 0 is the unique I-form 0 € QYT*Q) with the property that for
any 1-form a € QY(Q) on the base,

a=a"0
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where on the right hand side, o is viewed as a section o : QQ — T*Q = M.

PRrROOF. To check the property let w € T,(Q). Then d,a(Y’) projects to w. We have,
therefore,

<(a*9>q7w> = <6aq7dqa(w)> = <aq7 w>'

Uniqueness follows since every tangent vector v € T,,M (except the vertical ones, i.e.
those in the kernel of d,,,m) can be written in the form d,o(w), where a € Q1(Q), with
a(q) =m and w € T,Q). (Non-vertical vectors span all of T, M). O

It is useful to work out the form 6 in local coordinates.

For any vector bundle 7 : E — @ of rank k, one obtains local coordinates over a
bundle chart W C @ by choosing local coordinates ¢y, ..., g, on ) and a basis €, ..., € :
Q) — FE for the C*°(W)-module of sections of E|y. Any point m € E is then given by
the coordinates ¢; of its base point ¢ = m(m) and the coordinates py, ..., pg such that
m =) pici(q). Thus if o =3, 06; © W — Elw is any section over W, the pull-backs
of ¢;, p; viewed as functions on E|y are we have o*p; = 0; and 0*¢; = ¢;.

In our case, £ = T*(Q), k = n and a natural basis for the space of sections is given
by the 1-forms ¢; = dg;. The corresponding coordinates q1, ..., ¢, P1,- .., Do o0 T*Q|w
are called cotangent coordinates.

LEMMA 2.4. In local cotangent coordinates qy, ..., Qn, P1,---, Pn 00 T*Q), the canon-
1cal 1-form 60 is given by

ONT*W) = p; dg;.
J

PROOF. Let a = Zj a;dg; be a 1-form on W. Then a*p; = oj, a*q; = g;, thus

o ij dg; = Z a;dg; = a.
J J

O

THEOREM 2.5. Let M = T*Q be a cotangent bundle and 6 its canonical 1-form.
Then w = —db is a symplectic structure on M.

PRrROOF. In local cotangent coordinates, w = Zj dg; A dp;. Il

We will now describe some natural symplectomorphisms and Hamiltonian vector
fields on M =T7Q.

Let f: Q1 — Q2 be a diffeomorphism. Then the tangent map df is a diffeomorphism
TQ, — TQ-, and dually there is a diffeomorphism

F=(df N :T°Q, —» T*Q,
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(called cotangent lift of f) covering f. For all a € Q'(Q;) one has a commutative

diagram,
F

Ty — T7Q>
Ta ; T a -
Q1 — Q2

PROPOSITION 2.6 (Naturality of the canonical 1-form). Let F' : T*Q; — T*Qy be
the cotangent lift of f. Then F preserves the canonical 1-form, F*0y = 01, hence F' is a
symplectomorphism: F*ws = wy,

PRroo¥r. This is clear since our definition of the canonical 1-form was coordinate-free.
For the sceptic, check the property a*6; = a: We have

o (F02) = (Foa)0y=((f)aof)0=f((f)a)t=f(f")a=a

This gives a natural group homomorphism

(3) Diff (Q) — Symp(T*Q,w), f+ (df )"
Another subgroup of Symp(7*Q) is obtained from the space of closed 1-forms Z'(Q) C

QYQ). For any a € QY(Q) let G, : T*Q — T*Q be the diffeomorphism obtained by
adding «.

PROPOSITION 2.7. For all a € QY(Q),
G0 —0=1"a

Thus G is a symplectomorphism if and only if dao = 0, that is o € Z1(Q).

PROOF. Let 8 € Q'(Q). Then

B*GL0 = (GaofB)0=(a+B)0=a+F=F7T"a+p.

By the characterizing property of 8 this proves the Proposition. U

We thus find a group homomorphism
(4) 21(Q) — Symp(T*Q)

Recall that for any representation of a group GG on a vector space V', one defines G x V'
to be the group whose underlying set is G x V' and with product structure,

(91, v1)(g2,v2) = (9192, v1 + g1.v2).
In this case, we can let Diff(Q) act on Z1(Q) by f-a = (f~!)*a. It is easy to check that
the homomorphisms (3) and (4) combine into a group homomorphism

DIff(Q) & Z1(Q) — Symp(T*Q).

The semi-direct product Diff(Q) x Z'(Q) may be viewed as an infinite-dimensional gen-
eralization of the Euclidean group of motions O(n) x R™.
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We will now show that the generators of the action of Diff(Q)) are Hamiltonian vector
fields. Let Y be a vector field on ). Then there is a unique vector field X = Lift(Q) on
T*() with the property that the flow of X is the cotangent lift of the flow of Y. We call
the map

Lift : X(Q) — X(T"Q)
the cotangent lift of a vector field. Note that X projects onto Y, that is X ~, Y. Let
H € C(T*Q,R) be defined as the contraction H = ¢x6.

LEMMA 2.8. The cotangent lift X of Y is a Hamiltonian vector field, with Hamilton-
tan H = 1x0.

PRrROOF. Since the flow of X preserves 6, Lx6 = 0. Therefore,
dH =dix0 = —1xdf + Lx0 = —1xdf = 1xw.

O
Suppose Y is given in local coordinates by Y = ) y Y;-a%j. What are X and H in these
coordinates? Since X projects to Y under 7, we know that X — > V;-2 is a vertical

J 77 0q;
vector field, i.e. a linear combination of %. The vertical part does not contribute to
J
tx0 since 0 =3 p;dg; is a horizontal 1-form. Hence

H(q,p) = 1x0 = ZY;’@)L%G = ZYj(q)pj-
j J
From this we recover,
- 0 - ay; 0
X = Y, — — =,
; ? g, ]-,%::1 " 0gi opy
From these equations, we see that the Hamiltonians corresponding to cotangent lifts are
those which are linear along the fibers of T*(). Other interesting flows are generated by
Hamiltonians that are constant along the fibers of T*(Q, i.e. of the form H = n*f, with
f € C®(Q). The flow generated by such an H is given, in terms of the notation G,

introduced above, by ¢, = G_; 4s. The Hamiltonian vector field corresponding to H is,
in local cotangent coordinates,

EXERCISE 2.9. Verify these claims!

On the total space of any vector bundle £ — () there is a canonical vector field
£ € X(F), called the Euler vector field; its flow ®; is fiberwise multiplication by e’. In
our case ¥ =T*(@), we have in local cotangent coordinates

0

J
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PROPOSITION 2.10. The Euler vector field satisfies
Lew =w, tgw = —0.
In particular, & is the vector field corresponding to —0 under the isomorphism «° : T(Q) —
T*Q.
PrROOF. The 1-form 6 is homogeneous of degree 1 along the fibers. That is, un-

der fiberwise multiplication by e’ it transforms according to (¢')*6 = e'd. Taking the
derivative this shows

L =0.
Applying d gives the first formula in the Proposition. The second formula is obtained
using the Cartan formula for the Lie derivative, together with 16 = 0. U

REMARK 2.11. A symplectic manifold M, together with a free R-action whose gen-
erating vector field & satisfies such that Lew = w is called a symplectic cone. Thus,

cotangent bundles minus their zero section are examples of symplectic cones. Another
example is R** — {0}.

PROPOSITION 2.12. For any closed 2-form o € Q*(Q), the sum w+m*c is a symplectic
form on T*Q. The Liouville form of w + n*c equals that for w.

PROOF. Since 7*c vanishes on tangent vectors to fibers of 7, its kernel at m € T*Q)
contains a Lagrangian subspace, i.e. its kernel is co-isotropic. The claim now follows
from the following Lemma. O

LEMMA 2.13. Let (E,w) be a symplectic vector space and 7 € N*E* a 2-form such
that ker T is co-isotropic. Then (w + 7)" = w™. In particular, w + T is non-degenerate.

PROOF. Since ker 7 is co-isotropic it contains a Lagrangian subspace L. Let ey, ..., e,
a basis for L. For k < n we have «(e;) ... t(e,)w*7"* = 0. Therefore w*r"* = 0, and
it follows that (w4 7)" = w™. In particular, w + 7 is symplectic since its top power is a
volume form. O

This has the following somewhat silly corollary: For any manifold () with a closed
2-form o there exists a symplectic manifold (M,w) and an embedding ¢ : @) — M such
that t*w = 0. (Proof: Take M = T*@Q with symplectic form w = —df + 7*0.)

2.4. Example: Kahler manifolds. An almost complex manifold is a manifold
Q@ together with a smoothly varying complex structure on each tangent space; i.e. a
smooth section J : Q — GI(TQ) satisfying J*> = —id. A complez manifold is a man-
ifold, together with an atlas consisting of open subsets of C", in such a way that the
transition functions are holomorphic maps. Every complex manifold is almost complex,
the automorphism J given by multiplication by v/—1 in complex coordinate charts.

The Newlander-Nirenberg theorem (see e.g. the book by Kobayashi-Nomizu) gives a
necessary and sufficient criterion (vanishing of the Nijenhuis tensor) for when an almost
complex structures is integrable, i.e. comes from a complex manifold.
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An almost complex structure J on a symplectic manifold (M,w) is called w-
compatible if it is w-compatible on every tangent space T,,M. We denote by J(M,w)
the space of w-compatible almost complex structures on M. The constructions from lin-
ear symplectic algebra can be carried out fiberwise: Letting Riem(M) denote the space
of Riemannian metrics (the space of sections g : M — S?(T*M) such that each g, is an
inner product on 7, M) we have a canonical surjective map

Riem(M) — J(M,w)

which is a left inverse to the map J(M,w) — Riem(M) associating to .J,, the corre-
sponding inner products on 7,,M. In particular J(M,w) is non-empty. Similar to the
linear case, one finds that any two Jy, J; € J(M,w) can be smoothly deformed within
J(M,w). More precisely, there exists a smooth map J : [0,1] x M — GI(T'M) such that
J(t,m) e J(T,,M,wy,) and J(0,-) = Jo, J(1,-) = J;.

For any J € J(M,w) the triple (M,w, J) is called an almost Kéhler manifold (some-
times also almost Hermitian manifold). If J comes from an honest complex structure
then (M,w, J) is called a Kéhler manifold. An example of a Kédhler manifold is M = C".

PROPOSITION 2.14. Let (M,w,J) be a Kdhler manifold. Let (N, Jy) be an complex
manifold and v : N — M an complex immersion: That is, Jo do = dvo Jy. Then
(N, *w, Jn) is an Kdhler manifold. Similar assertions hold for the almost Kdhler cate-
gory and almost complex immersions.

PRroOF. Obviously, every complex subspace of a Hermitian vector space is Hermitian.
Applying this to each du,(T,N) C T,;yM we see that the closed 2-form (*w is non-
degenerate, and Jy € J (N, *w). O

This shows in particular that every complex submanifold of C" is a symplectic mani-
fold. Notice that if N C C" is the zero locus of a collection of homogeneous polynomials,
such that N is smooth away from {0} then N\{0} is a symplectic cone.

We next consider complex projective space,

CP(n) = (C"1\{0})/(C\{0}) = s*"*/S".

Let ¢ : S?"*1 — C"™! the embedding and 7 : S — CP(n) the projection. At every
point z € S?"*1 we have a canonical splitting of tangent spaces

T.C"*" = T, ,CP(n) & spanc{z}

as complex vector spaces. Since Tr,)CP(n) is a complex subspace, it is also symplectic.
This induces a non-degenerate 2-form w on CP(n) which by construction is compatible
with the complex structure. Letting @ be the symplectic structure of C”, we have
U*w = m*w. Therefore 7*dw = *dwv = 0, showing that w is closed. This shows that
CP(n) is a Kéhler manifold. The 2-form w is called Fubini-Study form. (Later we will
see this construction of w more systematically as a symplectic reduction.)

By the above proposition, every nonsingular projective variety is a Kahler manifold.
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We have seen that every symplectic vector space (E,w) admits a compatible almost
complex structure. It is natural to ask whether it also admits a compatible complex
structure, i.e. whether every symplectic manifold is Kahler. The answer is negative: A
first counterexample was found by Kodaira and later rediscovered by Thurston. By now
there are large families of counterexamples, see e.g. work of McDuff and Gompf. For
a discussion of the Kodaira-Thurston counterexample, see the book McDuff-Salamon,
“Introduction to Symplectic Topology”.

3. Basic properties of symplectic manifolds

3.1. Hamiltonian and symplectic vector fields. We will now study the Lie
algebras of Hamiltonian and symplectic vector fields in more detail. Let (M,w) be a
symplectic manifold. By definition, a vector field X is Hamiltonian if (xw = dH for
some smooth function H. This means that the isomorphism between vector fields and
1-forms w” : X(M) — QY(M) defined by w restricts to an isomorphism

W’ ¢ Xtam(M,w) — BYM)
with the space B'(M) = Q'(M) Nim(d) of exact 1-forms. Similarly a vector field is
symplectic if and only if Lxw = 0, which by Cartan’s identity means dexw = 0. Thus
we have an isomorphism

W X(M,w) — ZY(M)

with the space Z'(M) = QM) N ker(d) of closed 1-forms. Thus the quotient
X(M,w)/Xam(M,w) is just the first deRham cohomology group cohomology H!(M) =
ZY(M)/B'(M), and we have an exact sequence of vector spaces
(5) 0 — Xpram(M,w) — X(M,w) — H*(M) — 0.
We conclude that if H'(M) = {0} (e.g. for simply connected spaces such as M = C" or
M = CP(n) ) every symplectic vector field is Hamiltonian.

PROPOSITION 3.1. For all Y1,Y, € X(M,w), one has
Y1, Y] = —Xo(v1,2)-
PROOF. Let Y,Y; € X(M,w). Then
d(w(Y1,Y3)) = diyyeyw
= Ly,ly,w — ty,diy,w
= Ly,ly,w
= (Ly,Y1)w = —u([Y1, Vo] )w.
]
Proposition 3.1 shows that [X(M,w),X(M,w)] € Xpen(M,w). In particular,
Xpgom(M,w) is an ideal in the Lie algebra X(M,w) and the quotient Lie algebra

X(M,w)/XHam(M,w) is abelian. It follows that (5) is an exact sequence of Lie alge-
bras, where H'(M) carries the trivial Lie algebra structure.
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3.2. Poisson brackets. Consider next the surjective map C>®(M) —
Xgam(M,w), H — Xpg. Tts kernel is the space Z°(M) = H°(M) of locally con-
stant functions. We thus have an exact sequence of vector spaces
(6) 0 — Z°(M) — C°(M) — Xpram(M,w) — 0.

We will now define a Lie algebra structure on C*°(M) to make this into an exact sequence
of Lie algebras. Proposition 3.1 indicates what the right definition of the Lie bracket
should be.

DEFINITION 3.2. Let (M,w) be a symplectic manifold. The Poisson bracket of two
functions F, G € C*°(M,R) is defined as

{F, G} = —W(XF, Xg)

From the definition it is immediate that the Poisson bracket is anti-symmetric. Using
that ((X¢g)w = dG by definition together with Cartan’s identity, one has the alternative
formulas

{F.G} = Lx,G = —Lx,F.

These formulas show for example that if F' Poisson commutes with a given Hamiltonian
G, then F is an integral of motion for Xg: That is, F' is constant along solution curves
of X G-

PROPOSITION 3.3. The Poisson bracket defines a Lie algebra structure on C*°(M,R):
That is, it 1s anti-symmetric and satisfies the Jacobi identity

{FAG H}} +{G{H F}} +{HAF.G}} =0
for all F,G,H. The map C>*(M) — X(M), F — X is a Lie algebra homomorphism:
(7) Xirey = [Xp, Xl

PROOF. Equation (7) is just a special case of Proposition 3.1. The first statement
follows from the calculation,

{F,{G,H}} = LXF{G7H}
= —Lx,(w(Xa, Xu))
= —w([Xp, Xa|, Xb) —w(Xeg, [ Xp, Xu])
= —w(X(ray, Xu) —w(Xg, X(rmy)
— _{(HAF.G}}+{G.{F,H}}.

An immediate consequence of (7) is:

COROLLARY 3.4. If F,G € C*(M) Poisson-commute, the flows of their Hamiltonian
vector fields Xr, X commute.
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DEFINITION 3.5. An algebra A together with a Lie structure [, | is called a Poisson
algebra if

[FG, H] = FIG, H] + [F, H|G.
For any algebra A, the canonical Lie bracket [F, G] = FG —GF satisfies this property.
PROPOSITION 3.6. The algebra (C*°(M,R),{-,-}) is a Poisson algebra.
PROOF.
(FG,H} = Ly, (FG) = (Lx, F)G + F(Lx,G) = {F, H} G + F{G, H}.
U

PROPOSITION 3.7. For any compact connected symplectic manifold, Lie algebra ex-
tension (6) has a canonical splitting. That is, there exists a canonical Lie algebra homo-
morphism X gam(M,w) — C(M,R) that is a right inverse to the map F — Xp.

PROOF. The required map associates to every X € Xpum(M,w) the unique H such
that Xy = X and [ v HA =0 (where A is the Liouville form). The equality

/M{RG}A—/M(LXFG)A—/MLXF(GA)—O

shows that this is indeed a Lie homomorphism. O

Let us give the expression for the Poisson bracket for open subsets U C R?", with
symplectic coordinates q1, ..., qn, p1,- .., Pn. We have

" /OF 0 OF 0
Xp = _— ],
F ]z:; (apj 8qj 8%’ apj>
hence {F,G} = Xr(G) is given by
—~ (OF 0G  OF 0G
F = R
{ ’G} Z (ij 8(]]' (9qj apj)

EXERCISE 3.8. Verify directly, in local coordinates, that the right hand side of this
formula defines a Lie bracket.

