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Preface
i preparation

The argument in the present notes is a more detailed version of [1, §2], except for (Dy) and the
part of (Ay) beyond (A}); see Remark 1.1 below.

Resources that the author found useful, but are not cited for specific statements, include [8].

1 Introduction and Overview

For a smooth manifold X, we denote by Diff(X) the group of diffeomorphisms of X (with the
product given by the composition of functions). For a symplectic manifold (X,w), we denote
by Symp(X,w) the group of symplectomorphisms of (X,w), i.e. diffecomorphisms ¢ of X such
that ¥*w = w. A smooth action of a Lie group G' on a smooth manifold X (resp. symplectic
manifold (X, w)) is a group homomorphism

¥: G — Diff(X) (resp. G — Symp(X,w)), U — Wy, (1.1)

such that the map
U:GxX — X, U(u,x) = Py (),

is smooth. For each veT1G,
G =dgyp(v) e I'(X; TX), C(z) =d1,2)¥(0,0) € T, X VrzeX, (1.2)
is then a well-defined smooth vector field on X. For any action ¢ as in (1.1), let
XV = {zeX: y(z)=2 VueG}
denote its fixed locus. If in addition x € X, let
Go(¥) = {ueG: v (2)=a} (13)

denote the stabilizer of z in G.

An action ¢ in (1.1) is called effective if the group homomorphism v is injective. It is called
irreducible if the associated vector space homomorphism

d1y: ThG — T'(X; TX), v — Cy,

is injective; otherwise, it is called reducible. An effective action is irreducible, but an irreducible
action may have a discrete nontrivial kernel and thus not be effective.

Let G be a Lie group. A moment map for a smooth action of G on a symplectic manifold (X,w) is
a smooth map

~A({p(}0) = 1w =w(Gn) ¥ vETHG,

.4 e .t
pod a8 p(tu(@) = A2, (u(z) ¥ zeX, ued,

(1.4)

[\



where AdY_, : Ty G — T} G is the dual of the adjoint action Ad,-1 of G on TG} see [34, Sec-
tions 3.46]. On the left-hand side of the first equation in (1.4), {u(-)}(v) denotes the smooth
function on X given by

{w(P): X — R, {u( P} () = {p@)}(v).
On the right-hand side of this equation, w((,,-) denotes the 1-form on X given by
w(Cy,): TX — R, {w(o, W) =w(l(z),w) YVzeX, wel,X.

If G is abelian, the second equation in (1.4) is equivalent to p being G-invariant. A smooth G-
action on (X,w) that admits a smooth map p: X — TG satisfying the first condition in (1.4)
(resp. admits a moment map) is called weakly Hamiltonian (resp. Hamiltonian). In such a case,
p is determined up to an additive constant (respectively, an additive constant fixed by the Ad*-
action of G on T;G). If G is connected, Exercise 3.13(a) implies that a smooth action of G on X
that admits a smooth map p: X — TG satisfying the first condition in (1.4) is in fact an action
on (X,w). By Proposition 3.25(3), such a map is G-invariant (and so is a moment map) if G is
connected, abelian, and either G ~ R or either G or X is compact. If G is connected and X is
compact or G is semisimple, a smooth map p: X — T; G satisfying the first condition in (1.4) can
be replaced by a moment map yi: X — T3 G for the G-action 1) on (X, w); see Proposition 3.25(4)
and Corollary 3.28, respectively. We will call a tuple (X,w, ¥, u) a Hamiltonian G-manifold if (X, w)
is a symplectic manifold, 1 is a smooth G-action on (X,w), and u is a moment map for this action.

A closed manifold is a compact manifold without boundary. We call a closed subset Z of a smooth
manifold X a closed submanifold if every topological component, i.e. a maximal connected subset,
of Z is open in Z and is a smooth manifold without boundary smoothly embedded into X. In other
words, every topological component of Z has an open neighborhood in X disjoint from the rest
of Z and is a submanifold of X in the usual sense, but the dimensions of these submanifolds may
not be the same. In such a case, the components of Z are also its path components; as usual, we
denote the set of these components by my(Z). We will call a Hamiltonian G-manifold (X,w, ), 1)
closed (resp. connected) if the manifold X is closed (resp. connected).

1.1 Convexity Theorem

The convex hull of a subset S of a vector space V is the subset
m m
CH(S) = {sti: meZt, si,...,sm€S, r1,...,rmeRZ", Zri = 1} cV.
i=1 i=1

If SCV is a finite subset of V, then CH(.S) is called a polytope. In such a case, we denote by Ver(S)
the set of vertices of CH(.S), i.e. the minimal subset of S so that CH(Ver(S))=CH(S). Since this
subset of the polytope P=CH(S) is determined by P itself, we will also denote it by Ver(P). The
dimension of a polytope P is the dimension of the minimal affine subspace of V' containing P. A
(closed) face of a polytope P is the intersection P with the hyperplane L~!(c) for some nonzero
linear functional L: V — R and c¢€R such that

Lv)>c¢ VoveP.



Such a face is the convex hull of Ver(P)NL~!(c) and thus is a polytope in itself. The interior P° of
a polytope P is the complement of the proper faces of P in P. An open face of P is the interior of
a face of P. An edge (resp. facet) of a polytope P is a face of P of dimension 1 (resp. codimension 1).
We denote by Edg(P) the set of edges of a polytope P and by Edg, (P) C Edg(P) for each v € Ver(P)
the subset of the edges containing v. For e € Edg(P), we call v, €V an edge vector for e if

Pﬂ{v—i—tve: tER} =eCV

for a vertex v € Ver(e). A full tuple of edge vectors for a polytope P is an element (ve)ccpdg(p)
of VEde(P) 5o that v, is an edge vector for each e€ Edg,(P).

Following [1], we call a smooth R¥-action 1 on a smooth manifold X almost periodic if there exists
a smooth action v’ of a torus T, i.e. a compact connected abelian Lie group, on X and a group
homomorphism

p:RF — T st 4 =eop: RF — Diff(X). (1.5)
If the image of p is dense in T (which can be achieved by replacing T with the closure of p(RF)),
then X¥=Xv". If in addition ¢ preserves a symplectic form w on X, then so does 1'. This implies

the existence of an R*-invariant Riemannian metric on X and thus of an R¥-invariant w-compatible
almost complex structure on X in Theorem 1 below; see Exercises 3.7 and 3.14.

Theorem 1. Suppose ke Z*, (X,w,, i) is a closed connected Hamiltonian R*-manifold, and the
RF-action 1 is almost periodic.

(Ax) The subset u=1(a) C X is connected for every a € TyRE.
(By) The image u(X) CTERF of X is a convex subset.

(Ci) The -fived locus XV is a closed symplectic submanifold of (X,w), ply is constant for each
Y € mo(XY), and u(X) is the convexr hull of the finite subset u(X¥) C TyRF with at most
(dim X)/2 edges at each vertex.

(D) The map p: X — pu(X) is open.

(Ey.) The components of a full tuple of edge vectors for the polytope u(X) at any given vertex
of (X)) span TERY if and only if the action 1 is irreducible.

(Fy.) If the action 1 is irreducible, then the subset Crit(u) of points x € X so that dyu is not
surjective is a finite union of (not necessarily disjoint) closed symplectic proper submanifolds

of (X,w), and the image of each such submanifold under p is contained in a hyperplane
of TYRF.

The first claim in (Cy) is straightforward and holds for any smooth Lie group action on a sym-
plectic manifold (X,w) preserving a Riemannian metric on X; see Remark 3.9 and the proof of
Proposition 3.16(1). The second claim in (Cy) follows from the first and the observation that

XV ={zeX:du=0};

this identity is a consequence of (1.4) and Proposition 3.2(1). The first claim in (Fy) is a straight-
forward consequence of the equivariant splitting (3.14) of TX|y for each Y €mo(X?).



The interesting parts of Theorem 1 are (Ag), (Bg), (Dg), and the remaining claims in (Cg) and (Fy).
The fundamental reason behind these statements is the local form of the moment map p provided
by the first part of Corollary 3.40. This part of Corollary 3.40 is in a sense a Hamiltonian version of
the Darboux Theorem. It ensures that (Ag), (Bg), and (Dg) hold locally and establishes (Eg), the
last claim in (Fy), and Theorem 2(1) on page 7. We use the global, Morse-Bott theory statement
of Proposition A.8 and the first, local statement of Proposition A.5 to obtain

(A7) p(a)C X is connected for every regular value a € T§RF of ,

via an induction of the dimension of the torus T, as in [1, 23], and to deduce (Dy) from its local ver-
sion. The remaining part of (Ay) follows from (A}), (Dy), and (Fj) via Exercise A.10. Claim (By)
of Theorem 1 is obvious for k=1, follows readily from (Aj) for £ >2, and leads to the last claim
in (Cg).

By the last claim in (Cy), p(X) CTS‘]R’“ is a polytope, called a moment polytope for the Hamiltonian
action 9 on (X,w). It is well-defined up to translation. Since a torus T is the quotient of a
finite-dimensional vector space by a lattice, Theorem 1 immediately implies its statement with R*
replaced by T. In such a case, the moment polytope p(X)CT;T has additional properties; see
Theorems 2 and 3 on pages 7 and 8, respectively. Figure 1 on page 16 shows moment polytopes
for the two torus actions on (CP?, wgs.2) of Exercise 2.9.

Remark 1.1. The three parts of the statement of [1, Theorem 1] are (Ag), (Bg), and (Cy) in
Theorem 1, while (Fj) is stated at the beginning of the proof of (A}) and is justified at the end of
Section 2 in [1]. The proof in [1] contains (at least) two gaps, both at the top of page 6.

(G1) It is claimed that (Aj) implies (Ay) by continuity. This is indeed the case for k = 1; see
Lemma A.9. However, this may not be the case for k>2, even if the regular values are dense
in the image (as is the case at the top of page 6). As an example, pinch the points +1, —1
of the unit circle S* CR? to the origin (so that the preimage of 0€R? consists of two points,
while the preimages of all other points contain at most one point). Replacing the circle with
a 2-torus, we can ensure that the set of regular values is dense in the image. Statement (D)
is the key property of p needed for the by continuity claim in [1], but it does not even appear
in [1], and neither does the local description of u of Corollary 3.40 needed for this statement.
Both play prominent roles in other approaches to the convexity theorem; see Section 1.4.

(G2) Tt is implicitly assumed that if (cy,...,cx) € R¥ is a regular value of an R¥-valued smooth
function (f1,..., fx) on a smooth manifold X, then (ci,...,c,_1) € R¥"! is a regular value
of (fi,..., fx—1). This need not be the case, including in the setting on page 6 in [1].

Remark 1.2. The statements (By) and (Cy) in Theorem 1, with R¥ replaced by a torus T, form [2,
Theorem IV.4.3] and [23, Theorem 5.5.1]; [9, Theorem 27.1] includes (Aj) as well. The arguments
in [2, 9, 23] generally follow [1], with [2] stating (Aj) as part of the proof and replicating the two
gaps of Remark 1.1 in the middle of page 115 almost wverbatim. In [23], only (A}) is stated as
part of the argument, making the issue (G1) in Remark 1.1 extraneous, while the gap (G2) is
resolved. In order to deduce (Bj) from (A%), it is claimed in the last full sentence on page 239
in [23] that any two points in X (M in [23]) with the same value of a Hamiltonian (A" in [23])
can be approximated by two points in the preimage of a regular value of the Hamiltonian (the same
regular value for both points). However, this is precisely what is needed to deduce (Ay) from (A}),



as indicated by the proof of Lemma A.9. This property is implied by the Hamiltonian being an
open map onto its image, i.e. (Dg), as suggested by Exercise A.10, but neither the openness of
the Hamiltonian nor its local description as in the first part of Corollary 3.40 is ever brought up
in [23]. Thus, the attempt in [23] to bypass (G1) while establishing (Bjy) contains fundamentally
the same gap. In [9], the proof of (Aj) is relegated to Homework 21, which deals only with (A}),
while resolving (G2) as in [23]; neither the openness of the Hamiltonian nor its local description is
mentioned in [9] either. While (Fy) is also stated at the beginning of the proof of (A%) in [23] with
a note that it is established later in the proof, (Fj) is never addressed in [23]. The equivariant
splitting (3.14) of TX |y for each Y € mo(X ") needed to establish even the first claim in (F}) does
not appear anywhere in [23].

1.2 Kahler case

For a Lie group G and v€T1G, let e’ € G be the exponential of v; see [34, §3.30]. Define
(T1G)z = {veT1G: e’ ={1}} and (I7G)z = {a€T;G: a(v)€ZVve(T1G)z}.
If G’ CG is a Lie subgroup, then
(T1G)z = (ThG)zNTWG' € TG

and the image of (77G)z under the restriction homomorphism 77G)z — T7G is contained
in (T5G")z. If T is a torus, then (T3T)z C 71T and (T3T)z CT;T are lattices, i.e. the homo-
morphisms

(T1T)z®zR — T4 T, v®c — cv, and (T7T)z2zR — T]T, a®c — ca,
are isomorphisms of real vector spaces, and the map
TyT/(T1T)z — T, [v] — €,

is an isomorphism of Lie groups. We call a € T;T integral if o€ (75 T)z and a line segment in 75T
rational if it is parallel to an integral element of 75 T.

Exercise 1.3. Let T be a torus.
(a) Suppose that V CT3T is a linear subspace. Show that
eVE{e”: ’UEV} cT
is a subtorus if and only if V' is the R-span of a finite subset of (71T)z.

(b) Suppose T'CT is a subtorus. Show that there exists a subtorus T C T so that the Lie group
homomorphism
T xT¢ — T, (', u') — u'u'C,

is an isomorphism. Conclude that the restriction homomorphism (75T)z — (T5T)z is sur-
jective.

(c) Suppose SC (T3 T)z—{0} and p: R¥ — T is a homomorphism with dense image. Show that

pra=aodop #0 € TERF and p*a#p*a’ Y a,d’ €S, a#d.



The complexification of a torus T is the complex Lie group
Tc = (ThaT®rC) /(T1T)z®r {1}

with T3 Tc =T1 TRRC. An almost complex structure on a smooth manifold X is an endomorphism .J of
the real vector bundle 7X — X covering the identity on X so that J?=—Idrx. A complexification
of a smooth T-action ¥ on a symplectic manifold (X,w) is a smooth T¢-action on X,

Yo: Te — Diﬁ(X), U — anu s.t.
dyYc(v+iv') = dpp(v)+Jdgp(v') € T(X;TX) Vo, o' €TyT, (1.6)

for some almost complex structure J on X compatible with w and preserved by v, i.e.
w(w, Jw) >0 VweTX, w#0, w(Jw,Juw')=w(w,w') Yw,w' e€TX, and
{dethu} tododptpy=J: T,X — T, X  VueT, zeX.

If X is compact, the conditions (1.6) with v =0 determine R-actions in the imaginary directions.
However, these actions may not commute with %) or each other and thus not give rise to a T¢-action.

Theorem 2. Suppose T is a torus and (X,w, v, u) is a closed connected Hamiltonian T-manifold.

(1) All edges of the polytope u(X)CTyT are rational.

(2) If Y¥c is a complezification of ¥, x € X, and Oy(¢c) C X is the closure of the Tc-orbit
O, (Yc)=Tcx of z, then

(2a) Ver(u({Y €mo(X¥): Y NOu () #0}) = u({Y €mo(X¥): Y NOu(vc) #0});

(2b) 11(Ox(vc))=CH(u({Y €mo(X¥): YNOu(vc) #0}));
(2¢) for every open face o of the polytope (O (), u~ (o)NOL(Yc) is a single Tc-orbit;

(2d) the map O (Yc)/T— (Ox(Ye)), [2'] — u(a'), is a well-defined homeomorphism.

If T~S" or J is an integrable almost complex structure on X compatible with w and preserved by
a smooth T-action ¢ on (X, w), then (1.6) determines a complexification ¥¢ of 1; see Exercise 4.1.
In the latter case, Theorem 2(2) reduces to [1, Theorem 2|, but the argument in [1] applies to the
general case of Theorem 2(2). The crucial implication of (1.6) is that the action of the imaginary
components (which correspond to the radial direction in C*) is given by the gradient flow of
projections of i to one-dimensional subspaces of T;T; see (3.28).

Remark 1.4. As stated, [1, (3.6)] is wrong. For example, it fails if C' C N*— N consists of a
single point. However, [1, (3.6)] is used in the proof of Theorem 2(2) in [1] only to obtain the
second statement in [1, (3.7)]. The latter is correct, as it follows from Proposition A.7(6), which
corrects [1, (3.6)].

1.3 Symplectic toric manifolds

Let T be a torus. A polytope P CTyT is Delzant if there exists a full tuple (e )ccrag(p) of (integral)
edge vectors for P such that for each vertex n of P the components a. with e € Edg, (P) form a Z-
basis for (77T)z; this property of P is typically called smoothness in the literature. In particular,



all edges of a Delzant polytope are rational. Furthermore, the number of edges containing any
given vertex is the same as the dimension of T; this property of P is typically called simplicity. A
symplectic toric T-manifold is a connected Hamiltonian T-manifold (X,w,, 1) so that

dim X =2dimT, (1.7)

the action ¢ on X is effective, and the moment map p: X — 77T is proper. By Delzant’s Theorem,
Theorem 3 below, the map

(X, w, 9, p) — pu(X)

induces a bijection between the equivalence classes of compact symplectic toric T-manifolds and
Delzant polytopes in 77 T.

Theorem 3 ([13, Théoreme 2.1, Section 3.2]). Let T be a torus.

(0) If (X, w, 1), 1) is a compact symplectic toric T-manifold, then the moment polytope u(X)C T T
is Delzant.

(1) For every Delzant polytope P C T;T, there exists a (necessarily compact) symplectic toric
T-manifold (X,w, ¥, p) with pu(X)=P.

(2) If (X,w, v, u) and (X', ', 9", 1) are compact symplectic toric T-manifolds with pu(X)=u(X"),
then there exists a T-equivariant diffeomorphism

o X — X' st w=0" p=pod.

Claim 0 of this theorem is a consequence of the following description of the moment map p1: X — T7T.

(0T) If (X,w,, i) is a compact symplectic toric T-manifold, then there exist a subtorus T C T
for every face F' of the polytope p(X) and a full tuple (ae).crdg(p) Of integral edge vectors
for (X)) so that

(0ta) Tp={e": veThT, ae(v)=0YecEdg,(F)} for every face F of P and ne Ver(F);
(0*b) T, (v))=Tr for every face F of P and every x € pu~t(F°);

(0*c) the restriction p: p~'(F°) — F° is a principal T/T g-bundle with w-isotropic fibers,
i.e.w|p,-1(; =0 for every ne F°.

Similarly to Theorems 1(Ex) and 2(1), this statement is a consequence of the equivariant split-
ting (3.14) of TX |y for each Y € mo(X¥) and Corollary 3.40; we establish it at the end of Section 4.2.
By (1.7) and (07c), the dimension of u(X) is the same as the dimension of T and T, x)={1}.
Along with (0Ta), the latter implies that for each vertex n of p(X) the components a, with n€e
span (T5T)z over Z. Combining this with the last claim of Theorem 1(Cy) and (1.7) again, we
conclude that these components form a Z-basis for (T3T)z.

Theorem 3(1) is readily obtained by applying the Hamiltonian symplectic cut of [21, Proposition 2.4],
which is detailed in Section 5.2, to the Hamiltonian T-manifold (73 TxT, wr, ¢, ut) of Exercise 2.14
with respect to the collection .7 of half-spaces of 77T cutting out the polytope P. We establish
Theorem 3(2) by describing a reverse of the Hamiltonian symplectic cut in Section 5.3; this imple-
ments the argument sketched in the proof of [24, Theorem 7.5.10].



1.4 Alternative approaches to Convexity Theorem

Other approaches to Theorem 1(Cy) on page 4, with R* replaced by a torus T, have appeared in
particular in [17, 18, 5, 6]. In contrast to [1, 2, 23, 9], they clearly emphasize the significance of the
local form of the moment map p as in Corollary 3.40 and make it possible to relax the compactness
condition on X to the properness of u. These approaches differ in how they pass from the local
versions of (Ay), (Bg), and (Dg) implied by this local form to the global versions appearing in The-
orem 1. The global, Morse-Bott theory statement of Proposition A.8 and the first, local statement
of Proposition A.5 used in [1, 2, 23, 9] to inductively confirm (A}) on page 5 is used in [17, §5]
instead to deduce (By) from its local version and to establish (Cy); the remaining statements of
Theorem 1 do not appear in [17]. An enlightening summary of the reasoning in [17] appears in [30].

The most succinct approach to passing from the local properties provided by the first part of
Corollary 3.40 to the global statements of Theorem 1 is arguably presented in [6]. It is motivated
by the following point set topology result from the 1920s.

Proposition 1.5 (Tietze-Nakajima Theorem, [33, Satz 1], [6, Theorem 1]). A closed connected
locally convex subset of R¥ is conver.

Remark 1.6. Nakajima’s paper [29] typically credited for Proposition 1.5 contains several state-
ments in the same spirit, most concerning subsets of R? and R3, but not the actual statement of
this proposition.

Let f: X — V be a continuous map between topological spaces. Such a map is fiber connected if
f~Y(v) C X is connected for every v € V. If in addition V is a vector space, f is convex if for any
g, r1 € X there exists a path

~: ([0, 1,0, 1) — (X,a:o,xl)

from xp to z1 in X such that the map fo-~ is fiber connected and f(y([0,1])) is contained in the
line segment from f(z¢) to f(z1) in V. The conditions on v mean that the path

foy: ([0,1],0,1) — (V, f(z0), f(z1))

traces the line segment from f(zp) to f(z1) in V without reversing the direction at any point in
time.

Proposition 1.7 ([6, Theorem 15]). Suppose X is a connected Hausdorff topological space, V is
a finite-dimensional vector space, and f: X — 'V is a proper continuous map. If for every r€ X
there exists an open neighborhood U C X of x such that f|y is convex and f: U— ®(U) is open,
then f is a convex map and f: X — f(X) is an open map. In particular, f is fiber connected and
f(X)CV is conver.

Taking V =R*, X cR* to be a closed connected locally convex subset, and f: X —V to be the
inclusion in this proposition, we recover Proposition 1.5; the closedness of X implies the properness
of f. By Exercises 1.8-1.10 below, Corollary 3.40 implies that the moment map p of Theorem 1
satisfies the local condition on f in Proposition 1.7.

Exercise 1.8. Suppose f;: X; —V; for i=1,2 are convex maps. Show that the map
Jixfa: XixXo — Vi x Vs

is also convex.



Exercise 1.9. Suppose k,meZ=%, f: R¥ —R™ is a smooth function so that the differential dgf

is surjective, and U is a neighborhood of 0 in R¥. Show that f is open and convex on some
neighborhood U’ of 0 in Y.

Exercise 1.10. Suppose m€Z=?, SCR™ is a finite subset,

f: CS — Rm, f((wOé)OLGS) = Z |wa’2aa

a€sS

and U is a neighborhood of 0 in C°. Show that the map

F:C5 5 0o(S) = { Y taa: ta €RZ VaeS}
a€esS

is open and f is convex on some neighborhood U’ of 0 in U.

Proposition 1.7 is a variation on the purely topological local-to-global theorems of [18, 19, 4, 5],
which do not involve geometric input as in Propositions A.8 and A.5 used in [1, 17, 2, 23, 9]. The
conditions on the continuous function f in [19, Theorem 3.10] and [5, Theorem 2.28], for example,
are arguably more ad hoc, explicitly involving an assignment of a cone in the target vector space V'
of f to each point in the domain topological space X and thus fitting more closely with the output
of Corollary 3.40; see Proposition 1.11 below.

Let V be a vector space. For SCV and ve€ S, define
RT(S—v) = {r(v—v): v'€S, reR*}, Ly(S) =Rt (S—v) C V.

A subset S C V is locally polyhedral if for every v € S there exists a neighborhood U C V' of v
such that
SNU = {v+v": v € L,(9)} NU.

A closed convex subset S CV is a (closed) cone with vertex at ve V if v+¢(v' —v) € S whenever v' €S
and t € RT. Such a subset is locally polyhedral. If S#V is a cone and V is a finite-dimensional
vector space, then S is contained in a (closed) half-space, i.e.

S c{weV: L(w)>c}
for some nonzero linear functional L: V —R and ceR.

Let f: X — V be a continuous map between topological spaces. Such a map is locally fiber
connected if for every x € X and open neighborhood U C X of = there exists an open neighborhood
U’ C U such that f|y is fiber connected. If in addition V is a finite-dimensional vector space, a
tuple (C;)zex of closed convex cones in V' based at 0 is called local convexity data if for every y € X
and an open neighborhood U C X of y there exists an open neighborhood U, CU such that f|y, is
fiber connected, f(x)—f(y)€Cy for every x€U,, and

Uy — Cy, r — f(z)—f(y),

is an open map.
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Proposition 1.11 ([18, Theorem 3.4],[19, Theorem 3.10]). Suppose X is a connected Hausdorff
topological space, V is a finite-dimensional vector space, and f: X — V' is a proper locally fiber
connected map. If f admits local convezity data (Cy)zex, then f is a fiber connected map, f(X)CV
is a closed convex locally polyhedral subset, f: X — f(X) is an open map, and Cy= L) (f(X))
for every xe X.

For a topological space X, A C X, and x € A, the connected component of A containing x is the
maximal connected subset A, C A containing x. For a continuous map f: X — V between
reasonable topological spaces, the Reeb quotient space,

Xp=X/~, z~d if flo)=f@) eV, (T (f@), =" (), CX,

is Hausdorff; see [14, Theorem 4.5]. A continuous map f: X — V is fiber connected if and only if
the induced map

is injective. This perspective on fiber connectivity appearing in [12] provides the motivation for
the proof of Proposition 1.11 in [19].