3.3. Review of some differential geometry. As a preparation for the following
section we briefly review the notions of submersions, fibrations, and foliations. Let () be
an n-dimensional manifold.
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3.3.1. Submersions. A submersion is a smooth map f : () — B to a manifold B
such that for all ¢ € @, the tangent map d,f = fi(q) : T4Q — TyqB is surjective. For
any submersion, the fibers f~!(a) are smooth embedded submanifolds of @ of dimension
k=n—dim B. In fact Q is foliated by such submanifolds, in the following sense: Every
point ¢ € @ has a coordinate neighborhood U with coordinates z1, ..., z,, (with ¢ cor-
responding to z = 0) and f(q) a coordinate neighborhood with coordinates yi, ..., Yn_x
(with f(q) corresponding to y = 0) such that the map f is given by projection to the
first n — k coordinates.

Let m: (Q — B be a submersion. Let the space of vertical vector fields

%vert(Q) - {X € %(QN X ~r 0}

be the space of all vector fields taking values in ker 7, i.e tangent to the fibers. Let

Qo (Q) ={a € QQ)] txa =0 VX € Xier(Q) }

the space of horizontal forms, and

Qpasic(Q) = {a € QQ)| Lxa =0, txa =0 VX € X\et(Q) }

the space of basic forms. Notice that Qp.sc(Q)) preserved by the exterior differential d,
that is, it is a subcomplex of Q(Q), d).

3.3.2. Fibrations. A submersion is called a fibration if it is surjective and has the
local triviality condition: There exists a manifold F' (called standard fiber) such that
every point in M there is a neighborhood U and a diffeomorphism ¢ : U — f(U) x F,
in such a way that f is just projection to the first factor. One can show that every
surjective submersion with compact fibers is a fibration. In particular, if () is compact
every submersion from () is fibrating.

For any fibration, 7 : () — B, pull-back defines an isomorphism

7T* : Qk(B> - Qllzasic(Q>‘

(This is easily verified in bundle charts 7 : U x F — U.)

3.3.3. Distributions and foliations. A vector subbundle £ C T'Q) of rank k is called
a distribution. For example, if f : ) — B is a submersion (or more generally if the
tangent map f, has constant rank), then F = ker(f,) C TQ is a distribution. Also,
if X € X(Q) is nowhere vanishing vector field, span(X) is a distribution of rank 1. A
submanifold S C @ is called an integral submanifold if TS = E|g. For example, the
integral submanifolds of span(X) are just integral curves of X. A distribution E of rank
k is called integrable if through every point ¢ € ) there passes a k-dimensional integral
submanifold. As one can show, this is is equivalent to the condition that every point has
a neighborhood U and a submersion f : U — R" % such that E|y = ker(f.). For this
reason integrable distributions are also called foliations.

EXAMPLE 3.9. Let S C C? the unit sphere. For each z € S? let E, C T,5? denote
the orthogonal complement of the complex line through z. The distribution E is not
integrable.



38 3. FOUNDATIONS OF SYMPLECTIC GEOMETRY

A necessary condition for integrability of a distribution is that for every two vector
fields X7, X, taking values in F, their Lie bracket [X;, X,] takes values in E. This
follows because the Lie bracket of two vector fields tangent to a submanifold S C @ is
also tangent to S. Frobenius’ theorem states that this condition is also sufficient:

THEOREM 3.10 (Frobenius’ criterion). A distribution E C TQ is integrable if and
only if the space of sections of E is closed under the Lie bracket operation.

EXAMPLE 3.11. Let Q = R?® with coordinates z,vy, z, and let £ C T'Q) the vector
subbundle spanned by the two vector fields,

0 o 0
Xi=2 Xo=ao g 2
YT g TP x@y + 0z
Since [X1, X»] = Z is not in F, the distribution £ is not integrable.

= 5

ExaMPLE 3.12. A smooth map f : Y} — Y, is called a constant rank map if the
image of the tangent map f, : TY; — TY; has constant dimension. Examples are
submersions (f, surjective) or immersions (f. injective). The kernel of every constant
rank map defines an integrable distribution. Indeed, two vector fields X;, X5 are in the
kernel if and only if X; ~; 0. Hence also [ X7, X3 ~; 0.

(Here we have used that for any vector bundle map F': E; — FE5 of constant rank,
the kernel and image of F' are smooth vector subbundles. In particular ker(f,) is a
smooth vector subbundle.)

3.4. Lagrangian submanifolds. Let (M, w) be a symplectic manifold.

DEFINITION 3.13. A submanifold (or, more generally, an immersion) ¢ : N — M is
called co-isotropic (resp. isotropic, Lagrangian, symplectic) if at any point n € N, T,,N
is a co-isotropic (resp. isotropic, Lagrangian, symplectic) subspace of T, M.

For example RP(n) € CP(n) is a Lagrangian submanifold. Also, the fibers of a
cotangent bundle T*() are Lagrangian. Another important example is:

ProrosITION 3.14. The graph I'y, C T*Q of a 1-form o : Q — T*(Q) is Lagrangian
if and only if a 1s closed.

PROOF.
ofw = —a*df = —da*f = —da.

g

In local coordinates: If a = Zj a;dg;, the pull-back of w = Zj dg; Adp; to the graph
of «v is given by

oo
dg; A do; = —2dg; A dg, = —da.
zj: q; 7 ;};aqk q; gk

Hence « is closed if and only if the pull-back of w to the graph vanishes.
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Let N C @ be a submanifold of (). Dual to the inclusion ¢, = dv : TN — TQ|n
there is a surjective vector bundle map,

(de)* : T*Q|y — T*N.

Its kernel ker((d¢)*) (i.e. the pre-image of the zero section N C T*Q|y) consists of
covectors that vanish on all tangent vectors to N. One calls Ann(T'N) := ker((d¢)*) the
annihilator bundle of T'N, or also the conormal bundle.

PROPOSITION 3.15. The conormal bundle to any submanifold N C @ is a Lagrangian
submanifold of T*Q. More generally, let o € Q'(N) be a 1-form on N. Then the pre-
image of the graph T'n, C T*N wunder the map (dv)* : T*Q|y — T*N is a Lagrangian
submanifold of T*(Q).

PRroOOF. Locally, near any point of N we can choose coordinates ¢, ..., ¢, on () such
that N is given by equations qx+1 =0, ..., ¢, = 0. In the corresponding cotangent coordi-
nates ¢j, p; on 7@, Ann(T'N) is given by equations ¢x11 =0,...,¢, =0, p1,...,pr = 0.
Clearly each summand inw = ) ;dg; Adp; vanishes on this submanifold. More generally,
the pre-image ((d¢)*)~(T,) is given by equations

Gt1=0,...,¢, =0,p1 = 1,..., Pk = Q.
Hence the pull-back of w to this submanifold is given by

k k. Do
E dg; Nda; = E Gq?d% A dg;
J

i=1 ij=1
so that w vanishes on this submanifold if and only if « is closed. O
PROPOSITION 3.16. Let (M;,w;) be symplectic manifolds, and let M; denote M,
with symplectic form —wy. A diffeomorphism F : My — M, is a symplectomorphism if
and only if its graph
Ip:={(F(m),m)|mée M} C My x M|
18 Lagrangian.
PROOF. Similar to the linear case. O

Here is a nice application of these considerations.

THEOREM 3.17 (Tulczyjew). Let E — B be a vector bundle, E* — B its dual bundle.
There is a canonical symplectomorphism T*E = T*E*.

OuTLINE OF PROOF. Consider the vector space direct sum N = E® E* as a smooth
submanifold of ) = E x E*. The natural pairing between E and E* defines a function
f: N=FE®FE" — R, let « =df. By the above, a defines a Lagrangian submanifold
Lof T*Q) =T*FE x T*E*. One checks that the projections from L onto both factors T
and T*E* are diffeomorphisms, hence L is the graph of a symplectomorphism. Il
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Tulczyjew only considered the case F = T'QQ. It was pointed out by D. Royten-
berg in his thesis that the argument works for any vector bundles. (In fact, he uses a
generalization to super-vector bundles.)

3.5. Constant rank submanifolds. A submanifold ¢ : N — M is called a “con-
stant rank submanifold” if the dimension of the kernel of (t*w),, is independent of n € N.

PROPOSITION 3.18. Let N be a manifold together with a closed 2-form o of constant
rank. Then the subbundle ker(o) is integrable, i.e. defines a foliation.

PRrROOF. We use Frobenius’ criterion. Suppose X1, Xy € X(N) with ¢x;0 = 0. Since
o is closed, this implies Lx,0 = diy;0 = 0. Hence
L[Xl,XQ}O- = LX1LX20' — LXQL)(lO' = 0.

g

If this so-called null-foliation of N is fibrating, i.e. if the leaves of the foliation are
the fibers of a submersion 7 : N — B, where B is the space of leaves of the foliation.
The form o is basic for this fibration since txo = 0 and Lxo = 0 for all vertical vector
fields. It follows that B inherits a unique 2-form wpg such that

mwg =0

DEFINITION 3.19. The symplectic manifold (B, wp) is called the symplectic reduction

of (N, o).

REMARK 3.20. Note that the above discussion carries over for any closed differential
form of constant rank on N.

In typical applications, IV is a constant rank submanifold of a symplectic manifold
with 0 = t*w. Of course, for a random constant rank submanifold it rarely happens that
the null foliation is fibrating, unless additional symmetries are at work.

3.6. Co-isotropic submanifolds. An important special case of constant rank sub-
manifolds of a symplectic manifold (M,w) are co-isotropic submanifolds, i.e. submani-
folds N C¢ M with TN“ C T'N. For any submanifold N C M, let

C¥M)ny ={F € C*(M)| F|y = 0}
denote its vanishing ideal. The tangent bundle TN C T'M|y and its annihilator have
the following algebraic characterizations:
T.N ={veT,Mv(F)=0 foral F e C*(M)y},
Ann(T,N) = {a € T, M| a = dF|,, for some F € C*(M)y}.

The map o’ : T,M — T M identifies the annihilator bundle with TN C T'M|x, and
dF with Xr. Thus

(8) ToN* ={Xp(n)| F € C*(M)n}.
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THEOREM 3.21. The following three statements are equivalent:

(a) For all F € C*(M)y, the Hamiltonian vector field Xp is tangent to N.
(b) The space C*(M )y is a Poisson subalgebra of C>(M).
(¢) N is a coisotropic submanifold of M.

PROOF. Xp is tangent to N if and only if Xz(G) = 0 for all G € C*°(M)y. Since
Xr(G) = {F,G} this shows that (a) and (b) are equivalent. We have seen above that
TN is spanned by restrictions of Hamiltonian vector fields Xp|y with F' € C®°(M)y.
Hence N is coisotropic (I'N“ C T'N) if and only if every such vector field is tangent to
N. This shows that (a) and (c) are equivalent. O

LEMMA 3.22. Suppose F : M — RF is a submersion. Suppose that the components
of F' Poisson-commute, {F;, F;} = 0. Then the fibers of F' are co-isotropic submanifolds
of M of codimension k.

PROOF. Let N = F~'(a). The vector fields Xp, are tangent to N since Xy, (F;) =
{F;,F;} = 0. Since dF},...,dF; span Ann(T'N) at each point of N, the Hamiltonian
vector fields Xp, span T'N®. This shows TN“ C T'N. O

REMARK 3.23. (a) In particular, given a submersion F' : M — R™ where
dim M = 2n, with Poisson-commuting components, the fibers of F' define a
Lagrangian foliation of M. This is the setting for completely integrable systems.
We will discuss this case later in much more detail.

(b) The assumptions of the Proposition can be made more geometric, by saying that
F should be a Poisson map, for the trivial Poisson structure on R*.

The following Proposition shows that locally, any coisotropic submanifold is obtained
in this way:

PROPOSITION 3.24. Let v : N — M be a codimension k co-isotropic submanifold.
For any m € N there exists a neighborhood U C M containing m, and a smooth sub-

mersion F : U — R¥ such that the components of F' Poisson-commute, {F;, F;} = 0 for
all i,7, and NNU = F~Y(0).

ProoF. The proof is by induction. Suppose that we have constructed Poisson-
commuting functions Fi,..., F} : U — R, | < k such that (Fy,...,F) : U — Rl is
a submersion and (Fi,...,F})7'(0) 2 U N N. By the previous Lemma the fibers of
F' = (Fy,..., F;) define a foliation of U by co-isotropic submanifolds. Let X; = Xp.
The fact that the F; vanish on N means that X; is tangent to N, i.e. N is invari-
ant under the flow, and is contained in a unique fiber N’ of F’. Choosing U smaller
if necessary, we can pick a codimension [ submanifold S C U transverse to N’, and a
submersion Fj; : S — R such that N'NS C F7}(0). Choosing U and S even smaller,
we can extend Fjy; to a function on U, invariant under the flows of the commuting vec-
tor fields Xi,...,X;. This means that F},..., Fj,; all Poisson commute, and the map
(Fi,..., 1) is a submersion near N'. d
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Later we will obtain a much better version of this result (local normal form theorem),
showing that one can actually take U to be a tubular neighborhood of N.



CHAPTER 4

Normal Form Theorems

1. Moser’s trick

Moser’s trick was used by Moser in a very short paper (1965) to show that on any
compact oriented manifold any two normalized volume forms are diffeomorphism equiv-
alent. (A volume form is a top degree nowhere vanishing differential form.) In order to
describe his proof we recall the following fact from differential geometry:

LEMMA 1.1. Let X; € Vect(Q) (t € R) a time-dependent vector field on a manifold
Q, with flow ¢;. For every differential form o € Q*(Q),

* 8 *
¢; Lx,o0 = 9t Pr
(on the region U C Q where ¢ : U — Q is defined).

Note that if « is a O-form, this is just the definition of the flow ¢;. The general case
follows because both sides are derivations of 2(M) commuting with d.

THEOREM 1.2 (Moser). Let Q be a compact, oriented manifold, and Ao, A1 two vol-
ume forms such that fM Ay = fM Ay. Then there exists a smooth isotopy ¢, € Diff(Q)
such that ¢5A1 = Ay.

PROOF. Moser’s argument is as follows. First, note that every A; = (1 —t)Ag + tA;
is a volume form. Second, since Ay and A; have the same integral they define the same
cohomology class: Ay = Ag +dB for some n — 1-form 5. Thus

At == A(] +tdﬂ

Since each A; is a volume form, the map X — ¢xA; from vector fields to n — 1-forms
(n = dim ) is an isomorphism. It follows that there is a unique time dependent vector
field X; solving

vx, Ay + 8= 0.
Let ¢; denote the flow of X;. Then

9 oin = (a5 + Ly,
- d(ﬁ—HXtAt)
= 0.

This shows ¢; Ay = Ag. Now put ¢ = ¢;. O
43
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Mosers theorem shows that volume forms on a given compact oriented manifold @)
are classified up to diffeomorphism by their integral. The idea from Moser’s proof applies
to many similar problems. A typical application in symplectic geometry is as follows.

THEOREM 1.3. Let w; be a family of symplectic 2-forms on a compact manifold M,
depending smoothly on t € [0,1]. Suppose that

Wy = Wy + dﬂt

for some smooth family of 1-forms B, € QY (M). Then there exists a family of diffeomor-
phisms (i.e. a smooth isotopy) ¢; such that

P;wr = wo
for all t.

PROOF. Define a time-dependent vector field X; by

0
Lx, Wy + aﬂt =0.

Let ¢, denote its flow. Then ¢;w, is independent of ¢:

%d):wt = ¢; (%m + LXtWt) = d(%ﬁt + thwt> =0.
O

Alan Weinstein used Moser’s argument to give a simple proof of Darboux’s theorem,
saying that symplectic manifold have no local invariants, and some generalizations. We
will present Weinstein’s proof below, after some review of homotopy operators in de
Rham theory.

2. Homotopy operators

Let 01, Q2 be smooth manifolds and fy, fi : @1 — @2 two smooth maps. Suppose
fo, f1 are homotopic, i.e. that they are the boundary values of a continuous map

f:00,1] x Q1 — Qs.
As one can show f can always taken to be smooth. Define the homotopy operator
M QNQ2) — Q@)
as a composition

H(a) = fra.
0,1]
Here [+ Q¥([0,1] x Q1) — Q*71(Q1) is fiber integration, i.e. integrating out the
s € [0, 1] variable. (The integral of a form not containing ds is defined to be 0.)
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EXERCISE 2.1. Verify that for any form 3 on [0,1] x @,
[ as=-af s
[0,1] [0,1]

where ¢; : @@ — Q x{j} are the two inclusions. (Hint: fundamental theorem of calculus!)
As a consequence the map H has the property,
doH+Hod=fi — f5: Q°(Q2) — Q°(Q)
Thus if « is a closed form on Q, then § = H(«) solves

fioe— foa=dp.
Hence f; and f; induce the same map in cohomology.

ExaMPLE 2.2. (Poincare lemma.) Let U C R™ be an open ball around 0. Let
¢ : {0} — U be the inclusion and m : U — {0} the projection. Then ¢* induces an
isomorphism H*(U) = H*(pt), with inverse 7*. That is, every closed form o« € QF(U)
with k£ > 0 is a coboundary: a = df.

PROOF. Since it is obvious that (* o 7 = (7 0 ¢)* is the identity map, we only need
to show that 7* o t* = (v o 7)* is the identity map in cohomology. Let f; : U — U
be multiplication by ¢ € [0,1]. The de Rham homotopy operator H shows that f;, f;
induce the same map in cohomology. The claim follows since f; =id and fy =tonw. [

3. Darboux-Weinstein theorems

THEOREM 3.1 (Darboux). Let (M,w) be a symplectic manifold of dimension
dimM = 2n and m € M. Then there exist open neighborhoods U of m and V of
{0} € R*", and a diffeomorphism ¢ : V — U such that $(0) = m and ¢*w = > dg;\dp;.

Coordinate charts of this type are called Darboux charts.

Proor. Using any coordinate chart centered at m, we may assume that M is an
open ball U around m = 0 € R*", with w some possibly non-standard symplectic form.
Let wy = w and wy the standard symplectic form. Since any two symplectic forms on
the vector space TyR?" are related by a linear transformation, we may assume that w;
agrees with wqy at the origin. Using the homotopy operator from Example 2.2 let

B = H(w1 - wo) € Ql(U)
As in the original Moser trick put
Wy = wp + tdﬁ

For all t € [0, 1], w; agrees with wy at 0. Hence, taking U smaller if necessary, we may
assume wy is non-degenerate on U for all ¢ € [0, 1]. Define a time-dependent vector field

X, on U by

Ltht - _5
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The flow of this vector field will not be complete in general. Since w; — wy vanishes at
0, the 1-form ( and therefore the vector field X; also vanish at 0. Hence we can find a
smaller neighborhood U’ of 0 such that the flow ¢, : U’ — U is defined for all ¢ € [0, 1].
The flow satisfies

8 * * *
aqbtwt - ¢t (Ltht + dﬁ) = ¢t (dLszt + dﬁ) =0,
hence by integration ¢jw; = wy. Darboux’s theorem follows by setting ¢ = ¢;. O

Again, the proof has shown a bit more: In a sufficiently small neighborhood of 0 € R?"
any two symplectic forms are isotopic.

Darboux’s theorem says that symplectic manifolds have no local invariants, in sharp
contrast to Riemannian geometry where there are many local invariants (curvature in-
variants). Darboux’s theorem can be strengthened to the statement that the symplectic
form near any submanifold NV of a symplectic manifold M is determined by the restriction
of wto TM|y:

THEOREM 3.2. Let (M;,w;), j=0,1 be two symplectic manifolds, and ¢; : N; — M;
giwen submanifolds. Suppose there exists a diffeomorphism 1 : Ny — Ny covered by a
symplectic vector bundle isomorphism

'L& . TMO’NO — TMllNl‘

such that 7,/; restricts to the tangent map 1, : TNy — TN;. Then 1 extends to a
symplectomorphism ¢ from a neighborhood of Ny in My to a neighborhood Ny in M.

PRrROOF. Any submanifold N of a manifold M has a “tubular neighborhood” diffeo-
morphic to the total space of the normal bundle vy = TM|x/TN. Since ¢ induces an
isomorphism vy, — vn,, we may assume that M; = My =: M is the total spaces of a
vector bundle 7 : M — N over a given manifold Ny = Ny =: N, with two given sym-
plectic forms wy,w; that agree along N. Let H : QF(M) — Q*~1(M) be the standard
homotopy operator for the vector bundle 7 : M — N, and put § = H(w; — wp) and
wy = wo + tdB. Since w; agrees with wy along N, it is in particular symplectic on a
neighborhood of N in M. On that neighborhood we can define a time-dependent vector
field X; with ¢x,w; + 3 = 0. Let ¢; be its flow (defined on an even small neighborhood
for all t € [0,1]), and put ¢; =: ¢. By Moser’s argument ¢*w; = wy. O

THEOREM 3.3. Let (M,w) be a symplectic manifold, + : L — M a Lagrangian
submanifold. There exists a neighborhood Uy of L in M, a neighborhood Uy of L in T*L,
and a symplectomorphism from Uy to U, fizing L.

PROOF. By theorem 3.2 it is enough find a symplectic bundle isomorphism 7'M |, =
T(T*L)|r. Choose a compatible almost complex structure J on M. Then J(TL) C TM]|;,
is a Lagrangian subbundle complementary to T'L, and is therefore isomorphic (by means
of the symplectic form) to the dual bundle. It follows that

TM|, = TL®T*L.
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as a symplectic vector bundle. The same argument applies to M replaced with T%L.
Thus
TM|,=TLeT"L=T(T"L)|L.
OJ

This type of result generalizes to constant rank submanifolds, as follows. First we
need a definition.

DEFINITION 3.4. For any constant rank submanifold « : N — M of a symplectic
manifold (M,w), the symplectic normal bundle is the symplectic vector bundle

TN®/TN NTN*

Note that for co-isotropic submanifolds the symplectic normal bundle is just 0. For
an isotropic submanifold of dimension k it has rank 2(n — k) where 2n = dim M. The
following theorem is due to Marle, extending earlier results of Weinstein (for the cases
N Lagrangian or symplectic) and Gotay (for the case N co-isotropic).

THEOREM 3.5 (Constant rank embedding theorem). Let ¢; : N; — M; (j = 1,2)
two constant rank submanifolds of symplectic manifolds (M;,w;). Let

F; = Tij/(TN;”j NTN;)
be their symplectic normal bundles. Suppose there exists a symplectic bundle isomorphism
b Fy— Fy
covering a diffeomorphism v : Nog — Ny such that
Y jwr = Lhwo.
Then fzzitends to a symplectomorphism ¢ of neighborhoods of N; in M;, such that ¢
induces .

Thus, a neighborhood of a constant rank submanifold + : N — M is characterized up
to symplectomorphism by t*w together with the symplectic normal bundle. In particular,
if N is co-isotropic a neighborhood is completely determined by t*w.

PROOF. Suppose t: N — M is a compact constant rank submanifold of a symplectic
manifold (M,w). There are three natural symplectic vector bundles over N:

E = TN/(TNNTN®),
F = TNY/(TNNTN"),
G = (TNNTN®)® (I'NNTN®)*
Identifying E with a complementary subbundle to TN N T'N“ in TN we have
TN=E&(I'NNTN®)
(isomorphism of bundles with 2-forms) likewise
TN*=F®(TNNTN®),
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Therefore TN + TNY = E® F & (TN NTN¥). Let J be an w-compatible complex
structure on T'M |y, preserving the two subbundles E, F'. Then the isotropic subbundle
J('NNTN¥) C TM|y is a complement to TN +T'N*, which by means of w is identified
with (TN N T'N“)*. This shows

TMy XE®F&G

as symplectic vector bundles. To prove the constant rank embedding theorem, choose
isomorphisms of this type for both T'M;|y,. Then Ey, E; and Gy, G are symplectomor-
phic since ¢ : Ny — Nj preserves two-forms, and Fy = F; by assumption of the theorem.
Now apply Theorem 3.2 U



CHAPTER 5

Lagrangian fibrations and action-angle variables

1. Lagrangian fibrations

We had seen that for any submersion F : M — R* from a symplectic manifold
M, such that the the components F; Poisson-commute, the fibers of F' are co-isotropic
submanifolds of codimension k. In particular, if K = n = 1dim M, the fibers are

-2
Lagrangian submanifolds.

DEFINITION 1.1. Let (M,w) be a symplectic manifold. A Lagrangian fibration is a
fibration 7w : M — B such that every fiber is a Lagrangian submanifold of M.

This implies in particular dim B =n = %dim M.

EXAMPLES 1.2. (a) The fibers of a cotangent bundle 7 : M = T*Q — @ are a
Lagrangian fibration.

(b) If @ = (R/Z)" = T™ is an n-torus, we have a natural trivialization 7%(T") =
(T™) x R™ and the map © : T*(T") — R™ defines a Lagrangian fibration of
T*(T").

Is it possible to generalize the second example to compact manifolds ) other than a
torus? That is, is it possible to find a Lagrangian fibration of 7*() such that the zero
section ) C T*() is one of the leaves? We will show in this section that the answer is
“no”: The leaves of a Lagrangian fibration are always diffeomorphic to an open subsets
of products of vector spaces with tori.

We will need some terminology group actions on manifold. If G is a Lie group and
() a manifold, a group action is a smooth map

A:GxQ—Q,(9,9) — Alg,q) = 9.9

such that e.q = g and ¢ - (92.9) = (g192).q. For ¢ € Q the set G.q = A(G, q) is called
the orbit, the subgroup G, = {g € G|g.¢q} the stabilizer. Note that G.¢ = G/G,. If G,
is compact then GG.q is a manifold.

LEMMA 1.3. Let G be a connected Lie group and A : G x ) — Q a group action on
a connected manifold (). Then the following are equivalent:
(a) The action is transitive: For some (hence all) ¢ € Q, G.q = Q.
(b) The action is locally transitive: That is, for all ¢ € Q there is a neighborhood U
such that (G.q)NU =U.
(c) There exists q € Q such that the tangent map to G — Q, g — g.q. is surjective.

49
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PROOF. (a) just means that the orbits are open and closed. Both (b) and (c) imply
that condition. The converse is obvious. U

Of particular interest is the case dim ) = dim G. We will say that @ is an principal
homogeneous G-space if () comes equipped with a free, transitive action of G. Any choice
of a base point ¢ € @) identifies Q = G.¢ = G. Any two such identifications differ by a
translation in G. If GG is a torus we call Q) an affine torus, if G is a vector space we call
Q@ an affine vector space.

Suppose V is an n-dimensional vector space acting transitively on an n-dimensional
manifold ). The stabilizer V; is a discrete subgroup of V', independent of ¢. Thus @
carries the structure of a principal homogeneous H = V/V,-space. Note that since H is
compact, connected and abelian, it is a product of a vector space and a torus. That is,
@ is a product of an affine torus and an affine vector space.

The above considerations also make sense for fiber bundles: If G — B is a group
bundle (i.e. a fiber bundle where the fibers carry group structures, and admitting bundle
charts 7~ 1(U) = U x F that are fiberwise group isomorphisms with a fixed group F),
one can define actions on fiber bundles £ — B to be smooth maps

gxpFE —FE

that are fiberwise group actions. For example, if E is a vector bundle and GI(FE) is the
bundle of general linear groups, one has a natural action of GI(F) on E. In particular, an
affine torus bundle 7 : M — B is a fiber bundle with a fiberwise free, transitive action
of a torus bundle 7 — B. Thus if 7 : M — B has compact fibers, then every fiberwise
transitive action of a vector bundle £ — B with dim F = dim M gives M the structure
of an affine torus bundle. The torus bundle 7 — B is the quotient bundle F /A, where
A — B is the bundle of stabilizer groups. Any section ¢ : B — M makes M into a torus
bundle, however in general there are obstructions to the existence of such a section. On
the other hand, if 7 is trivial then M — B becomes a T-principal bundle.

Let us now consider a Lagrangian fibration 7 : M — B. The following discussion
is based mainly on the paper, J. J. Duistermaat: “On global action-angle variables”,
Comm. Pure Appl. Math. 33 (1980), 687-706. For simplicity we will usually assume
that the fibers of m are compact and connected.

THEOREM 1.4. Let (M,w) be a symplectic manifold and 7 : M — B be a Lagrangian
fibration with compact, connected fibers. Then there is a canonical, fiberwise transitive
vector bundle action T*B x M — M. Thus w: M — B has canonically the structure of
an affine torus bundle.

PrOOF. We denote by VM C T'M the vertical tangent bundle, V,,M = ker(d,,).
By assumption V' M is a Lagrangian subbundle of the symplectic vector bundle 7'M . For
any 1-form a € Q'(B) let X,, € X(M) be the vector field defined by

Lx,w= —T"q.
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For all vertical vector fields Y € X(M),
w(Xa,Y) =tyix,w=—tyn*a =0.

Since V' M is a Lagrangian subbundle, it follows that X, is a vertical vector field. Note
that the value of X, at m € M depends only on ay(y,). Thus we have constructed a
linear map V,,M = T:(m)B . Clearly this map is an isomorphism. Taking all of these
isomorphisms together we have constructed a canonical bundle isomorphism

VM = 7"T*B.

Let F! denote the flow of the vector field X,,, and F,, = F! : M — M the time one flow.
Since the X, are vertical the flow preserves the fibers, and again F,(m) depends only
ON Cir(m). Thus we obtain a fiber bundle map

T*Bxg M — M, (ay,m)— F,(m).

To show that this is a vector bundle action, we need to show that the vector fields X,
all commute. Thus let ay, @ be two 1-forms and X; = X, the vector fields they define.
We have

UXy, X)W = (Llexz - LX2LX1)W
= —Lxlﬂ'*ag — LXQdL)(lw
= —Lx,mas+ tx,mday
0
since m*a; and m*day; are basic forms on 7 : M — B. Since w is non-degenerate this

verifies [ X7, X3] = 0. Since each map T ~omB — Vin is an isomorphism, it follows that
the action is fiberwise transitive. O

LEMMA 1.5. Let a € QY(B) be a 1-form, and X,, F! the corresponding vector field
and its flow. Then

(FYY'w = w — tm*do.

In particular, F, is a symplectomorphism if and only if o is closed.

PrOOF. The Lemma follows by integrating

%(F;)*w = (F))* Lxw = —(F!)*r*da = —7*d«
from 0 to ¢. g
Let A C T*B be bundle of stabilizers for the T* B-action, and
7:T=T"B/A— B
the torus bundle.

PROPOSITION 1.6. A is a Lagrangian submanifold of T*B.
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PROOF. Suppose U C B is an open subset such that A is trivial over U, A|y = U xZ".
Any sheet of Al|y — U is given by the graph of a 1-form a : B — T*B such that
Fo = idz-1). By the previous Lemma, this means 7*da = 0. Thus da = 0 showing
that the sheet corresponding to « is a Lagrangian submanifold. U

Consider the Lagrangian fibration p : T*B — B, with standard symplectic form —dé
on T*B. Any o € Q'(B) defines a vertical vector field X, on T*B, and a flow F’. We
had discussed this flow in the section on cotangent bundles, where it was denoted GY,.
We had proved that F(E is the diffeomorphism of T*B given by “adding ta”. Let us
briefly recall the argument: For all 1-forms « the canonical 1-form 6 on T*B transforms
according to

(FH)*0 =0 +tpa.
This follows by integrating

T (B0 = (FL) L, 0 = ()" ((Xo)0) = (F)' p'a = pa
from 0 to ¢t. By the property 5*6¢ = [ of the canonical 1-form we find,

FloB=(FoB)0=p5(0+tpa)=0+ta
showing that F adds on ta.

PROPOSITION 1.7. The symplectic form on T*B descends to T = T*B/A. The
projection 7 : T — B is a Lagrangian fibration.

PrOOF. We have seen that local sections of A are given by closed 1-forms, but adding
a closed 1-form in T B is a symplectic transformation. O

To summarize the discussion up to this point: Given any symplectic fibration 7 :
M — B with compact connected fibers, we constructed a torus bundle 7: 7 — B with
a transitive bundle action of

T X B M — M.

This shows that M is an affine torus bundle. Moreover, 7 itself was found to carry a
symplectic structure, such that 7 : 7 — B is a Lagrangian fibration! Nonetheless, in
general 7 is different from M. The affine torus bundle M becomes a torus bundle only
after we choose a global section o : B — M, but in general there may be obstructions
to the existence of such a section.

Let us assume that these obstructions vanish, and let o : B — M be a global section.
(Any other section differs by the action of a section of 7). The choice of o sets up a
unique 7 -equivariant fiber bundle isomorphism

A:T=T"B/A= M,
sending the identity-section of 7 to o. Equivariance means that
Ao Fa =F,0A
for all 1-forms o € Q'(B).



2. ACTION-ANGLE COORDINATES 53

The cohomology class [o*w] € H?(B) is independent of the choice of o. Indeed, if
0 = Fj ow is another choice of o, then
0w = 0" (Fhw) = 0" (w —7"dB) = o*w — dg.

Let us assume that [c*w] = 0 (of course, this is automatic if w is exact, e.g. if M is
an open subset of a cotangent bundle 7%Q).) Then ¢*w = df for some 1-form 3, and
replacing o with Fj3 o o we can assume o*w = 0, i.e. the graph of ¢ is a Lagrangian
submanifold. Note that both the existence of o and the condition [c*w]| = 0 are automatic
if B is contractible, i.e. always locally.

ProprOSITION 1.8. The choice of any section o : B — M with o*w = 0 defines a
symplectomorphism A: T =T*B/A = M.

PROOF. Let A : T*B — M be the map covering A. Tt suffices to show that A s
a local symplectomorphism, i.e. A*w = —df. The map A is uniquely defined by its

property
Aoa=F, o0

for every 1-form o : B — T*B. We have

AW = (Aoa)w
= (F,o0)w
= o' Fiw
= o' (w—dr'a)
= —do'r*a
= —da
= —da™f
= a*(—db)

Since this is true for any «, we conclude’ A*w = —dé. O

2. Action-angle coordinates

We are now ready to define action-angle coordinates. Recall that up to this point, we
have made two assumptions on the fibration 7 : M — B: First, we assume that it admits
a section 0 : B — M, second we assume that the cohomology class [o*w] € H*(M)
(defined independent of the choice of o) is zero. Then we choose o to be a Lagrangian
section and this gives a symplectomorphism 7 — M.

Let us now also assume that the base B is simply connected. This implies that the
group bundle A — B is trivial: Choose an isomorphism A, = Z" for some b, and identify

TActually, with a little bit of cheating: A k-form on a fiber bundle over B is determined by its
pull-backs under sections of the fiber bundle, if and only if dim B > k. Hence we need dim B > 2.
However the case dim B = 1 is obvious anyway.
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Ay = Ay by choosing a path from b to ¥'. (This is independent of the choice of path if B
is simply connected.) Thus we have an isomorphism

AN =B x7Z",

and any two such isomorphisms differ by an action of Aut(Z") = Gl(n,Z), the group of
invertible matrices A such that both A and A~! have integer coefficients (this implies
det A = +1). Let f,...,6, € QYB) be the closed 1-forms corresponding to this
trivialization. At any point b € B they define a basis for A;, hence also for T;B.
Thus we have also trivialized

T*B = B x R".
and

M=T=Bx (R"/Z") = B x T".

The map s : M — (R/Z)™ = T™ given by projection to the second factor are the angle
coordinates. Since the 1-forms [3; take values in A they are closed. They define symplectic
vector fields X; € Vect(r~}(U)) whose flows F! in terms of the angle coordinates are
given by

s; = 85 if j # 1,

Si — 8; + t.