2 Preliminaries

2.1 Notation and terminology

For k€Z=0, let [k]={1,2,...,k}. If Y C X is a smooth submanifold of a smooth manifold, let
NxY =TX|y/TY —Y
denote the normal bundle of Y in X. If H: X — R is a smooth function, we denote by
Crit(H) = {zreX:d,H=0}

its set of critical points. The gradient of H with respect to a Riemannian metric g on X is the
vector field VIH on M defined by

g(VIH |z, w) = d H (w) VeeX weT, X. (2.1)

Let X be a smooth manifold and G be a Lie group. For a map p: X —7T7G and veT1G, define

i X R, (@) = (@) Hw). (2:2)
A basis v1,...,v; for T3 G determines identifications
k
RF — TG, (riy...,m8) — eri, and T;G — R, a— (a(vl), ... ,a(vk)). (2.3)
i=1

The latter isomorphism identifies smooth (G-invariant) maps p: X — T7G with smooth (G-
invariant) maps H: X — R* by

o H=(for, - o) (2.4)
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A smooth (G-invariant) map p: X — T5G satisfying the first condition in (1.4) with respect to
a smooth action ¢ of G on a symplectic manifold (X,w) corresponds via (2.4) to a smooth (G-
invariant) map

H=(Hy,...,H): X —R" st dH;= -, w Vie[k], (2.5)

where Co; = dat(v;) € T'(X; TX).
We call such a smooth function a weak Hamiltonian for the action ¢ on (X, w) with respect to basis
v1,...,v for TyG. If H corresponds to a moment map via (2.4), then we call it a Hamiltonian

for the action 1) on (X, w) with respect to basis v1,...,v; for T1G. If G is a connected abelian Lie
group, a weak Hamiltonian is a Hamiltonian if and only if it is G-invariant.

We denote by ey, ..., e, € RF the standard orthonormal basis and by R; C R¥ the R-span of e;. A
smooth action 1 of R* on a smooth manifold X (resp. symplectic manifold (X,w)) is equivalent
to k commuting smooth R-actions ¢; =|g, on X (resp. (X,w)). In such a case, we will call

G=dule) = S| eTOGTX), el (2.6)
t=0

the generating vector fields of 1) and a Hamiltonian H as in (2.5) with respect to the basis ey, ..., ex
for TyR* simply a Hamiltonian for . If k=1 or X is compact, such a Hamiltonian corresponds
to k smooth functions H;: X — R satisfying the condition in (2.5) with (,, = (;; see Proposi-
tion 3.25(3).

Suppose T is a torus and vy,...,v, €T1T is a Z-basis for the lattice (7T3T)z C 71T and thus an R-

basis for T3 T. The isomorphisms in (2.3) then identify (74T)z and (T3 T)z C T3 T with Z*¥ CR*. The
first isomorphism in (2.3) also induces a Lie group identification of T with the standard torus T*,

k
oy .0t Tk = (R/Z)k :Rk/Zk — T, ¢v1...vk([7”17 . ,T’k]) = H oTivi (2.7)
=1

Exercise 2.1. Suppose T is a torus and vy,...,v; €T1T is Z-basis for the lattice (T3T)z CT1T.
Let a1, ...,a; € (I3T)z be the dual basis. For ue T, let m,: T—T be the multiplication by w.
Show that the diffeomorphism

k
q)vl...vk: Rk X’]Tk — TETXT, (I)vl...vk((l'ly LR l'k), [7’]) = (Z i, ¢'U1‘..”Uk ([T])>7 (28)
i=1

is equivariant with respect to the identification ¢y, ., in (2.7) and satisfies
dmo ({d@vl...vk }(61«1 )) =0 and

vielk], (2.9
{Wl(q)vl...vk ((:L‘l, L. ,.CL‘k), [T]))}(d%yka([T])m‘f’vrwk([_r]) (d?TQ ({dq)vlmvk }(@n )))) =z S [ ] ( )

where 71, m9: Ty TXxT — 17T, T are the projections, 0, is the i-th coordinate vector field on RF,
and 9y, is the coordinate vector field on T* induced by the i-th coordinate vector field on R*.
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We take the standard Z-basis for (T3T*)z to be
2miey, ..., 2mie, € TyTF C Ty 1yCF.

A smooth action ¢ of T* on a smooth manifold X (resp. symplectic manifold (X,w)) is equivalent
to k commuting smooth S'-actions ¥; =1|g1 on X (resp. (X,w)), where S} C TF=(S1)* is the i-th
component subgroup S'. Similarly to the affine case, we then call

d
1/)1‘;6277'115 S F(X; TX), 1€ [k‘],

G = dg(2mie;) 1 -

the generating vector fields of ¢ and a Hamiltonian H as in (2.5) with respect to the basis
2riey, ..., 2miey, for TyT* simply a Hamiltonian for ¢. By Proposition 3.25(3), such a Hamilto-
nian corresponds to k smooth functions H;: X — R satisfying the condition in (2.5) with (,, =:.

Exercise 2.2. Suppose 9 is a smooth action of a Lie group G on a manifold X as in (1.1),
w is a symplectic form on X, p: X —T;G is a smooth map, and p: G'— G is a Lie group
homomorphism. Let

p*=(dyp)*: T;G — Ty G
the homomorphism induced by p. Show that
(a) 1op is a smooth action of G’ on X and the map p*op: X —T;'G’ is smooth;

(b) if the action 1 preserves w, so does the action 1o p;

(c) if the map p satisfies the first (resp. second) condition in (1.4), then the map p*opu satisfies
the first (resp. second) condition in (1.4) with (¢, u) replaced by (iop, p*op).

Exercise 2.3. Suppose 1 is a smooth R¥-action on a manifold X as in (1.1), w is a symplectic
form on X, H: X —R" is a smooth map, and A is a real kxm-matrix (determining a linear map
from R™ to R¥). Show that

(a) oA is a smooth R™-action on X and the map A"oH: X — R™ is smooth;
(b) if the action 1 preserves w, so does the action 1o A;

(c) if the map H is a weak Hamiltonian for the action 1 on (X,w) (resp. RF-invariant), then the
map A"oH is a weak Hamiltonian for the action 9o A on (X,w) (resp. R™-invariant).

Exercise 2.4. Suppose 9 is a smooth action of a Lie group G on a manifold (X,w) asin (1.1), w is
a symplectic form on X, p: X — TG is a smooth map, and G’ CG is a subgroup acting trivially
on X. Let ¢: G— G/G’ be the quotient projection. Show that

(a) if G’ C G is a normal subgroup, then the action ¢ of G determines a smooth action ¢’ of the
Lie group G/G" on X so that ¢¥=1'oq;

(b) if the action 1 preserves w and G’ C G is a normal subgroup, then the induced action ¢’
of G/G' on X also preserves w;

(c) if X is connected and the map p satisfies the first condition in (1.4), then
ape =olne ¥ a,a0€pu(X);
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(d) if X is connected, the map p satisfies the first condition in (1.4), G’ CG is a normal subgroup,
and ag € (X)), then the smooth map

p—oop: X — {a€TyG: a|ne =0} =T1(G/G") (2.10)
satisfies the first condition in (1.4) with (¢, u) replaced by (¢', u—ayp);

(e) if (X,w,®, u) is a Hamiltonian G-manifold, G’ C G is a normal subgroup, and
ap € (I;G)° ={acT;G: Ad(e)=aVueG}
satisfies (2.10), then (X,w, ', p—ap) is a Hamiltonian G/G’-manifold;

(f) if G is abelian, (X,w,®, p) is a Hamiltonian G-manifold, and o € T} G satisfies (2.10), then
(X, w, ¢, u—ap) is a Hamiltonian G//G’-manifold.

Exercise 2.5. Suppose J and ¢ are smooth actions of a Lie group G on manifolds X and X , re-
spectively, Y C X is a smooth submanifold preserved by ¢, p: ¥ — X is a G-equivariant surjective
submersion, w and w are symplectic forms on X and X, respectively, such that p*w=w| ., and

X —T'G  and  pu: X — TG
are maps such that pop = fil;. Show that
(a) if the action @Z preserves w, then the action 1 also preserves w;

(b) if the map p is smooth, then the map p is also smooth;

(c) if the map g is smooth and satisfies the first (resp. second) condition in (1.4) with (X, w, 1, u)
replaced by (X,w,, i), then the map p is also smooth and satisfies the first (resp. second)
condition in (1.4) as stated.

2.2 Paradigmatic examples
Exercise 2.6. Let k,ncZ" with k<n and
n
wen = dei/\dyi (2.11)
i=1
be the standard symplectic form on wen. Show that the action of S* on C” given by
e%it-(zl, ceeyZp) = (21, ey Zpe, €2 Zht1y - - ,zn)
is Hamiltonian with respect to we» with a Hamiltonian

H:C" —R, H(z,...,2,) = w2

Exercise 2.7. With n and wcr as in Exercise 2.6, let ¢ be the action of C™ on (C",wcn) by
translations, i.e.

Py : C" — C™,  y(z) = z2+4u, Y ueCr.
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Let eq,...,e, be the standard C-basis for C™ and z; = xp +iyg be the split of the k-th complex
coordinate on C™ into real ones. Show that

H= ( —y+ai, r1+b1,. .., —yn—l—an,xn+bn) :C" — R*" (2.12)
is a weak Hamiltonian for the action ¢ of C™ on (C", wcr ) with respect to the R-basis ey, ieq, ..., e,,ie,
for TyC™=C" for any aq, b1, ..., an, by €ER and that every weak Hamiltonian for the action ¢ of C™

on (C™, wen) with respect to this basis is given by (2.12) for some aq, by, ..., ay, b, €R. Conclude
that the action ¢ of C" on (C",wcn) is not Hamiltonian.

Exercise 2.8. Suppose (V1) is a finite-dimensional complex vector space and €2 is a nondegenerate
2-form on V' compatible with i, i.e.

Qw,iw) >0 YweV—-{0}, Qw,iw)=Qw,w) Yw,w eV.

Via the canonical identification T,V ~V for each w € V', i and () determine an almost complex
structure J on V and a symplectic form w compatible with J. Let ¢: T— GL¢cV be a complex
representation of a torus T on V. Show that

(a) there exist a subset S(Y)C(75T)z and a splitting

V= @Va s.t. we” ((wa)aES) = (eQWia(U)wa)aes VovelyT, (wa)aES € @Va )
a€esS a€eS

(b) the action v is Hamiltonian with respect to w with a moment map

p:Vo— T]TT’ :U’((wa)aES) =7 Z‘wa|2a v (wa)aesg@vav
a€csS acsS

where | - | is the norm on V with respect to the metric g(-,-) =Q(-,i-).

Exercise 2.9. Let n€Z" and ¢q: C"—{0} — CP"! be the usual quotient projection.

(a) Suppose U C CP™! is an open subset and s: U —C"—{0} is a holomorphic section of g,
i.e. gos=idy. Show that the 2-form

i -
WFS;n—l‘U = %88111]3]2, (2.13)

where | - | is the standard (round) norm on C", is independent of the choice of s.

(b) By (a), (2.13) determines a global 2-form wrs.,—1 on CP"~!, called the Fubini-Study symplectic
form. Show that this form is indeed symplectic,

1
*
q WFS;n—1 n1 — —WCn e and WFS;1 = 1.
n |TS2 1 T ‘TS2 L cp!

Hint. The restriction of ¢ to the interior of the upper hemisphere S_% CS?=83N(CxR) is a
diffeomorphism onto the complement of a point in CP?.
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1 1

Figure 1: The images of CP? under Hamiltonians for the torus actions of Exercise 2.9.

(c) Show that the actions of T"=(S1)" and T"~!=(S*)"~! on CP"~! given by

(62““1, ... ,e%it") 21,0y 20] = [e%itlzl, ... ,62”“" zn],

(ezmtl ezmtn,l) e2mit1 e2mitn—1 Zn—1, Zn] (2.14)

yeens -[zl,...,zn]:[ 2y e,

are Hamiltonian with respect to the symplectic form wrs,,—1. Determine the moment poly-

topes for these actions, in particular showing that in the n=3 they are as depicted in Figure 1.

Exercise 2.10. Let k€ ZT, T*=RF/ZF is the standard k-torus, and
r=(x1,. . Tk), Y= (Y1, - -, Yk): RFxRF — R*

be the projections to the two components. Show that

k
(a) wg EZ dz;Ady; is a well-defined symplectic form on R¥ x T*:
i=1

(b) the action vy, of T* on R* xT* given by
Y (2, [y]) = (2, [y+7]),
is well-defined, free, and smooth, preserves wy, and has
Hy: RFxTF — RF, Hy(z,[y]) = =,
as a Hamiltonian with respect to wy.

An automorphism ¢: X — X of a set X is an involution if $? =idx. If (X,w) is a symplectic man-
ifold, a smooth involution ¢ on X is called anti-symplectic if ¢*w=—w. A Lagrangian submanifold
of a symplectic manifold (X, w) is a submanifold ¥ C X such that

1
dimY = 3 dim X and w|ry = 0.
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Exercise 2.11. Suppose (X,w) and (X’,w’) are symplectic manifolds of the same dimension and
f: X — X' is a smooth map. Show that f is a symplectomorphism with respect to w and w’ if
and only if the graph of f,

Gr(f) ={(z, f(z): veX} C Xx X',
is a Lagrangian submanifold of X x X’ with respect to the symplectic form njw—mjw’, where
m, e X x X' — X, X'
are the component projections.

Exercise 2.12. Let Y be a smooth manifold and Ar+y be the 1-form on (the total space of) its
cotangent bundle 7: T*Y — Y given by

Arey |y (w) = {m*0} (w) = 0({dgm }(w)) YV OET*Y, weTy(T*Y).
Show that

(a) {df}* P Ar«y =Ap«ys for every diffeomorphism f: Y — Y’ between smooth manifolds (thus
{df}y: T*Y'—T*Y is well-defined);

(b) wry+=—dAp+y is a symplectic form on (the total space of) T*Y and wp+gn =wcn under the
natural identification of T*R" =R" x R™ with C";

(c) for every y €Y, there is a canonical decomposition T, (T*Y)=T,Y ®T;Y and

0, ifv,wel,Y orv,weT;Y;
CUT*Yy(’U,’w) -

w(v), veTyY and weT,Y.
Exercise 2.13. Let Y be a smooth manifold, Ay+y be the canonical 1-form on the cotangent
bundle 7: T*Y —Y of Y as in Exercise 2.12, and « be a 1-form on Y. Show that
(a) a*Apr+y =a and the map
Ga: TY —TY,  ¢a(0) = ar@)—0,
is a smooth involution satisfying ¢} Ap+y =m"a— Ap+y;
(b) the involution ¢, above is anti-symplectic with respect to wp~y if and only if da=0.

Exercise 2.14. Let T, vy, ..., vk, Py, .4, and m,, for u€ T be as in Exercise 2.1, (RFXT®, wy,, Uy, Hy)
be as in Exercise 2.10, and wp, be as in Exercise 2.12. Define

Op: TfTXT — T3T, Pp(a,u) = {dymy,-1} o, and wr={&, 1 V.

V1.V

Denote by vt the action of T on 77T x T by the multiplication on the second component and
by pr: Ty TXT—T7T the projection to the first component. Show that wr = —®wr«t and
(T3 TXT, wr, ¢, pr) is a Hamiltonian T-manifold which does not depend on the choice of a Z-basis
v1, ..., v, €TYT for the lattice (T4T)z CTyT and is identified with (R xT*, wy, vy, Hy,) via @y, oy, -
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Exercise 2.15. (a) Suppose ¢ is an involution on a neighborhood of 0 € R with ¢(0) =0. Let
Jacg(¢p): R" — R™ be its Jacobian at 0 so that

¢(z) = {Jaco(¢)}z+Q(z)

for some quadratic term @: R" —R" (Q(0)=0, Jaco(Q)=0) and all = in a neighborhood of
0€R™. Show that there exist neighborhoods U and W of 0 €R™ so that

h:U— W, h(z) = :L‘—l—%{Jaco(qﬁ)}Q(fL‘),

is a well-defined diffeomorphism satisfying ho¢p={Jacy(¢)}h.

(b) Let X be a smooth manifold and ¢ : X — X be a smooth involution. Show that every
connected component of the fixed locus of ¢,

X?={zeX: ¢(z)=z},
is a smooth submanifold of X.

(c) Suppose in addition w is a nondegenerate 2-form on X such that ¢*w= —w. Show that X?c X
is a Lagrangian submanifold of (X, w).

Exercise 2.16. Suppose (X,w) is a symplectic manifold, Y C X is a Lagrangian submanifold, J
is an w-compatible almost complex structure on X, and wp+y is the canonical symplectic form
on T*Y as in Exercise 2.12. Show that

(a) J(TY)CTX]|y is a subbundle complementary to 7Y
(b) themap ®y.;: J(TY) —T*Y, Py, j(w) =w(-,w), is an isomorphism of vector bundles over Y;

(¢) @y wr+y |1, (s(1Y) =w|T,x under the canonical identification

T,(J(TY)) =T,Y®J(T,Y) = T, X.

3 Group Actions on Manifolds

3.1 Group actions and flows of vector fields

This section collects basic facts about smooth actions of Lie groups, especially abelian ones, on
smooth manifolds. For a group G and u€ G, let

Ly,Ry,¢y: G — G, L) =w, R,(u)=vu, c,(v)=uu'u"?

denote the left multiplication, right multiplication, and conjugation, respectively, by u. If in
addition G is a Lie group, v’ € G, and v' € T,y G, define

w' = dy Ly (V') € Ty G and vV'u=dy Ry, (V') € Ty G .
If G is a Lie group, ue G, and ve TG, let

Adu(v) = dﬂcu(v) € T]lG (31)
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By [34, §3.46/7],

%Adem(v’) =[v,7], Ady([v,v]) = [Adu(v), Ad,(v")] VueG, v,v' €eT1G, (3.2)
t=0

where [v,v'] is the Lie bracket on 771G as in [34, §3.8]. If h: [a,b] — G is a smooth path, this
implies that

%Adh_l(v’) = —Adj-1 ([h’h_l,v’]) , where h':%: [a,b] — TG. (3.3)

Exercise 3.1. Suppose ¥ is a smooth action of a Lie group G on a smooth manifold X as in (1.1).
Show that

(a) the maps
dyp: G — Diff(TX), u—> dyp,, and dy*: G — DI(T*X), u— dy={dy, '},

are smooth actions of G on T'X and T* X, respectively, lifting the G-action ) on X and linear
on the fibers of the vector bundles T X, T* X — X;

(b) the 1-form Ap-x of Exercise 2.12 is preserved by the action di¢*.
Proposition 3.2. Let X be a smooth manifold.

(1) The flow of a complete vector field  on X determines a smooth R-action v on X by

Yo = idx, %@Dt(x) = ((¢u(z)) VEER, z€X.

Conversely, a smooth R-action b on X is the flow of the vector field { on X given by

(z) = %wt(x)’ vreX. (3.4)

In particular, X¥={x€ X : {(x)=0}.

(2) If+ is a smooth R-action on X with associated vector field ¢ and x € XV, the linear R-action d1
on T, X 1is the flow of the vector field

Vil ToX — ToX,  w— Vo, (3.5)

on T, X, where V is any connection in the vector bundle TX — X. If in addition J is a
W-invariant endomorphism of this vector bundle, i.e.

{dwtp} Tododpthi=J: TwX — TwX  VieR, 2/ €X, (3.6)

then
ViwC = JVyu(C YweTl,X. (3.7)
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Proof. (1) If ¢y: X — X is the time ¢ flow of (€I'(X;TX) for each t€R, then

Ysrt =10 X — X

see [34, Theorem 1.48]. Thus, the map (1.1) is a group homomorphism and 1) is a smooth R-action
on X. Conversely, if ¢ is a smooth R-action on X and (€I'(X;7X) is given by (3.4), then

d

d
o = idx, &Tﬂt(ﬂi) = &wsﬁ(ﬂﬁ) = ((¢r(2));

s=0

d
= gws (¢t (x))

s=0

the second equality above holds because (1.1) is a group homomorphism. Thus, v, is the time ¢
flow of . The last claim in (1) follows immediately.

(2) Let z€ X¥ and 7: (—4,5) — X be a smooth curve such that «(0)=z. Then,

dd D d

%dxwt (’Y/(O)) = &@M (’Y(S)) ’s,tzo = &aiﬁt (’Y(S)) = %C(V(S))

= Vy ¢,

t=0 5,t=0 s=0

where D/ds denotes the covariant derivative with respect to any torsion-free connection in 7X; the
penultimate equality above holds by the second claim in (1) for the R-action 1) on X. By second
claim of (1) for the R-action d,1 on T, X, d ¢, is thus the time ¢ flow of the vector field V|,
on T, X given by (3.5) (which is independent of the choice of V because ((z)=0).

If in addition J is a v¥-invariant endomorphism of the vector bundle T'X — X, then
dy i (Jw) = Jdpthy(w) VweTyX, 2 eX.

Setting 2’ =z above, differentiating the resulting equation at ¢t =0, and using the previous state-
ment, we obtain (3.7). O

Exercise 3.3. Suppose k€Z=0, 9 is a smooth RF-action on a smooth manifold X, and € X. Let
R* C R* be the largest linear subspace fixing 2 and RS C R* be a complementary linear subspace.
Show that q

— () #0e T, X VveRS—{0}.

dt =0
Exercise 3.4. Let 1) be a nontrivial smooth action of R¥ (resp. k-torus T* = (R/Z)*) on a smooth
manifold X as in (1.1). Show that there exist an irreducible smooth action ¢’ of R™ (resp. T™)
on X for some meZ"' and a full-rank real (resp. integer) m x k-matrix A so that ¢y=1'0 A4, i.e.

Yy =Yy, € DIff(X)  VYveRF (resp. veT").

Furthermore, if the action 1) is almost periodic in the first case, then so is the action /. Hint.
Let G be a compact Lie group. For every v € T1G, the closure of the one-parameter subgroup
{e': teR} is a torus.

Exercise 3.5. Suppose ¢ is a smooth action of a Lie group G on a smooth manifold X as in (1.1).
For each ve€T1G, let (, €T'(X;TX) be the vector field on X generated by v as in (1.2). Show that
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(a) if ue @G and v,v’ € TyG, then

* _ d
CAdu,1(v) = quv = d¢u I(Cvo"?z]u)a C[v,v’] = &CAdew(v’) = _ECUCUI = - [va Cv’]a (3'8)
t=0
where L is the Lie derivative;

(b) if h: [a,b] — G is a smooth path and h'=42: [a,b] — TG, then

d
% = Ch/h—l Owh. (39)

Exercise 3.6. Let Y be a smooth manifold, Ap+y and wp+«y be the canonical 1-form and the
canonical symplectic form, respectively, on T*Y as in Exercise 2.12, and ¥ be a smooth action of
a Lie group G on T*Y.

(a) For each v € T1G, let ¢, € I(T*Y;T(T*Y)) be the vector field on T*Y generated by v as
in (1.2) with X =7T"Y. Show that the smooth map

p:TY — T/G defined by {u(z)}(v) = —Ar+y (Go(2)) YveTG,
satisfies the second condition in (1.4).

(b) Suppose in addition the action v preserves Ap=y, i.e. ¥ Ap«y = Ap«y for every u € G. Show
that the map p above is a moment map for the action v on (7Y, wp-y ).
3.2 Fixed loci of group actions

Exercise 3.7. Let @ be a smooth action of a compact Lie group on a smooth manifold X as
n (1.1). Show that there exists a 1-invariant Riemannian metric on X, i.e. a Riemannian metric g
on X such that

g(dwwu(w),dmzﬂu(w’)) = g(w,w") VueG, zeX, w,w' €T, X.

Suppose Y C X is a closed submanifold of a smooth manifold. A tubular neighborhood identification
for Y in X is a diffeomorphism ®:U/ — U from an open neighborhood of Y in a subbundle
TYCTX|y complementary to TY to an open neighborhood of Y C X such that

O(y) =y, dye=id: LU=T,(TY")=T,YOTY*| — T,Y®TY| =T,X=T,U VyeY. (3.10)

Proposition 3.8. Let ¥ be a smooth action of a compact Lie group G on a smooth manifold X as
in (1.1).

(1) The fized locus XV C X of ¢ is a closed submanifold with
T(XY) = (TX)¥. (3.11)
(2) If Y C X is a closed submanifold preserved by 1» and TY CTX |y is a subbundle complementary
to TY and preserved by 1, then there exists a tubular neighborhood identification ®: U — U

for' Y in X with U CTYC which is G-equivariant with respect to the actions ¥ on X and dy
onTX.
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Proof. Let g be a Riemannian metric preserved by the group action v, as provided by Exercise 3.7.
Its Levi-Civita connection V is also preserved by G. If weTX, ~vy: (a,b) — X with a<0<b is
the geodesic with respect to V of g with +/,(0)=w, and u€ G, then

Yy 0V : (aab) — X

is the geodesic with respect to V with (¢,07,)"(0) = {d,, 0)Yu}(w), ie. Yyoy, = Ndy 0y} (W)
Thus, the exponential map

exp: W — X, exp(w) = vw(l) YweWcCTX,
with respect to V satisfies
{de, }(OW) =W and exp ({dwu}(w)) =y (exp(w)) VueG, weW, (3.12)

i.e. it is G-equivariant with respect to the actions ¥ on X and d on T'X.

(2) Since
{dgexp}(w) =w € T, X VeeX, weW, (3.13)
for each y €Y the restriction of exp to a neighborhood of y in TY“NW is a diffeomorphism onto an

open neighborhood of y in X by the Inverse Function Theorem. Since Y C X is closed, it follows
that there exists a neighborhood U’ of Y in TY“NW so that

exp: U — U(U")

is a diffeomorphism onto an open subset of X. This map satisfies both conditions in (3.10) by the
definition of the exponential map. Since G is compact,

U= () dpU) cU cTYNW
ueG

is a neighborhood of Y CTY® preserved by the G-action. By (3.12), the restriction
O=exply: U — U=exp(Ud) C X

is a G-equivariant diffeomorphism from an open neighborhood of Y in 7Y to an open neighbor-
hood of Y in X with the required properties. This establishes (2).

(1) It is immediate that X¥ C X is a closed subset. For each y € XV, let ®, : U, — U, be a
G-equivariant tubular neighborhood identification as in (2) with ¥ = {y} and U, C T,X. By the
G-equivariance of ®,,

®,: (T,X)" Uy — X¥NU,
is a homeomorphism for every y € X¥. Thus, each topological component of X% is a submanifold

of X; see [34, 1.33(b)]. By the G-equivariance of ®,, (3.11) holds as well. O

Remark 3.9. The conclusion of Proposition 3.8(1) also holds if 7o(G) is finite and X admits
a G-invariant metric (but G is not necessarily compact). The first paragraph in the proof of
Proposition 3.8 still applies. For (1) in this proof, U, CT,X can be taken to be any neighborhood
of 0€T,X on which the map exp is injective.
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Corollary 3.10. Let ¢ be an irreducible almost periodic action of R¥ on a smooth manifold X as
in (1.1). The subspace Crit(v)) of points of X with stabilizers containing a one-dimensional linear
subspace of R¥ is a countable union of (not necessarily disjoint) closed proper submanifolds of X .