Since B is by assumption simply connected the (3; are in fact exact:

The I’s (or their pull-backs to 7= 1(U)) are called action coordinates. The choice of I
defines an embedding B — R". That is, B is diffeomorphic to an open subset of R I. It
is clear that Iy, s1, . .., I, s, lift to the standard cotangent coordinates on T*B C T*(R").
Therefore w takes on the form, in action-angle coordinates,

W= Zd[i Ads;.

Notice that the choice of action-angle coordinates is very rigid: The (;’s are determined
up to the action of a matrix C' € Gl(n,Z), and the choice of I; is determined up to a
constant. That is, any other set of action-angle coordinates is of the form,

S; = Z Ciij + 71'*02', I{ = Z(C_1>ji]j + dz
J j
where the ¢; are functions on B and d; are constants. The I; can be viewed as functions
on B; note that this induces, in particular, an affine-linear structure on B.

If we drop the assumption that B is simply connected, there are obstructions to the
existence of global action-angle coordinates. (Even if the Lagrangian section o : B — M
exists.) The first, most serious, obstruction is the monodromy obstruction: To introduce
angle coordinates we have to assume that the bundle A is trivial; this however will only
be true if the monodromy map

m(B) — Aut(A,) = Gl(n,Z)
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is trivial. If the monodromy obstruction vanishes, there can still be an obstruction to
the existence of action coordinates: The forms (3; defined by the angle coordinates are
closed, but they need not be exact in general.

Of course, all obstructions vanish locally, e.g. over contractible open subsets U C B.
On the other hand, Duistermaat shows that for a very standard integrable system, the
spherical pendulum, the monodromy obstruction is non-zero.

EXERCISE 2.1. Suppose (M, w) is a symplectic manifold such that w is exact: w = dvy
for some 1-form v. Let 7 : M — B be a Lagrangian fibration with compact connected
fibers, with B simply connected. Given b € B let

Ay(b), ..., Ay(b) : R/Z — 7= 1(b)

be smooth loops in 771(b) generating the fundamental group of the fiber. Suppose that
the A;(b) define continuous functions A; : B x R/Z — M. Show that the formula

= [ 4
Aj(m(m))

defines a set of action variables.

For an up-to-date discussion of Lagrangian foliations, including a review of recent
developments, see the preprint Nguyen Tien Zung: “Symplectic Topology of Integrable
Hamiltonian Systems, II: Characteristic Classes”, posted as math.DG/0010181.

3. Integrable systems

After this lengthy general discussion let us finally make the connection with the the-
ory of integrable systems. Let (M, w) be a compact symplectic manifold, H € C*°(M,R)
a Hamiltonian and Xp its vector field. In general the flow of Xy can be very compli-
cated, unless there are many “integrals of motion”. An integral of motion is a function
G € C*(M,R) such that Xy (G) = 0, or equivalently {H,G} = 0. An integral of mo-
tion defines itself a Hamiltonian flow X, which commutes with the flow of Xy since
(Xu, Xe] = =Xy =0.

DEFINITION 3.1. The dynamical system (M,w, H) is called integrable over if there
exists n integrals of motion G, ..., G, € C*(M,R), {G,, H} = 0 such that
(a) The G; are “in involution”, i.e. they Poisson-commute: {G;,G;} = 0.
(b) The map G : M — R" is a submersion almost everywhere, i.e. dG1A...AdG,, #
0 on an open dense subset.

THEOREM 3.2 (Liouville-Arnold). Let (M,w, H) be a completely integrable Hamil-
tonian dynamical system, with integrals of motion G;. Suppose G is a proper map. Let
M' C M be the subset on which G is a submersion, let B be the set of connected com-
ponents of fibers of G|y, and m : M’ — B the induced map. Then m : M — B is a
Lagrangian fibration with compact connected fibers, hence it is an affine torus bundle.
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The flow F of Xy is vertical and preserves the affine structure; in local action-angle
coordinates it is given by
[j (t) = Ij (0)7
OH
s;(t) = 5;(0) +1 oL
PROOF. It remains to prove the description of the flow of Xy. Since {G;, H} =0
for all j, H|y is constant along the fibers of G, i.e. is the pull-back of a function on B.
In local action-angle coordinates (1, s) for the fibration, this means that H is a function
of the I;’s, and the Hamiltonian vector field becomes

4. The spherical pendulum

As one of the simplest non-trivial examples of an integrable system let us briefly
discuss the spherical pendulum. We first give the general description of the motion of a
particle on a Riemannian manifold @) in a potential V' : @) — R.

One defines the kinetic energy T € C(TQ) by T'(v) = %||v||>. Using the identifica-

tion ¢* : TQ — T*Q given by the metric, view T as a function on 7*Q. The Hamiltonian
is the total energy H =T 4+ V € C*(T*Q).

In local coordinates ¢; on @,

T(v) = %ZU g(Q)ijQiqﬁ
where g;; is the metric tensor. The relation between velocities and momenta in local
coordinates is p; = > i 9i7G;- Thus
T(q,p) = 3 > Mq)ij pip;
where h(q);; is the inverse matrix to g(q);;, and
H(Q:P) = %Zw h(Q)ij pip; + V(Q)-
The configuration space ) of the spherical pendulum is the 2-sphere, which by an

appropriate normalization we can take to be the unit sphere in R3. Let ¢ € [0, 27],¢ €
(0,7) be polar coordinates on S?, that is

r1 = sin cos ¢, T = sinysin ¢, xrz = cos.

The potential energy is
V = cos

and the kinetic energy is

3
1 1 . .
T= > ;1 @7 = 5(1/)2 + sin® 1¢?).



4. THE SPHERICAL PENDULUM 57

Thus ] ]
H = —(p) + —5—p3) + cos
2 (p P SiIl2 ¢ p ¢) ,QZ}
(The apparent singularity at ¢» = 0,7 comes only from the choice of coordinates.) An
integral of motion for this system is given by G = p,. Indeed,

{H,G} =0

because H does not depend on ¢ (i.e. because the problem has rotational symmetry
around the zz-axis). Since dim7T*S5? = 4, it follows that the spherical pendulum is a
completely integrable system.

The image of the map (G, H) has the form H > f(G) where f(G) is a symmetric
function shaped roughly like a parabola. The minimum of f is the point (G, H) = (0, —1),
corresponding to the stable equilibrium. The set of singular values of (G, H) consists of
the boundary of the region, i.e. the set of points (G, F(G)), together with the unstable
equilibrium (0, 1).

Removing these singular points from the image of (G, H), we obtain a non-simply
connected region B, and one can raise the question about existence of global action-angle
variables. Duistermaat shows that they do not exist in this system: The lattice bundle
A — B is non-trivial, i.e. the monodromy obstruction does not vanish.






CHAPTER 6

Symplectic group actions and moment maps

1. Background on Lie groups

A Lie group is a group G with a manifold structure on G such that group multiplica-
tion is a smooth map. (This implies that inversion is a smooth map also.) A Lie subgroup
H C G is a subgroup which is also a submanifold. By a theorem of Cartan, every closed
subgroup of a Lie group is an (embedded) Lie subgroup (i.e, smoothness is automatic).
In this case the homogeneous space GG/ H inherits a unique manifold structure such that
the quotient map is smooth.

Let L, : G — G, a — ga denote left translation and R, : G — G, a — ag right
translation. A vector field X on G is called left-invariant if it is Lg-related to itself, for all
g € G. Any left-invariant vector field is determined by its value X (e) = £ at the identity
element. Thus evaluation at e gives a vector space isomorphism X*(G) & g := T.G. But
X%(@) is closed under the Lie bracket operation of vector fields. The space g = T.G
with Lie bracket induced in this way is called the Lie algebra of G. That is, we define
the Lie bracket on g by the formula

(&, m" = [¢" "],

where ¢ is the left-invariant vector field with ¢%(e) = €. For matrix Lie groups (i.e.
closed subgroups of GL(n,R)), the Lie bracket coincides with the commutator of ma-
trices. Working with the space of right-invariant vector fields would have produced the
opposite bracket: We have

[57 U]R = _[£R7 UR]
Let Fg : G — G be the flow of ¢¥. One defines the exponential map

exp: g — G

by exp(§) = F¢(e). In terms of exp, the flow of £* is g > gexp(t), while the flow of £
is g — exp(t€)g. For matrix Lie groups, exp is the usual exponential of matrices.

Let Ad, = Lyo Ry-1, i.e. Ady(a) = gAg~"'. Clearly Ad, fixes e, so it induces a linear
transformation (still denoted Ad,) of g = 7.G. One defines

0
ade(n) = i Adexpte) (10)-
It turns out that ade(n) = [£,7n], which gives an alternative way of defining the Lie
bracket on g.

59
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2. Generating vector fields for group actions

DEFINITION 2.1. Let G be a Lie group. An action of G on a manifold () is a smooth
map

A:GxQ—Q,(9,9) — Agla) =9-q
such that the map G — Diff(Q), ¢ — A, is a group homomorphism.

A manifold @ together with a G-action is called a G-manifold. A map F': Q1 — Q-
between two G-manifolds is called equivariant if it intertwines the G-actions, that is,

9-F(q1) = F(9-q1).

EXAMPLE 2.2. (a) There are three natural actions of any Lie group G on itself:
The left-action g.a = ga, the right action g.a = ag™', and the adjoint action
g.a = gag~'.

(b) Any finite dimensional linear representation of G on a vector space V' is a G-
action on V.

DEFINITION 2.3. Let g be a Lie algebra. A Lie algebra action of g on @ is a smooth
vector bundle map

Qxg—TQ, (¢,€) — &(q)

such that the map g — X(Q), & — &g is a Lie algebra homomorphism.

Suppose () is a G-manifold. For £ € g let the generating vector field {; be the unique
vector field with flow

q — exp(—t€).q .

If 1 Q1 — @2 is an equivariant map, then {o, ~r &g,.

EXAMPLE 2.4. For any & € g let ¢& denote the unique left-invariant vector field
with £L(e) = &. Similarly let £# be the right-invariant vector field with £#(e) = €. The
generating vector field for the left-action is right-invariant (since the left-action commutes

with the right-action), and its value at e is —¢. Hence the left-action is generated by
—¢R. Similarly the right-action is generated by &, and the adjoint action by && — ¢,

PROPOSITION 2.5. Let G be a Lie group with Lie algebra g. For any action of a Lie
group G on a manifold Q) the map

g —X(Q), {—¢&
1s a Lie algebra action of g on Q). For g € G one has
9:€q = (Adg g)Q

PRrROOF. The idea of proof is to reduce to the case of the action R, of G on itself.

Let Q = G x Q with G-action ¢.(a,q) = (ag™",q). The generating vector fields for this
action are {5 = (€L,0). Since [£F,nE] = [£,n]F by definition of the Lie bracket,

(9) €6,m5] = [§: 1o
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The map F': G x Q — @, (a,q) — a~'.q. is a G-equivariant fibration. In particular,
§o ~F §q and (9) implies [£g,nq] = [§,1]q- For the second equation, we note that for
the action of GG on itself by left multiplication,

(Rg=1).£" = (Ady).g" = (Ad, €)™

Hence g.§5 = (Ady€)5. Again, since F' is G-equivariant, this implies g.§q = (Ady §)q-
U

If G is simply connected and @) is compact, the converse is true: every g-action on
@ integrates to a G-action.

Any action of G on () gives rise to an action on T'Q) and T*Q. If ¢ € () is fixed under
the action of G, then these actions induce linear G-actions (i.e. representations) on 7,0
and T;(Q). In particular, the conjugation action of G on itself induces an action on the
Lie algebra g = T.G, called the adjoint action, and on g*, called the co-adjoint action.
The two actions are related by

(91, 6) = (ug7'6), negéeag.

EXERCISE 2.6. Using the identifications T'g = g x g and T*g = g* x g* determine
the generating vector fields for the adjoint and co-adjoint actions.

3. Hamiltonian group actions

A G-action g — A, on a symplectic manifold (M,w) is called symplectic it A, €
Symp(M,w) for all g. Similarly a g-action & — &y is called symplectic if £y € X (M, w)
for all £&. Clearly, the g-action defined by a symplectic G-action is symplectic. The G-
action or g-action is called weakly Hamiltonian if all £,; are Hamiltonian vector fields.
That is, in the Hamiltonian case there exists a function ®(£) € C*°(M) for all £ such
that &y = Xa(e). One can always choose ® () to depend linearly on ¢ (define @ first for
a basis of g and then extend by linearity). The map £ — ®(&) can then be viewed as a
function ® € C*(M) ® g*.

DEFINITION 3.1. A symplectic G-action on a symplectic manifold (M,w) is called
weakly Hamiltonian if there exists a map (called moment map

deC®M)xg"
such that for all £, the function (®,&) € C*°(M) is a Hamiltonian for &y;:
d(®, &) = v(Ear)w.

It is called Hamiltonian if ¢ is equivariant with respect to the G-action on M and the
co-adjoint action of G on g*.

Similarly one defines moment maps for Hamiltonian g-actions; one requires ® to be
g-equivariant in this case.



62 6. SYMPLECTIC GROUP ACTIONS AND MOMENT MAPS

It is obvious that if a group G acts in a Hamiltonian way, and if H — G is a
homomorphism (e.g. inclusion of a subgroup) then the action of H is Hamiltonian; the
moment map is the composition of the G-moment map with the dual map g* — h*.

We sometimes write ®¢ = (®, ) for the &-component of ®. The equivariance condi-
tion means that ¢*® = g.® = (Ady-1)*®, or in detail:

(g°®,n) = (Adg— @,1) = (@, Ady-1(n))

for all m € M, n € g. Writing g = exp(t£) and taking the derivative at ¢ = 0 we find the
infinitesimal version of this condition reads,

£y @7 = olél,

For an abelian group, the conjugation action is trivial so that equivariance simply means
invariance.

One way of interpreting the equivariance condition is as follows. For a weakly
Hamiltonian G-action the fundamental vector fields define a Lie homomorphism ho-
momorphism g — Xpgam(M,w) C X(M,w). This can always be lifted to a linear map
g — C°(M,R). The action is Hamiltonian if it can be lifted to an equivariant map,
which for a connected group is equivalent to the following:

LEMMA 3.2. For a Hamiltonian G-action, the map
g — C*(M), § = (2,6
18 a Lie homomorphism.

PROOF.
{@E)@n} = Xpe (D) = £, P" = olén
O

Notice that we defined the the Poisson bracket in such a way that C*°(M) — X(M)
is a Lie homomorphism.

From now on, we will always assume that the moment map is equivariant unless
stated otherwise.

LEMMA 3.3. Any weakly Hamiltonian action of a Lie group G on (M,w) is Hamil-
tonian if

(a) G is compact, or
(b) M is compact.

PROOF. Suppose ® is any moment map, not necessarily equivariant. Define

g ®=(g7")"(Adg)®
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so that ® is equivariant if and only if g - ® = ® for all g. We claim that g - ® is also a
moment map for the G-action. Indeed,

dg-@,6) = (971)"d(®, Ady(€))
= (¢ g ulém)w
= lgW.
If G is compact, we obtain a G-equivariant moment map by averaging over the group.

If M is compact and connected, normalize ® by the condition [ »® =0. Then @ is
invariant since fM g-®=0. U

We remark that the above Lemma also holds for actions of connected, simply con-
nected semi-simple Lie groups (i.e. [g,g] = g), or more generally for any connected,
simply connected group G for which the first and second Lie algebra cohomology vanish.
See Theorem 26.1 in Guillemin-Sternberg, Symplectic techniques in Physics, Cambridge
University Press 1984, for details.

4. Examples of Hamiltonian G-spaces

4.1. Linear momentum and angular momentum. Recall that for any vector
field Y on a manifold @, the cotangent lift Y € X(7*Q) is a Hamiltonian vector field
Y = Xy, with H = ;0. We leave it as an exercise to check that linear map

%(Q) — COO(T*Q), Y — Ly@

is actually a Lie algebra homomorphism (using the Poisson bracket on 7*@)). Hence if
@ is a G-manifold, we obtain a moment map for the cotangent lift of the G-action to
T*@) by composing this map with the generating vector fields, g — X(Q). Recall that
in local cotangent coordinates, if Y =3 Yj(q)a%j then the corresponding Hamiltonian
is H(q,p) = >, Y;(0)p;

For example, let M = T*(R") = R*" with standard symplectic coordinates g;, p;. Let
G = R" act on itself by translation. The Lie algebra is g = R”, with exponential map
exp : g — G the identity map of R™.

The generating vector fields bg» for b € R™ are obtained from the calculation,

9 9 0
(bee f)(q) = | exp(—th)" f(q) = @‘t:of(q —th) = — ij@—j

Thus bgn = —3_; bjaiqj and the moment map for the cotangent lift is
<(I), b> = — Z bjpj-
J

Using the standard inner product (b,0) = b- bV on R" to identify (R") = (R")*, we find
that

®(q,p) = —p-
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That is, the moment map is just linear momentum (up to an irrelevant sign that just
comes from the chosen identification (R™) = (R")*).

Consider next the cotangent lift of the action of G = Gl(n,R) on R"™. The Lie algebra
g = gl(n,R) is the space of all real matrices, with exponential map the exponential map
for matrices. We compute the generating vector field Ag» for the action of A € gl(n, R)
as follows:

A n - - - A *
(Aenf)la) = | exp(=tA)"f(q)
0
= | flexp(=ta)g)
of
- _ Aq); =L
0
I 4
that is, Agn = — ) ik Ajqua%_. A moment map for the cotangent lift of the action is

(B, A) == Appia.
ik

Hence, using the non-degenerate bilinear form (A, A’) = tr(A*A’) on gl(n,R) to identify
gl(n,R) = gl(n,R)*, we have

(I)<Q7p>ij = Digj-
Note that the pairing on gl(n,R) is not invariant under the adjoint action, i.e. it does
not identify the adjoint and coadjoint action. Instead, the coadjoint action becomes the
contragredient action g.A = Ad((g~1)!)A.