Proof. Let p: R¥ — T and 9’ be as in (1.5). For each one-dimensional linear subspace L CR¥, the
closure Ty, C T of p(L) in T is a torus. By (1.5), the fixed locus X** C X of the smooth action ¢'|t,
on X is the same as the fixed locus X of the smooth action ¢|;,. By Proposition 3.8(1), X* is thus
a closed submanifold of X (possibly empty). Since the action 1 is irreducible, |y, is a nontrivial
action and X+ X. Thus, Crit(¢) is the union of the closed submanifolds XT # X taken over the
subcollection

A={T: LeRP*'}
of subtori of T. Since the subtori of T are generated by finite sets of vectors in (71T)z, the
collection A is (at most) countable. O
For a torus T and a € (T5T)z, let
To = {": veTT, a(v) EZ}.

If «#0, T, C T is a codimension 1 closed subgroup. If « is primitive, i.e. a#ka/ for any o € (T;T)z
and k € Z with k> 2, then T, C T is a codimension 1 subtorus. For a subset S C (T;T)z and a
closed subgroup G CT, let

Ts= ()T« and Sg={a€S:GCTa}.
a€esS

Thus, Tg C T is a closed subgroup of codimension at most |S|, SgC.S is the maximal subset so
that GCTg,, and St =S9.

Proposition 3.11. Let ¢ be a smooth action of a torus T on a smooth manifold X as in (1.1)
and Y C X% be a topological component of the 1-fized locus.

(1) There exist a subset S(Y)C (T5T)z—{0} and a splitting
TX|ly =TY ® PNy —Y (3.14)
aeS(Y)
of TX|y into a direct sum of vector bundles preserved by di) so that the bundles N¢Y are
nonzero and complex with

dper (w) = 2™ Wy Ve T, we NYY, acS(Y). (3.15)

In particular, 2|S(Y)| <codimxY . If X is connected and the action v is irreducible (resp. ef-
fective), then the R-span (resp. Z-span) of S(Y') is Ty T (resp. (1I3T)z). If TX|y is a complex
vector bundle and dip preserves its complex structure J, then the complex structure on each
subbundle N¢Y CTX |y can be taken to be the restriction of J.

(2) If GCT is a closed subgroup, Z C X is a topological component of the G-action ¥|g on X,
and Y CZ, then
TZly =TY & E@PNFY CTX[|y —Y
aeS(Y)a

and Z is a topological component of the fixed locus XTsme of the Tg(y,-action ¢|TS(Y)G on X.
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Proof. (1) For each y €Y, dyt is a real representation of T on T, X. Every such representation
splits as a direct sum of a trivial real representation and of one-dimensional complex represen-
tations with the action on each factor given by (3.15) for some a € (73 T)z nonzero. By (3.11),
the trivial representation summand is 7,,Y". Since d,1 depends smoothly on y, the weights o are
independent of y €Y and the corresponding component representations vary smoothly with y €Y.
Thus, the latter form vector subbundles N¢Y C TX|y as in (3.14) with complex structures. If
TXly is a complex vector bundle and dt preserves its complex structure, then dyi is a complex
representation of T on 7Y and the same reasoning applies.

If S(Y) does not span 75T over R (resp. (13 T)z over Z), there exists veT1T—(T1T)z such that
a(v)=0 (resp. a(v) €Z) for all a € S(Y). Let G be the closure of the subgroup {e!”: t R} (resp. the
subgroup generated by v) in T. This subgroup acts trivially on TX|y. By Proposition 3.8(1),
this implies that the connected component of the G-fixed locus X containing Y is a connected
component of X, i.e. G acts trivially on X (and so the action 1 is not effective) if X is connected.
If a(v)=0 for all € S(Y) and X is connected, then

Gw=dap(v) = 0 € T(X; TX),

i.e. the action 9 is reducible.
(2) By Proposition 3.8(1) applied to 9|q, ¥, and ¢’TS<Y>G7

TZly = {weTX|y: dp(w)=w VueG} =TY® PNFY =TX 50|, .
aeSY)a

This establishes both claims. O

Corollary 3.12. Let ¢ be an irreducible almost periodic action of R¥ on a smooth manifold X as
in (1.1). For each L € RP*™1, let X' C X be the fized locus of the action |r. If X is compact,
then the set

7 (Crit(v)) = {Zemo(XT): LERPFY, ZnXY #£0)

18 finite.

Proof. Let p: R¥ — T and ¢/ be as in (1.5). We can assume that the image of p is dense in T
and so X¥=X¥". For each LeRP*! let T, C T be as in the proof of Corollary 3.10. For each
subtorus T/ € T, let X' € X be the fixed locus of the action ¢/|p. In particular, X* = XTr,
By Proposition 3.11(2), every element Z of 7;(Crit(¢)) intersecting a topological component Y of
X% =X" is thus the unique topological component of XTs € X for some S C S(Y) intersecting Y.
The number of subsets of S C S(Y) is finite for each Y € mo(X?¥). Since X is compact, mo(X?¥) is
finite as well. O

3.3 Group actions on symplectic manifolds

This section provides an analogue of Proposition 3.8 in the symplectic setting. In particular,
Proposition 3.16(2) is an equivariant version of the Symplectic Tubular Neighborhood Theorem.

Exercise 3.13. Suppose X is a smooth manifold, w is a closed 2-form on X, and v is a smooth
action of a Lie group G on X as in (1.1). For each ve€T1G, let ¢, €T'(X;TX) be the vector field
on X generated by v as in (1.2)..

24



(a) Suppose G is connected. Show that 1) preserves w if and only if d(¢¢,w)=0 for all veT1G.

(b) Suppose 9 preserves w. Show that

d(w(Cva')) = —l¢u,¢ W v,v' €T1G, (3.16)
w([(’u: C’U’]a Cv”) + W([Cv’a Cv”]v C’U) + w([C’U”ﬁ C’UL C’U’) =0 Vo, vlv v’ eTiG. (317)

Hint: use Cartan’s formula for the Lie derivative.

Exercise 3.14. Let 9 be a smooth action of a compact Lie group on a symplectic manifold (X, w)
as in (1.1). Show that there exists a t-invariant w-compatible almost complex structure on X,
i.e. an w-compatible almost complex structure J on X such that

{dothu} Mo dodythy=J: T, X — T,X  YucG, z€X.

Hint: a Riemannian metric ¢ and a nondegenerate 2-form w on X determine an w-compatible
almost complex structure J, ., on X; see the proof of Proposition 2.3 in [37].

Exercise 3.15. Suppose 9 is a smooth action of a Lie group on a symplectic manifold (X, w) as
n (1.1), J is a Y-invariant w-compatible almost complex structure on X, and Y C X is a Lagrangian
submanifold. Show that the isomorphism

Py JTY) — T, Py . j(w) = w(-,w),
of real vector bundles over Y is G-equivariant with respect to the actions dy and di* of Exercise 3.5.

Proposition 3.16. Let ¥ be a smooth action of a compact Lie group G on a symplectic mani-
fold (X,w) as in (1.1).

(1) The fived locus X¥ C X of 1 is a closed symplectic submanifold with T(X¥)=(TX).

(2) Suppose Y C X is a closed submanifold preserved by 1, TY® CTX|y is a subbundle comple-
mentary to TY and preserved by dy, and W is a G-invariant closed 2-form on a neighborhood
of Y in TYC preserved by dip. If

&|Ty(TYC) :w‘TyX VyeY, (3.18)
there exists a G-equivariant tubular neighborhood identification ®: U — U for Y in X such
that UCTYC and ®*w=w|y.

Proof. (1) Let J be a G-invariant w-compatible almost complex structure on X, as provided by
Exercise 3.14. By Proposition 3.8(1), X¥ C X is a closed submanifold with T'(X¥)= (T X ). Since
J is G-invariant, J(TX?¥)CTXY by (3.11). Since J is w-compatible, w(v, Jv)>0 for all v € TX
nonzero. Thus, w|pyy is nondegenerate.

(2) Let ®: U — U be a G-equivariant tubular neighborhood identification for Y in X witht/ CTY*,
as provided by Proposition 3.8(2). In particular, ®*w is a symplectic form on U. By (3.18)
and (3.10),

(@) g, (ryey = Blp,ryey  VVEY. (3.19)

25



Since ® is G-equivariant, the 2-form ®*w is G-invariant. Since the subset of &/ on which @ is non-
degenerate contains Y by (3.18) and is open and preserved by G, we can assume that the 2-form
w is nondegenerate on U (by replacing U by its subset on which @ is nondegenerate) .

Let m,: TY®—TY* be the scalar multiplication by 7 as in (B.1) and {7y e '(TY*T(TY¢)) be
the canonical vertical vector field as in (B.5). Define a 1-form o on U by

1
a= / m; (tr=1¢pye (PFw—o))dr.
0
By Exercise B.1 and (3.19),

da = d*w—0w, da}T( 0, 0, Va‘T( =0, (3.20)

TY )y — a‘T(Twny - TY®)|y

where V is any connection in T*(TY¢).
By the second statement in (3.20) and the compactness of [0, 1],
wr = w+tda
is a symplectic form on a neighborhood U’ of Y CU for every t€[0,1]. For each t€[0,1], define
&Gel(U;TU) by gw = —a. (3.21)

By the third statement in (3.20), &|y = 0. Since [0, 1] is compact, it follows that there exists a
neighborhood U” of Y in U’ so that the flow of &,

YU — U, Yo(w) =w Yweld”, %I/Jt:&mﬂt,
is well-defined for every t€ [0, 1]. By the first, third, and fourth statements in (3.20),
O =1tiw, Yi(w)=w Ywel”, and dYilprye), = idrrye), Vtelo,1]; (3.22)
see Exercise 3.17 below for the first identity.

Since G is compact, the set
u” = (duWU")y cU' c TY*
ueG
is a neighborhood of Y C TY¢ preserved by the G-action so that vy : U"” — U is a well-defined
diffeomorphism onto an open subset of U. Since the 2-forms ®*w and w are G-invariant, so are
the 1-form « and the vector fields &. Thus, the smooth map 17 is G-equivariant, as is the

diffeomorphism
Potpy: U" — (1 (U™) C U C X.

By the second and third statements in (3.22), this diffeomorphism is a tubular neighborhood
identification for Y in X (because ® is). By the first statement in (3.22), {®o¢); Prw=w|yw. O
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Exercise 3.17. Suppose X is a smooth manifold, (w¢).e(o,1] is @ smooth family of symplectic forms
on X, (&)tepo,1) is the smooth family of vector fields on X defined by

d

d(a&wt) = —&wt,

and ¢;: U — X is a flow of (&)ic[0,1) on an open subset of X, i.e.

() =r, () = &) Ve ref.1)

Show that 1} w; =woly for all t€[0,1]. Hint: differentiate both sides and use Cartan’s formula for
the Lie derivative.

Example 3.18 (Symplectic Tubular Neighborhood Theorem). Suppose 1 is a smooth action of a
compact Lie group G on a symplectic manifold (X, w) and Y is a symplectic submanifold of (X, w)
preserved by 1. The restriction w%, of w to the w-symplectic complement

TY* = {weTX|y: ww,w)=0Vuw' eTY} — Y

of TY in T'X |y is then a G-invariant nondegenerate fiberwise 2-form. Let (py« e T(TY“; T(TY®))
be the canonical vertical vector field as in (B.5). A G-invariant connection V in the real vector
bundle 7: TY* —Y extends wi- to a G-invariant 2-form wg on (the total space of) TY¥; see
Exercise B.5. By (B.19), the G-invariant closed 2-form

1
Wy = 7w+ id(LCTYW wé)

satisfies (3.18) with w=wy. If in addition Y C X is a closed subspace, by Proposition 3.16(2) there
then exists a G-equivariant tubular neighborhood identification ®: &/ — U for Y in X such that
UCTY? and P*w=wy|y. If Y ={z} is a one-point set, TY¥ =T, X and wy =7*w,. This yields
Corollary 3.19 below.

Corollary 3.19 (Darboux Theorem). Suppose v is a smooth action of a compact Lie group G on
a symplectic manifold (X,w) and x € X¥. There exist a G-invariant tubular neighborhood U of 0
in Ty X and a G-equivariant diffeomorphism ®: U — U onto a neighborhood U of x in X such that

®(0) =z, do®=id: To(T, X) =T, X — T, X, and O*'w = 1wy,
where m: T, X — {x} is the projection.

Corollary 3.20 (Lagrangian Tubular Neighborhood Theorem). Suppose v is a closed action of a
compact Lie group G on a symplectic manifold (X,w), Y C X is a compact Lagrangian submanifold
preserved by 1, and wp-y is the canonical symplectic form on T*Y as in Ezercise 2.12. There
exists a G-equivariant diffeomorphism ®: U — U from an open neighborhood of Y in T*Y onto an
open neighborhood of Y in X so that

O(y) =y VyeY and P'w = wT*Ylu . (3.23)
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Proof. By Exercise 3.14, there exists a y-invariant w-compatible almost complex structure J on X.
By Exercise 3.15, the isomorphism

Dy.;: J(TY) — TYY, Py (w) = w(-,w),

of real vector bundles over Y is G-equivariant with respect to the actions dy and dv* of Exercise 3.5.
Along with the latter exercise, this implies that the closed 2-form <I>1*,; swr+x on (the total space of)
J(TY) is G-invariant. By Exercise 2.16(c), this form satisfies (3.18). By Proposition 3.16(2), there
thus exists a G-equivariant tubular neighborhood identification ®: U4/ — U for Y in X such that
UCJ(TY) and *w=>y ;wr+y|y. The map

(I)Oi)}_,,lJ: (I)y;J(Z/{) — U
is then a G-equivariant diffeomorphism satisfying (3.23) with ® replaced by <I>o<I>;,1 - O

Exercise 3.21 (Moser’s Stability). Let X be a closed manifold. Suppose pcZ=? and (Wt)tefo,1) s
a smooth family of cohomologous closed smooth p-forms on X, i.e. [w;] =[wo] € H; 1 (X) for every
telo,1].

(a) Show that there exists a smooth family (7:);c[0,1) of (p—1)-forms on X such that

wi—wo =dn, YV te[0,1].
(b) With 7, as in (a), suppose also that ((¢);e[0,1] i3 @ smooth family of vector fields on X satisfying

LWt = —— Vtelo,1]

dtnt
and 1: X — X for t€|0, 1] is its flow. Show that ¢jw;=wq for all [0, 1].

(c) Suppose w; is a symplectic form on X for every ¢ €0, 1]. Show that there exists a diffeomor-
phism : X — X such that ¢¥*w; =wy.

(d) Suppose X is connected and oriented and g, €2; are volume forms on X. Show that there

exists a diffeomorphism v : X —> X such that ¢*Q; = if and only if /QO = /Ql.
X X

The assumptions that X is compact and the symplectic forms w; are cohomologous necessary for
the conclusion of Exercise 3.21(c). For example, C" with n > 2 admits a symplectic structure w
so that (C",w) is not symplectomorphic to (C™, wcn); see [16, 0.4.A5]. A smooth family (w;)ier
of symplectic forms on a closed 8-dimensional smooth manifold Y is constructed in [22] so that
all forms wy with k € Z are cohomologous and the symplectic manifolds (Y wi) and (Y, wy) with
k,0 € Z are symplectomorphic if and only if |k| = |¢|; see Theorem 2.1 in [22]. In the case of
Exercise 3.21(d), the equality of the integrals implies that

Q= (1-)Q+tQ,  te(0,1],

is a smooth family of cohomologous volume forms.
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Remark 3.22. The analogue of Proposition 3.16(2) in [23] is Lemma 3.2.1, which unnecessarily
requires Y (@ in [23]) to be compact. As a consequence, the Symplectic and Lagrangian Tubular
Neighborhood Theorems, i.e. Example 3.18 and Corollary 3.20 above, are restricted to compact
submanifolds in [23]; see Theorems 3.4.10 and 3.4.13 in [23]. Even if one is interested only in
compact symplectic manifolds, the Symplectic Tubular Neighborhood Theorem without the com-
pactness restriction is needed for the proof of Theorem 6. The latter is a key step in the proof of
Delzant’s Theorem, Theorem 3, following the modern efficient approach sketched in [21, 24]; see
page 68.

3.4 Weakly Hamiltonian vs. Hamiltonian group actions

Exercise 3.23. Let X be a closed oriented manifold.

(1) Suppose (€I'(X;TX) and Q is a (top) form on X. Show that

/ECQ —0.
X

(2) Suppose the dimension of X is 2n, w is a symplectic form on X, and % is a smooth action of a
Lie group G on (X, w). For each veT1G, let {, eT'(X;TX) be the vector field on X generated
by v as in (1.2). If v; € T1G and there exists a smooth map ,, : X — R satisfying the first
condition in (1.4) with v=wv1, then

/w((vl,CUQ)w":O Vv eliG.
X

Hint: use Cartan’s formula for the Lie derivative.

Exercise 3.24. Suppose (X,w) is a symplectic manifold, 1 is a smooth action of a connected Lie
group G on X as in (1.1), u: X — T7G is a smooth map satisfying the first condition in (1.4),
veT1G, and (, €T'(X;TX) is the vector field on X generated by v as in (1.2). Let h: [a,b] — G
be a smooth path. Show that

d dh

&#Uowh = _w(cAdhfl(U% CAdh71(h/h_1)) ) where hl:a: [CL, b] —T1G.

Hint: apply the first condition in (1.4) and (3.9), then the first equation in (3.8) twice, and finally
the y-invariance of w.

Proposition 3.25. Suppose (X,w) is a symplectic manifold, v is a smooth action of a connected
Lie group G on X as in (1.1), and p: X — TG is a smooth map satisfying the first condition
in (1.4). For each veTyG, let ¢, €T'(X;TX) be the vector field on X generated by v as in (1.2).

(1) For all v, €T1G, the function
o+ (Cos G ) : X — R
s constant on each connected component of X.
(2) The map p satisfies the second condition in (1.4) if and only if

M) = —w(Q,, Cv’) : X — R Vv, ’UIETHG. (3.24)
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(8) If G is abelian and either G=R, or G is compact, or X is compact, then the map p satisfies
the second condition in (1.4).

(4) If X is closed, connected, and of dimension 2n, then the smooth map

i X TG, ) = p() - | Mw”// W
X X

is a moment map for the G-action 1 on (X,w).

Proof. (1) By the first condition in (1.4) and the second identity in (3.8),

du[v,v’] = _W(C[U,v’]a ) = W([C’Ua CU']? )

By (3.16),
d(w(Cva Cv’)) = _w(Kva Cv’]y )

The two statements give the claim.

(2) Let v € T1G, h: [0,b] — G be a smooth path with h(0) =1, and b’ : [0,b] — T'G be its
derivative as in (3.3). Thus,

d
qtotn = ~w(Cad,_y (v)s Cad, _1 (Wh-1))s

uvowh(o) = ”Adh(o)fﬂJ s d (3'25)
&MAdh_l(v) = THAd, 1 ((Wh=tp]) = THAd,—1 (R'h1),Ad,—1 (0)])

the equality in the top equation on the right-hand side above holds by Exercise 3.24, while the two
equalities in the bottom equation follow from (3.3) and the second identity in (3.2). Since G is
connected, the second condition in (1.4) is thus equivalent to the condition that

H{Ad, 1 (v).Ad, 1 (h-1)] = —W(CAd, _s ()> CAd, _, ('h~1))
for every v € T3G and every smooth path h: [0,b] — G with h(0)=1. Since Ad, is an automor-
phism of T1G, the last condition is equivalent to (3.24).

(3) We can assume that X is connected. Let v,v' € TyG and h(t)=e' for teR. Since G is abelian,
Adyy-1(v) =v and Adp(h'R7Y) =0,

Along with (3.25), this implies that

_%Mvowh = _%(Mvowh_ﬂAdh,l(v)) = M[v,v’]+w(Cv7 Cor); (3.26)
the two sides above are a priori functions on X xR, but the right-hand side above is explicitly
independent of the R-input and is constant in the X-input by (1). If the right-hand side in (3.26)
vanishes (as is automatically the case if GaR), then p satisfies the second condition in (1.4) by (2).
If the constant on the right-hand side of (3.26) is not zero, then the function p, 01y, is unbounded
on R (with the X-input fixed), which implies that G and X are not compact.
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(4) Since p differs from p by a constant, i1 satisfies the first condition in (1.4) with u replaced by fi.
Let v,v"€T1G. By (1),
ﬁ[v,v’] "H'U(va Cv’) X — R

is a constant function on X. By the definition of i@ and Exercise 3.23(2),

/ ﬁ[v,v’]wn =0 and / w(gva Cv’)wn =0,
X X

respectively. Thus,
//Z[v,v’}:_w(CMCU’): X —R VU,'U/ETﬂG.
Along with (2), this implies that ji satisfies the second condition in (1.4) with u replaced by . O

Let G be a Lie group and V be a vector space (over R). For k€Z>°, define
d$: Homp (Af&(TlG); V) — HomR(A%‘H(TﬂG); V),

{def}(UO,Ul, .. '7Uk) - Z (—1)i+jf([vi7’l)j],1}071)17 cee ){}\’U cee 7637 “e 7/Uk)a
0<i<j<k

where 0;,v; denote skipped inputs. By the Jacobi identity, dgodk(i1 =0 for every k€ Z". Thus,
the k-th cohomology group of T3 G with coefficients in V/,

ker (d : Homg (AR (T1G); V) — Homg (AL (T4 G); V)

HFNTWG; V) =
(Tx ) Im(dg_lzHomR(Afgl(TnG);V)—>HomR(AH§(TﬂG);V))

is well-defined. Let H*(TyG)=H*(TyG;R). In particular,

HY(T1G; V) = ker(df : Homg (T1G; V) — Homg (A% (T1G); V).
If the identity component of G is abelian, then de:0 for all k€Z>° and so

H*(T1G; V) = Homg (AR (T1G); V).
Exercise 3.26. Suppose G is a Lie group and G’ CG is a normal subgroup. Let
Kéng ={a€TiG a(v,0]))=0VveT1G, v' € hG'} ¢ H'(T1G).
Show that
(a) the short exact sequence
0 — T7(G/G")={aeT;G: a|ne =0} — T7G — ThG — 0
of Lie algebras induces an exact sequence

01

0 — HY(TW(G/G")) — H'(T1G) — K¢y — HY(T1(G/G") — H*(T1G);

(b) if the identity component of G is abelian, then ¢; =0 above.

Exercise 3.27. Let ¢ be a smooth action of a Lie group G on a symplectic manifold (X, w).
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(a) For each v€T1G, let ¢, eT'(X;TX) be the vector field on X generated by v as in (1.2). By
Exercise 3.13(a), the homomorphism

Vi T1G — HéeR(X), Y, (v) = [Lng],
is well-defined. Show that 1), lies in the kernel of

d§': Homg (T1G; Hi 1 (X)) — Hompg (A%(T1G); H g (X)).

(b) Suppose in addition X is connected and p: X — T7G is a smooth map satisfying the first
condition in (1.4). For v,v' € TG, let 1,,,,(v,v") €R be the constant value of the function in
Proposition 3.25(1). Show that

Yy € ker(dS: Homg (A% (T1G); R) — Homp (A% (T1G); R))
and Ywptar — Yup = —d?ao YV aoeT]G.
Hint: use (3.16) for (a), the second identity in (3.8) and (3.17) for (b).
By Exercise 3.27(a), a smooth action ¢ on a symplectic manifold (X,w) determines an element
Ve = [vo] € H' (ThG; Hi g (X)).

This action is weakly Hamiltonian if and only if ¢y}, =0. By Exercise 3.27(b), a weakly Hamiltonian
action ¢ on a connected symplectic manifold (X,w) determines an element

V2= (Y] € HY(T1G).
By Proposition 3.25(2), this action on (X,w) is Hamiltonian if and only if 42 =0.

Corollary 3.28. Suppose (X,w) is a symplectic manifold and G is a semisimple Lie group G.
Every smooth G-action on (X,w) is Hamiltonian.

Proof. We can assume that X is connected. By [10, Theorem 21.1], HY(TyG), H*(T1G) ={0}. By
Exercise 3.27(a), every smooth G-action on (X, w) is thus weakly Hamiltonian. By Exercise 3.27(b)
and Proposition 3.25(2), every weakly Hamiltonian G-action on (X, w) is similarly Hamiltonian. []

Example 3.29. With n € Z", let v be the action of C" on (C",wcn) as in Exercise 2.7. Let
€1,1€1, ..., en, e, be the standard R-basis for ToC" =C" as before. By Exercise 2.7, this action is
weakly Hamiltonian, but not Hamiltonian, with

V2 € H*(TyC") =Homp (AR (C"); R)

given by
'lbo% (ej /\ek),z/zi (iej /\iek) =0, sz) (ej /\iek) = 0jk - Vi ke [n]

Exercise 3.30. Suppose ¥ is a smooth action of a Lie group G on a nonempty symplectic man-
ifold (X,w) as in (1.1), and G’ C G is a normal subgroup acting trivially on X. Let ¢’ be the
induced action of G/G’ as in Exercise 2.4(d) and

51: Kgrg — H*(To(G/G")

be as in Exercise 3.26. Show that

32



(a) 1/101J|TJl o =0 and thus the G//G’-action ¢ on (X,w) is weakly Hamiltonian if and only if the
G-action v is;

(b) if (X, w, v, u) is a Hamiltonian G-manifold and ag € T G satisfies (2.10), then ag|7, ¢ GIC10,;G ;

(c) if (X,w,®, ) is a connected Hamiltonian G-manifold and ag € TG satisfies (2.10), then
Y2 =01 (aolner) € H*(Tu(G/G)).

Hint: first show (b) for ag € p(X) via Proposition 3.25(2).