The pairing does, however, restrict to an invariant pairing on the sub-algebra h = o(n)
of skew-symmetric matrices A = —A!. The corresponding connected Lie subgroup of
Gl(n,R) is the special orthogonal group H = SO(n). The moment map ¥ : T*R" —
o(n)* for the action of SO(n) reads,

‘I’(qap)ij = %(piq]' - quz')-

For n = 3, we can further identify so(3)* = R3 with the standard rotation action of
SO(3), and ¥ just becomes just angular momentum V(q, p) = p'x ¢ (up to an irrelevant
factor, which again just depends on the chosen identification so(3) = s0(3)*).

4.2. Exact symplectic manifolds. The previous examples generalize to cotangent
bundles T#(@) of G-manifolds (), or more generally to what is called exact symplectic
manifolds. A symplectic manifold (M,w) is called exact if w = —d# for a 1-form 6
(which is sometimes called a symplectic potential). Note that a compact symplectic
manifold is never exact (unless it is O-dimensional): Indeed, if w = —d# is exact, then
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also the Liouville form w" = —dfw"™ ! is exact. Hence if M were compact, Stokes’
theorem would show that M has zero volume.

PROPOSITION 4.1. Suppose (M,w) is an exact symplectic manifold, w = —df. Then
any G-action on M preserving 0 is Hamiltonian, with moment map

Note that if G is compact one can construct an invariant 6 by averaging. If
H'(M,R) = 0 then ® is independent of the choice of invariant 6.

PRrOOF. We calculate de(€y)0 = —(Enr)dl + L(Em)8 = ¢(Ear)w. The resulting mo-
ment map is equivariant:

g(®,8) = g7 (1(Em)0) = 1(9:611)970 = 1(g:Ear)0 = 1((Adg E)ar)0 = (P, Ady £).
O

The examples considered above were of the form M = T*(Q), with G acting by the
cotangent lift of a G-action on (). Another example is provided by the defining action
of U(n) on C" = R*:

4.3. Unitary representations. Introduce complex coordinates z; = ¢; + ip; on
C" = R?" and write the symplectic form as

1 1
w = ZJ: dg; A dp; = 5 Zj: dz; A dz; = Zh(dz, dz),
where h(w,w') = ), w;w} is the Hermitian inner product. Then w = —df with
1 _ _ 1
0= 1 ZJ: (zjdzj — z;dz;) = —5 Im(h(z,dz)),
This choice of 6 is preserved under the unitary group. The Lie algebra u(n) of U(n)
consists of skew-adjoint matrices £&. The generating vector fields are

0 _ 0
§on = jzk: (fjk Zka_zj - fkj Z’“a_z)

where £ € u(n) is a skew-Hermitian matrix. Hence (@, &) = —u(§cn )6 is given by
1 _ )
(@(2),6) = B Z’fjk Zj 2k = 2 h(z,€2)
jik

(where h is the Hermitian metric) defines a moment map. Using the inner product on
u(n), (§&,m) = —Tr(&n) to identify the Lie algebra and its dual,
1
B(2)j = =7 (%5 2 — 2 25)

This example also shows that any finite dimensional unitary representation G — U(n)
defines a Hamiltonian action of G on C"; the moment map is the composition of the
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*

U(n) moment map with the projection u(n)* — g* dual to g — u(n). For example, the
moment map for the scalar S'-action is given by —z||z||%.

4.4. Projective Representations. The action of U(n + 1) on C*™! induces an
action on CP(n) which also turns out to be Hamiltonian. In homogeneous coordinates
[20 : ... 2], the moment map is

sz,k éjkz_jzk
2 >;lEP

We will verify this fact later in the context of symplectic reduction.

@([2]75) =

4.5. Symplectic representations. Generalizing the case of unitary representa-
tions, consider any symplectic representation of G on a symplectic vector space (E,w).
That is, G acts by a homomorphisms G — Sp(F) into the symplectic group. A moment
map for such an action is given by the formula,

(®(v),&) = w(v,&v).

Indeed, if we identify T, = E the generating vector field for £ € g is just {g(v) = —€.0.
Thus for w € E we have
W(€p(v),w) = w(w, E.0).
On the other hand, the map ® defined above satisfies
d,®*(w) = 3&|,_w(v+tw, & (v+tw))
(w(w,§v) +w(v, §w))
= w(w,&w),

verifying that ® is a moment map.

N= N

4.6. Coadjoint Orbits. As a preparation, let us note that for any Hamiltonian G-
space (M,w, ®), the moment map determines the pull-back of w to any G-orbit. Indeed,
since &y is the Hamiltonian vector field for ®¢,

W) = —{°, d"} = —@lE,

In particular if M is a homogeneous Hamiltonian G-manifold (i.e. if M is a single
G-orbit), w is completely determined by ®!

THEOREM 4.2 (Kirillov-Kostant-Souriau). Let O C g* be an orbit for the coadjoint
action of G on g*. There exists a unique symplectic structure on O for which the action
1s Hamiltonian and the moment map s the inclusion ® : O — g*.

Proor. For any p € O consider the skew-symmetric bilinear form on g,

B.(&m) = (1, [£,1])-
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Writing B,,(§,1) = (1, ade ) = ((ade)* i1, ) we see that the kernel of B, consists of all §
with adg p = 0, i.e. {o(p) = 0. Tt follows that

(10) wu(€o(p), no(p)) = = [§, 1))

is a well-defined symplectic 2-form on 7, 0. The calculation

Byu(9:€,9-m) = (9.1, 19, 9m0) = (g-1, 9.[&, m]) = (1, [€,m]) = Bu(€,n)

shows that the resulting 2-form w on O is G-invariant (and therefore, smooth!), and
equation (10) gives the moment map condition ¢({p)w = d(P, &) for the inclusion map
d: 0 —g"
Uno)d(®, &) = L(no)(®,£) = ((ady)"®, &) = (@, [€,71]) = w(€o, n0)-
To check dw = 0, we compute:
(€o)dw = L(§o)w — di(€o)w = 0.

As remarked above, the moment map uniquely determines the symplectic form. O

EXAMPLE 4.3. Let G = SO(3). Identify the Lie algebra so(3) with R3, by identifying
the standard basis vectors of s0(3) as follows:

00 O 0 01 0 -1 0
€1 — 0 0 -1 €9 0 0 0 €3 — 1 0 0
01 0 -1 0 0 0 0 0

This identification takes the adjoint action of SO(3) to the standard rotation action on
R3, and takes the invariant inner product (A, B) — —3 tr(AB) on s0(3) to the standard
inner product on R3. The inner product also identifies s0(3)* = R3. The coadjoint orbits
for SO(3) are the 2-spheres around 0, together with the or-gin {0}.

THEOREM 4.4 (Kostant-Souriau). Let G be a Lie group, and (M,w,®) is a Hamil-
tonian G-space on which G acts transitively. Then M is a covering space of a coadjoint
orbit, with 2-form obtained by pull-back of the KKS form on O.

PROOF. Let O = ®(M). It is clear that the map ® : M — O is a submersion. We
had already seen that the 2-form on M is determined by the moment map condition, and
the formula shows that the map ® : M — O preserves the symplectic form. Hence its
tangent map is a bijection everywhere, and so ® : M — O is a local diffeomorphism. [J

Note that while M is a homogeneous space G /G, its image under the moment map
is a homogeneous space G/Gg(m), and the covering map is a fibration with (discrete !)
fiber Go(m)/Gyr. Hence, non-trivial coverings can be obtained only if the stabilizer G ()
is disconnected (for compact connected Lie group do not have proper subgroups of the
same dimension).

If G is a compact, connected Lie group then it is known that all stabilizer groups G,
for the coadjoint action are connected, so one has:
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THEOREM 4.5. If G is compact, connected and (M,w,®) is a homogeneous Hamil-

tonian G-space, the moment map induces a symplectomorphism of M with the coadjoint
orbit O = ®(M).

The connectedness of G, can be shown as follows: Using the fibration G — G/G,,,
and the fact that G and G/G,, are connected it suffices to show that the base G/G,, is
simply connected. (Given py,p1 € G, choose a path v : [0,1] — G connecting them. =y
projects to a closed path in G/G,, and can be contracted to a constant path. By the
homotopy lifting property this homotopy can be lifted to a homotopy with fixed end
points of . This will then be a path in G, connecting py, p1.) The simply-connectedness
of G/G, in turn follows from Morse theory; this will be explained later.

4.7. Poisson manifolds. Moment maps fit very nicely into the more general cate-
gory of Poisson manifolds.

DEFINITION 4.6. A Poisson manifold is a manifold M together with a bilinear map
{-,-}: C®°(M) x C>*°(M) — C*°(M) such that

(a) {-,-} is a Lie algebra structure on C*°(M), and
(b) for all H € C*(M), the map C>®(M) — C*(M),F — {H, F'} is a derivation.

A smooth map ¢ : M; — M, between Poisson manifolds is called a Poisson map if
o {Fy, By} = {6 Fy, 6" Fu).
A vector field X € X(M) is called Poisson if
X{F, Fo} = {X(F), I2} + {F1, X (F2)}.

Since any derivation of C°(M) is given by a vector field, any H defines a so-called
Hamiltonian vector field Xy by Xy (F) = {H, F}.

EXERCISE 4.7. Show that Xy is a Poisson vector field. Show that the flow of any
complete Poisson vector field is Poisson.

Examples of Poisson manifolds are of course symplectic manifolds, with the Poisson
bracket associated to the symplectic structure. Another important example, due to
Kirillov, is the dual g* of a Lie algebra g. For any p € g* and any function F' € C*(g*)
identify

dF, € T g = (g")" =g
Then define
[F,GYu) = (u, [dF,, dG,) )

EXERCISE 4.8. Verify that this is a Poisson structure on g*. Show that the inclusion
O — g* of a coadjoint orbit is a Poisson map.
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The definition of a moment map carries over to Poisson manifolds: A G-action is
Poisson if it preserves Poisson brackets, and any such action is Hamiltonian if there
exists an equivariant smooth map ¢ : M — g* such that

S = Xag)
for all £ € &.

EXERCISE 4.9. Show that the coadjoint action of G on g* is Hamiltonian, with
moment map the identity map.

EXERCISE 4.10. Let (M,w) be a symplectic manifold and G a connected Lie group
acting symplectically on M. Suppose there exists a moment map ® : M — g* in the
weak sense. Show that ® is equivariant if and only if ® is a Poisson map for the Kirillov
Poisson structure. Conversely, show that for every Poisson map ¢ : M — g% the
equation

Um)w = d(@,§)
defines a symplectic Lie algebra action of g on M. More generally, show that for any
Poisson manifold M, any Poisson map & : M — g* defines a Poisson g-action on M.

4.8. 2d Gauge Theory. Let us now spend some time discussing, somewhat infor-
mally, an interesting co-dimensional example. We begin with a rapid introduction to
what we call (with some exaggeration) gauge theory.

Let ¥ be a compact oriented manifold, G' a compact Lie group, and Q*(%, g) the
k-forms on ¥ with values in g. The space A(X) := Q'(%, g) will be viewed as an infinite
dimensional manifold, called the space of connections. For any A € A(X) there is a
corresponding covaritant derivative

da: Q2 g) — QY g),

defined
(using the wedge product). The gauge action of G(X) := C*(3,G) on A(X) is defined
by

g+ A=Ady(A) —dgg™
where the first term is the pointwise adjoint action. The second term is written for
matrix-groups so that dgg~' makes sense as a 1-form on Y with values in g. More
invariantly, it is the pull-back under g : 3 — G of the right-invariant Maurer-Cartan
form 0 € QY(G,g); i.e. 0 is the unique right-invariant form such that for any right-
invariant vector field £¥, 1(¢%)0 = €. The gauge action is defined in such a way that the
following is true:

LEMMA 4.11. For all £ € Q%(3, g),
dy.a Ady (&) = Ady(dA8).
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ProoF. Using the definition, and using that for all £ € Q(X, g),
d(Ady€) = d(gég™")
dgég™ + Ad, dé + (—1)Fgedg™
= dgg~' Ady& — (—1)F Ad,Edgg™ + Ady(dg)
= [dgg_la Adg f] + Adg(df)
we have
dg.a Adg(§) = d(Ady(€)) +[Ady(A) —dgg ™', Ady €]
Ady(d€) + [dgg™", Adg &] + [Ady(A) — dgg™, Ady €]
= Ady(dad).

Due to the presence of the gauge term the square of d,4 is usually not zero:

LEMMA 4.12. Let curv(A) = dA + %[A,A] € Q2(3,9) be the curvature of A. Then

for all € € QF(Z, g),
dy€ = [eurv(A), €]
The curvature transforms equivariantly:
curv(g - A) = Ad, curv(A).
PROOF.
dzAg = do [Aa ] + [A> ] od+ [Aa [Aa H
1

where the last term is obtained by the Jacobi identity. Equivariance follows by the

transformation property for d4. O

By the lemma, d% = 0 is precisely if the curvature is zero.
We now view A(X) as a G(X)-space. What are the generating vector fields? The Lie
algebra of the gauge group is identified with Q°(3, g).

LEMMA 4.13. The generating vector fields for & € Q°(X, g) are
Ea)(A) = dag.

PROOF.

(@) = o (Adugg(4) — dlexp(—16) exp(r€))
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We now specialize to two dimensions: dim > = 2. Let us fix an invariant inner product
on g (unique up to scalar if G is simple). Then A(X) = Q'(%, g) is an co-dimensional
symplectic manifold: The 2-form is

wa(a,b) = / aAb
>
for all a,b € TAQY (X, g) = Q(3, g), using the inner product.

THEOREM 4.14. The gauge action of G(X) on A(X) is Hamiltonian, with moment
map minus the curvature A — curv(A), i.e.

(B(A), &) = — / curv(A) - £,

3

PROOF. We calculate: For all a € Q!(X, g), viewed as a constant vector field,
0
P - —’ B(A+1
W26 ) = S| (@(A+a)g
0 / curv(A +ta) - €
t=0 J»

t:O/ (dA—i‘tdCL—i-t[A,a] -+ %([A,A] +t2[a,a])) 5

= —/EdACL'f
= —/Ea'dA§

= w(am(A4),a).

g

It is interesting to extend this calculation to 2-manifolds with boundary 0%. Every-
thing carries over, but the partial integration produces an extra boundary term so that
the moment map is

@), = [ana)¢- [ A
2 ox
That is, the (informally) dual space to the Lie algebra Q°(3, g) of the gauge group is
identified with Q?(%, g) @ Q'(9%, g) with the natural pairing, and the moment map is
(%, g) — Q(2,9) © Q1(9%,9), A (curv(A), i A).

Notice however that this moment map is no longer equivariant in the usual sense, for
the action on the second summand is still the gauge action! This leads one to define a
central extension of the gauge group. Define

¢ G(Z) x G(S) — U(L), e(gr. g) = exp(—im / gridgy A dgagy ),
>
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—

and let G(X) = G(X2) x U(1) with product
(91, 21)(g2, 22) := (9192, 2122 ¢(g1, g2))-

One can show that this does indeed define a group structure (i.e. ¢ is a cocycle). The
Lie algebra of this new group is Q°(X, g) ®R with defining cocycle [, d&dé = [, &1dés,
and its dual is Q%(3, g) ® Q'(9%, g) ® R, with action

(g,Z) : (Oé,ﬁ, )‘) = (Adg aaAdgﬁ - /\dgg_la)‘)

It follows that the moment map for the action of the extended gauge group (where
the extra circle acts trivially) is equivariant, the image of the original moment map is
identified with the hyperplane \ = 1.

5. Symplectic Reduction

5.1. The Meyer-Marsden-Weinstein Theorem. Let (M, w, ®) be a Hamilton-
ian G-space. As usual we assume that ® is an equivariant moment map. One of the
basic properties of the moment map is the following:

LEMMA 5.1. For allm € M, the kernel and image of the tangent map to ® are given
by
ker(d,,®) = T,,(G - m)“,

im(d,,,®) = ann(g,,).

PRrROOF. By the defining condition of the moment map,

wm(&a(m), X) = o(X)d(®,8)| = (dm®(X), ).

Therefore ker(d,,®) = {&n(m)|€ € g} = T (G - m)~.

By the same equation, £ € g,, implies that (d,,®(X),&) = 0 for all X, hence
im(d,,®) C ann(g,,). Equality follows by dimension count, using non-degeneracy of
w:

dim(im(d,,®)) = dim M — dim(ker(d,,P))
= dim M — dim(7,,,(G - m))*
= dim(G-m) =dim G — dim G,, = dim ann(g,, ).
U

THEOREM 5.2. A point i € g* is a reqular value of @ if and only if for allm € ®~1(u),
the stabilizer group Gy, is discrete. In this case, ®~(p) is a constant rank submanifold.
The leaf of the null foliation through m € ®~(p) is the orbit G,.m.

PROOF. Since p is a regular value, d,,® is surjective for all m € M. By the Lemma,
this means that ann(g,,) = g* or equivalently g,, = {0}. This shows that G,, C G, is
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discrete. Now let ¢, : ® (1) < M be the inclusion. Using T,,®*(u) = ker(d,,®) the
kernel of ¢}w is

ker ¢},w = T ® () N T, @ (1)
T, ® () N T, (G - m)
= T,(G,-m).

g

THEOREM 5.3 (Marsden-Weinstein, Meyer). Let (M, w, ®) be a Hamiltonian G-space.
Suppose 1 is a regular value of ® and that the foliation of ® () by G,-orbits is a
fibration. (This assumption is satisfied if G,, is compact and the G,-action is free.) Let

T @7 (p) — @7 () /G =1 M,
be the quotient map onto the orbit space. There ewists a unique symplectic form w, on
the reduced space M, such that
LW = W,
PRrooF. Since the null-foliation is given by the G/, -orbits, this is a special case of the
theorem on reduction of constant rank submanifolds. U

The reduced space at 0 is often denoted My = M J/G, this notation is useful if several
groups are involved. The symplectic quotients M, depend only on the coadjoint orbit
O = G.u. Let O~ be the same G-space but with minus the KKS form as a symplectic
form and minus the inclusion as a moment map. The moment map for the diagonal
action on M x O~ is

O: Mx O™ =g, (m,p)— &(m) - p.