Remark 3.31. Let ¢ be a smooth action of a Lie group G on a symplectic manifold (X,w) and
p: X — TFG be a smooth map satisfying the first condition in (1.4). The condition (3.24) is then
equivalent to the vector space homomorphism

TG — C*(X;R), VU — [y,

being a Lie algebra or anti Lie algebra homomorphism, depending on the exact conventions, with
respect to the Poisson bracket determined by w on C*°(X; R); see [23, p99]. Some authors use (3.24)
instead of the second condition in (1.4) in the definition of moment map. By Proposition 3.25(2),
(3.24) is equivalent to the second condition in (1.4) restricted to the identity component of G and
completely ignores the remaining components of G. Thus, the second condition in (1.4) is more
natural for the notion of moment map than (3.24).

3.5 Hamiltonian group actions

We next obtain structural results for Hamiltonian group actions and their moment maps, in par-
ticular Proposition A.5 and Corollary 3.40.

Exercise 3.32. Suppose G is a Lie group, (X,w, ¥, 1) is a Hamiltonian G-manifold, and = € X.
For each v€ Ty G, let (, €eT'(X;TX) be as in (1.2). Show that

ker dgp = {¢u(2): veTHG} = {weT, X : w(w, ((2) =0 VveT1G}, (3.27)
Imdypu = Amn({veT1G: ((2)=0}) = {a€T7G: a(v)=0 VveT1Gs.t. ¢, (x)=0}.

Conclude that

(a) the G-orbit Gx C X of x is open if and only if d,u is injective;

(b) the stabilizer Stab,(¢)) CG of x is discrete if and only if d,u is surjective.

Exercise 3.33. Suppose T is a torus and (X,w, ), ) is a Hamiltonian T-manifold so that (1.7)
holds, the action % is free, and the fibers of y are connected.

(a) Show that u(X) C T;T is an open subset, u: X — p(X) is a principal T-bundle, and the
fibers of p are Lagrangian submanifolds of (X, w), i.e.

dimpu'(a)=n and W}T;fl(a) =0 VaepX).
(b) Let n be a 1-form on p(X). Show that the vector field ¢, on X defined by i¢,w=p*n is
p-vertical, i.e.

du(éy) =0 € T (pu(X); Tp(X).
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(¢) Let (T3 TXT,wr, ¥, pr) be the Hamiltonian T-manifold of Exercise 2.14, with k=n. Suppose
s: u(X)— X is a (smooth) Lagrangian section of y, i.e. pos=id,x) and s*w=0. Show that
the map

O u(X)xT — X, P(a,u) = Py (s()),

is a T-equivariant diffeomorphism such that ®*w = wr|,(x)xt and po®=pr|,x)xr- Hint:
choose a Z-basis vy,...,v, €I1T for the lattice (1T1T)z C T3T and replace p by the corre-
sponding Hamiltonian H: X — R"™ and (T; TxT, wr, ¢, Hr) by the Hamiltonian T-manifold
(R™ < T", wp, ¥n, Hy) as in Exercise 2.10.

Exercise 3.34. Suppose G is a positive-dimensional Lie group, (X,w) is a compact positive-
dimensional symplectic manifold, and 9 is a smooth G-action on (X, w).

(a) Suppose 1 is a Hamiltonian action. Show that the v-fixed locus X¥ contains at least 2 points.

(b) Give an example of a compact positive-dimensional symplectic manifold (X, w) and an action v
on (X,w) so that X¥=0.

Exercise 3.35. Suppose T is a torus, (X,w,,u) is a compact Hamiltonian T-manifold, = € X,
and ZEWO(XT’P(‘”)) is the topological component of the WM(];)—ﬁxed locus containing x. For each

Y €mo(XY¥), let S(Y)CT;T be as in Proposition 3.11(1). Show that
(a) ZNXY #0;

(b) if Y €mo(XY) and Y C Z, then T,(¢))=Tg for some SCS(Y).
Hint: use Exercise 3.34(a) and Proposition 3.11(2).

Exercise 3.36. Suppose G is a Lie group, (X,w) is a symplectic manifold, 1 is a smooth G-action
on (X,w), J is an w-compatible almost complex structure on X, and z € X. For each ve€T1G, let
Gel(X;TX) be as in (1.2).

(a) Let pu: X — T3 G be a smooth map satisfying the first condition in (1.4) and g(-,-)=w(:, J)
be the Riemannian metric on X determined by w and J. Show that

VIpy = —=JG € T(X;TX) VveTiG. (3.28)

(b) Let p: X — T7G be a G-invariant smooth map satisfying the first condition in (1.4).
Show that
{¢o(@): veT1GIN{J¢(z): veTHG} = {0} C T X.

Suppose in addition that o = u(z) € TG is a regular value of p and thus g~ '(a) C X is a
smooth submanifold. Show that

T, X =T, (0 (o) ®{J((2): vETLG}. (3.29)

(c) Give an example of a positive-dimensional symplectic manifold (X,w) and an action 1 on
(X,w) so that
{Cv(x): UGT]lG} = {JCU(:B): UET]lG} =T, X.
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Exercise 3.37. Suppose (X,w) is a symplectic manifold, 1 is a smooth action of R¥ on (X,w),
X' C X is an w-symplectic manifold preserved ¢ so that the inclusion i: X' — X is a homo-
topy equivalence, and u': X' —>T§Rk is a moment map for the restriction of the action v to X'.
Show that 4/ extends to a moment map p: X — 1} R* for ¢). Hint: first show this for k=1.

Proposition 3.38. Suppose k € Z*, (X,w,, u) is a Hamiltonian R*-manifold, ' is a smooth
action of a torus T on X, p: RF—T is a homomorphism with dense image so that ¢ =1 op,
Y C X is a topological component of XV = XY and J is a Y-invariant (or equivalently 1’ -
invariant) w-compatible almost complex structure on X. Let S(Y) C (I5T)z and NYY C TX|y
for each a € S(Y') be as in Proposition 3.11(1) with v replaced by v’ so that the complex structure
on NYY is induced by J. For every y € Y, there exists a T-equivariant tubular neighborhood
identification ®,: U, — Uy for y in X such that

Orw=wyly, and p(Py(wo, (Wa)acsy))) = (Y )+ 7Y [wal’p
aeS(Y) (3 30)
¥ (w0, (Wa)acs(v)) €Uy C T X =T, Y © EPNRY|

aeS(Y)

where | - | is the norm on T X with respect to the metric g(-,-)=w(-, J-). If in addition X is closed
and connected, then

1w(X) CCpuiyy(p™S(Y)) = {,u,(Y)—i— Ztap*a Lt €RZO VaeS(Y)}. (3.31)
aeS(Y)

Proof. By Corollary 3.19 with 1 replaced by 1, there exists a T-equivariant (or equivalently
R*-equivariant) tubular neighborhood identification &, : U, — U, for y in X satisfying the first
condition in (3.30). By Proposition 3.11(1), the complex vector space (T, X, J,) splits as

Ixly =Ty e @NEY),
aeS(Y)

with the T-action d,/t)’ given by (3.15) with ¢ replaced by ¢’. By Example 2.8, a moment map
for this action with respect to wy, is

p: Ty X — TyT, p (wo, (Wa)aes(y))) = WZ lwa|?a ¥ (wo, (Wa)acsv)) €TY & @Nj’fY‘y.
aeS(Y) aeS(Y)

Since a moment map is unique up to an additive constant on each connected component of the
domain, it follows that
k
‘I)Zlu:'u,(y)—kp*o'u/‘uy : Z/fy — T;R .

This establishes the second condition in (3.30).

Suppose in addition that X is closed and connected and ny € TRF —C,y)(p*S(Y)). Thus,
Cuv)(p*S(Y)) is contained in a (closed) half-space in T R* and there exists v€TpR* so that

no(v) < inf{n(v): n€Cuyy(p*SY)} = {n(¥)}(v) = o (Y). (3.32)
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By the second equality in (3.30), this implies that {p*a}(v) >0 for all €€ S(Y). Thus,
o (Y) = inf{puy(2): €U}
Combining this with Proposition A.5(2), we conclude that

1o(Y) = inf { i (@) = {p(a)} (v): € X} VyeY.
Along with (3.32), this implies that 79 ¢ ;(X) and establishes (3.31). O

Corollary 3.39. Suppose k € ZT, (X,w, v, u) is a compact Hamiltonian R*-manifold, the R¥-
action 1 is almost periodic, and the v-fized locus X¥ C X is discrete. Then,

(1) Hoqa(X;7Z) is trivial and Heven(X;Z) is a free Z-module of rank | X¥|;

(2) if p: R¥ — T, S(y) C (T3 T)z for each y€ XY, and Ny} C T, X for each a € S(y) are as in
Proposition 3.38, v TyRF is generic, S,(y)={acS(y): a(p(v) <0}, and p€Z=°, then

rkz Hop(X;Z) = | X 2p|, where X;Z;QP = {y€X¢: ZdimRN)oé{y}:2p}; (3.33)
a€Sy(y)

(3) if in addition the linear spans of Sy(y) and S_,(y) in TyRF are disjoint (except at 0) for
every ye€ XV, R;vCRk:TORk is the annihilator of Sy(y), and X, (¢) C X is the topological
component of the 1/)|RJU -fized locus containing y € XY, then Hay(X;Z) is freely generated by

the fundamental homology classes of the submanifolds X, (¢) with yerpr

Proof. Let p, S(y), and Ny} CT,X be as in Proposition 3.38. For each a e N{{y}, let nyo €Z*
be half the (real) dimension of N¢{y}. For a generic choice of v € R¥, p(Rv) C T is dense and
thus X®=X"%. We apply Proposition 3.38 to the restriction of the action 1 to Rv C R¥ and its
Hamiltonian

ty: X — R, o (x {,u }

For every y € X¥, there thus exists a coordinate chart

(wa)aes(y): Uy — H(Cnya s.t. H'U:,uv +7TZ |wa’ Uy — R. (334)
aeS(y) aeS(Y)

By Exercise 1.3(c), a(p(v)) #0 for all € S(y). By the first condition in (1.4) and Proposition 3.2(1),
Crit(p,) {yEX dy,uv—O} XY,

Thus, p, is a Morse function, i.e. a Morse-Bott function with only isolated critical points. Along
with [26, Theorem 3.5] and (3.34), this implies that X has the homotopy type of a CW complex
with only even-dimensional cells and the number of cells of dimension 2p with p€Z=Y given by the
right-hand side in (3.33). This gives (1) and (2).

We now assume that the linear spans of S,(y) and S_,(y) in TyR¥ are disjoint (except at 0) for
every y € X¥. Let 1,4+: X — X be the negative gradient flow of p,, as in Exercise A.6, with

36



respect to a ¢-invariant Riemannian metric g and X (o) C X for each y€ X¥ be the u,-unstable
manifold of y, as in (A.5). By (A.6) and the last equality in (3.30),

Ty (X, (1)) = By (1) = EDNHy} = T (X, () -

a€Sy(y)

Since the flow 1, commutes with the action ¢, it follows that X, (1) C X, (¢¥) is an open
subset and X, (¢) — X, (uy) is the union of all other unstable manifolds of M”|X17U(w)' Since the

indices of all critical points are even, X (i) is a 2p-pseudocycle in the sense of [36, Theorem 1.1]

for every y € X:f)ﬂp and the boundary operator in the Witten chain complex of [32, Section 3]
vanishes. By [32, Theorem 3.1], Hgp(X;Z) is thus freely generated by the homology classes of
these pseudocycles. The same applies to every compact connected submanifold Xy_w(l/J) CcX. In
particular, the fundamental homology class of X, (v) and thus its image in X are the homology
classes in X, () and in X, respectively, determined by the pseudocycle X, (11,) C X, (¢), X for
every y € X¥. This gives (3). O

Suppose 1 is a smooth action of RF on a smooth manifold X. For y€ X, let RI; CR” be the largest
linear subspace preserving y and R} CR* be a complementary linear subspace. The decomposition
RF = R’yf @®R} induces decompositions

ToR* = ToRy x )RS and  p=(py, i) : X — TyREXTERS = TyRF (3.35)

for any map p: X — T¢R*. If 4 is a moment map for the action 1 on X with respect to a
symplectic form w, then py, and fp; are moment maps for the ]R’zj—action Yy EIM]R]; and Rj-action

w;Ew\RIg, respectively, on X with respect to w. If the action ¢ is almost periodic, then so are the
actions ¢, and ¢y. By Proposition 3.16(1), (X Y, Wl gy Yy, tig) is then a Hamiltonian Rf-manifold.
By Exercises 3.32(b) and 3.3 with (X,w, ¢, ) replaced by (X%,w\xwy,w;, 1), the differential

dy iy : T,X% — ToRy (3.36)
is surjective in this case.

Corollary 3.40. Suppose k € Z+, (X,w,v, ) is a Hamiltonian R*-manifold, the R*-action
18 almost periodic, y € X, and R’;,RZ C R¥, My, Hys and Yy are as above. There exist a finite
subset S(y) C TRy, neighborhoods Uy of y in XV, Uy.2 of 0 in CS5W) | and Uy ofy in X, and a
diffeomorphism ®: Uy.1 xUy,o — Uy such that

|S(y)| < (dim X)/2—dim RS, (3.37)
Dy(y,0) =o', p(@y(y,w)) = p(y),
/ _ S(y)
1y (Py (1 (Wa)aes(y)) = ty(W)+7Y_|wal2a VY EUy1, W= (Wa)aes(y) EUy2 © T

a€S(y)

In particular, the map p s locally convex. If in addition X is closed and connected, then there exist
a cone Cy(1) CTER® with vertex at u(y) and a neighborhood U, C X of y so that u(X)CCy(¢)) and
the restriction p: Uy —Cy(1)) is an open map.
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Proof. Let Y € mo(X %) be the connected component of Yy-fixed locus containing y and ¢y be
as above. With S(Y) and p as in Proposition 3.38 with (¢, u) replaced by (1y, ty), let

S(y)=p*S(Y) C T]’f]Rl;.

By Proposition 3.16(1), Y C X is a symplectic submanifold with s, (Y") =1,/ (y). Since the actions v,
and 1)y, commute, X Yy is preserved by ;. Since the differential (3.36) is surjective, the second
equations in (3.27) and in (3.28) applied to (Y, w|y, 5|y, pgly) imply that

dimY > 2dimR; = 2|S(y)| < dimT,X —dimT,Y < dim X — 2dimR; .

This establishes (3.37). The remainder of the first claim of the corollary follows from the first state-
ment of Proposition 3.38 with (¢, 1) replaced by (1y, pty) and Exercise 3.41 below with k=dim Y,
{=codimY, m=Ry, and f=pg. Along with Exercises 1.8-1.10, this claim implies the convexity
claim.

Suppose in addition that X is closed and connected. By the second statement of Proposition 3.38,
1(X) C Cy()=Cpup (S(y) x TERG C THR" .

By the first claim of the corollary and Exercises 1.8-1.10, there exists a neighborhood U, C X of y
so that the restriction p: U, —Cy(¢) is an open map. O

Exercise 3.41. Suppose k,¢,m € Z=° and f: RF xR — R™ is a smooth function so that the
restriction of the differential dg ) f to R¥x{0} is surjective. Show that there exist neighborhoods
of 0€R* and Uy of 0€R? and a smooth map

b: Uy xUs — RF st. ¢(z,0) =z, f((b(x,w),w) = f(z,0) Vzely, wels,

and for each w € Uy the map Uy — R¥, 2 — ¢(x,w), is a diffeomorphism onto an open subset
of R*. Hint: assume that the restriction of d(g)f to R™x {0} x {0} CRF x {0} is surjective; show
that there exist neighborhoods U; of 0€RF and Uy of 0€ R so that for each we Us the map

D, U —>Rk, CIDw(xl, .CCQ) = (f((a;l, wQ), w) , xg) A ((L‘l, (L'Q) ey CcR™ XRkim,
is a diffeomorphism onto an open subset of R¥.

Proposition 3.42. Suppose T is a torus and (X,w, ¥, u) is a Hamiltonian T-manifold so that (1.7)
holds, the action 1 is free, the fibers of p are connected, and p(X) C Ty T is contractible. Let
(TyTXT, wr, ¥, pr) be the Hamiltonian T-manifold of Exercise 2.14. Then u(X)CT;T is an open
subset and there exists a T-equivariant diffeomorphism

O: u(X)xT — X s.t. (I)*w:wT‘u(X)xT’ “OCI):'“T‘M(X)MI"

Proof. The subset u(X) C T5T is open by Exercise 3.32(b). By Exercise 3.33(c), it remains to
show that p admits a Lagrangian section p(X)— X. Since p(X)CT;T is contractible, p admits
a section s: u(X)— X and s*w=dn for some 1-form 7 on u(X). Let (,€'(X;TX) be the u-
vertical vector field of Exercise 3.33(b). Since the fibers of y1 are compact and the vector field ¢, is
vertical, the flow of —¢,,

i% = *Cnmﬁt )

¢t:X—)Xa @bozian dt
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is defined for all t€R, ¢yo0s: u(X)— X is a section of u for every t€R, and

%wz‘ w =7 (Lo¢,w) = ¥F (d(t—g,w) +i¢, (dw)) = ¢7 (A (—n)+0) = —d(*n) = —p*s*w,

where L is the Lie derivative; the second equality above holds by Cartan’s formula for the Lie
derivative. Thus,
s*Piw = s* (w—u*s*w) =0,

i.e. Yos: u(X)— X is a Lagrangian section of p. O

4 Properties of Moment Polytopes

4.1 Complexified Hamiltonian group actions

This section establishes Theorem 2(2). The key steps in the proof are Lemma 4.2, which describes
the behavior of the moment map p on O,(1¢c), and Proposition 4.8, which concerns the images

of Ox(¢c) and O (Yc)— Oz (Ye) under p.

Exercise 4.1. Suppose 1 is a smooth action of a torus T on a compact almost complex mani-
fold (M, J), i.e. 1) preserves J. Show that (1.6) determines a complexification ¢ of ¢ if either T
is one-dimensional or J is integrable. Hint: J is preserved by ¢ if and only if L; J =0 for every
veTiT, where L is the Lie derivative and (, €eI'(X;7TX) is as in (1.2); J is integrable if and only
LyeJ=J(LeJ) for every {eI'(X;TX).

Lemma 4.2. Suppose T is a torus, (X,w, ¥, ) is a Hamiltonian T-manifold, and ¢ is a complez-
ification of 1 with respect to a T-invariant w-compatible almost complex structure J as in (1.6).
For each veTqT, let (, eT(X;TX) and p, € C°(X) be as in (1.2) and (2.2), respectively. Then,

d

aﬂv(q/}(c;[itv’](x)) = —Q(Cvagv’) v ’Ua’UlGTﬂTa reX, (41)

’d}C;[itv/](l’)
where g(+,-)=w(-, J-) is the Riemannian metric determined by w and J. Furthermore,
w(Uey () # p(x) € T VoehiT, zeX s.t. (y(z)#0. (4.2)

Proof. By (1.4), (1.6), and Proposition 3.2(1),

%Mv (Vs fiter) () = dy oy (@b <§t¢c;[mq (iﬂ)> = —w (Cv (Vesito (@) (TS (Yt (l‘))))-
This gives (4.1). Along with Proposition 3.2(1) again, this implies that
R—R,  t— po(Yeyien) (),
is a strictly decreasing function unless (,(z)=0. This gives the second claim of the lemma. O

Corollary 4.3. Suppose T, (X,w, u,v), and ¢c are as in Lemma 4.2. If a € T;T is a regular
value of p, then =1 (a) C X is a smooth submanifold and the map

U Tixp o) — X, U(u,x) = Yeu(z),

1s a diffeomorphism onto an open subset of X.
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Proof. By the regularity assumption, u~!(a) C X is a smooth submanifold. By (3.29) and Exer-
cise 3.32(b), the homomorphism

NiTieT, (0 (o) — TuX, (v, w) — J¢(z)+w, (4.3)

is an isomorphism for every z € u~!(a). Along with T; being abelian, (3.8), and (1.6), this implies
that ¥ is an open map. By (4.2) and the injectivity of (4.3) on T1T;, ¥ is injective. O

Exercise 4.4. Suppose T, (X,w, u,), and ¢¢c are as in Lemma 4.2, ve 13T, z € X, and ¢, and
iy are also as in Lemma 4.2. Show that the function

R — R, t— 1y (1/1<c;itv($)), (4.4)
is strictly decreasing if (,(x)#0 and is constant otherwise. If in addition,
xoo(v) = tE)noowC;[itv] (.’L‘) € X, (45)
i.e. the limit above also exists, show that
Co (a:oo(v)) =0, dy o =0, (w@;u(x))oo(v) = Yc.y (a:oo(v)) VueTc. (4.6)

Exercise 4.5. With the assumptions as in Exercise 4.4, suppose also that X is compact. Show
that the limit in (4.5) exists.

Suppose ¥ is a smooth action of a torus T on a smooth manifold X. For z € X and v € 13T, let
Ty.:0(¢) CT be the closed subgroup spanned by Stab, (1) and the closure of {e'”: t€R} in T.

Corollary 4.6. Suppose T, (X,w, u, 1), and ¢ are as in Lemma 4.2, v€TyT, € X, p, is also
as in Lemma 4.2, and the limit in (4.5) exists. There exists a topological component Zy., of the
Ty (1) -fized locus X =) € X so that

2o (0) € Zuw and  Tim gy (Yegin(2") = po(Zazw) = _inf py  Va'€Ou(ve);  (4.7)
t—00 Oa:(d’@)

in particular, the limit in (4.5) with x replaced by x’ also exists. If in addition X is compact, then

inf  p, = inf (V). (4.8)
Oz (vc) Yem(XY)
YNOqg(vc)#0

Proof. Let 2/ € O, (¢¢). By the continuity of the action v, 2/ (v) is fixed by Stab,/(¢) =Stab,(1)).
By the first equation in (4.6) with z replaced by 2/, z/_(v) is also fixed by the closure of {e: teR}
in T. Thus, z/_(v) lies in X Tew(¥) which is a closed symplectic submanifold of (X,w) by Proposi-
tion 3.16(1). Let Z,., C XT=¢(¥) be the component containing x«(v). Since Tc is connected, the
last equation in (4.6) implies that z/ (v) € Z;., as well.

Since dy, vanishes on XT=+(¥) 1 is constant on Zyw. Along with (4.5) with x replaced by 2’/
and the function (4.4) with z replaced by 2’ being non-increasing, this yields the second equation
in (4.7). If v€TyT is generic, Ty, (1)) =T and so Z,., C X¥. Thus,

inf p, < inf (V) < iy (ch;v) = inf u, — inf p, = inf (V).
04 (¢c) Yem(XY) Oz (¢c) O:(¥c) Yem(XY)
YO, (1) #0 YNOq (1) #0

If X is compact, then so is O, (¢¢). The continuity of p in both inputs then implies that the last
equality holds for all veT;T. ]

40



Corollary 4.7. Suppose T, (X,w, 1, u), ¥, and p, for each v € TyT are as in Lemma 4.2 and
xeX. Then,

O (thc) — O (Yc) = {2’ € Op(¥c): FvETLT s.t. dypy #0, uv(w’):oi?i )uv}. (4.9)

Proof. Let T{T CT1T be a complement of
TyStabg (¢) = {veTyT: dypy =0} (4.10)
and S(TFT)CTET be the unit sphere in 75T with respect to some metric. In particular,
O (¢c) = {¥e;ppriv)(2): 0,0 €TT}.

Since the group Tg is abelian, &,(z")#0 and dg/pu, #0 for all ve TFT and 2’ € O, (¢c). Along with
the first condition in (1.4), this implies that the left-hand set in (4.9) contains the right-hand set.

By (4.1), the continuous function
S(T]f )XR _>]R7 h('l),t) = :u’v(w(c;it’u<x))7
is non-increasing in t. By (4.7),

lim A(v,t) = inf p, YV veS(T7T). (4.11)

=00 Oz (¢c)

Suppose z’ € Oy (Yc) — Oy (Ye) is the limit of a sequence Vit v, (Vu, () with ug € T converging to
some u, vy € S(TYT) converging to some v, and t; € R converging to co. Since y is a continuous
T-invariant function on 73T x X and the functions h(vg,t) are non-increasing in t,

Mv(x/) = kh_r>nooﬂvk (wuk (w(c;itkvk (x))) = kh_r>nooh(vk7tk) < tgnoo h(v,t).

Along with (4.11), this implies that p,(z")=inf O

0. (whe) Ho-

For a polytope P C T} T, we denote by 0P C P the union of the proper faces of P. Let Int P=P—0P.
With T, (X, w, %, u), and ¢ as in Theorem 2(2) and z € X, let

P, (¢c) = CH(u({Y €mo(X?): YNO, (1) #0Y)).

Proposition 4.8. Suppose T, (X,w, 1, 1), and ¢ are as in Theorem 2(2) and x € X. Then,

and the map Ogz(Yc)/T—T5T induced by p is injective.

Proof. For each v € T1T, the map
L,: T;T — R, Ly(a)=av), (4.13)

is a linear functional and p, = L,opu: X — R. Let TS C T be a subtorus complementary to the
identity component (Stab(1))o of Staby () and ¢: TS — T be the inclusion so that

pe=1op: X — I7TS
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is a moment map for the restriction of the T-action ¢) on T%. In particular,

O.(c)=Tex = (TS)cx, {YVem(X?): YNO,(Yc)#0} = {Y emg(X™#): YNO,(¥c) #0},
O:(¢c)/T = Ox(¢c) /T3,
1(Oz (V) C (T3 T) e ={€TFT: Ly(a) =Ly (1u(x)) Vv eTyStab, (1)}

Since ¢* : (T3T)ue — T5TS is a homeomorphism sending line segments to line segments, it
suffices to establish the claims with (¢, ) replaced by (¢|rc,us). We can thus assume that
(Stab,(1))o={1}, as is done below.

For veTyT, let ¢, €'(X;TX) be as in (1.2). Since

(Stabx'(¢))0 = (Stabm(¢))0 = {]l} v .I‘IEOx (w(C)a
Co(2")#0 for all veT3T—{0} and 2’ € O, (¢c). By (4.1) and Exercise 4.9 below, the map
T — 14T, v — (Y (2),

is thus an immersion. By (4.2), this map is injective and thus a diffeomorphism onto an open sub-
set of Ty T. Since p is T-invariant, this open subset is p(Oz(¢c)). By (4.8), u(Ox(vc)) C Pr(¢c).
Thus, the polytope Pr(¢c) C T5T is of full dimension, p(Oy)CInt Py (¢c), and the last claim of
the proposition holds.