PROPOSITION 5.4 (Shifting-trick). u is a regular value of ® if and only if 0 is a
reqular value of )
®: MxO" =g (mp)— (m)—p
Moreover the G -action on @1 (u) is free if and only if the G-action on (ifl(()) s free.
There is a canonical symplectomorphism,

M, = (Mx07)/G.

ProOF. Consider the map ®~1(0) — ®~1(0) by m — (m, ®(m)). Clearly, this map
is a G-equivariant bijection. Since ®~'(O) = G.®7'(u), the G-action on ®~1(O) has
discrete (resp. trivial) stabilizers if and only if the G -action on ®~*(u) has discrete
(resp. trivial) stabilizers. The map M — M x O~, m + (m, u) preserves 2-forms, hence
so does the map ®~1(u) — ®~1(0),m — (m, u). It follows that the maps

M, = &7 ()G, — (&71(0) N M x {u})/G, — 71(0)/C

are all symplectomorphisms. Il



74 6. SYMPLECTIC GROUP ACTIONS AND MOMENT MAPS

EXAMPLE 5.5. Let M = CN*!, with the standard symplectic form

. N
= %Zdzj N dgj,
7=0

and scalar S = R/Z-action (multiplication by exp(2mit)). We recall that a moment
map for this action is given by ®(z) = 7||z||?. The reduced space at level w is CP(N).
The reduced form is known as the Fubini-Study form. Reducing at a different value Aw
amounts to rescaling the symplectic form by .

EXAMPLE 5.6. Let (M,w) be an exact symplectic manifold, w = —d6, and suppose
0 is invariant under some G-action, where G is a compact Lie group. Let & be the
corresponding moment map (@, &) = 1(&yr)f. Then if 0 is a regular value of ® and the
G-action on ®71(0) is free, the pull-back +*0 is invariant and horizontal, hence descends
to a 1-form 0y on My such that 7*6y = +*f, and one has

Wy = —d90

It follows that the symplectic quotient of an exact Hamiltonian G-space at 0 an exact
symplectic manifold.

EXAMPLE 5.7. As a sub-example, consider the case M = T*(Q), where G acts by the
cotangent lift of some G-action on Q). Let p : T*Q — (@ denote the projection. The

moment map is given by
(®(m), &) = (m, &q(q))

where ¢ = p(m). This shows that the zero level set is the union of covectors orthogonal

to orbits:
T ann(,(G - ).
q€Q
Since ®~1(0) contains the zero section Q, it is clear that the G-action on ®~1(0) is
locally free if and only if the action on @ is locally free. If the action is free, we have
(T*Q) )G = T*(Q/G). To see this (at least set-theoretically), note that

T(Q/G) = (HT@/T 0))/G

so that

1(Q/G) = (JTam(Ty(G - a))) /G
q
To identify the symplectic forms one has to identify the reduced canonical 1-form 6, with
the canonical 1-form on 7*(Q/G), we leave this as an exercise.
For an arbitrary G-space @ the singular reduced space (T*Q)//G may be viewed as
a cotangent bundle for the singular space Q/G.

EXAMPLE 5.8. Returning to our 2-d gauge theory example, the reduction A(X) /G (%)
is the moduli space of flat connections on .
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5.2. Reduced Hamiltonians. Let G be a compact Lie group. Suppose (M, w, ®)
is a Hamiltonian G-space, that pu € g* is a regular value of the moment map, and that
the action of G, on the level set ®'(u) is free. Then every invariant Hamiltonian
H € C°°(M)% descends to a unique function H,, € C*(M,) with mnH, =, H. Passing
to the reduced Hamiltonian H,, is often a first step in solving the equations of motion
for H. From H-invariance of Xy it follows that the restriction (Xpg) }@,1(“) e X(® 1 (u)

is ,-related to Xpg, € X(M,), that is its flow projects down to the flow on M,. After
one has solved the reduced system (i.e. determined its flow F,(¢)) it is a second step to
lift F,(¢) up to the level set ®~*(1).

EXAMPLE 5.9. Consider the motion of a particle on R? in a potential V(g). It is
described by the Hamiltonian on T*R?,

H(q,p) = ||p2||2 +V(q).

Suppose the potential has rotational symmetry, i.e. that it depends only on r = ||q||.
Then H is invariant under the cotangent lift of the rotation action of G = S*'. We had
seen that the moment map for this action is angular momentum, ®(q, p) = pogi — Gop1-
In polar coordinates, (r,0) on R? and corresponding cotangent coordinates on T* R?,

1 1

H(T7 evprap9) = §<p% + ﬁpz) + V(T)

and ® = py. The symplectic form on T*R? is w = dr A p, + df A ps. Every value
p # 0. is a regular value of @ (since S! acts freely on the set where py = r20 # 0). On
by o @71 (p) — T*R? the second term disappears, i.e. tyw = dr A p,. It follows that

M, = T"R-, symplectically, and the reduced Hamiltonian is

H,(r,p.) = ip2 4+ Vegs(r)

with the effective potential,

Using conservation of energy

p2 7;.2
o T Vers(r) = 5 + Vegsr) = B,
i.e. 72 = 2(F — V,;¢(r)), one obtains the solution in implicit form,

" dr
ro V/2(E = Vegs(r))
Using 20 = pe = 1, one also obtains a differential equation for the trajectories,
or r?

% E\/z(E — Vers(r),

t—toz
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with solutions,

" pudr
0—6,= / 5 )
ro T20/2(E — Veps(r))

In the special case V (r) = —% (Kepler problem) this integral can be solved and leads to
conic sections — see any textbook on classical mechanics.

5.3. Reduction in stages. As a special case of “reduced Hamiltonian” one some-
times has a reduced moment map. For the simplest situation, suppose G, H are compact
Lie groups and (M,w) is a Hamiltonian G x H-space, with moment map (®, V). Since
the two actions commute, (®¢, U7} = 0 for all £ € g, € h. In particular, ® is H-
invariant and W is G-invariant. Let p be a regular value of ®, so that the reduced space
M, is defined. Since W is G-invariant, it descends to a map ¥, : M, — b*. It is the
moment map for the H-action on M, induced from the H-action on ®~'(u) C M.

LEMMA 5.10 (Reduction in Stages). Suppose p is a regular value of ® and (u,v) a
regular value for (®,9). Then v is a regular value for U,. If G, acts freely on ®*(p)
and G, x H, acts freely on ®*(p) N O~ (v), then H, acts freely on W, (v), and there
15 a natural symplectomorphism

(Mu)y = M.

PROOF. Clearly, if G, acts with finite (resp. trivial) stabilizers on ® () and G, x
H, acts with finite (resp. trivial) stabilizers on ®~'(x) N ¥~ (v), the same is true for the
H,-action on W;l(u). This proves the first part since a level set having finite stabilizers
is equivalent to the level being a regular value. The second part follows because the
natural identifications

(M), =9, (v)/Hy, = (27 () VU () /(G x H) = M)

all preserve 2-forms. O

5.4. The cotangent bundle of a Lie group. Let G be a compact Lie group. For
all £ € g the left- and right invariant vector fields are related by the adjoint action, as
follows:

"(9) = (Ad, ©)"(g).
The map
Gxg—TG, (9,6 & (9)

is a vector bundle isomorphism called left trivialization of T'G. In left trivialization, &&
becomes the constant vector field & and £ becomes the vector field Ad,-1(§). Dual to
the left-trivialization of T'G there is the trivialization T*G = G x g* by left-invariant
1-forms.
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EXERCISE 5.11. Show that in left trivialization of T'G, the tangent maps to inversion
Inv: G — G, g+ g ', left action L;, : G — G, g — hg and right action Rj,-1 : G —
G, g — gh™! are given by

v.(g,6) = (97", Ady¢),
(Ln)«(9.€) = (hg,8),
(Rh-1).(9:6) = (gh™" Adn&).

Show that the respective cotangent lifts are

Iv.(g,pn) = (97" (Adg-1)"p),
(Lh)*(gau) = (hg,,ll),
(Rhfl)*(ga M) = (gh_lv (Adhfl)*:u)

Since the generating vector fields for the left-and right action are —¢%t, ¢& respectively,
we find that the moment maps for these actions are

®r(g, p) = —Ady(p), Pr(g,p) = p-

Note that the cotangent lifts of both the left action and the right action are free. In
particular, every v € g* is a regular value for both moment maps.

THEOREM 5.12. The symplectic reduction (T*G), by the right action, with G-action
inherited from the left-action, is the coadjoint orbit G - (—v).

PROOF. It suffices to note that the left action of G’ on the level set ®5'(u) is free and
transitive, and the action on the quotient has stabilizer conjugate to G,. The moment
map induced by @ identifies gives a symplectomorphism onto G - (—v). U

Of course, the reduced spaces with respect to the left action are coadjoint orbits
G - (—v) as well: the cotangent lift of the inversion map G — G, g — ¢! exchanges the
roles of the left- and right action.

THEOREM b5.13. Let (M,w,®) be a Hamiltonian G-space. Let G act diagonally on
T*G x M, where the action on T*G is the right action. Consider the reduced space at
as a Hamiltonian G-space, with G-action induced from the left-G-action on T*G. Then
there is a canonical isomorphism of Hamiltonian G-spaces,

(T"Gx M)))G=M
ProoF. Use left trivialization 7*G = G x g*. The map
T"Gx M — TG x M, (g,pu,m) — (g, p,g.m)

is symplectic, and takes the diagonal action to the right-action on the first factor, and
the left-action becomes a diagonal action. Hence it induces a symplectomorphism

(T"GxM))G=T"G))JG x M = M.
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6. Normal forms and the Duistermaat-Heckman theorem

Let (M,w,®) be a Hamiltonian G-space, where G is a compact Lie group. If 0 is a
regular value of the moment map then so are nearby values u € g*. What is the relation
between M, and reduced spaces M,, at nearby values?

To investigate this question we describe the reduction process in terms of a normal
form.

Let Z = ®71(0) be the zero level set, ¢ : Z < M the inclusion and 7 : Z — M the
projection. Since the G-action on ®~'(0) has finite stabilizers, there exists a connection
1-form

aeQY(Z,9),

that is, « satisfies the two conditions
ga=Ada, Er)a=¢.

Such a form can be constructed as follows. Consider the embedding Z x g —
TZ, (m,€) — &z(m) as a vector subbundle. Choose a G-invariant Riemannian met-
ricon Z, and let p : TZ — Z x g be the orthogonal projection with respect to that
metric. The 1-form « is defined by p(v) = (m, a(v)) for v € T,,,M.

Let pry, pry be the projections from Z x g* to the first and second factor. Define a
2-form on the product X = Z x g* by

o = pri] mwy + d(pr,, @),
let G-action act diagonally (using the coadjoint action on g*).

THEOREM 6.1 (Local normal form near the zero level set). The 2-form o is non-
degenerate (i.e. symplectic) on some neighborhood of Z, and satisfies

U(éx)o = d{pry, &)

for all & € g (that is, pry is a moment map). There exists an equivariant symplecto-
morphism between neighborhoods of Z in M and in X, intertwining the two moment
maps.

PRrRoOOF. Notice that the 2-form
pry mwo + (d pry, @)

is non-degenerate. Since o differs from this 2-form by a term (pr,,da) which vanishes
along Z, it follows that o is non-degenerate near Z. For the second part, notice that the
tangent bundle to the null foliation ker(:*w) C T'Z is a trivial bundle Z xg — Z, where G
acts on g by the adjoint action. By the equivariant version of the co-isotropic embedding
theorem, it follows that neighborhoods of Z in M and of Z in X are equivariantly
symplectomorphic. Since both moment maps vanish on Z, it is automatic that the
symplectomorphism intertwines the moment maps. O
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We can view Z x g* also as a quotient (Z x T*G)/G, using left trivialization to
identify T*G = G x g*; the G-action on Z x g* is induced from the cotangent lift of the
right G-action.

It follows that the reduced space at p close to 0 is symplectomorphic to (Z x G -
(—u))/G, that is:

COROLLARY 6.2. The reduced space M, for pn close to O fiber over My, with fibers
coadjoint orbits:
M, =(Z x G- (=pn))/G.
Letting V : G-(—p) — g* be the embedding, the pull-back of the 2-form w, to ZxG-(—pu)
18
mwo + (¥, ).

Consider in particular the case that G is a torus T = (R/Z)*. Then the coadjoint
action is trivial, and the reduced spaces at 0 and at nearby values are diffeomorphic.
Notice that da descends to a 2-form M, which is just the curvature form F* € Q%(My, t)
of the torus bundle ®71(0) — M. As a consequence we find that the symplectic form
changes according to

wu:w0+<M7Fo‘>
In particular this change is linear in pu!! This result depends on our identification of
M, = M,. This identification is not natural, but any two identifications are related by
an isotopy of M. Since cohomology classes are stable under isotopies, it makes sense to
compare cohomology classes, and the above discussion proves:

THEOREM 6.3 (Duistermaat-Heckman). The cohomology class of the symplectic form
changes according to

[wu] = wo] + (u, )
where ¢ € H*(My) ® t is the first Chern class of the torus bundle ®1(0) — M.

In particular this change is linear in g !!! As an immediate consequence one has:

COROLLARY 6.4. Let (M,w,®) be a Hamiltonian T-space, and let U be a connected
component of the set of reqular values of ®. Then the volume function U — R, pu +—
Vol(M,,) is given by a polynomial of degree at most %dimM —dimT.

(Here the maximum degree is obtained as half the dimension of a reduced space.)

7. The symplectic slice theorem

7.1. The slice theorem for G-manifolds. Let G be a compact Lie group, and H
a closed Lie subgroup. Then every GG-equivariant vector bundle over the homogeneous
space G/ H is of the form

E=GxyW=(GxW)/H

where W is an H-representation, the quotient is taken by the H-action h.(g,w) =
(gh™!, h.w) and the G-action is given by g¢i.[g,w] = [g1g,w]. Indeed, given E one
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defines W = FE,, to be the fiber over the identity coset m = eH, and the map
G xgW — E,| [g,w] — g.w is easily seen to be a well-defined, equivariant vector
bundle isomorphism.

For example, suppose M is a G-manifold, m € M, and H = G,,. Let W =
T.wM/T,,(G.m) be the so-called slice representation of H. Then E = G xy W is the
normal bundle vp = TM|o/TO to the orbit O = G.m = G/H. Recall now that by
the tubular neighborhood theorem, if N is any submanifold of M there is a diffeomor-
phism of neighborhoods of N in M and in vy. (The diffeomorphism is constructed using
geodesic flow with respect to a Riemannian metric on M.) If N is G-invariant, this
diffeomorphism can be chosen G-equivariant. (Just take the Riemannian metric to be
G-invariant.) We conclude:

THEOREM 7.1 (Slice theorem). Let M be a G-manifold, and m € M a point with
stabilizer H = G.m and slice representation W = T,,M/T,,(G.m). There exists a G-
equivariant diffeomorphism from an invariant open neighborhood of the orbit O = G.m
to a neighborhood of the zero section of E = G xg W.

COROLLARY 7.2. There exists a neighborhood U of O = G.m with the property that
all stabilizer groups G, © € U are conjugate to subgroups of H = G.m. In particular, if
M is compact there are only finitely many conjugacy classes of stabilizer groups.

PRrROOF. Identify some neighborhood of the orbit with the model F = G xg W. Let
r = g.y withy € W. Then G, = Ad,(G,). But G, is a subgroup of H, since it preserves
the fiber W = E,,. O

COROLLARY 7.3. If G is compact abelian, and M is compact, the number of stabilizer
subgroups {H C G| H = G,, for some m € M} is finite.

ProoOF. For an abelian group, conjugation is trivial. O

DEFINITION 7.4. For any subgroup H of G one denotes its conjugacy class by (H),
and calls the G-invariant subset

Mgy = {m € M|G,, is G-conjugate to H},
the points of orbit type (H). One also defines
M" ={me M|G,, > H}Y, My={me M|G,, =H}.

PROPOSITION 7.5. The connected components of Mgy, My and M"Y are smooth sub-
manifolds of M.

PROOF. Any orbit O C Mgy contains a point m € M with G,, = H. In the model
E =G xg W near O, we have
Emy=GxgW"=G/HxWw"

since W is a vector subspace of W, this is clearly a smooth subbundle of E. The
connected components of M are smooth submanifolds, since for all m € M*¥, a neigh-
borhood is H-equivariantly modeled by the H-action on T;,M and (T;,M)" is a vector
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subspace. The closure M is a union of connected components of M. Since My is
open in its closure, it is in particular a submanifold. U

The decomposition M = U(H) My is called the orbit type stratification of M.
Using the local model near orbits, one can show that it is indeed a stratification in
the technical sense. Note that since each My)/G is a (union of) smooth manifolds, it
induces a decomposition (in fact, stratification) of the orbit space M/G.

7.2. The slice theorem for Hamiltonian GG-manifolds. In symplectic geometry
one can go one step further and try to equip the total space to the normal bundle
with a symplectic structure. Thus let (M,w,®) be a Hamiltonian G-space. Assume
that m € ®71(0) is in the zero level set. This implies that the orbit is an isotropic
submanifold: Since ® vanishes on O we have T,,0 C ker(d,,®), on the other hand
ker(d,,®) = T,,0%. The symplectic vector space V = T,,0%/T,,O with the action of
H = G, is called the symplectic slice representation at m.

DEFINITION 7.6. Let H act on a symplectic vector space (V,wy ) by linear symplectic
transformations, and let ®y : V — h* be the unique moment map vanishing at 0 (cf.
4.5),

Oyt V=", (2(v),£) = 3w(v, &)
One calls the symplectic quotient

E=(T*GxV)//H

the model defined by V. Here H acts on T*G x V by the diagonal action, where the
action on T*G is given by the cotangent lift of the right-action of H on G. We let
®p: E — g" be the moment map for the G-action on F inherited from the cotangent
lift of the left-G-action on T*G.

The orbit O = G/ H is naturally embedded as an isotropic submanifold of E, namely
as the zero section of T*G/H = T*(G/H). Its symplectic normal bundle in E is an
associated bundle, G xg V.

REMARK 7.7. The model can also be written as an associated bundle: Identify T*G =
G x g* using left trivialization. The zero level set for the H-action consists of points
(9, 1, v) such that — pry. p+®y(v) = 0. Thus, if we choose an H-equivariant complement
to ann(h) in g*, identifying g* = h* @ ann(h), we see that the zero level set consists of
points (g, Py (v) +v,v) with v € ann(h), and is therefore isomorphic to G x ann(h) x V.
Thus

E =G xy (ann(h) x V).

In this description the moment map ®p is given by

Cp([g, v,v]) = g.(v + Py (v)).
Note however that this identification depends on the choice of splitting.
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THEOREM 7.8. Let (M,w,®) be a Hamiltonian G-manifold, and O = G.m an orbit
i the zero level set of ®. There exists a G-equivariant symplectomorphism between
neighborhoods of O in M and in the model E defined by the symplectic slice representation
V =T,0%/T,,0 of H= G,,, intertwining the two moment maps.

ProoOF. This follows from (equivariant version of) the constant rank embedding
theorem: The symplectic normal bundles of O in both spaces are G x gz V. O

The symplectic slice theorem is extremely useful: For example we obtain a model for
the singularities of M //G in case 0 is a singular value. Indeed, by reduction in stages we
have

(T"G x VJH))G=(T"G x V)/G))JH =V J/H
which shows that the singularities are modeled by symplectic reductions of unitary repre-
sentations. Since the moment map for a unitary representation is homogeneous, the zero
level set ®,'(0) is a cone and hence the singularities are conic singularities. This discus-
sion can be carried much further, see the paper Sjamaar-Lerman, “Stratified symplectic
spaces and reduction”, Ann. of Math. (2) 134 (1991), no. 2, 375-422.

PROPOSITION 7.9. Let (M,w,®) be a Hamiltonian G-space, H C G a closed sub-
group. The connected components of M and My are symplectic submanifolds of M.
For every connected open subset U C My, the image ®(U) is an open subset of an affine
subspace p + ann(h)? C g* for some u € (g*)7.

PROOF. For all m € M¥ the tangent space T, (M) is equal to (T;,M)". But
for any symplectic representation V of a compact Lie group H, the subspace V¥ is
symplectic. (Proof: Choose an H-invariant compatible complex structure. Then V%
is a complex, hence symplectic, subspace.) This shows that M* and the open subset
My € MY are symplectic.

The second part follows from the local model, or alternatively follows: Let Z =
Za(H) be the centralizer and K = Ng(H) the normalizer of H in G, respectively. Thus
Z C K C G and 3 = &7 = g, Dually, identify 3* = (£*) = (g*)?. By equivariance of
the moment map, ®(My) C (M) C (g*)" = 3*. The action of K C G preserves My.
Its moment map W : My — ¥ is the restriction of ® followed by projection g* — &,
but since it takes values in (£*) = 3* it is actually just the restriction of ®. Since
imd,, U = anng (h) = ann(h)? is independent of m € U, we conclude that ®(U) is an
open neighborhood of ®(m) in ®(m) + ann(h)=. d



CHAPTER 7

Hamiltonian torus actions

1. The Atiyah-Guillemin-Sternberg convexity theorem

1.1. Motivation. As a motivating example, which on first sight seems quite unre-
lated to symplectic geometry, consider the following problem about self-adjoint matrices.
Let A = (A1,...,A\,) € R™ be an n-tuple of real numbers, and let O(\) be the set of all
self-adjoint complex n X n-matrices having eigenvalues Ay,..., A,. Let 7 : O(\) — R”
be the projection to the diagonal.

THEOREM 1.1. The image w(O(X)) is the convex hull
A = hull{()\g(l), - ,)\U(n)), o € Gn}
where &,, is the permutation group.

This and related results were proved by Schur and Horn, later greatly generalized by
Kostant and Heckman.

The relation to symplectic geometry is as follows. First, instead of self-adjoint matri-
ces we can equivalently consider skew-adjoint matrices, i.e. the Lie algebra g of G = U(n).
Since all matrices with given eigenvalues are conjugate, O(A) is an orbit for the action
of U(n). Using the inner product

(A, B) = — tr(AB)

on g we can also view it as a coadjoint orbit.

The projection 7 is just orthogonal projection onto the diagonal matrices, which are
a maximal commutative subalgebra t C g. Using the inner product to identify t = t* it
becomes the moment map for the induced 7" C G action.

For this reason the Schur-Horn theorem can be viewed as a convexity theorem for
Hamiltonian torus actions on coadjoint orbits of U(n). Nothing is special about U(n),
analogous results hold for arbitrary compact groups.

1.2. Local convexity. Our discussion of the convexity theorem will follow the ex-
position in Guillemin-Sternberg, “Symplectic Techniques in Physics”. In order to under-
stand how images of moment maps for Hamiltonian T-spaces look like, we first have to
understand how they look like “locally”. We will work with the local model F for the
T-action near any orbit @ = T.m. (In that section we assumed T.m C ®~1(0), but this
can be arranged by adding a constant to the moment map.) Letting H = T,, be the

83
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stabilizer, we have the model
E=(T"(T)xV)/H

where V' is a unitary H-representation. Using the identification T%(7T) = T x t*, the
moment map for the H-action on T*(T) x V is (t,v,v) — —pry.(v) + @y (v) and the
moment map for the T-action on E is induced from the map (¢, v,v) — p+ v. The zero
level set condition for the H-action reads pry.(v) = @y (v). This shows:

LEMMA 1.2. The image of the moment map ®g is of the form
Cp(E) = p+ (pry.) " (Pr(V)).
To understand the shape of this set we need to describe the moment map images of
unitary torus representations (here for the identity component of H acting on V).
Let T be a torus, A C t the integral lattice. Every 1-dimensional unitary representa-
tion
T—-U(1)~S"=R/Z
defines a map t — R, which restricts to a homomorphism of lattices,
a: N—7Z
called the weight of the representation. One calls
A" =Hom(A,Z) C t*
Given a € A* one defines a 1-dimensional representation C, by

exp(€) - z = 2@ 4,

By Schur’s Lemma, any unitary T-representation V' splits into a sum of 1-dimensional
representations, i.e. is isomorphic to a representation of the form

V = @!_,C,

where «; are called the weights of V. Given a symplectic vector space V' with a symplectic
T-representation, one chooses an invariant compatible complex structure I, which makes
V into a unitary T-representation. The weights «; for this representation are independent
of the choice of I, since any two [’s are deformation equivalent. They are called the
weights of the symplectic T-representation.

LEMMA 1.3. Let (V,wy,®y) be a symplectic T-representation with moment map
(v (v),€) = sw(v,&v). The image of the moment map Py is a convez, rational polyhe-
dral cone @y (V) = Cy spanned by the weight o; € A* of the representation:

Cy = cone{ay, ..., a,}

For any open subset U C V', the image ®y(U) is open in Cy; in particular any open
neighborhood of the origin gets mapped onto an open neighborhood of the tip of the cone.
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PROOF. It is convenient to write the moment map in a slightly different form. By
the above discussion, we can choose an equivariant symplectomorphism V' = C" such
that T acts on C" by the homomorphism 7' — (S1)" determined by the weights. The
moment map for the standard (S!)"-action on C" is

D21, 20) =7(lz1 o Jzal®) = 7Y Jzi e
J

where e; is the jth standard basis vector for R™ = (R")*. Hence ®y is a composition of
¢ with the map (R")* — t* dual to the tangent map. The latter map takes e; to .

Thus
Dy (z1,...,2,) = ﬂz 2% .
J

The description of the image of ®y is now immediate. If U C V' is open, then ®4(U) is
open in the positive orthant R, i.e. is the intersection of R’} with an open set U’ C (R™).
(This amounts to saying that the quotient topology on R = C"/(S*)" coincides with
the subset topology.) Since ® is obtained from ®, by composition with a linear map, it
follows that ® is open onto its image. U

Following Sjamaar, we find it useful to make the following definition:

DEFINITION 1.4. Let (M,w, ®) be a Hamiltonian T-space, m € M. Let H = T,, be
the stabilizer of m and Hj its identity component. Let C' C h* be the cone spanned by
the weights for the Hy-action on T, M. The affine cone

C = @(m) + (pry-) ' (C)
is called the local moment cone at m € M.
Thus C), is exactly the moment map image for the local model at m. We have shown:

THEOREM 1.5 (Local convexity theorem). Let (M,w,®) be a Hamiltonian T -space,
m e M, O =T -m. Then for any sufficiently small T-invariant neighborhood U of O
there is a neighborhood V' of ®(m) € C,, such that

oU)=C,NV.
1.3. Global convexity. We now come to the key observation of Guillemin-
Sternberg. Given & € t consider the corresponding component ®¢ = (&, ¢) of the mo-

ment map. A value s € R is called a local minimum for ®¢ if there exists m € M with
®¢(m) = s and ®¢ > s on some neighborhood.

LEMMA 1.6 (Guillemin-Sternberg). Let (M,w, ®) be a compact connected Hamilton-
ian T-space. Then all fibers of ® are connected. Moreover, the function ®¢ has a unique
local minimum /mazimum.

We will prove this Lemma in the next section. For any subset S C t* and p € t* let
cone, (S) ={p+t(v —p)|v e S}
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be the cone over S at pu.

THEOREM 1.7 (Guillemin-Sternberg, Atiyah). Let (M,w, ®) be a compact, connected
Hamiltonian T-space on which T acts effectively. The image A = ®(M) is a convex
rational polytope of dimension dimT. For all m € M, one has

(11) Cp = coneg(m)(A).

PROOF. Since local convexity of a compact set implies global convexity it suffices to
prove Equation (11). Since a neighborhood of the tip of the cone C,, gets mapped into
A, it follows that cone,,(A) D C,,. To see the opposite inclusion, we define, for all £ € t,
the affine linear functional fe = (-,&) — (i, &) on t*. We have to show that for al &,

fele,, = 0= fela > 0.

But f¢ > 0 on C,, means, by the model, that (u,&) is a local minimum for ®¢. By the
Lemma, this has to be a global minimum, or equivalently f¢ > 0 on A. This proves
(11). O

We note that (11) was first observed by Sjamaar, who generalized it also to the non-
abelian case. Since (), is the moment map image for the local model, it shows that ® is
open as a map onto A.

We obtain the following description of the faces and the “fine structure” of A. Let
H C T be in the (finite) list of stabilizer groups, and My the points with stabilizer
H. Recall again that My is an open subset of the symplectic submanifold M. Each
connected component of M¥ is a Hamiltonian T-space in its own right, with H acting
trivially. Thus its moment map image is a convex polytope of dimension dim(7"/H)
inside an affine subspace p+ann(h), with the corresponding component of My mapping
to its interior. That is, the (open) faces of A correspond to orbit type strata, and in
particular the vertices of A correspond to fixed points M. That is,

A = hull(®(M7T))

is the convex hull of the fixed point set. Note however that some of the polytopes ® (M)
get mapped to the interior of A. Thus A gets subdivided into polyhedral subregions,
consisting of regular values of ®.

THEOREM 1.8. Let (M,w,®) be a Hamiltonian T-space, with T acting effectively,
and A C t* its moment polytope. For any closed face A; of A of codimension d;, the
pre-image @1 (A;) is symplectic, and is a connected component of the fived point set for
some d;-dimensional stabilizer group H; C T where b; is the subspace orthogonal to A;.
In particular, the vertices of A correspond to fixed point manifolds.

PROOF. We note that each ®~1(A;) C M is closed and connected, by connectedness
of the fibers of ®. Hence it is a connected component of some M where ann(b;) is
parallel to A;. O
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In particular, Hamiltonian torus actions on compact symplectic manifolds are never
fized point free. (This shows immediately that the standard 2k-torus action on itself
cannot be Hamiltonian.)

EXERCISE 1.9. Let (M, w, ®) be a compact, connected Hamiltonian T-space where T
acts effectively. Let M, = M., be the subset on which the action is free. Show that M,
is connected, and that its image ®(M,) is precisely the interior of the moment polytope

A = (M)

1.4. Duistermaat-Heckman measure. Let us assume (with no loss of generality)
that the T-action on (M,w, ®) is effective. The images of the fixed point manifolds for
non-trivial stabilizer groups define a subdivison of the polytope A into chambers, given
as the connected components of the set of regular values of ®. By the Duistermaat-
Heckman theorem, the volume function y — Vol(M,) is a polynomial on each of these
connected components.

The volume function is equivalent to the Duistermaat-Heckman measure o, defined
as the push-forward

wn

nl

0:= o,

of the Liouville measure under the moment map. Thus p is the measure such that for
every continuous function ¢ on t*,

[oe=[ v6|%

Let orer be Lebesgue measure on t*, normalized in such a way that t*/A* (where A* is
the weight lattice) has volume 1.

EXERCISE 1.10. Let (M,w,®) be a compact Hamiltonian T-space, with T acting
effectively. Show that at regular values of ®, p is smooth with respect to the normalized
Lebesgue measure gr.p, and

o(p) = Vol(M,,) orep

The proof of this fact is left as an exercise. Hint: Use the local model for reduction
near a regular level set. The Duistermaat-Heckman theorem may thus be re-phrased by
saying that o is a piecewise polynomial measure.

Duistermaat-Heckman in their paper use this fact to derive a remarkable “exact
integration formula”, which we will in Section 3.

2. Some basic Morse-Bott theory

The proof of the fact that every component f = ®¢ of the moment map has a unique
local minimum relies on the idea of viewing f as a Morse-Bott function. For any function
f € C*(M,R) on a manifold M, the set of critical points is the closed subset

C={m|df(m)=0}.
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For all m € C there is a well-defined symmetric bilinear form on 7}, M, called the Hessian

d2f(m) (X, Yi) = (Lx Ly f)(m)

for all X,Y € Vect(M). In local coordinates, the Hessian is simply given by the matrix
of second derivatives of f.

The function f is called a Morse function if C is discrete and for all m € C the Hessian
is non-degenerate. More generally, f is called Morse-Bott if the connected components
C7 of C = {m|df(m) = 0} are smooth manifolds, and for all m € C? we have

ker(d*f(m)) = T,,C’.
Given a Riemannian metric on M, consider the negative gradient flow of f, i.e. the
flow F* of the vector field —V/(f) € Vect(M). For all connected components C? we can
consider the sets '
Wi ={m €M, lim F'(m) € ¢}
and '
W? ={me M, Jim F'(m) € C’}.

If f is Morse-Bott then all W7 are smooth manifolds, and one has natural finite decom-
positions ‘ '

M =uU;W’ =u;wi
into unstable/stable manifolds. The dimension of W7 (resp. W) is equal to the di-
mension of C’ plus the dimension of the negative eigenspace of Hess(f), denoted n’..
Thus A A

n?. = codim(W7).

The number 7’ is called the index of C/.

PROPOSITION 2.1. If none of the indices n’ is equal to 1, there exists a unique critical

manifold of index 0, i.e. a unique local minimum of f. If moreover all ni % 1 then all
level sets f~Y(c) are connected.

PROOF. The condition n’ # 1 means that all I/Vj+ of positive index have codimension
at least 2, so that their complement is connected. Hence there is a unique stable manifold
W]-’L with n; = 0. If in addition n’, # 1, the set M, obtained from M by removing all

Mﬂr with n/ > 0 and all M? with ni > ( is open, dense and connected in M. Notice
that M, consists of all points which flow to the (unique) minimum of f for ¢ — oo and to
the (unique) maximum of f for t — —oo. If min(f) < ¢ < max(f) then every trajectory
of the gradient flow of a point in M, intersects f~'(c) in a unique point. Therefore the
map
(f ()N M,) xR — M,, (m,t) — F'(m)

is a diffeomorphism, and in particular f~!(c)N M, is connected. To prove the proposition
it suffices to show that f~1(c)N M, is dense in f~!(c). Let m € f~!(c) and U a connected
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open neighborhood of m. Since ¢ is neither maximum or minimum, U N M* meets both
the sets where f < ¢ and f > ¢, and since it is connected it meets f~'(c). g

Returning to the symplectic geometry context, we need to show:

THEOREM 2.2. Let (M,w,®) be a Hamiltonian G-space, £ € g. Then f = ®% is a
Morse-Bott function. Moreover all critical manifolds C7 are symplectic submanifolds of
M, and the indices n’_ are all even.

PRrROOF. Let H C G be the closure of the 1-parameter subgroup generated by &.
Then H is a torus. The critical set of f is given by the condition

0= d(®,&)(m) = e(Ear(m))wm.

Since w is non-degenerate, it is precisely the set of zeroes of the vector field &, or
equivalently the fixed point set for the 1-parameter subgroup {exp(t&)|t € R} C G. Let

H = {exp(t§)|t € R}.

then H is abelian and connected, hence is a torus, and C is just the set of fixed points
for this torus action. Let m € C, and equip T,,M =V with an H-invariant compatible
complex structure. As a unitary representation, V' is equivalent to V' = @©C,, where
a; are the weights for the action. By the equivariant Darboux-theorem, V' serves as a
model for the H-action near m. In particular the fixed point manifold C = M gets
modeled by the space of fixed vectors V!, which is a complex, hence also symplectic
subspace. This shows that all C; are symplectic manifolds. Moreover the moment map
in this model is (a constant plus)

2w ) laPey=m) (4 +8) o,
i i

in particular

f=m)_lzlPa; =7 (@ +p)) (a;,€).