For v € T3 T—{0}, the level sets of L, are hyperplanes. Thus, the restriction of ., = Lyou to Oy (¢)
achieves its minimum along the preimage of a proper face of P,(1c) under p and not at any point
of p~(Int P, (¢)c)); the former preimage contains Y NO, (1) for at least one element Y € mo(X?)

with YNO,(¢c) #0. From the compactness of O, (¢¢) and (4.9), we then conclude that

M(Ox(q/}(:)) _N(Oaz(wC)) C,U/(Oar(w(C) _Oz(w(C))

= {u(z'): 2’ € Ox(Yc), I veTIT—{0} s.b. py(a’)= v} C OPy(Yc).

inf
Og (d)@)

Thus, (O, (¥c)) D Int P(¢c), which establishes the first equality in (4.12). The second equality

in (4.12) then follows from the compactness of Oy (¢¢). O
Exercise 4.9. Suppose V is a vector space with an inner-product product (-,-) and v1,...,v,€V.
Show that the matric (v, v})); je[ is nondegenerate if and only if the vectors vy, ..., vy are linearly
independent.

Proof of Theorem 2(2). The two equations in (4.12) give (2b), as well as (2¢) with o =Int P, (¢¢).
Suppose ¢ is the interior of a proper face F' of P, (¢c). Choose ve€T1T and c€R be so that

F = Po(tc)NLy ' (o),
with L, as in (4.13). Let Z,,, CX be as in (4.7). Thus,

Oz(¢C)OU_I(F) C Crit(jy), /Lv|u—1(F) =G
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and Z., is a topological component of Crit(u,) with p,|z,., =c. By (1.6) and (3.28), ;i is the
negative gradient flow v, .+ of ., with respect to the metric g(-,-)=w(-,J-), with J as in (1.6). By
the first statement in (4.7),

Ox(@bC)CX};;U (Hv) = {xleX: tgnoolb(c;[itv} (.CU/) € Z:c;v}-

By the first statement of Proposition A.5, i, : X — R is a Morse-Bott function. Proposition A.7(6)
and the last equation in (4.6) thus imply that

O, (Ye) N~ (F) = 04 (Pe) Ny ' (¢) = {2l (v) : 2/ € 04 (1) } = O, () (V)
Prw)(te) = CH(p({Y €m0(X?): YNOr ) (Yc) #0}))
= CH(u({Y €mo(X¥): YNO,(¢c) #0}) NF) = F.

From (4.12) with x replaced by 2 (v), we then conclude that

Oz(wc)ﬂ/fl(U) - Oxoo(v) (¢C>mu_l(0—) - Oxoc(v) (¢(C) :

This establishes (2c). Since O, (1c)={y} for any y€ X", (2a) follows from (2c).

Since the moment map p is T-invariant, the map

O:(vc)/T — u(Oa(dc)),  [2] — u(a’), (4.14)

is well-defined. It is surjective by definition. Its domain is compact, while the target is Hausdorff.
By (2c¢), for every open face o of the polytope u(Oz(1c)) there exists x, € Ox(¥c) so that

O.(¢c) i (o) = Oy, (ve).

By the last statement of Proposition 4.8 with = replaced by z,, the restriction of the map (4.14) to
O, (¢c)Nu~1(o)/T is thus injective for every open face o of (O, (¢c)). It follows that the entire
map (4.14) is injective as well and thus a homeomorphism. O

Exercise 4.10. Show that
(a) the S'-action ¥ on CP? given by
StxCP? —s CP?, U [zo, 21, 22] = [zo,ugzl, u322],

is effective and Hamiltonian with respect to the symplectic form wrs,2 of Exercise 2.9;

(b) the closure Oy (¢¢) of the C*-orbit O, (¢c) of  under the complexification of 1 with respect
to the standard complex structure on CP? is a rational cubic curve (and in particular is not
smooth) for any point = [z, 21, 29] in CP? with 2, 21, 20 #£0.

4.2 Proofs of Theorems 1, 2(1), and 3(0™")

The last statement of Corollary 3.40 establishes (Dy). As already noted in Section 1, (Fj) is a
straightforward consequence of the equivariant splitting (3.14) of TX|y for each Y € 7o(X¥) and
is deduced first below. We then establish the main part of the proof of Theorem 1, (A}) on page 5,
and wrap up this section with the remaining statements of Theorem 1, Theorem 2(1), and (0) on
page 8.
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Proof of (Fy). For each L € RP*~! let X' C X be the fixed locus of the action v|;. By the
second equality in (3.27) and Proposition 3.2(1),

Crit(p) = {ze X*: LeRP*'}.

By Proposition 3.16(1), X* C X is a compact symplectic submanifold. Every topological component
Z C X" is preserved 1. The restriction of the 1/-action to such a component is Hamiltonian. Thus,

ZNXY=2Y#0 V¥ Zem(X*), LeRPF!

by Exercise 3.34(a). Along with Corollary 3.12, this implies that Crit(u) is a finite union of the
topological components Z of the symplectic submanifolds X* c X with Le RP*~!. By the second
equality in (3.27) and Proposition 3.2(1), the smooth map

ot X — TRE, p1(2) = {u(@)}(v), (4.15)

is constant along each topological component Z C X’ for every v L, i.e. for any v € L there exists
¢y €R so that
w(Z) c {aeTiR : a(v)=c, };

the right-hand side above is a hyperplane in Tng if v#£0. O

Lemma 4.11. Suppose k € Z2°, (X,w) is a symplectic manifold, 11,...,Yrs1 are R-actions
on (M,w) with Hamiltonians
Hl,...,Hk+1:X—>R,

respectively, the R-action Ygy1 is almost periodic, and its Hamiltonian Hy1q s Y;-invariant for
every i € [k]. If cERF* is a regular value of the map

H=(Hy,...,Hy): X — R",

then the submanifolds Z=H'(c) and Crit(Hy,1) of X are transverse, ZNCrit(Hy,1) is an open
subset of Crit(Hy11|z), and

T, (ZNCrit(Hy41)) = To ZNTyCrit(Hy11) = ES (Hyi1|2), ng (Hitalz) = nk (Hgsq) € 227°
for all € ZNCrit(Hyy1)-

Proof. By the first statement of Proposition A.5, Crit(Hy41) C X is a closed symplectic submani-
fold and Hy1: X — R is a Morse-Bott function. Since c€RF is a regular value of H, Z=H'(c) is
a submanifold of X. In light of Exercise A.4 and the first statement of Proposition A.5, it remains
to prove that the submanifolds Crit(Hy1), Z C X are transverse. Let Y €mo(Crit(Hg+1)).

Let (1,...,(, € I(X;TX) be the vector fields generating the R-actions 1)1,...,1, and thus sat-
isfying the middle equation in (2.5) with (,, = ;. Since Hyyi0¢;=Hyy, for each i € [k], 1
preserves Crit(Hy1) and thus Y. Therefore,

Gly eDYTY) CT(YV;TX|y)  Vielk].
If x€Z, then d.Hy,...,d;Hy vanish on T,,Z. Since d, H is surjective, it follows that

doH=(dHy, ..., duHy): T,X/T, Z — RF (4.16)
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is a well-defined isomorphism. The middle equation in (2.5) with (,, = ¢; then implies that the
tangent vectors (i (z),...,(x(z) €T, X are linearly independent.

Suppose z€YNZ and (ry,...,r;) €RF—{0}. Since
r-C(z) =rG(z)+. . .+re(z) € T,Y —{0}

and w|r,y is a nondegenerate, there exists weT,Y so that

k

Zridei(w) = —w(r-((z),w) #0.

i=1

Thus, the restrictions of d, Hy,...,dyHg to T, Y are linearly independent. Since (4.16) is a well-
defined isomorphism, it follows that T, X =T, Y ®T, Z, i.e. the submanifolds Y, Z C X are transverse
at x. O

Corollary 4.12. Suppose k€Z=°, (X,w) is a symplectic manifold, zz is an almost periodic RF+1-
action on (X,w) with Hamiltonian

H=(H,Hp1): X — RFxR=RFT,

If ceRF is a reqular value of H, then the restriction of Hy1 to the submanifold Z=H(c) of X
is a Morse-Bott function with nf(H)€2Z2° for every x € Crit(Hyy1|z)-

Proof. Let H=(Hj,...,Hy) and x € Crit(Hy41|z). Suppose x € Crit(Hyy1|z). Since the map (4.16)
is a well-defined isomorphism,

dka_H =riHi+... +r H,: T, X — R
for some r=(ry,...,r;) ERF. The map
Hk;+1;7~EHk+1—(7"1H1+---+7“ka)5X — R

is then a Hamiltonian for an almost periodic R-action on (X,w) so that x € ZNCrit(Hy1,). This

Hamiltonian is preserved by the restriction of the action J to RFx{0}. Since H, k+1;r—Hp 1 restricts
to the constant r-c on Z,

Crit(Hgy1.|2) = Crit(Hyi1|2)s ES(Hii1:]2) = B (Hisalz), niE (Hesrlz) = 0 (Hes1l2)-
By Lemma 4.11, the closed submanifold ZNCrit(Hj41.,) of Z is thus an open subset of Crit(Hj1),
T.(ZNCrit(Hyt1,)) = EQ(Hytlz),  and  ni(Hy|z) € 222° (4.17)

We conclude that Crit(H1|z) is a finite union of submanifolds ZNCrit(Hy1.,) of Z with r € R¥,
each of which is a union of the topological components of Crit(Hy41|z) and satisfies (4.17) for all
x € ZNCrit(Hyy1,r)- O
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Proof of (A}) on page 5. The claim is trivially true for £k =0. We assume that it is true for
some k€ Z>% and show that it also holds with k replaced by k-+1. Let

H=(H,Hp1): X — RFExR=R"!
be a Hamiltonian for an almost periodic RF+!-action 1 on (X,w) and ¢= (¢, cpy1) ERF xR.

Suppose first that c€ R is a regular value of H and thus ZC H~!(c) is a closed submanifold of X.
It is connected by the inductive assumption. By Corollary 4.12, Hy1|z is a Morse-Bott function
with nf (Hgy1|z) €2Z2°. By Proposition A.8,

H'(e) = {Hk+1|Z}_1(Ck+1) cX

is thus connected.

Let R’;{ C R* and R%H C R¥*1 be the subsets of regular values of H and H , respectively. In
particular,

R%“ = {Ee RFL: A Hy, ... ,dyHp11 €Ty X are lin. independent Vxef]il(a}.

Since the subset H(¢) C X is compact for every ¢€ R, the subset R%H C RF*1 is open. The
function ~
R — 7220 & — |mo(H ' (9)], (4.18)

is constant on the connected components of R%H and takes value 0 or 1 on R%Hﬂ(R]}{ xR). Since
the subset RI}_I C R* is dense by Sard’s Theorem and each connected component of R%H is open
in R*+1 the function (4.18) takes value 0 or 1 on each connected component of R%H, ie. H1(@)cX

is connected for every ce R%H. O

Proof of (Ay). By Exercises 3.4 and 2.3, we can assume that the action v is irreducible. Let
(T¢RF), C TER* be the subset of regular values of . By (Fi), u~*((ITgR¥),) C X is the complement
of a finite union of submanifolds of positive codimensions. Thus, the subset

P* = p(p (ToRY),) € w(X)=P

is dense in P. By (D), the map p: X — P is open. By (A}), p~!(a) C X is connected for every
a€ P*. Thus, (Aj) now follows from Exercise A.10. O

Proof of (By). This claim is trivially true for k = 0. Suppose k € Z* and H: X —RFis a
Hamiltonian for an almost periodic R¥-action ¢ on (X,w). For a kx (k—1) real matrix A, the
R*~1_action 14 =10 A is then also almost periodic with Hamiltonian

Hy=A%oH: X — RF L,
Suppose xg,x1 € X. Let A be a kx (k—1) injective real matrix A so that

H(z1)—H(xo) € ker A™.
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Thus, 21 € H; ' (Ha(20)) and
H(z1) € H(Hy' (Ha(z0)) C {H(wo)+c: c€ker A"}
Since ker A is a line and H ' (Ha(zo)) C X is connected by (Ay),
H(H ' (Ha(z)) C H(X)
contains the line segment between H(xg) and H(x1). Thus, H(X)CRF is convex. O

Proof of (Cy). Let p: R¥ — T and ¢ be as in (1.5). We can assume that the image of p is
dense in T and so X¥=X?". The first claim then follows from Proposition 3.16(1). By Proposi-
tion 3.2(1) and the first equation in (1.4), du vanishes along X¥; this implies the second claim.
By (Bk), n(X)C CH(u(X?).

Suppose 179 € T¢RF —CH(u(X?)). Thus, there exists v € ToR¥ so that

no(v) < min{n(v): nEu(Xw)} = min{n(v): n€ CH(u(X?))}. (4.19)

Let y€ X be a minimum of the smooth function p, as in (4.15) Thus, dyu, =0, the vector field ¢,
as in (1.2) vanishes at g, and y lies in the fixed locus X®? of the restriction of the v-action to
Rv CR*. For a generic choice of v € R¥ satisfying (4.19), p(Rv) C T is dense and thus X% =X?. It
follows that

no(v) < min{n(v): nE,u(Xw)} = min{u,(z): € X} = min{n(v): neu(X)},
Le. mo & w(X).

Thus, u(X) = CH(u(X?)). The vertices of this polytope are of the form u(Y) with Y € mo(X¥).
By (3.37), the number of edges at any such vertex u(Y') is at most [S(Y')|. Since the real rank of
each subbundle N¢Y CTX |y is at least 2, |S(Y)|<(dim X)/2. O

Proof of (Ej). Suppose Y emo(X?). Let p, J, S(Y), N§Y for each € S(Y), and C,,y) (p*S(Y))
be as in Proposition 3.38. If p*S(Y) does not span TS‘Rk over R, there exists

v € ToR*—{0} s.t. {p*a}(v) =0 VaeS(Y).

The subgroup Rv C R¥ then acts trivially on TX|y. By Proposition 3.8(1), this implies that the
connected component of the Ro-fixed locus X®? containing Y is a connected component of X,
i.e. Rv acts trivially on X (and so the action 1) is reducible), since X is connected. If the action ¢
is reducible, then Rv C R* acts trivially on X and thus on TX|y for some v € ToR* nonzero and
thus {p*a}(v) =0 for every a€S(Y), i.e. p*S(Y) does not span T¢R* over R.

Thus, p*S(Y) spans T R¥ over R if and only if the action 1 is irreducible. Suppose p(Y) € Ver(u(X?))
is a vertex of the polytope u(X)=CH(u(X%)). By Proposition 3.38, the edges of u(X) at u(Y)
are the edges of the cone C,y)(p*S(Y)). A subset S, (Y) of p*S(Y) thus forms a collection of
edge vectors of the polytope p(X) at the vertex p(Y'), while the elements of p*S(Y)—S,(Y) lie
in the span of S,(Y). We conclude that S,(Y) spans T¢R¥ over R if and only if the action ¢ is
irreducible. O
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Proof of Theorem 2(1). Suppose Y € mo(X¥). Let p, J, S(Y), and NgY for each a € S(Y)
be as in Proposition 3.38 with (R 0) replaced by (T,1) and thus p = id. As above, a sub-
set S, (Y) of p*S(Y)=S5(Y) forms a collection of edge vectors of the polytope p(X) at p(Y'). Since
S(Y)C (T5T)z, all edges of the polytope u(X) at u(Y) are rational. O

Proof of (07) on page 8. Let p, J, S(Y) for each Y € mo(XV¥), NgY for each o € S(Y), and
Cuv)(p*S(Y)) be as in Proposition 3.38 with (R¥,0) replaced by (T, 1) and thus p=id. By (3.37)
and (1.7), |S(Y)] is at most the dimension of T. Since the action 1 is effective, Proposition 3.11(1)
then implies that S(Y) is a Z-basis for Ty'T for every Y € mo(X¥); this remains the case if some
of the elements of S(Y) are negated. In particular, the polytope u(X)CT;T is of full dimension.
Furthermore, for every Y € mo(X¥), the cone C(v)(S(Y)) contains no lines, u(Y’) € Ver(u(X)), and
for every S CS(Y) the pu-image of the topological component X3 of the v|r4-fixed locus X con-
taining Y lies in the cone C,,(y(S) of dimension |S| and contains a neighborhood of the vertex (Y")
of this cone.

By Proposition 3.16(1), (Xé,w|X}s,,¢|X}§,u|X}§) is a closed connected Hamiltonian T-manifold for
every Y €mg(X?) and ScS(Y). Thus,
u(XY) = CH(u((X3)")) = CH(u(XVNXY)
by Theorem 1(Cj). Since u(X¥NX3) C Ver(u(X)), it follows that u(X3) is the face Fuivys(p(X))
of the polytope u(X) containing the edges
eu(vye = (X)N{u(Y)+taa: to €RZ0Y

with a € S. Since S(Y) is a Z-basis for T; T for every Y € mo(X?), Exercise 3.35 implies that for
each z € X there exist Y, € mo(X?) and S, C S(Y;) so that the -stabilizer T, (1)) C T of z is the
subtorus Tg, CT and xeX%. It follows that

p (s (X)) = {reXys: T, ()=Ts} VYem(X¥), SCS(Y), (4.20)
where F:(Y);S('U’(X)) C Fyyy;s(u(X)) is the interior.

Suppose e€ Edg(u(X)) is an edge of the polytope u(X) and thus e=e,y),, for some Y emo(X?)
and o € S(Y). We then set ae =a. If Y/ € m(X?) is such that u(Y”’) is the vertex of €,y ).
other than x(Y), then —a € S(Y’) and e=e,(yr),—q- Thus, (ae)eccrdg(u(x)) is a full tuple of integral
edge vectors for the polytope p(X) such that for each vertex n of u(X) the components o, with
e€Edg, (1(X)) form a Z-basis for (T7T)z and

Tg = ﬂf]rawm VY em(X?), SCS(Y). (4.21)
aesS

Suppose F C p(X) is a face of the polytope p(X) and thus F=F,y.s(u(X)) for some Y €mo(X?)
and S C S(Y). We then set Tp=Tg. Thus, Tz CT is a subtorus. By (4.20), (0*b) holds. This
implies that Tr is independent of the choice of u(Y)€ F. By (4.21), (07 a) thus holds for all n€ F.

Let Y em(X¥), SCS(Y), and F=F,y).s(u(X)). Since

dimY+ ) rkNRY =dimX, tkN§Y >2VaeS(Y), and |S(Y)| =dimT = (dim X)/2,
aeS(Y)

48



we conclude that dimY =0 and rk N¢Y =2 for every o€ S(Y'). Along with Proposition 3.11(2),
this implies that
dim X5 = 2|S| = 2dim F = 2dim(T/T). (4.22)

Since a(v)=0 for all «€ S and ve€T;Tg, the affine map
Pys: {u(Y)+ Y taa:ta €R} — T (T/Ts),  {Py;s(n)}(v) = n(v)—{u(¥)}(v),
a€csS

is a well-defined surjection and thus affine isomorphism by the last equality in (4.22). By (4.20), the
torus T/Tf acts freely on p~1(F°) CXQES via 1; we denote this action by ¢y.g. By Theorem 1(Ag),
the fibers of the restriction

pip  (F°) — F°

are connected. Since F° C F is open, u~1(F°) C XQES is a symplectic submanifold. Thus, (07 c)
follows from Exercise 3.33(a) with T and (X, w, v, 1) replaced by T/Tg and

(M_l(FO)a w’;lfl(Fo)a ¢Y;Sa @Y;SOM‘Mfl(FO))v

respectively. O

5 Symplectic Quotient and Cut Constructions

5.1 Symplectic quotient

For a Lie group G, let
(T]’fG)G = {aeT;G: Adg(a)=a VgeG}

be the fixed locus of the dual of the adjoint action of G on T1G. If ¢ is a G-action on a space X,
p: X —TyG is a map satisfying the second condition in (1.4), and a € (T G)%, then v restricts
to a G-action on p~!(a)C X. If G is abelian, then (T3G)¢ =Ty G.

Theorem 4 ([25, Theorems 3,4]). Suppose G is a compact Lie group, ()?, @, QZ, i) is a Hamiltonian
G-manifold, and o€ (T;G) are such that G acts freely on i~ *(a). Then,

(SQ0) a€T;G is a regular value of i;
(SQ1) there is a unique smooth structure on Xo = *(a)/G so that the quotient projection
Pat i (@) — Xa
is a principal G-bundle;
(5Q2) there exists a unique 2-form wa on Xq so that phwae=w|pp-1(a);
(SQ3) the 2-form wq is symplectic.

Suppose in addition G' is another Lie group, and ()Z',(T),J’,ﬂ’) is a Hamiltonian G'-manifold. If
the actions ¢ and v’ commute, [i' is Y-invariant, and i is 1)'-invariant, then

(5SQ4) V' and [’ descend to a G'-action Yl on X, and a smooth map ), : X, — T1G', respectively,
so that (Xa,wa, VL, 1l is a Hamiltonian G'-manifold;
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(SQ5) if o €(TFGNS', G acts freely on ply (o) if and only if GXG' acts freely on (fi, fi') (v, );
(SQ6) if o € (T:G")E" and Gx G’ acts freely on (fi, ')~ (a, &), then
Plasa’)y =Par a1 (a1 ()t (B ) e, 0') — X(aan = (Xa) o
and W(q,oy = (Wa)a -

The symplectic manifold (X, wq) of Theorem 4 is called the symplectic quotient of ()A(;, w, {/;, ) at a.
We will similarly call the Hamiltonian G’-manifold (X, wa, 1., pil,) of this theorem the Hamiltonian

qUOtient of (5(:7 aa ({/;7 J/)u (ﬁ? ﬁ/)) at a.

Proof of Theorem J. Exercise 3.32(b) establishes (SQ0). Since G is compact, the quotient pro-
jection p, is a closed map. By [28, Lemma 37.1], the quotient space X, is thus Hausdorff. By (SQO)
and the Implicit Function Theorem, i~ !(a) C X is a smooth submanifold on which the compact
Lie G acts smoothly and freely. By the Slice Theorem (equivariant version of the Tubular Neigh-
borhood Theorem), for every x € i~ !(a) there thus exists a submanifold S, C X so that z€ S, and

the map ~
Sy xG — X, (', u) — (),

is a diffeomorphism onto an open neighborhood U, CX of & preserved by G. This submanifold is
then transverse to the orbits Gz’ of G and thus to i~ (). The restriction

Do ﬂ_l(a)ﬂSm — Pa (ﬂ_l(a)ﬂﬁx) C Xo

of the quotient map is a homeomorphism onto an open subset of X, and induces a smooth structure
on pa (i~ (a)NU,) so that the restriction

Do : ﬁfl(a)ﬂﬁx — Pa (ﬁil(a)mﬁl‘)

is a (trivial) principle G-bundle. Since there is at most one smooth structure on pa (7~ (a)NU,) so
that the latter restriction is a submersion, the smooth structures on open subset of X, obtained
in this way overlap smoothly. This establishes (SQ1).

By (SQ1), for every z € i () the map
da:poc: Txﬁil(a)/Tx(G‘r) — Tpa(x)Xoa

is a well-defined isomorphism. For each v € TG, let ¢, € F()?;T)?) be as in (1.2) with (X, )
replaced by (X, ). Thus,

Ty(Gz) = {¢o(2): veTIG} Vaen (a) and
—(t,()®) ‘Tzﬁ—l(a) - dw({ﬁ(‘)}(v)‘nﬁ—l(a)) =dy (a(v)‘Tzﬁ—l(a)) =0 YoelhG, zef ' (a).

It follows that there is a unique alternating 2-tensor wq|,,, (@) on T, ()X for each z € i~ () so that

Walpa (z) (dwpa(w),dxpa(w')) = 0| (w,w') Y w,w el Ha),
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Le. ph(Walpy(z)) = Wl i-1(a)- Since w is G-invariant, walp,(x) does not depend on the choice
of x in pyl(pa()), ie. wy is a well-defined 2-form on X,. Since p, is a submersion and the 2-
form &|pg-1(q) is smooth and closed, so is the 2-form w,. Since « is a regular value of 1 and & is

nondegenerate on X, the first statement of Exercise 3.32 with (w, pt) replaced by (w, ) implies that

(Top™ 1(a)) (kerdgcu) =T,(Gx).

Thus, w, is nondegenerate.

Suppose G’ is another Lie group and ()2 R ) is a Hamiltonian G’-manifold such that the
actions ¢ and ©’ commute, fi' is -invariant, and z is ¢’-invariant. Since f is ¢’-invariant, v’
preserves f~!(a) C X. Since the actions ¢ and ¢/ commute and fi’ is i-invariant, the restriction
of ¢/ and i/ to p~ 1( ) descend to a G’-action ¥, on X, and a smooth map p,: X, —T1G’. By
Exercise 2.5 with (1/1 ) replaced by (w’ V), (Xa,wa, Y, pl,) is thus a Hamiltonian G’-manifold.
Since G acts freely on (), (SQ5) follows from

b (o) = (5 7)o, o) G,
Along with (SQ1) and (SQ2), this identity also implies (SQ6). O

Exercise 5.1. Suppose G, ()?,53,1;, 1), o, (Xa,wa), and p, are as in Theorem 4 and X'cX is an
w-symplectic submanifold preserved by the G-action .

(a) Show that the symplectic quotient (X/,w!,) of ()?’,Uu|)~(,, ZZ!)}/, fi|5/) at « is a symplectic sub-
manifold of (X,,ws) and the bundle homomorphisms

NeX'|

Sn dp *
N — N ~1(a) ( (Oé)ﬂX/) L {pa‘ﬁfl(a)ﬁ)ﬁf’} NXQXQ (51)
over ﬁ_l(a)ﬂf( " induced by the inclusions and the quotient projection are isomorphisms.

(b) Suppose that G', ¢/, i, and (Xas Wa, V4, f1g,) are also as in Theorem 4 and the submanifold
X'CcXis preserved by the G’-action ¢’. Show that the submanifold X/ C X, is preserved by
the G’-action ¢, (X[, w, ¥4 |x1, ol x: ) is the Hamiltonian quotient of

(X,’ (‘~L)|)~(/a (¢a QJZ),)|)A{'/? (~ ~/)|X/)
at a, and the bundle isomorphisms in (5.1) are G’-equivariant.

Exercise 5.2. Suppose G, ()N(,UJ,Q,Z, i), a, (Xa,wa), and p, are as in Theorem 4 and Jis a
w-invariant almost complex structure on X compatible with w. Show that

(a) the restriction of the differential
dopa: Tl (@)NT (Tefi (@) — T () Xa

is an isomorphism for every z € ji~!(a) and thus induces an almost complex structure J,,
on X, compatible with wg;

(b) if G, ¢, i, and (Xo, wa, ¥, 11l,) are also as in Theorem 4 and the almost complex structure J
on X is W 1nvariant as well, then the almost complex structure J, is 1/ -invariant;
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(c) if X'C X is an almost complex submanifold preserved by the G-action ¢ and (X!, w!,) is the
symplectic quotient of (X', &|,, %[5, fl5/) at «, then X7, is an almost complex submanifold
of X, and the composite isomorphism from the left-hand side in (5.1) to the right-hand side

is C-linear with respect to the complex structures induced by J and Ja-

Example 5.3. Let n€Z". By Exercise 2.6,

n
H:C" —R, H(zl,...,zn):WZ|zk|2,
k=1

is a Hamiltonian for the standard action 1 of S' on C,
Yu: C" — C", Yu(2)=uz, VYueS cC.

For each r € R*, the group S! acts freely on H~!(7r?), the sphere of radius r centered at the origin.
The associated quotient of Theorem 4 is the complex projective space CP"~! with a symplectic
form wepn-1,.. By Exercise 2.9(b),

2
w(cpnfl;r =TT WFS;n—1 -

Exercise 5.4. Let n€Z"% and q: C"—{0} — CP""! be the usual quotient projection. The C*-
action on C" by the coordinate multiplication restricts to a C*-action on C"—{0} and S'-actions
on C" and the unit sphere S?*~!C C". Show that

(a) the quotient topologies on CP"~! given by (C"—{0})/C* and S$?"~!/S! are the same (i.e. the
map $2"71/St — (C"—{0})/C* induced by inclusions is a homeomorphism);

(b) CP"!is a compact topological 2(n—1)-manifold that admits a complex structure so that the
quotient projections

q: C"—{0} — CP"'=(C"—{0})/C* and p:S$>*' — CP"'=5""1/5"
are a holomorphic submersion and a smooth submersion, respectively.

(c) the above complex structure is compatible with the Fubini-Study symplectic form wgg,,—1 of
Exercise 2.9(Db).

5.2 Hamiltonian symplectic cut

Let S be any set. By a finite subcollection J# C S, we mean an element of a finite symmetric
product of S, i.e. the quotient of the Cartesian product S* of k copies of S for some k € Z=° by
the action of the k-th symmetric group Sy permuting the components of the elements of Sk. For a
finite subcollection % C S with a representative . € S¥, we set || =k. In such a case, we write
veH and A C A if veS is a component of # and ' is a finite subcollection of S obtained
by dropping some of the components of J#, respectively. In the latter case, 7 —." denotes the
finite subcollection of S obtained from the dropped components of 7. We say ¢ =475 is
a partition of J7 if /4 C S and = — . We call finite subcollections 57, 7% C S disjoint
if the sets of the components of their representatives are disjoint subsets of S. In particular, .7#”’
and 2 — 7" above may not be disjoint if 7’ C .S is not a subset in the usual sense. Informally, a
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finite subcollection 7 C S is a “subset” which may contain several copies of an element of .S. For
the purposes of Sections 5.2 and 5.3, it would be sufficient to restrict to subsets in the usual sense.
However, subcollections fit better with some of the considerations of Chapter 6, as certain relevant
operations on subsets can turn them into subcollections that are no longer subsets.

Suppose T is a torus. For v=(v,c) €T3T xR, let
cy = ¢, Hy = {aeT;T: a(v)>c}, and OHy, = {a€eT;T: a(v)=c};

the subspaces H,,0H, C T;T are a (closed) half-space and an affine hyperplane, respectively, if
v#0. For a subcollection s CTyTxR and ' C 7, let

(A= (Mo CTET, (Y = (0H, C (), (A =(HVP(#)— [P
veH veH HICH CH

In particular, (0) = (0)° = (0)] =T;T, (")}, C (A" is an open subset,
(A=A = (), (AW A=) = (A0 A), and (A" OO = (A"

We call a subcollection 5 C (T3 T—{0}) xR minimal if it is a subset of (T3 T—{0}) xR in the usual
sense and OH,N(H’) #( for every ve # . Every subcollection 7 C (T3T—{0}) xR with () #0
contains a unique minimal subcollection #” with (") = ().

If 77 C (I3T—{0}) xR is a finite subcollection, (J#) is a polyhedron by definition. A polytope
is easily seen to be a compact polyhedron. The converse, which is not needed for our purposes,
follows from the Minkowski-Weyl Theorem [11, Theorem 3.13|, which states that a polyhedron is
a finitely generated cone on a polytope.

If 7 C(T1T)z xR is a finite subcollection, define
Lw:R” — DT, Ly ((rec)woer) = D Toct,
(v,c)eH# (5.2)
Dy T =R7/Z7 — T, Oup(fr]) =el#® | Ty =Imd .

In particular, T ,» C T is a subtorus. We call a finite subcollection . C (T3T)z x R Delzant
(resp. regular) if ® ;- is injective for every subcollection #’ C J# such that (0N () #( (vesp. if
Ly is surjective). The former implies in particular that v € (T3 T)z is primitive for every element
(v,¢) € A such that OH, N(H)#D and T 4 CT is a subtorus of dimension |.7”| for every subset

A C A such that (YN (A)#0. However, the disjoint union of any Delzant subcollection %
of (T1T)z xR and a pair (0, c) with c€R¥ is still a Delzant subcollection of (T4T)z x R.

Exercise 5.5. Let T be a torus and ¢ C (T1T)z xR be a finite subcollection.

(a) Suppose ap € (). Show that (/) C T5T is the preimage of ag|ryT,, under the restriction
homomorphism 77T — 17T ,».

(b) Suppose T'CT is a subtorus of T so that # C (T3T")z xR. Show that the images of
(), (Y, (AN (A, CTIT with H' C H
under the restriction homomorphism 77T — 75T’ are the corresponding subsets of 77 T".

Conclude that %7 is Delzant with respect to T if and only if .7# is Delzant with respect to T’.
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Exercise 5.6. Let T be a torus and s C (T1T)z xR be a finite subcollection.

(a) Suppose #' C A and ('Y N(H) # 0. Show that there exists a subcollection 3 C
such that

A C A, (APNAYVLDCTIT, and  ImLy =ImLy C TyT.

(b) Suppose S is Delzant with () #(). Show that ker ® ,» C T* is a subtorus of codimension
equal to the dimension of Im L 5 CT7T.

Exercise 5.7. Suppose T is a torus and J# C #T C (TyT)zxR are finite subcollections. Show that
(a) if A is regular, then the sequence

Tﬁfffﬁf

0 — ker® 0 — ker ® ;1 — — 0

of abelian Lie groups, where the second homomorphism is the restriction of the projection
T#" —>T”L%, is exact;

(b) if s#1 is Delzant and #” C ¢ is a finite subcollection such that (/YN () = (A" N (A7),
then
a)>c Y (v,e)eHT -, ae(APN(H).

Exercise 5.8. Suppose T is a torus, % C (TyT)z xR is a finite subcollection, ag € (), and
q: T—T/T 4 is the quotient projection. Define

oo (TaT), xR — (T1(T/T ), ¥R, Gao(v,¢) = (dag(v), c—ap(v)).
If 7 C(T1T)z xR is a finite subcollection such that 4 C ., let 5€).70 = qo,(H'— #5) and
ooty = (Sost50) ey 7 T St itssgeg o) (W) = o Vv EH= .
Show that

(a) if s C A" C A C (TyT)z xR are finite subcollections, then (J/:4) N (/) # O if and
only if ("N () #0;

(b) if 2 C(11T)z xR is a finite subcollection such that /¢ C .7, then the diagram

(1) ker B T P T (1)

b, q

P
(1} — = ker by ——= T T Ty ——— {1}

of exact rows commutes and the left vertical homomorphism is surjective;

(c) if the homomorphism @,y is injective and 5 C (T3T)z xR is a finite subcollection such
that 7 C s, then the homomorphism ¢ . s restricts to an isomorphism from ker @,
to ker (12%/%;
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(d) if 2 C (T1T)z xR is a Delzant (resp. regular) subcollection such that J# C ., then the
subcollection /.7 C (Tu(T/T 4 ))z xR is also Delzant (resp. regular).

Exercise 5.9. Suppose T is a torus and P C 77T is a polytope. Show that P is Delzant if and
only if P= () for some regular minimal Delzant subcollection .7 C (T1T)z x R.

Exercise 5.10. Suppose T is a torus, s C (T1T)z xR is finite subcollection, and (X,w, 1, u) is a
Hamiltonian T-manifold. Show that

(a) if (AP 40, then p~ ' (A#)) C X is a fiber of a moment map for the restriction of the action ¢
to T, CT,

(b) if T acts freely on p=(#)°), then u= () C X is a closed submanifold of codimension
equal to the dimension of T ,;

(c) if w(X)C (), then T 4 acts trivially on X;

(d) if u(X)cC ()Y, r€ X, and Stab, (1)) =T, then the differential d,u: T X — Ty (Y is
surjective.

Definition 5.11. Let T be a torus and .7 C (T1T)z xR be a finite subcollection. A Hamiltonian
T-manifold (X,w,, u) is

e -cuttable if for every subcollection J#”’ C ## such that pu~! (")) #0 the Lie group homomor-
phism ® - as in (5.2) is injective and the subtorus T 4 CT acts freely on u~!(#"));

o H-cut if u(X) C () and for every ' C J the subspace Yy =p~ ' (#")) is a union of
topological components of the fixed locus XT#" C X of 1|t o and there is a T-equivariant
splitting

TX|y,, =T & EONEYw — Yo (5.3)
veH"!

of TXly,,, with a i-invariant complex structure J compatible with w so that

tkeNYYpr =1 Yovesr! and

1 72 / 5-4
dw(}%’([(rv)ve%’b(w) ="M Y (rU>U€3f’ eR” ) weN)% Your, e’ 54

Suppose T is a torus, 7' C # C (11T)z xR are finite subcollections, and (X, w, ¥, u) is a Hamilto-
nian T-manifold such that p= (")) #0. If (X,w,v, u) is an s#-cuttable, then p~*(#'Y) c X
is a closed submanifold of codimension |##”| by Exercise 5.10(b) and thus

p () = () - ("))
HCAHVCAH

is an open subset. If (X,w, v, u) is #-cut, then p='(#"?)C X is a closed w-symplectic sub-
manifold of codimension 2|.7”| and the Lie group homomorphism ® 5 as in (5.2) is injective by
Proposition 3.16(1), (5.3), and (5.4). Thus, u=1(5#")9,) Cu= (")) is again an open subset; it
is dense in this case, since p(X)C (). If in addition S C A and ) C H# — A7, then the re-
striction of i to the symplectic submanifold p~'((7)?) C X is transverse to (#])° C T#T by (5.3)
and (5.4).
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Exercise 5.12. Suppose (X, w, 1, ) is a compact symplectic toric T-manifold, 52 C (T3T)z xR is
a Delzant subcollection so that u(X)= (), and #”’ C #. Show that T » CT is the subtorus
T yeryonny CT as in (0F) on page 8, Y =pu~t(#")9) is a connected component of the fixed
locus X' C X of Y|y ,,, and TX|y ,, splits as in (5.3) and (5.4). Conclude that the Hamiltonian
T-manifold (X,w, 1, u) is F-cut.

Exercise 5.13. Suppose T is a torus, S = 5 U is a partition of a finite subcollection of
(T1T)z xR, and (X,w, ¥, p) is an #-cuttable Hamiltonian T-manifold. Show that

(a) (X,w,,u) is H-cuttable;

(b) for all 7 C 74 and s C # such that p=' (7)) #0 the Lie group homomorphism & a8
in (5.2) is injective and the subtorus T 4y CT acts freely on u‘l((,%”l/l_lji”?’)a)/’ﬂ‘%/.

Theorem 5 ([21, Proposition 2.4]). Suppose T is a torus, # C (I3T)z xR is a finite subcollec-
tion, and (X,w,, n) is an H-cuttable Hamiltonian T-manifold. There exists a unique J-cut
Hamiltonian T-manifold

(X, w, ¥, ) = (Xp,woe, Vo, i) (5.5)
so that

(HCy) Xp=p () )~ with x~a' if there exist A CH and u€T 4+ so that p(z) € (A" and
x/:d}u(x);

(HCy) the quotient projection py: p~ () — X 4 is T-equivariant and 1y = o ope;

(HC3) for every ' C A, py: u=(H") — w3 (H'Y) is a submersion (onto a dense open
subset) and

ol ezl wr = wlogr e,y (56)
For any partition 7 =700, (X,w, ¥, 1)z is an H3-cuttable Hamiltonian T-manifold and
(X, w, 9, 1w)or = (X, 0,0, 10).4) 4y, - (5.7)

Proof. Let c=(cy)pew eR and 71, m9: XxC? — X, C” be the component projections. Denote
by w the standard symplectic form on C*, analogously to (2.11). The 2-form

W= MweTHwr
on X xC” is then symplectic. Let J be the T -action on X xC” given by

_QKiTUZU)UE'_%a)- (58)

This action commutes with the T-action 1) on the first component and preserves its moment map

Vit yoeoe] (T3 (20)verr) = (Y ((r0)oene) (): (€

pomy: X xC* — T¥T (5.9)
with respect to w. By Exercises 2.2 and 2.6, the smooth function

ﬁfu: XxC? —s TET'}?:R%7 -E[u(xa (Zv,c)(v,c)ejf) = (MU(I)_W’ZU,C ?

)(v,c)e,%”’ (510)
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is a Hamiltonian for the action ibv with respect to w. It is preserved by the T-action ¢ on the first
component.

Suppose (2, (z0)ver) € Hy'(c), u€ T, and v (x, (20)ver) = (, (20)ver). Let
H = {ve%”: zuzo}.
From (5.10) and (5.8), we then obtain
w(x) € ("5, C T;T and weT” cT1”. (5.11)

Since (X,w, v, u) is S-cuttable, it follows that u=1. Thus, T* acts freely on ﬁljl(c) via (5.8).
Let

(Xow,woes b i) = (XarWas Ya, fa)

be the associated quotient Hamiltonian T-manifold of Theorem 4 and
p: ﬁ;l(c) — X%Eﬁll(c)/']l‘f

be the quotient projection.

The map
poe: 0NN — Xop=H () [T par(w) = [, (V(o(@) = o) /7) (]

is well-defined, continuous, surjective, and T-equivariant and satisfies the last condition in (HCy).
In particular, p (X ) C (). By the first statement in (5.11), p» induces an injective map from
the quotient = 1((#))/~ in (HCy) to X . Since the map

ot i ) — HN ) @) = (5 (Vi@ =) [T er)s  (512)

is closed and the group T“ is compact, py is a closed map and thus so is the induced map
from p~t((#)). This confirms (HC;) and (HCy).

Let J be a t-invariant almost complex structure on X compatible with w, J,» be the standard
complex structure on C*, and 1’ be the action of T, on X xC* given by

Vo (oo e]) (&5 (20)0e) = Vi ri)oe o] (Vo o ((r)ue e ) (@) (20)vesr)

4 (5.13)
= (. (¢ z)

vGJf) :

This action commutes with the T -action 1; and thus induces a T j-action on X ». By the
middle expression in (5.13), the latter is the restriction of the T-action v, to T . The almost
complex structure J=JaJ w on X xC? is -, 7;5—, and {Z;’ -invariant and compatible with w. By
Exercise 5.2, J thus descends to a Y y-invariant almost complex structure J, on X, which is
compatible with w .

Let ' C 7. By the first statement in (5.11),

Yoo = (' (A7) xC" )N H (e) ={Hul g weor—ser} ()

. (5.14)
C XXCH 7 = (X xC7 )Y o,

o7



Since the moment map p: X — T;T is induced by (5.9),

Yo = 2 () = p(Yorr) = poe (0 (")) € X020 € Xopes

the first inclusion above follows from the last equality in (5.14). The w-symplectic submanifold
X xCH =" < X xC is preserved by the T# -action v, the T-action 1, and the T ,--action 1.
By Exercise 5.1, Y »r C X 5 is thus an w y-symplectic submanifold preserved by the T-action 1 .
By (5.13), the natural splitting

Nysere(X xCH¥=7") = EB(XX(C{”})
vesHl’

is T—, T -, and T y-equivariant with respect to the actions di, dJ, and dzZ’ on the left-hand side
and the actions

u-(x,Zv) = (@Z)u(x)wv), [(TU/)UIE%ﬂ} -(x,zv), - (¢¢%([(rv,)v,€%})($),e_%m’zv),
and @ ([(ro)ver]) (2, 20) = (2,6 2,)

on the summand X xC{¥} on the right-hand side. By Exercises 5.1 and 5.2, T X jgﬂ‘y%, thus splits
T-equivariantly as in (5.3) and (5.4). It follows that Y,»» C X ¢ is a union of topological compo-

nents of the fixed locus Xjf”' of the restriction of the T-action ¥, to T CT,r. Thus, (5.5) is
an 77-cut Hamiltonian T-manifold.

The restriction of the map py in (5.12) to u~*(#")),) is a smooth embedding; its image is
Y N(X x (RT)Z =", Thus,
ol ez, Glrg,,) = @lrger e, ) - (5.15)

Since p*(wilTY,,.) = G|T}~,ﬂl by Theorem 4(SQ2) and Exercise 5.1, (5.6) follows from (5.15).
The map

Py T sy (AY)) — Yo 0 (X x (CH) =),
]ij;%o/(u7 T) = Ju(ﬁ%”(x))y

is a diffeomorphism. Since the map p: }Nf%m — Y, is a principal T -bundle (and thus a submer-
sion) by Theorem 4(HCy),

1A () = Yo N (X x (CF =),
and dp vanishes on dﬁ%ﬂ;tyf/ (TT# 7 /), the composition
P =pobw: i () — 154 () C s (7))

is a submersion. This confirms (HC3). The conditions (HC;)-(HCs) ensure the uniqueness of #-
cut Hamiltonian T-manifold satisfying these properties.

Suppose =74 .#5. By Exercise 5.13, the Hamiltonian T-manifold (X, w, ¥, u) is J#-cuttable.
Let

(X, w, ¥, 1) m = (Xog,wom, Vs 1) (5.16)
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be the corresponding #7-cut Hamiltonian T-manifold as in (5.5). If 24 C 74,

M%«%))_ U UN "l_|<%0> ) U U/“fl %// %// )/ij?//'

A CHA %’Cyf”cﬂé A CHA Ay CHY' C

the last equality holds by (HC;) with ¢ replaced by 4. If ,u;% (4))#0, Exercise 5.13 thus
implies that the Lie group homomorphism @,y as in (5.2) is injective and T, acts freely on

Ko L ())?). We conclude that the Hamiltonian T-manifold (5.16) is .#3-cuttable.

By (HCp) and (HCq) with % replaced by 774 and .74,
(Xo) 5 = 1 (AN [~ 5= Do (™ (AN O™ (BN~ t= (™ (AN e}~

with z, 2" € p=1((#)) being equivalent in the double quotient if there exist ¢ C 4, ) C 53,
and u in the subgroup generated by T A0, Ty CT such that

n(@) € GRPNAY =(HUAY  ad o = ).
By definition, the subgroup generated by T s Loy CT s T ey Thus,
P =pw: X — (X)) ,n=Xw,  (wm)m=pr: Xp — T7T,

and the T-actions (¢,4) and ¥ on X, are the same (as they are induced by the same T-
action ¢ on X). Since (0)J, = (0}, N(0)7,, is an open subset of T;T, (5.6) gives

{Pﬂ!u—l )} WA )ty = {p%q ”)} {P%| %)}*(wﬂl)%
= {pjfl\lf )} W = W’ -1 {pﬁ”| - )}*ij-
Since ps is a submersion on p~'((#)9,), it follows that (w4 ) o = w on the dense open subset
u;; (((Z)g,p) C X » and thus everywhere on X ,». This establishes (5.7). d

Exercise 5.14. Suppose T is a torus, 7 C (T1T)z xR is a finite subcollection, and (X, w, ¥, p) is
an J7-cuttable Hamiltonian T-manifold.

(a) Suppose u(X)C (). Show that the projection
port 1NN =X — X
of Theorem 5 identifies (X, w, ¥, u) with (X, w, 9, u) »

(b) Conclude that (X, w, ¥, i) does not depend on the choice of finite subcollection 7 C (T3 T)z xR
with () fixed so that (X,w, v, u) is S-cuttable.

Exercise 5.15. Suppose T is a torus, 5 C (T3T)z xR is a finite subcollection, and AeR™.

(a) Show that the finite subcollection
M = {(v,\e): (v,c) e} C (TaT)z xR
is Delzant (resp. minimal, regular) if and only if . is. Show also that

() = M) ={Aa: o€ (A)} C TIT
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(b) Suppose (X,w, ¥, ) is an #-cuttable Hamiltonian T-manifold. Show that (X, Aw, v, Au) is
a AJ-cuttable Hamiltonian T-manifold and that the map

H ) — ﬁ,\_;()\c) CXxCM (2, (20.0) wejenr) — (2, (VAZ0.0) wrcers)
descends to an identification of (X 2, Awz, ¥p, Miyy) with (X, Aw, ¥, Ap)Ae-
Exercise 5.16. Suppose T is a torus, 7 C (T1T)z xR is a finite subcollection, and ag €T3 T.
(a) Show that the finite subcollection
H+ag = {(v,c+ag(v)): (v,¢) €A} C (TT)zxR
is Delzant (resp. minimal, regular) if and only if .7 is. Show also that
(H+ap) =(H)+ao={a+ao: ac(H)} C T;T.
(b) Suppose (X,w, 1, ) is an J-cuttable Hamiltonian T-manifold. Let
ctag = (cv—i-ozo(v))ve%g e R”.
Show that (X,w, 1, u+ap) is an (A +aq)-cuttable Hamiltonian T-manifold and that the map
H M e) — Hl (e+a0) € XxCPT (2, (zpe) neenr) — (%, (2oc) (wetao(o))etran)
descends to an identification of (X z, w, Ve, o+ o) with (X, w, ¥, p+ao) #tap-

Exercise 5.17. Suppose T is a torus, 5 C (T1T)zxR is a finite subcollection, and © € GLz (711 T)z).
Let ©* € GLz(IT3T)z) be the dual of © and g be the T-action on X obtained by composing 1
with the automorphism of T induced by ©.

(a) Show that the finite subcollection
O~ ={(07(v),¢): (v,c)e} C (ThT)z xR
is Delzant (resp. minimal, regular) if and only if % is. Show also that

(©) = 0" () ={0(a): ac (H#)} C T;T.

(b) Suppose (X,w, v, ) is an #-cuttable Hamiltonian T-manifold. Show that (X,w, g, ©*opu)
is a @~ L#-cuttable Hamiltonian T-manifold and that the map

~ ~ —1,
HM 1(0) — HQ,}OM(C) C XX(C® ‘72&, (.’E, (Zv,c)(v,c)e}f) — (a:, (Zv,c)(efl(y)ﬁ)e@*ljf)a

descends to an identification of (X 2, wp, (Vr)e, O o) with (X, w, e, O*ou)g-1y.

We will call two finite subcollections of (1T3T)z x R equivalent if they differ by a composition of
rescalings, translations, and automorphisms of (7T3T)z as in Exercises 5.15(a), 5.16(a), and 5.17(a),
respectively. A regular finite subcollection of (77 T)z xR has at least dim T elements. The next
exercise describes the equivalence classes of regular minimal Delzant subsets 7 of (13T)z xR of
small cardinality relative to the dimension. The subsets () CT; T determined by representatives
of these classes when T is two-dimensional are shown in Figures 2 and 3.
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1
Ay Ho2() Hs1(az), az€ZZ°

Figure 2: Representatives for the equivalence classes of regular minimal Delzant subsets ¢
of (TyT?)z xR with || =2, 3 as in Exercise 5.18.

Exercise 5.18. Suppose n € Z* and J# C (T3T")z xR is a regular minimal Delzant subset. Let
e1,...,e, be the standard basis for T3 T =R". Show that
(a) if |.7|=n, then . is equivalent to €= {(e;,0): i € [n]};
(b) if |#|=n+1, then 4 is equivalent to
A (g1 - - an) = HF{(—e1—. . —ept+apii1€hq1+- . . Fanen, —1)}

for some k€ [n] and agyy,...,a, €227

(c) if n=2 and |.7#| =4, then .7 is equivalent to
H.1(a;b,c) = %;1(a)l_l{(—b61+(ab—1)eg, —b—c)}
for some a,beZ2% and ceR™T;

(d) the equivalence class of J4, .k (ak+1,...,a,) in (b) is invariant under the permutations of
Ak+1, - - -, Qn, the equivalence classes of J%.1(a;b,c) and %, (b;a,1/c) in (c) are the same,
and all other pairs of the subsets above represent distinct equivalence classes.

5.3 Hamiltonian symplectic uncut

In this section, we show that the Hamiltonian symplectic cut construction is reversible and complete
the proof of Theorem 3. This formalizes the argument sketched in the proof of [24, Theorem 7.5.10].

Exercise 5.19. Suppose T is a torus, € = 5 UJ% is a partition of a finite subcollection of
(TaT)z xR, (X,w, v, ) is an -cuttable Hamiltonian T-manifold so that (X, w,, 1) is an -
cut Hamiltonian T-manifold, and Y C X 4 is a topological component of ,u;% (24)9). Show that

(a) there exists a (unique) topological component ¥ C X of = (#4)?) which contains p;é(Y);
(b) Y is a topological component of the fixed locus X2 C X of 9| s, With its normal bundle

admitting a splitting as in (5.3) and (5.4) with (Y, #”) replaced by (Y ,.74).
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b+c

(I+ac,c)

(14ac,c)

1 1 1
H5.1(a;0,¢), a€Z>0, ceR* H5.1(0;b,¢), beZZ0, ceRT Hsa(a;b,c), a,beZ>°, ceRT

Figure 3: Representatives for the equivalence classes of regular minimal Delzant subsets 7
of (TyT?)z xR with || =4 as in Exercise 5.18; the subsets 4.1 (a;b,c) and 4.1 (b;a,1/c) are

equivalent.