From this it is evident that f is Morse-Bott and that all indices are even. U

The fact that all indices are even has very strong implications in Morse theory: It
implies that the so-called lacunary principle applies, and the Morse-Bott polynomial is
equal to the Poincare polynomial. (I.e. the Morse inequalities are equalities — Morse
functions for which this is the case are called perfect.) This gives a powerful tool to
calculate the cohomology of Hamiltonian G-spaces: in particular for isolated fixed points,
this gives

dim H*(M, Q) = #{ critical points of index k };

in particular all cohomology sits in even degree if all indices are even.

COROLLARY 2.3. Suppose M admits a Morse-Bott function f such that the minimum
of f is an isolated point and all n’_ # 1. Then M is simply connected.
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ProOOF. Given any m € X and a loop v € X based at m, one can always perturb
so that it does not meet the stable manifolds of index > 0. Applying the gradient flow
to 7 contracts v to the minimum. O

Examples are coadjoint orbits of a compact Lie group (the fact that coadjoint orbits
are compact submanifolds of a vector space allows one to show that for generic compo-
nents of the moment map the minimum is isolated.) Thus coadjoint orbits are simply
connected. (We remark that this is not true in general for conjugacy classes.). Let
G/G, be a coadjoint orbit where G is compact, connected. View G, as the fiber over
the identity coset. Given any two points in G, they can be joined by a path in G. The
projection to G/G,, is a closed path, hence can be contracted. Lifting the contraction to
G produces a path in G, connecting the two points. Thus all stabilizer groups for the
(co)-adjoint action are connected.

3. Localization formulas

Let (M,w, ®) be a compact Hamiltonian T-space. For simplicity we assume that the
set M7 of fixed points is finite. (This is for example the case for the action of a maximal
torus T' C G on a coadjoint orbit O = G-p.) Given p € MT let a;(p),. .., a,(p) € A* C t*
be the weights for the action on T,M.

THEOREM 3.1 (Duistermaat-Heckman). Let & € t© be such that (a;(p), &) # 0 for all
p,j. Then one has the exact integration formula

/M pGZMT i(p), £>‘

One way of looking at this result is to say that the stationary phase approximation
for the integral [, e™*®% < is ezact!

Our proof of the DH- formula will follow an argument of Berline-Vergne. Notice first
that the integrand is just the top form degree part of

Consider the derivation
de: Q(M) = Q' (M),de i= d — 1(Ear)
The differential form w + (P, ) is de-closed, i.e. killed by d,:
de(w +(2,6)) = —e(Ear)w + d(®, &) = 0.

Moreover o := e“H®8) s de-closed as well. Berline-Vergne prove the following general-
ization of the DH-formula:
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THEOREM 3.2. Let M be a compact, oriented T-manifold with isolated fized point
set. Given p € M7 let aj(p) be the weights for the action on T,M, defined with respect
to some choice of T-invariant complex structure on T,M. Suppose Ey # 0 on M\M?T.
Then for all forms o € Q*(M) such that dece = 0, one has the integration formula

Qo] p)
/ Hdim M) = Zm i(0),€)

peMT

In the proof we will use the useful notion of real blow-ups. Consider first the case of
a real vector space V. Let

S(V) = V\{0}/Ro

be its sphere, thought of as the space of rays based at 0. Define V as the subset of
V xS(V),

~

Vi={(v,x) € V x S(V)|v lies on the ray parametrized by z}.

Then V is a manifold with boundary. (In fact, if one introduces an inner product on
V then V = S(V) x Rsg). There is a natural smooth map = : V — V which is a
diffeomorphism away from S(V). If M is a manifold and m € M, one can define its
blow-up 7 : M — M by using a coordinate chart based at m. Just as in the complex
category, one shows that this is independent of the choice of chart (although this is
actually not important for our purposes).

Suppose now that M is a T-space as above. Let 7 : M — M be the manifold with
boundary obtained by real blow-up at all the fixed points M”. The T-action on M lifts
to a T-action on M with no fized points. In particular £;; has no zeroes. Choose an
invariant Riemannian metric g on M, and define

. g(§M7'> 1/
= el S

Then 6 satisfies 1({;;)0 = 1 and d26 = Le,,6 = 0. Therefore

0 .
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is a well-defined form satisfying d¢y = 1. The key idea of Berline-Vergne is to use this
form for partial integration:

/a:/ﬁ*a
M M

pEMT S(TPM)
= > aglp) / o
pEMT S(TPM)

Thus, to complete the proof we have to carry out the remaining integral over the sphere.
We will do this by a trick, defining a d¢-closed form o where we can actually compute
the integral by hand.

Consider the T-action on T,M = Z?Zl Ca,(p) for a given p € M T, Introduce coordi-
nates r; > 0,t; € [0,1] by z; = r; €>™ 1. Given ¢ > 0 let y € C®(Rxg) be a cut-off
function, with x(r) =1 for r < € and ¢ = 0 for € > 2. Define a form

n

o = [[(=de(x(ry) dty)) = [ ({a;(p), &) = x'(rj)dr; A dt;).

j=1 j=1
Note that this form is well-defined (even though the coordinates are not globally well-
defined), compactly supported and de-closed. Its integral is equal to

n

/TPM a=[(=x(rp)dry) = 1.

1

j:

On the other hand aqq = [[}_, ({(a;(p), €))

Choosing € sufficiently small, we can consider « as a form on M, vanishing at all the
other fixed points. Applying the localization formula we find

-/ a—}jl<<aj<p>,g>> [

1
/S(TPM) T (). 8)

thus

Q.E.D.
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The above discussion extends to non-isolated fixed points, in this case the product
H?:1<aj (p), &) is replaced by the equivariant Euler class of the normal bundle of the fixed
point manifold.

One often applies the Duistermaat-Heckman theorem in order to compute Liouville
volumes of symplectic manifolds with Hamiltonian group action. Consider for example
a Hamiltonian S' = R/Z-action with isolated fixed points. Identify Lie(S!), so that the
integral lattice and its dual are just A = Z, A* = Z. Let H = (®, ) where & corresponds

to 1 € R. By Duistermaat-Heckman,

= ZH”

peM St

Notice by the way that the individual terms on the right hand side are singular for t = 0.
This implies very subtle relationships between the weight, for example one must have

ZHH =0

ems?t

for all £ < n. For the volume one reads off,

Vol(M n‘ Z HJ T

pEMS1
4. Frankel’s theorem

As we have seen, Hamiltonian torus actions are very special in many respects: In
particular they always have fixed points. It is a classical result of Frankel (long before
moment maps were invented) that on Kéhler manifolds the converse is true:

THEOREM 4.1. Let M be a compact Kahler manifold, with Kdhler form w. Consider a
symplectic S*-action on M with at least one fived point. Then the action is Hamiltonian.

ProOOF. Let dim M = 2n. We need one non-trivial result from complex geometry,
which is a particular case of the hard Lefschetz theorem: Wedge product with w™!
induces an isomorphism in cohomology;,

AWt HY (M) = H*Y(M).

Let X € Vect(M) be the vector field corresponding to 1 € R = Lie(S'). We need to
show that txw is exact. By hard Lefschetz, this is equivalent to showing that (xw™ is
exact. Let m € M5 be a fixed point. In a neighborhood of m we can identify M as
a T-space with T, M. Let o € Q**(T,,M) be an invariant form supported in an e-ball
around 7,, M, normalized so that me yo = i) 1y @". Choosing e sufficiently small we
can view o as a form on M. Since ¢ and w™ have the same integral, it follows that
w" — o = df for some invariant form 3 € w?*~'M.Then

WX (o — ") = o(X)dB = Ly — du(X)8 = —du(X)8,
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showing that ¢(X)(o — w™) is exact. We thus need to show that ((X)o is exact. This,
however, follows from the Poincare lemma since it is supported in a ball around m, where
one can just apply the homotopy operator. U

5. Delzant spaces

DEFINITION 5.1. A Hamiltonian T-space (M,w,®) with proper moment map & is
called multiplicity-free if all reduced space M, are either empty or 0-dimensional. We
call (M,w, ®) a Delzant-space if in addition M is connected, the moment map is proper,
and the number of orbit type strata is finite.!

Thus, if T" acts effectively, (M, w, ®) is Delzant if and only if dim M = 2dim 7.

EXAMPLES 5.2. (a) M = C" with the standard action of "= (S*)". The mo-
ment map image is the positive orthant R} C R"™ = t*. More abstractly, if V' is
a Hermitian vector space, the action of the maximal torus 7" C U(V) on V os
Delzant.

(b) M = CP(n) with the action of T' = (S§*)"*!/S! (quotient by diagonal subgroup)
coming from the action of (S')"™! on C"*'. The moment map image is a sim-
plex, given as the intersection of the positive orthant RTFI with the hyperplane
Y ot; = m. More generally, if V' is a Hermitian vector space, the action of the
maximal torus 7" C U(V') on the projectivization P(V) is Delzant.

(¢c) M =T*(T) with the cotangent lift of the left-action of 7" on itself. The moment
map image is all of t*. We will call this, from now on, the standard T-action on
T(T).

(d) Suppose (M,w,®) is a Delzant T-space, and H C T is a subgroup acting freely
on the level set of u € h*. Then the H-reduced space (M,,w,, ®,) is Delzant.
The moment map image ®(M,,) € t* is the intersection of ®(A/) with the affine
subspace prg*1 (n). We can view M, as a Delzant T'/H-space, after choosing a
moment map for the 7'/ H-action; such a choice amounts to choosing a point in
pry- ().

The moment map images for Delzant spaces can be characterized as follows. Let
A C t be the integral lattice, i.e. the kernel of exp : t — T. Let A C t* be a rational
convex polyhedral set of dimension d = dim T, with £ boundary hyperplanes. That is,
A is of the form

k
(12) A =(\Hun,
=1

where v; € A are primitive lattice vectors and \; € R, and

Hvi,)\i = {M S t*|<l%v¢> < )‘%}

IThe finiteness assumption is not very important, and is of course automatic if M is compact.
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For any subset I C {1,...,k} let A; be the set of all u with (u,v;) = \; for i € I. We
set Ap = int(A).

DEFINITION 5.3. The polyhedral set A C t* is called Delzant if for all I with A7 # (),
the vectors v;, ¢« € I are linearly independent, and

spang{v;|i € I} = A Nspang{v;|i € I}.

REMARK 5.4. For compact polyhedral sets, (that is, polytopes) it is enough to check
the Delzant condition at the vertices. The Delzant condition means in particular that
each v; has to be a primitive normal vector, i.e. is not of the form v; = av] where v; € A
and a € Z~y.

EXAMPLE 5.5. Let T = (S%)? and identify t = t* = R? and A = A* = Z?. The
polytope with vertices at (0,0),(0,1),(1,0) is Delzant. However, the polytope with
vertices at (0,0),(0,2),(1,0) is not Delzant. Indeed, for the vertex at (1,0) the two
primitive normal vectors are v; = (0,—1) and vy, = (2,1), and they do not span the
lattice Z2.

The Delzant condition for A; # ) says that >
equivalently,

jerSivi €N s; €Ztorall jel, or
eXp(Z s;jvj) =14 s; =0mod Z for all j € 1.
jel
Thus if we define a homomorphism

oa: (SHF =T, (515, 8%)] — exp(z 8;0;)

and let

(SH = {[(s1,...,s)] € (SY)*| s; =0modZ for j & I}
be the product of S!-factors corresponding to indices j € I, the Delzant condition is
equivalent to saying that ¢a restricts to an inclusion ¢ : (S')! — T. The image
H; = ¢a((SY)') C T is obtained by exponentiating h; = spang{v;| j € I'}; by definition
it is the subspace perpendicular to A; C t*.

THEOREM 5.6. Let (M,w,®) be a Delzant T-space with effective T-action. Then
A = ®(M) is a Delzant polyhedron. For all open faces F C A, the pre-image ®1(F) is
a connected component of the orbit type stratum My C M for H = exp(hg), where hr C t
18 the subspace perpendicular to F. In particular, all stabilizer groups are connected.

PROOF. Let p € F, O = T.m € & (u) an orbit, and H = T, the stabilizer group.
We had seen that the cone,(A) is equal to the local moment cone
Crn = pu+ (pry) (),
where C' C h* is the cone spanned by the weights aq,...,ar € h* for the H-action on
the symplectic vector space V = T,,(0)¥/T,,(O). By dimension count, k = dim¢ V' =
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1dim M — dim(T/H) = dim H. It follows that ; are a basis of h*. Since ann(h) C t* is
the maximal linear subspace inside the cone (pry.)~!(C), it must coincide with the space
parallel to F'. That is, h = hp.

The action of H on V must be effective since the T-action on E is effective. Thus
H acts as a compact abelian subgroup of U(V') of dimension dim H = dim¢ V. So its
identity component Hj is a maximal torus. But it is a well-known fact from Lie group
theory that maximal tori are maximal abelian, so H = Hj. In particular, we have shown
that all points in ®~!(F) have the same stabilizer group.

It follows that the map H — (S')* defined by the roots is an isomorphism. This
means that «ag,...,a; are a basis for the weight lattice weight lattice (A N h)* in bh*.
Equivalently, the dual basis wy, ..., w; € h are a basis for A N'h. We have

C = cone{ay,...,an,} ={v € h*| (v,w;) > 0},
which identifies the {wy, ..., wg} with {v;| ¢ € I}. O

Delzant gave an explicit recipe for constructing a Delzant space with moment poly-
tope a given Delzant polyhedron. The following version of Delzant’s construction is due
to Eugene Lerman.

Let (S1)* act on the cotangent bundle T*(T) via the composition of ¢ with the
standard T-action on T*(T). In the left trivialization T*(T) = T x t*, a moment map
for the T-action is projection to t*. Hence

k
Ua(t,p) = (mvs)e; — > Ajey
Jj=1 J
is a moment map for the action of (S')*. Let (S1)* act on C* in the standard way, with
moment map 7. [2]* ¢;.

DEFINITION 5.7. For any polyhedron A let Da be the symplectic quotient
Da = (T*(T) x C*) J (SN,
by the diagonal action, with T-action induced from the standard T-action on 7%(7T).

THEOREM 5.8. Suppose A is a Delzant polyhedron. Then the action of (SY)¥ on the
zero level set of (T*(T) x CF) is free, and the quotient Da is a Delzant-T-space. The
moment map image of D is exactly A.

PROOF. Let ((t, 1), 2) in the zero level set. Thus
(s vi) = A — 7T|Zi|2'

If z; # 0 then the ith factor of (S')* acts freely at ((¢, ), z). Thus we need only worry

about the set I of indices i with z; = 0. For these indices (i, v;) = ;. Let (S)? be the

product of copies of S corresponding to these indices. By the Delzant condition, ¢a

restricts to an embedding (S*)! — T. Since T acts freely on T*(T), so does (S*)!. This

shows that the action is free, and Dx is a smooth symplectic manifold. To identify the
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image of the T-moment map note that, given p € t*, one can find ¢, z with ((¢, u), 2) is
in the zero level set if and only if (u, v;) < A;. 0

DEFINITION 5.9 (Lerman). Let A be a Delzant polyhedron, and (M, w, ®) a Hamil-
tonian T-space. The cut space defined by A is the symplectic quotient

Ma = (M x Dy))T
with T-action induced from the action on the first factor.

It is immediate that 7%(T')a = Da: In particular, T*(S")j,c) = C. We will now use
these two facts to prove:

THEOREM b5.10 (Delzant). Every Delzant space (M,w,®) is determined by its mo-
ment polyhedron A = ®(M), up to equivariant symplectomorphism intertwining the
moment maps.

PROOF. Usually this is proved using a Cech theoretic argument. Below we sketch
a more elementary (?) approach. The idea is to present M as a symplectic cut Ma
of a connected, multiplicity free Hamiltonian T-space M with free T-action. Since the
action of T on M is free, the map ® is a Lagrangian fibration over its image. Thus
we can introduce action-angle variables which identifies M as an open subset of 7%(T).
Therefore, M = Ma = T*(T')a = Da.

We now indicate how to construct such a space M. Let i; € {1,...,k} be an
index such that A;, # 0, and S = ®~(A;,) the symplectic submanifold obtained as its
preimage. It is a connected component of the fixed point set of H; , and has codimension
2. Let vg = T'S¥ be its symplectic normal bundle. After choosing a compatible complex
structure it can be viewed as a Hermitian line bundle. Let () C vgs be the unit circle
bundle inside Q. It is a T-equivariant principal S'-bundle, and vg = Q x¢1 C. Let
To : @ — S be the projection map. Let a € QQ)? be a T-invariant connection
1-form, and consider the closed 2-form

woxc = Tows +we + 7d(|za).
It is easy to check that this 2-form is basic for the S!-action, so it descends to a closed
2-form
Wyg € 92(V5).
Furthermore, w,, is non-degenerate near S = @Q/S*. Tt follows that there exists an
equivariant symplectomorphism between open neighborhoods of S in M and in vg. Now

vs = (Q X R)p,o0) (cut with respect to the S*-action), where @ x R is equipped with the
2-form

woxr = Tows + we + d(sa).

We have a natural diffeomorphism between @ x R.q and vg\S, preserving 2-forms. We
can thus glue M\ S with a small neighborhood of @ in @ X R_, to obtain a new connected
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multiplicity free Hamiltonian T-space (M7, wy, ®1) with one orbit type stratum less. The
original space is obtained from M; by cutting,

M = (MI)H1

where H; is the affine half-space (u,v;) > A;. Continuing in this fashion, construct
spaces My, My, ..., M, = M where n is the number of faces of A. We have

M = (M), = (Ma)ryomy = - - = (My)a,

The final space M, = M no longer has 1-dimensional stabilizer groups, so the T-action
is free as required. O