Corollary 5.20. Suppose T is a torus, 5€ = 4 U is a partition of a finite subcollection of
(TaT)z xR, and (X,w, ¥, pn) is an H5-cuttable Hamiltonian T-manifold. If (X,w, ¥, 1) is an
A -cut Hamiltonian T-manifold, then there exists an open T-invariant subset X' C X so that

(X/7W|X’a¢|X’aN|X’)% = (X,w,w,u)% (5.17)

and the Hamiltonian T-manifold (X' ,w|xr,¥|xs, ulx:) is H-cut. If Xy is connected and/or the
restriction
e (o) — (A s (X)) (5.18)

is a principal T/T yzr-bundle for every J C JA, then (X' W', 4, 1') can be chosen so that X' is
also connected and/or the restriction

s 1 () X — (P (X (5.19)
is also a principal 'H‘/'H‘jgl/—bundle for every J C FA, respectively.

Proof. Suppose ] C 74 and Y C X, is a topological component of M;f}z (2]?). Tt is thus
contained in a topological component Yz C X, of ,u;% (") for every " C . By Exer-
cise 5.19(a), there exists a (unique) topological component }7%01// C X of u= (4" which con-

tains p;% (Yyer). In particular, }7%:1/ is disjoint from the closed subsets p =1 (54" )a)—f/%iu of X with
e}fi’/ C%’-

By Exercise 5.19(b) and the first part of Proposition 3.38 with T replaced by T !, there thus exists
a T-invariant neighborhood ij of }7%1/ in X so that

p(Oy) C () and  Uynu ("Y) C Yy VA CH . (5.20)
The T-invariant neighborhood
Uy = Uy ™ (0 ) © 7 () O (A - ) = 0t (94)
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of ?%/m*1(<jﬁ’ )ajﬁ) in X is then disjoint from =1 ((24")?) for every subset 4" C /£ not contained
in 77. Thus,

x'= Uty cut(4) (5.21)

I CHLY emo(u, (7))

is a T-invariant neighborhood of

U U o™ A8Y%) > U Urib (V) =134 (Xon) = = ()
HCH Y emy (sl () HLCHY €mo(u5), ()

in X. By Theorem 5(HC;) with .# replaced by .#%%, the above inclusion implies (5.17).

By (5.21), u(X') C (JA). Let " C 4 be such that u~ (") # 0. Since U}, C Uy with
Yem (M;;Q (24)9)) is disjoint from p =1 ((4")7) whenever " ¢ ], the second statement in (5.20)
implies that

X' (1Y) Y UYw = UYw - (5.22)
HUCHICH Y emo(usl, (HD?) Y emolus (A1)

Since (X,w, v, ) is A -cut, it follows that the Lie group homomorphism @, as in (5.2) is
injective. By (5.22), X'Nu~1(24")°) C X is the disjoint union of the open subspaces X’ﬁ?%iu
of ?;flu with YGT['()(,U,;% (24"9)). By Exercise 5.19(b), X'Nu~'(4")°) is thus a union of topo-

logical components of the fixed locus X" of the restriction of the T-action ¥ to T wy CT
and X’ C X with its normal bundles admitting a splitting as in (5.3) and (5.4) with (Y, #”)
replaced by (X'Nyu~ ("), A). Thus, (X',wlxr, ]xr, plxe) is H-cut.

Since pp(Xm) C (), the subspaces ffjﬁﬂu_l(@%ﬂl’)‘?}ﬁ) C X above intersect p~1((24)) and

thus so do their neighborhoods U}, C X' C X. If X, is connected, then so is u~'(54)) C X by
Theorem 5(HC;) with 2 replaced by %. It follows that X’ C X is then connected. If the
restriction (5.18) is a principal T/T - -bundle for some J#] C 71, then T acts transitively on the

fibers of u over (4%, Nu(X). Since X’ C X is a T-invariant subset, (5.19) is the restriction
of principal T/T ,-bundle (5.18) to (%’)‘Zﬁ Np(X")C (ﬁiﬂl’ﬂﬁ Nu(X) and thus is still a principal
T/T ;z;-bundle. O]

Theorem 6. Suppose T is a torus, 5 =15 is a partition of a finite subcollection of (T3T)z X R,
and (X, w, ¥, p) is an H-cut Hamiltonian T-manifold. Then,

(Xvwawnuf) = (lew/71//7/j’/)3f2 (523)
for some 4 -cuttable Hamiltonian T-manifold (X', ', ', ). If
(a) X is connected and/or

(b) (X,w, v, p) is -cut and the restriction
s 1 (o) —> (YOl X) (5.24)

is a principal T /T ,p-bundle for every ' C A,
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then (X', 4, 1) can be chosen so that
(d') X' is connected and/or
(V) (X', ' ) is FA4-cut and the restriction
W ) — (o i () (5.25)
is a principal ’]I‘/’]I‘%ol/-bundle for every H C 7A,
respectively.

Proof. By (5.7) and Corollary 5.20, it is sufficient to establish this proposition with 7% consisting
of a single element v = (v, c) of (T1T)z xR with v#0. We assume that the closed codimension 2

symplectic submanifold
Y =put(#)°) = {reX: p(x)=c}

of (X,w) is nonempty; otherwise, we can take (X', w’, ¢/, p')=(X,w, ¥, n). Since (X,w, ¥, p) is H4-
cut, the Lie group homomorphism ® 4 as in (5.2) is then injective. We establish the proposition by
removing Y and continuing the radial directions in the normal bundle of Y in X into the negative
values without them coming together at 0. Since (X,w, 1, ) is H-cut,

X-Y ={2eX:py(z)>c}=p1(0),). (5.26)

Let J be a T"-invariant almost complex structure on X compatible with w and g(-,-)=w(-, J-) be
the associated T™-invariant metric compatible with J.

Since (X,w, ), u) is Hs-cut, Y is a union of topological components of the fixed locus X ™ of the
restriction of the T-action v to the circle T,, C T generated by v € (T3T)z and

m:TYY = {weTX|y: w(w,w)=0Vuw'eTY} —Y
is a complex line bundle complementary to TY . It is preserved by the T™-action di) and
dtpere (w) = ™ VEIER, weTYY (5.27)

by (5.4). Let
G e T(TY*; T(TY?)), Co(w) = %dwem (w)‘ = 2miw,

be the (vertical) vector field on TY% generating the S'-action (5.27). Since this action preserves
the unit circle bundle of TY%,

m: S(TYY) = {weTY": g(w,w)=1} — Y, (5.28)
the vector field (|g(ryw) is tangent to S(TY*). The maps

T:S(TY*)xRY — S(TY¥)xC, Uw,t) = (w,V2t),
p: S(TY‘“) xC—TY", pw,z)=2zw,
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are smooth. The map p descends to a T-equivariant diffeomorphism from the quotient S(TY*)x g1 C
of S(TY*)xC by the S*-action

Stx (S(TY*)xC) — S(TY*)xC, u-(w,z) = (uw,u_lz), (5.29)
to TY%. The generating vector field for this action is EvE (v, —27m0y). The map
L=por: S(TY”) xRt — TYY
is a T-equivariant diffeomorphism onto 7Y% Y.

Let A be a T-invariant connection 1-form on the principal S'-bundle S(TY*) — Y, ie. ) is a
1-form on S(TY*) so that
AMGy) =27 and e, (dA) =0. (5.30)

In light of the first condition above, the second condition is equivalent to A being S'-invariant. Let
@ and @’ be the T-invariant closed 2-forms on S(TY%)xC and S(TY") xR, respectively, given by

1
W= W*w+wc+§d(|z|2/\) and &' =rmrw+d(tN),

where we is the standard symplectic form on C as in Example 2.6, z is the standard coordinate
on C, and t is the standard coordinate on R. Since

D) = Wn(w) FdotANy Y wESTY?), (5.31)

the 2-form & is nondegenerate (and thus symplectic) on some neighborhood U’ C S(TY*)xR of
S(TY¥)x{0}.

By (5.30) and the last coordinate of the map ¢ taking only real values,

L, = —2mdt and =Tw, (5.32)

~/
w }S(TYW)XR‘F
respectively. With (r, #) denoting the standard radius-angle coordinates on C so that we=rdrAdé,
~ 1
(szw)(w,reie) = 0—2meg,we+ic, (rdr AX+ §r2d)\) = 2mrdr—27rdr+0 = 0; (5.33)
the middle equality above follows again from (5.30). Since the S'-action (5.29) preserves the 2-
form @, (5.33) implies that there is a unique 2-form wry« on (the total space of) TY“ so that
p*wryw =w. This form is T-equivariant and closed and satisfies
°~Jl|s(TYw)xR+ = wrye; (5.34)

see the second equation in (5.32).

Let A\g be the 1-form on Lg=TY“ determined by A as in Exercise B.8(a). Thus,

1
Wryw = Trw+ 5(21)\3.
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Along with Exercise B.8(b), this implies that the closed 2-form wry« on TYY satisfies (3.18)
with TY*=TY“. By Proposition 3.16(2), there thus exists a T-equivariant tubular neighborhood
identification ®: Y — U for Y in X such that Y CTY* and ®*w=wryw|y. Along with (5.34), the
last identity gives

w ‘fl(u) =10 w. (5.35)

Let U cU' C S(TY*) xR be a T-invariant tubular neighborhood of S(TY*) x {0} so that
UT =U"N(S(TY“)xRT) c o HU).

Since the diffeomorphism ®os: U+t — ®(L(U)) is T-equivariant and satisfies (5.35) with =1 ()
replaced by U™,
po®or: UT — THT (5.36)

is a moment map for the T-action on (UT,&’|,+). By Exercise 3.37, it extends to a moment map
p':U" —T5T for the T-action on (U”,&'|y). Since

lim ((w,t) =nm(w) €Y CTY?, tl_i}rré#/,(@(b(w,t))) = p(m(w)) VweS(TY"),

t—s0F

the first equation in (5.32) implies that
i (w,t) =2mt+e, (o)) = S(TY)x {0}, (5.37)

and @' =pom on S(TYY)x{0}=S(TY"%).

We define
X' = (X=Y)uu")/~, U*> (w,t) ~ &((w,1)) € XY, (5.38)
, wy, ifzxeX-Y; , u(x), ifreX-Y;
w[m] =\~ : " ([ZC]) =\~ . "
W, ifxeld”; w(x), ifxeld”.

Suppose € X—Y —®(.(U1)) and o' eU”"—UT. If 2’ does not lie in the closure ClynUdt of UT in U,
then the images of X —Y and U” —Cly»U™* in X’ under the quotient projection

¢ (X-Y)uu" — X'
are disjoint open subsets around [z] and [2/], respectively. If
2’ € Clyd™—UT =Y x{0}
and U,U’ C X are disjoint open neighborhoods of z and Y, respectively, then
a(U), q(U'N(S(TY*)xR=D)uc (e 1 (U") X

are disjoint open subsets around [z] and [z'], respectively. Since the restrictions of ¢ to the Haus-
dorff spaces X —Y and U” are homeomorphisms onto open subsets of X', it follows that X’ is a
Hausdorff space and a smooth manifold. By (5.35) and the assumption on U’ below (5.31), o' is a
well-defined symplectic form on X’. Since the smooth map z’ is an extension of the map (5.36),
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p': X' —T7T is a well-defined smooth map.

Since the identification of the spaces X —Y and U” over Ut CU” in (5.38) is T-equivariant, the
T-action ¥ on X —Y C X and the T-action di) on U”" CS(TY*) xR induce a smooth T-action 1/
on X’ which preserves w’. Since pu|x_y and i’ are moment maps for the T-actions on (X—Y, w|x_y)
and (U",& |yn), 1/ is a moment map for the T-action ¥’ on (X’ ). By (5.26) and (5.37),

f (AP = q(S(TY*)x{0}) C X.

Since the restriction of g to U” is a diffeomorphism onto ¢(U") and T,, acts freely on S(TY“)x{0},
T, acts freely on p/'~'(75)7) as well. Thus, (X’ ,u’,9', ') is an J%-cuttable Hamiltonian T-
manifold with
WH0Y,) = aX-Y) =Y, WTH(BY) =q(S(TY?)x{0}) C X/,
X = M,_l (<°%ﬂ2>)/N> €T~ w;(x) V$€:u,_1(<‘%>a)’ ueT,, Y = /j_l ((‘%02>8)/TU7
lalx—v}Ypaw = wix—v, {dlservey<oy {Paslu-1omo} (@lry) =& g ryo o -
where pg : 1/ H(5%4)) — X is the quotient projection; the two identities on the first line above

follow from (5.26) and the second statement in (5.37). Furthermore, the map p is T-equivariant
and the compositions

poq: X=Y — 7 (0,) and  pagogq: S(TY®)x {0} — = (4))
are submersions. By the uniqueness statement of Theorem 5, (5.23) thus holds.
Every topological component of the tubular neighborhood ¢(U") C X' of ¢(Y x {0}) intersects
q(X-Y). If X is connected, then so is X —Y (because ¥ C X is a submanifold of codimension 2).

It then follows that X’ is also connected. If (X,w,, u) is H-cut, then (X' ' ¢, 1) is JA4-cut
by Corollary 5.20 if " is sufficiently small.

Suppose both conditions in (b) hold and ¢ C .5 = —{v}. Let 7/ v=4'{v}. By the above,
' ~H()?) C X' is an w'-symplectic submanifold consisting of components of the fixed locus X "oy
of the restriction of the action v’ to the subtorus T,y CT. Since the restriction of the quotient
projection g above to U” is a T-equivariant diffeomorphism onto the open subset ¢(U”) C X’ and
i =u'oqon U, it follows that i'~1((#])°) CU" is an &'-symplectic submanifold consisting of
components of u" By (5.24) with ¢’ =.#]v, the restriction

e (A 0)) =T (A5 )Y — (A 05 (X)) = (A (YY)

is a principal T/T ,,-bundle. Since T, acts freely on the fibers of the circle bundle (5.28), it
follows that the restriction

B =pom: STY)| s g A0} = B (A5 ) N(STY*) % {0) — (s (Y

is a principal T/T s;-bundle. By Exercise 5.10(d) with % replaced by 7 and the submanifold
(v C (Y being closed, the moment map

A (o) — (A
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is then a submersion and thus also a principal T/T sy-bundle over its image if U" is sufficiently
small. Since gy~ is a T-equivariant diffeomorphism onto ¢(U”) C X' and i’ = p’oq on U”, it follows
that

Wl () U — G N U") = (Y 0 ("),

By (5.24) with ' =2 and (5.26), the restriction
i 1 () DX =Y ) = (Y ) V(X —Y) — (Y (X -Y)

is a principal T/T jg/l/—bundle. Since the restriction of ¢ to X —Y is a T-equivariant diffeomorphism
onto the open subset ¢(X —Y)C X’ and p=p'oq on X —Y, it follows that the restriction

Wl TN ) Na(X =Y) — (A (X —-Y) = (Ao N (a(X =)

is also a principal T/T yy-bundle. Since X'=q(U")Uq(X~Y), we conclude that the restric-
tion (5.25) is a principal T/T s -bundle. O

Proof of Theorem 3. Since (0) in the statement of this theorem follows from (07) on page 8,
which was established in Section 4.2, it remains to establish (1) and (2). Suppose P C T;T is a
Delzant polytope and 5 C (T1T)z x R is a Delzant subcollection so that u(X)= (), and #” C 7.
Let (75 TXT, wr, ¢, pr) be the Hamiltonian T-manifold of Exercise 2.14, with k=n. By Theorem 5,
the Hamiltonian T-manifold

(X,W, ¢7 :U’) = (TETXT7WT7 d)T? N’T)Jf

as in (5.5) is then a closed connected Hamiltonian T-manifold so that (1.7) holds, the T-action
is effective (it is free on u=1((0)9,), and wu(X)=P. This gives (1).

Suppose (X,w, 1, ) is a (necessarily compact) symplectic toric T-manifold with pu(X) = P. In
particular, X is connected. By Exercise 5.12 and (0"c) on page 8, (X,w, %, ) also satisfies (b) in
the statement of Theorem 6. By Theorem 6 with 4 =0 and % =7,

<X7w7wau) = (X/7w/7wl7ﬂl)if (539)
for some #-cuttable Hamiltonian T-manifold (X', ', ¢, 1) so that X’ is connected and
WX =Y OR) — 00 (X)) = (X)

is a principal T-bundle. By Exercise 3.32(b) and (5.39), p/(X’) CT;T is an open neighborhood of
the polytope P. By replacing X’ with the preimage of a contractible neighborhood of P in u/(X”),
we can assume p'(X') is contractible. By Proposition 3.42, (X', w',¢’, ') is then isomorphic
to (U, wr|v, ¥r|v, pr|v) for an open neighborhood U C Ty Tx T of pup'(P). Along with (5.39) and
Theorem 5, this implies that

(X7w71/}7:u’) ~ (U7 WT|U7¢T|U7NT|U)% = (TETXT7MT71/]T7/JLT) .

This gives (2). O
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6 Symplectic Toric Manifolds

In this chapter, we describe a construction of symplectic toric manifolds along the lines of [13,
Section 3.2] and use it to obtain key properties of these manifolds. Example 2.9 is a special case of
this construction. The structure of this chapter is motivated by [31, Chapter 2|, which efficiently
summarizes these properties from a more concrete perspective. We fix a torus T of dimension n
and continue with the notation and terminology introduced at the beginning of Section 5.2.

6.1 Symplectic quotient construction

In this section, we use the symplectic reduction of Theorem 4 to construct a symplectic toric
T-manifold (X, w,, u) with pu(X) = () for any regular Delzant subcollection .7 C (T3T)z xR.
By Exercise 5.9, every Delzant polytope P equals () for some regular Delzant subcollection
A C(T1T)z xR. Thus, the construction of this section provides another proof of Theorem 3(1).

Suppose # C (T1T)z xR is a finite subcollection. Let
K = ker &y c T =R?/77
be the kernel of the homomorphism @, in (5.2) and
Uy R =TiT7 — Ty K

be the composition of the standard identification of R” with T3 T* and of the homomorphism
induced by the inclusion K, — T? . Thus, the sequence

T —RH

L3
0— T;T —2= Ty ~Z S TfKp — 0 (6.1)

of vector spaces is exact. Since L}, (a)=(a(v))(y c)en for any a € TyT,

Ly (") = {(sv)ver Eker iy sy, >, YvEA'} and

6.2
L%((%”’)a) = {(sv)vew €ker Lyt sy=c, Yve A"} (6:2)

for any ' C . If ' CH and vy T#" — T is the induced inclusion homomorphism,
then
L ;ﬁ ;jf’: Rff — Rff XR}f —H Rff

is the projection to the R -factor and

Ly =ty oLy T T — T3T? =R”" (6.3)

Denote by w the standard symplectic form on C# as in Example 2.6. By this example, the map
Hy:C” —R”, Hy ((zv)ue%”) = (ﬂ-’zU’2+C’U)Uejf ’ (6.4)

is a Hamiltonian with respect to w_ for the standard action v of T on C*,

e (6.5)

Votsl(ro)vere] (20 vesr) = (€77 20) -
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Thus,
P =50 Hyp: c” — TiK

is a moment map with respect to w for the restriction of the action 1, to K C T?. By the
exactness of (6.1) and by (6.2),

1o )T = H ML, ()0 (AP)) = B (L (A7) v A o (6.6)
Exercise 6.1. Let 7 C (T1T)z xR be a finite subcollection.
(a) Show that the restriction Hy: ,u;f}(O) —+ker %, is a proper map.

(b) Let K CT{K # be a bounded subset (with respect to some norm on K ) such that
S )N (RZO)Y £ 0 c R7
Show that *, ' (K)N(R=)7 is bounded if and only if (ker ¢%,)N(R=%)” ={0}.

Exercise 6.2. Let 7 C (T1T)z xR be a finite subcollection and

= —Up(co)ver) € Ti Ko . (6.7)
Show that the following conditions on J# are equivalent:
(a) 0€C” is a regular value of the map Hy in (6.4),
(b) 0€C” is a regular value of Hy|ce e for every S C A,
(c) || <dim L (R¥) for every ' C A such that o €%, (RZ0)7=7").
Exercise 6.3. Let 2" C . C (T1T)z xR be finite subcollections.

(a) Show that the subgroup K C T acts freely on u ;(0)NC* = " if and only if the homo-
morphism @, as in (5.2) is injective whenever ' C " C  and ("YPN(A)#0. Hint:
proceed similarly to the paragraph containing (5.11).

(b) Suppose the homomorphism ® - is injective whenever 7’ C #" C A and (A" N () #0.
Show that u;}(())ﬂ(cjf_f/ is a smooth submanifold of C* " and (u;,}(O)ﬂCf_%,)/le
is a smooth manifold.

Exercise 6.4. Suppose 7 C (TyT)z xR is a finite subcollection. Let [##]~R” be the collection
of all subcollections 7T C (T1T)z xR that differ from .7 only in the second input of each element
of S (i.e. there is a bijection W+, between the elements of . and of each J#1 €[] so that
Ut (v, €)= (v,cl) for some c¢f €R). Show that

(a) the subset [#]* C [] of the subcollections . such that 0 € C* is a regular value of the
map H,+ in (6.4) is open;

(b) every topological component of [#]* is preserved under the multipication by RT (i.e. simul-
taneous multiplication of the second input of each element of J#1 € [#]*);

(c) the collections {W;;T%(%”’) L A C AN (A O(AT) £ O} with H#T € [A] are constant

functions on the topological components of [.7]*;
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(d) if the subcollection . is Delzant, then 7 € [#]* and every element T of the topological
component [F]* C[#]* containing S is also a Delzant subcollection.

Lemma 6.5. The subspace ,u;; (0) CC¥ is preserved by the T” -action (6.5) and is path-connected.
If (0)9, #0, i.e. () is full-dimensional, then Stab, (1) ={1} for some z € u;(0).

Proof. Since the Hamiltonian H is T”-invariant, the T* -action (6.5) preserves 1} (0). By (6.2),
(Im Hy) N (ker %) = Ly, () c R (6.8)

Since the subspace () C T3 T is path-connected and the fibers of H,» are path-connected, so is
the subspace
1o (0) = H,' (11 (0) € C7.

If (0)9, #0, (6.6) implies that there exists 2z = (2y)ver € u, (0) such that Hy(z) € L}, (0)9,) and
thus z,#0 for any ve . It follows that Stab,(1»)={1}. O

From now on, we assume that ¢ C (1T3T)z x R is a regular Delzant subcollection such that
() # . By Exercise 5.6(b), K C T” is then a codimension n subtorus. By Exercise 6.3(a),
(C7 ,ww, b, i) is a Hamiltonian K -manifold such that K, acts freely on ,u;fl(O) Let
(X,w) = (Xo,wp) be the quotient symplectic manifold provided by the first part of Theorem 4.
By (SQO0) and (SQ1) in this theorem,

dim X = dimgC” — 2dim K = 2|.#| — 2(|#|—n) = 2n.
By Lemma 6.5, qu;i} (0)/K» is connected.

The torus actions ¥»|x,, and ¢, commute, the Hamiltonian Hy for v is ¥ |, -invariant
and the moment map py for ¥z, is 1 -invariant. Let

Yo T %X — X and  py: X — T;T7

be the T#-action on X induced by 1) and its moment map with respect to w induced by Hy,
respectively, as provided by the last part of Theorem 4.

By Exercise 5.6(a), there exists a subset .7 C # so that (4 ) is a vertex of (), i.e. (#23)0 C (H)
consists of a single point. Since ¢ is Delzant, the Lie homomorphism group @, as in (5.2) is an
isomorphism and thus so is the Lie group homomorphism

Ko x T — T, (U, Ue) — Ully .

By the last statement of Lemma 6.5 above and Exercise 6.6 below, the composition 1 of the
T”-action ¢} on X with the homomorphism

—1
T %o e L

is therefore an effective T-action on X. The composition

* —1

p: X 2oy pupt e st " i
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is its moment map with respect to w. Thus, (X,w, ¥, 1) is a symplectic toric manifold with moment
polytope

(X) = Ly (3 (m0(X)) = Ly, (3 (Hor (15 (0)
= Ly (oo (Lo () = Lig (L, () = ()
the second equality above holds by (6.6) with s#”=( and (6.8).

Exercise 6.6. Suppose ¢; and ¢ are commuting actions of groups G;1 and Gz on a set Z and z€ Z
is a point such that Stab, (11 x¢2)={1}. Let 15 be the induced Go-action on the quotient Z/G1
and G1z€ Z /Gy be the Gi-orbit of z. Show that Stabg, . (1) ={1}.

Exercise 6.7. Show that the Hamiltonian T-manifold (X,w, 1), ) constructed above does not
depend on the choice of subcollection .7 C /7 so that (J4) is a vertex of ().

Exercise 6.8. Suppose ! C (I1T)z xR is a Delzant subcollection such that # > J# and
(AT = (). Show that

(a) there exist (unique) linear functionals ¢, : Im L3, — R with v’ € #T— 2 such that

(@) = (Lida), (bo (L) e i) € RXRY ' =R?" VaeTyT;

(b) Ly (8)>cy for all v/ € #T—# and s€ L*,(H);
(c) the projection 7, -+ C?"— C7 restricts to a principal T ~-bundle :“;g}f (0) —>u;;(0)
with a smooth T”-equivariant section

5 154 (0) — 134 (0)

g((zv)vey”i”) = ((ZU)UEJfa (\/(EU/(H%((ZU)UEX))_CU/)/TF)U’G%Tfjf);

A
C (C‘}fx CJf Jf’

(d) W ot |Tﬂ;;f(0) :ﬂ-jf,%”fw’yf‘T,u;;T(O) and
Hyr =gt 0 Hopt 05 1y (0) — Im L.

Conclude that the Hamiltonian T-manifold (X, w, ¥, p) constructed above does not depend on the
choice of Delzant subcollection .7 C (T1T)z xR with () fixed. Hint: using Exercise 5.7(a), show
that the section s descends to an identification of the Hamiltonian T-manifolds determined by 7
and T via the above construction.

Remark 6.9. The section s of Exercise 6.8(c) is equivariant with respect to the inclusion K » — K 4+
in the exact sequence of Exercise 5.7(a). This implies that s descends to a continuous map

X=p, 0Ky — X'=p ) (0)/Kpr -

In contrast, the projection m 41 : u;;T (0) — 115, (0) does not generally descend to a continuous

map X7 — X, as T = A s generally not a subgroup of K -+ and thus the homomorphisms
in the exact sequence of Exercise 5.7(a) are not reversible.
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Exercise 6.10. Let 75 C 27. Show that
(a) pt (<%>8) = {[(zu)veyf] EXE,LL;;,(O)/IC%OZ 2,=0 VUE%} = (u;;(O)ﬂ(Cf_%)/lef;
(b) p~1(4)?) C X is a connected w-symplectic submanifold;

(c) the subtorus T C T acts trivially on p~(%)?) and thus the T-action 1 induces a T/T -
action 14 on u~ (4)%);

(d) if ag€ (s4)°, then
fhag = p—0g: pu ((,%’f))a) — T3 (T/ T ) ={ €Ty T: o1y, =0}
is a moment map for the T /T,y -action 14 with respect to w[u L(#0)0) -
Exercise 6.11. Suppose % C ', ag€ (74, and qn, and H#/#5 are as in Exercise 5.8. Define
zﬁ”% = Gﬂ;%w)ueyﬂ,% L CH — ¢
Letsw (20 vrerin) = Zauyw) V¥ VEH—IH;
S, Ay = = (o5, Ao )Ue%/%” R — R, ¢7f Hyiag (v )((Sv')v'e%’) = sy Yved—Ip.
Show that
(a) the smooth map 7. 4 restricts to a T/T-equivariant diffeomorphism between smooth sub-
manifolds u;,;/ o (0) and ,u,;;(O)ﬂ(C’” — of the domain and target, respectively;
(b) Worpts =1

Hy— Ly (ag): p (0)NCH 7 — R70 c R, and

Hﬁo/% :¢§{J;%O{ijoz;f;’% —L%(Ozo)} : C;‘f/% — Tik’]ryf/yfo,

(c) if HHC e C A and (J4)Y is a vertex of (), then
Ly (R 7%) = T{ (T/Tog) = {a € T T: alryn,y, =0}
Ly olon = Ly b 0L ot 70 0@y R7 7 — Ty (T /Ty ).
Conclude that L;ﬂ # induces an identification of the Hamiltonian T /T, -manifold determined by

the regular Delzant subcollection 7/ C (T1(T /T ))zxR with the Hamiltonian T /T ;4 -manifold
(u‘l((%ﬁ),w\u_l«(%)a), U5 Hag) Of Exercise 6.10. Hint: use Exercise 5.8(c).

Exercise 6.12. Suppose (X,w, 1, u) is the Hamiltonian T-manifold determined by a Delzant sub-
collection 57 C (TyT)z xR and T C (T1T)z xR is a finite subcollection. Show that

(a) (X,w, v, p) is H# T -cuttable if and only if " is a Delzant subcollection;

(b) if AT is a Delzant subcollection, then the Hamiltonian T-manifold determined by 117"
is the " -cut (X,w,, 1)+ of (X,w,, u) provided by Theorem 5.
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6.2 Complex quotient construction

As before, let 5 C (T1T)z xR be a regular Delzant subcollection. In this section, we describe the
quotient X E/L;; (0)/K» constructed in Section 6.1 as the quotient of the complement X,y of
certain coordinate subspaces of C** by the complexification (K )¢ C (C*)” of K C T#. This
description turns out to be more suitable for constructing (complex) coordinate charts on X, as
demonstrated in Section 6.3. We continue with the notation introduced in Section 6.1.

Let (K,z)c C Téf be the complexification of K » C T and (K ); C (K.#)c be the purely imaginary
subgroup. Under the identification

Téfz(c,}’f/zif N ((C*),%”’ [1)] N e27riv?

the subgroup (K ); corresponds to a subgroup of (R*)” C (C*)#. The group T ~ (C*)” acts
on C” by the coordinate-wise multiplication in the usual way, i.e. as in (6.5); we denote this
complexified action in the same way. Define

Ver(#) = { H CH: (LY N(A)£0, | H|=n},
Xp=C" — o', Xu=Xu/(Kw)c. (6.9)
H'CH
C¥' (4 (0)=0

Thus, X » CC” is a Tgf -invariant path-connected open subset containing ,u,;fl(O). If ,u,;fl(()) =0,
then X 4 =(0. By Exercise 5.6(a), Ver(#)#0 if u;}(0)#0. Furthermore, every subset ¢ C
such that (/YN () #( is contained in some element 7% of Ver(s#). Along with (6.6), this
implies that for every element z=(z,),cr of X v the set

I, = {UE%”: zvzo}
is contained in some element .7, of Ver(.77).
Exercise 6.13. Show that
(a) (K)c acts freely on the subspace X, C C*;
(b) the subspace X,y CC” is simply connected if .7 is minimal.
Hint: proceed similarly to the paragraph containing (5.11).

Lemma 6.14. Suppose vy = (tky)ver with kEZT is a sequence in TyK CR? and 74, 45 are
elements of Ver() such that

inf{tk;v: keZT, UE%”—%} eR and sup{tk.;vz keZt, UE%”—%} = +o00. (6.10)
Then, sup{ty,,: kELT, vEH — I} = +c.
Proof. Since 2 is Delzant, the projection

T Tk — Rt%jﬁ%ﬁy TH ;A ((tv)vejf) = (tv)ueif—ﬁfn
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is an isomorphism for every .7 € Ver(s¢). Thus, so is its dual,

* % .l —He *
W%;%—L%‘R%,(%..R —>T11C%7.

In particular, there is a unique element s 7. », €R” 7 such that
* % T*K
T A (8%;%”3) = L%((Cv)veﬁ”) SRS

Since L%, (7£)?) is the single-element set {s+ (cy)pen} for some s € (RT)7# =7 satisfying the
above condition with s, replaced by s, 5., € (RY)? =% for every /#, € Ver().

Let 7. 0 =T Oﬂ';ial,%a1 (R SR Thus,

Sup{<8;f;jf2,7rjf;%(vk)>t kEZ+} = Sup{<8%ﬂ;jgo2,ﬂ'%;%7jfl (71'%0;%01 (Uk)» I{ZEZJF}
= sup{<7r§ia;%,jﬁ(s%;%), T4 (vk)>: kEZJr}
= Sup{<8%;;ﬁ,7‘r%;3ﬁ (Uk)>2 kEZ+}.

Since s.m € (RT)# =7 the two assumptions in (6.10) imply that the last supremum above
is +00 and so

Sup{<55;f;=%02,77:%0;(%ﬂ2(’0k)>1 kEZ+} = +00.
Since s € (RT)? =72 this establishes the claim. O

Proposition 6.15. Suppose (zj)pez+ S a sequence in uj}}(()) C C? and (vi)pez+ is a sequence
in TyK » CR7.

(a) If the sequence 1 y.jir,](2k) converges to some y€CH, then the sequence z, is bounded.

(b) If the sequence Vi, (2k) converges to some yE€ X v, then subsequences of z, and vy, converge
to some z€ ,u;zl (0) and ve€T1K s, respectively, with ¥ ., (2) =y-

Proof. We denote by {e,: v} the standard basis for Ty T =R by {e*: v € #} the corre-
sponding dual basis for T;'T# ~R” | by (-,-) the standard inner-products on TyT# and T3 T,
and by |- | the corresponding norms and the standard norm on C” . If .74 € Ver(#), the elements
veTpT with (v,c) € 4 form an R-basis for 73T (in fact, Z-basis for the lattice (71T)z). Thus,
there exists a matrix A= (ayy)ver—s v e With real (in fact, integer) coefficients so that

v = Z a(vyc)(v/,c/)v' Y (v, ¢c) € H— Iy . (6.11)
(v, eHe
From (5.2) and the exactness of (6.1), we then obtain
T1K ;¢ = ker L,y = Spang ({ev— Zaw/ev/: UE%”—,%”.}),
v'eHe

ker.%, = Im L%, = Spany <{ e+ Z A€y U E %}) :
veH —He

(6.12)

For each k€Z%, let 2p = (2k:0)verr € C? and vy, = (tg. )ver €R? . By passing to subsequences if
necessary, we can assume that

75



(i) there is a subset J£,>° C ¢ such that |z,,| — oo for every v e #,° and z,, converges to
some z, € C for every v € 7 —H,°;

(ii) there are (disjoint) subsets J,~, #,* C 5 such that tj., — £oo for every v € and ty.,
converges to some t,, € C for every ve # — A, UH,".

Let y=(yy)ver- By the assumption in either (a) or (b),

lim e 27tk 2 = Yo Yoves. (6.13)

k— o0

In particular, J£>° C 7.

(a) Suppose J° # () and thus |Hye(z)| — 0o. After passing to further subsequences if necessary,
we can assume that the sequence Hr(zr)/|Hz(2x)| converges to some

s = (sv)vew € (ker L}K)O(RZO)% C R”.
Let " ={ves’: s,>0}. We note that
0 #£ AT CH>CHS. (6.14)
Choose A, € Ver(J#). With A= (ayy/ )y, as in (6.11), define

and

A= (avvl)vejfja%".,v/e%"jﬂ%". Ay = (avv’)uejfﬁ%ﬂ.7,;%,@'@%@%:%”. :

By the second equation in (6.12) and the definition of J#T,

AR _ H—Ha—HE
Al(sv)v€%+ﬂ% = (57))1)63?’;'—% € (R+) , AQ(SU)UG%’Q"’R%”. =0eR .
By the first equation in (6.12),
AT (tso)ve st — o AT (W) ve st = — (ki) ve s nom

for all k€Z™. By (6.14), ty, €RY for all ve " and k€Z" sufficiently large. Thus,

0< <(sv)ue%;+mjf.7 (tk%v)ve%ﬁm%> = _<(3U)ue%%+m%”.7Agr(tk;v)ueiﬂt%+A5r(tv)vejf—éf.—ifs+>
= *<A1(Sv)ue%g+m%”.7 (tk%v)vejﬁ+—%> - <A2(5v)ve%§+m%’.’ (tk%v)ve%—x)ﬂ—%+>

= _<(3U)ve%‘g+—jf.7 (tk;v)ve%@+—%€> —-0<0

for all k€Z™ large. Since this is a contradiction, J#°={.

(b) After passing to further subsequences if necessary, we can thus assume that the sequence zj
converges to some element z = (z,)yex of ,;(0) CC*. By (6.13),

AP Cc Ay ={veAy,=0} and H, CH, ={veH: z,=0}.
Let 74, 7 € Ver(5€) be such that 77, C 74 and S, C 5. By the definition of " and 2,

sup{tkw: keZ™", Uef%”—%”l} €R and inf{tkw: keZt, ve%—%} € R. (6.15)
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By Lemma 6.14 with 4 and % interchanged, this implies that
sup{tkw: keZ™*, vejf—ffé} € R.
Along with the first statement in (6.12) and the second statement (6.15), this gives
sup{|ti,o|: kEZY, vEH} €R.

After passing to further subsequences if necessary, we can thus assume that the sequence v con-
verges to some element v= (t, )y of T1K » C R . The last claim then follows from the continuity
of the complexified action 1. O

Corollary 6.16. The smooth map
Ut (Ko )ix it (0) — Xop,  Wop(u, 2) = bea(2),
18 a diffeomorphism. The map

v X=p0) /Koy — X=X )(Kw)c (6.16)

induced by the inclusions T: M;fl (0) — X and Ky — (K#)c is a homeomorphism. For every
HoCH,
L (R)0) = {[(z0)ver] € Xt 2o=0VvE S} (6.17)

Proof. By the definition of the action i, the image of the map U, is contained in X, w». By
Corollary 4.3, W, is a diffeomorphism onto an open subset of (C% and thus of X . By Proposi-
tion 6.15(b), the image of W, is closed in the connected space X, . Since X, # 7&@ if and only if
uj}l (0)#£0, it follows that the map W, is a diffecomorphism onto the entire space X j.

Let \I/)}l =(o, ﬁ) c Xy — (K%)ixu;fl (0). Since the map R is K_p-equivariant and (K ¢ )i-invariant
with respect to the action 1), it descends to a continuous map

R: Xor [(Kow)c — 117 (0) /Ko

Since the map 7 is equivariant with respect to the inclusion K » — (K )¢, it similarly descends
to a continuous map ¢ as in (6.16). Since Ro: = id and toR = id, the continuous maps R
and ¢ are homeomorphisms. Since the action of (K )c C(C*)” on X » CC” preserves the sets
{veH: 2,=0} with (2,), € X, (6.17) follows from Exercise 6.10. O

Exercise 6.17. Show that the manifold X determined by a regular Delzant subcollection 7
of (T1T)z xR as in Section 6.1 is simply connected. Hint: use Exercises 6.8 and 6.13, along with
the homotopy exact sequence for fibration.

Exercise 6.18. Let
V= (0, (Ro)ver): Xow — (Ko)ix sz} (0) CRYXCY
be the inverse of the diffeomorphism W, of Corollary 6.16. Show that the maps

X)?”EXJ?”/(’CJZ”)(C — RZO? [(ZU’)U’G%”] — ‘ﬁv((zv’)v’ejf) ?

, vEI,

are well-defined and smooth.
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Exercise 6.19. Suppose n € Z* and 2 = J,,() is the regular minimal Delzant subset of
(T3T")z xR as in Exercise 5.18(b). Show that the inverse of the diffeomorphism W,r of Corol-
lary 6.16 is given by

U =(0,R): Xop=C7—{0} — (Ka)ixu 2 (0)=R*x {2eC”: |2*=1/x},
WA (=) = (VAlzl, 2/l
6.3 Kahler structure

We now show that the Hamiltonian T-manifold (X, w,1, 1) constructed in Section 6.1 admits a
compatible (integrable) complex structure J, i.e. J is compatible with the symplectic form w and
is preserved by the effective T-action ¢ on X. From now on, we identify the two quotients in (6.16)
via ¢.

Proposition 6.20. The Hamiltonian T-manifold (X,w,, u) determined by 5 as in Section 6.1
admits a unique compatible complex structure Jy so that the quotient projection

¢: Xop — X=Xy (6.18)

is a holomorphic submersion. For every #y C A, u~*(24)%) C X is a complex submanifold of
codimension | 74| with respect to this complex structure.

Proof. Let 4 € Ver() and (@ )y, be as in (6.11). Define
U, = {(20)oen €Xow: m#A0VVEH~IRY, U =q(U).

Since the open subset Uy, C X s 18 K p-invariant (in fact, T -invariant) the subset U, C X is
also open. By the definition of U, and the first equation in (6.12),

6= (Dstant) e Urte — (Kw)e € (C7
N 2o ifU/E%—%;
d)%”.;v’ ((ZU)UE%”) = H Z;avu” if U/E%;
vES—He

is a well-defined map to (C*)” with values in (K )c. Since this map is (K )c-equivariant, the
smooth map

Ut Uy — € o (2o)ver) = (20 /St (20)vert) )
is (K_#)c-invariant and thus descends to a continuous map
Vs Uy —> C7.
The inverse of this map is qoa%ﬂ., where

9 5 ~ ~ 1, ifvest—i;
Vo= (ﬁv)veﬁf: c* — Uz, 19-7&;11 ((Zv/)v’eff-) - { o

2y, fveEH.
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Since this map is continuous (in fact, smooth), go¥ is also continuous and thus V., is a homeo-
morphism.

The restriction of the map 1,4 0q to the slice
Zj{%‘;l = {(ZU)UG%G(iji zp=1 V’UE%—%”.} C ﬂ%ﬂ.
is the projection onto C”. Since the image of Z:Z;g;;l under (K )¢ is ZZ;@. and the map
Y400 Uy, — C*
is (K_z)c-invariant, it follows that this map is a holomorphic submersion. Thus,
q: Z/Nljy; :qil(Z/{jﬁ) — U,

is also a holomorphic submersion with respect to the complex structure J,, on U, induced from
the standard complex structure on C”* by 14, . Since the standard complex structure Jese on c*
is T# -invariant and the T-action on U, is induced by the T -action on C”, it follows that the
complex structure J, is T-invariant.

Let J% C 2. By (6.17),

I o, it o A
Vo (0 (H5)7)NU, ) = {{(zv)veyﬂ:%:ovve%}’ it A A

Thus, u~'(3)7)NUy, is a coordinate slice with respect to 1) .

Suppose 4, 75 € Ver(#) and thus
Vo (Z/{jfl ﬂu;@) = {(ZU)UE% eCc. 2y 70 VUG%—%}.
The overlap map between the charts )4 and 1), as above,

Uity o5 = (Vtstion ) v, Vs Uon Uy) — Yy (U WUg) © C72,

Vst (06 (20 onesm))s  if va€ o~

Ut 440 (201 )oesm) = Y q i
27 2( et 1) Zv2/¢e9f2;v2(ﬁt%((zm)vle%dl))’ if vy € A3NA;

is a holomorphic function. Thus, the charts 1y, : Uy, — C7% with 4 € Ver(#) determine a
Y-invariant complex structure Jy on X = X, so that the quotient projection ¢ in (6.18) is a
holomorphic submersion. Since the standard complex structure Jes on C” is compatible with
the standard symplectic form w on C* and ¢*w=w %|Tu;é(0)’ it follows that Jy is compatible
with w. The map ¢ being a holomorphic submersion implies the uniqueness of .J,». By the previous
paragraph, p~'(4)?)C X is a codimension || complex submanifold with respect to .Jy for
every J6 C . O

Exercise 6.21. Let [#]* C [¢]* C[#/]~R” be as in Exercise 6.4 and 1 € [#]*. Show that
(a) Ver(#1)=Ver(s#) and X ;o1 = X », with the identification induced by a bijection Uiy as

in Exercise 6.4;
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(b) (K pt)c acts freely on the subspace X ,+ CC”" and

(Xopts Lot s bt ) = (Xow T b )
with the identification induced by a bijection W+, as in Exercise 6.4.

Exercise 6.22. Suppose #1 C (TyT)z xR is a Delzant subcollection such that .7 > . and
(AT = (). Show that

(a) Ver(#T)=Ver(#) and X ;1 =X x ((C*)Jﬂ*%;
(b) the T? -equivariant holomorphic immersion
§: Xop — Xt CCEXCH'=7 0 3(2) = (2,177,
descends to a T-equivariant biholomorphism s: (X z, Jyz) — (X jpt, Jypt)-
Hint: use Exercise 5.7(a).
Exercise 6.23. Let T=R/Z. The regular Delzant subcollections
A ={(1,0 and T ={1,0),(1,-m)}

of (T4T)z xR satisfy s C AT and () =(H#T). Let (X r,wyr) and (X pt,w 1) be the symplec-
tic manifolds determined by .# and 7, respectively, as in Section 6.1, s: X » — X ,+ be the
identification as in Exercise 6.22(b), and

2
. R0 + —
f:R=" — RT, f(t) = Y v

(a) the Hamiltonian Kéhler T-manifold (X ,z,w.e, Ju, U, pyw) determined by # is the sym-
plectic manifold (C,wc) with the standard complex structure Jc, the standard S'-action by
multiplication, and the Hamiltonian given by

Show that

H:C—R, H(z) = 7|z|*;

(b) the biholomorphism s is the composition of the map

X =1 0)=C — 1 (0)= (21, 22) €€t [2aP =[P 41}, = — (F(12P)z 1/7(1=P2)).

with the quotient projection u;flf (0) — X 13

(€) s*wypr=(f(2)2+2f(|21*) 1 (|21*)|2*) we-

Conclude that the Hamiltonian Kéhler T-manifolds determined by . and J#1 are not isomorphic
(there is no T-equivariant identification of X, with X -+ which intertwines the symplectic forms
and complex structures at the same time).
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Remark 6.24. By Exercises 6.8 and 6.22, the Hamiltonian T-manifold (X,w,, u) and the com-
plex T-manifold (X, J,%) obtained via the constructions of Section 6.1 and Proposition 6.20 do
not depend on the choice of Delzant subcollection .7 C (T3T)z xR with (%) fixed. However, the
identifications of Exercises 6.8 and 6.22 generally do not provide identifications of the Hamilto-
nian Kéhler T-manifolds determined by regular Delzant subcollections 2, 1 C (TyT)z xR with
(A7) = (). By Exercise 6.23, these Hamiltonian Kéhler T-manifolds need not be isomorphic
at all.

Exercise 6.25. Suppose % C A, ag € (#3)°, and qq, and /74 are as in Exercise 5.8. Show that
the identification of the Hamiltonian T/T,;-manifold determined by /7 with the Hamilto-
nian T/T y;-manifold (p~!((74)9), W] 1 ()0) U4, Iao) in Exercise 6.11 intertwines the complex
structure Jy», on the former and the restriction of the complex structure J to the latter.

Exercise 6.26. Suppose T is a torus, 5 C (T1T)z xR is a regular Delzant subcollection, and
(X, w, J, ¢, p) is the Hamiltonian Kéahler T-manifold determined by .77 as above.

(a) Let A\eR™ and A\o# C (T4 T)z xR be as in Exercise 5.15. Show that the biholomorphism

' v A

Xy — Xy CC s (Zvvc)(v,c)ejf — (\F/\Zv,c) (VM) EAA
restricts to a diffeomorphism u;i} 0) — ,u;jlf(()) and descends to an identification of
(X, Aw, J, ¢, Ap) with the Hamiltonian Kéhler T-manifold determined by A\JZ as above.

(b) Let ap €TyT and 4+ C (T1T)z xR be as in Exercise 5.16. Show that the biholomorphism

Xy — Xjf-i-ao C C%Jrao, — (Zv,c)

(Zv,c) (v,c)eH (v,ctao(v) € ag ?

restricts to a diffeomorphism uj;)(O) — u;fiao(()) and descends to an identification of
(X, w, J, ¢, p+ap) with the Hamiltonian Kéhler T-manifold determined by s#+ as above.

(c) Let © € GLz((TyT)z) and ©* € GLz(T3T)z), Yo, and O 1 C(T1T)z xR be as in Exer-
cise 5.17. Show that the biholomorphism

~ - 1.
Xw — Xg-10 C c® f? (Z”?C)(v,c)e,%” — (Zv,c) (©-1(v),c)e0-1.2 "

restricts to a diffeomorphism p,; (0) — u(:)El »(0) and descends to an identification of
(X,w, J, e, O0%op) with the Hamiltonian Kihler T-manifold determined by ©~1.# as above.

In light of Exercise 6.26, it is sufficient to consider the Hamiltonian Kéahler T-manifolds determined
by representatives for the equivalence classes of regular Delzant subcollections of (7T3T)z xR as
defined above Exercise 5.18. In light of Exercises 6.8 and 6.22, it is usually sufficient to consider
the Hamiltonian Kéhler T-manifolds determined by minimal regular subsets, up to the nuance
pointed out in Remark 6.24. A regular subcollection of (73T)z xR has at least dim T elements.
Exercise 5.18 provides specific representatives 7 for the equivalence classes of regular minimal
Delzant subsets of (T3T)zxR of small cardinality relative to the dimension. The associated subsets
() CT{T in the dim T=2 case are shown in Figures 2 and 3.
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Exercise 6.27. Suppose n € ZT and s C (TyT")z x R is the regular minimal Delzant sub-
set of Exercise 5.18(a). Show that the Hamiltonian Kéahler T-manifold determined by J#° is
(C™, wen, Jen, Yen, Hen ), where wen is the standard symplectic form on C™ as in (2.11), Jen is the
standard complex structure on C", ycn is the standard coordinate-wise T"-action on C", i.e. as
in (6.5) with ¢ =[n], and

Hen: C" — R"=T7T", Hen(z1, ..y z) = 7(lz1% o |2al?)
Exercise 6.28. Suppose n€Z*, k€[n|, ary1,...,a, €Z2°,
%E%L;k(ak+1,. . .,an) C (TﬂTn)ZXR

is the regular minimal Delzant subset of Exercise 5.18(b), and (X, w, J, ¢, u) is the Hamiltonian
Kahler T-manifold determined by 7. Let

U,j = (—61—...—€k,—1) € (), vl = (—el—...—ek+ak+1ek+1+...—i—anen,—l) € A,

and
Tyt Tk = {(Z,v)GCkaCkH: vell — CP*, Ty, (L, 0) = ¢,

be the tautological holomorphic line bundle.
(a) Show that the projection

2y, fvesfr;

: I o
Zits if v=uv;

T=(To) e X8 = Xotp0r Tolz)wer) = {

is well-defined and descends to a holomorphic vector bundle 7: X — X S ()
(b) Construct an identification of (X, w, J, 1, u, w) with the holomorphic vector bundle
n
g E= @ ~®% 5 CPF
j=k+1

with a symplectic form wg such that wg|cpr =wrs.;, with the T"-action g given by

VB (u)iem ([(zi)ie[kﬂl]v (Zj((zi)iE[kH})@aj)je[n}—[k]>
= ([((Uizi)ie[k]a Zk+1), (Uij ((Uz‘zz‘)ie[k], Zk+1)®aj)j€[n]_[k})7

and with a Hamiltonian Hg given by

Hg ([(2i>ie[k+1]] , (25 ((zi)ie[k+1])®aj )jE[n]—[k]>

= (W\ﬁ(ej,o) ((zi)(ei,o)e;y/,;,znﬂ)\Q)je[n] e R"=T;T",

with 75(%0) denoting the v=(e;,0)) component of the inverse of the diffecomorphism ¥, of
Corollary 6.16 as in Exercise 6.18 and 2,1 denoting the v;"-component of the input #-tuple.
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(c¢) Conclude that the Hamiltonian Kéahler T-manifold (X,w,J, ¢, u) determined by J2,.,() is
the complex projective space CP™ with the Fubini-Study symplectic form wrs.y, its standard
complex structure, the T"-action given by (2.14) with n replaced by n+1, and the Hamiltonian
given by

Hcpn: CP" — R"=T7T", Hcpn([21 Zny1]) = (21, [zal?)
| b AR Al PAENRR P

Exercise 6.29. Suppose n, k, ari1,...,a, €220, A, (X,w,J,9, 1), E, and g are as in Exer-
cise 6.28 and k<n. Let cER™T and

A ={(—ers1—...—en,—c)} C (TaT"), xR.
Show that
(a) AUA" is a Delzant subset of (T3T")z xR and thus (X, w,, p) is H#”'-cuttable;
(b) if (X', J', ¢, i') is the Hamiltonian Kéhler T-manifold determined by #LI.%”, then

(X/a wlv 1//7 MI) = (X7 w, /(/)7 ,u’)jf’

and there is an identification of (X', J’) with the projectivization P(E@Tépk) of the direct
sum of the holomorphic vector bundle E with the trivial complex line bundle 7'(1: pr Over CP*
so that ¢ is the T™-action on P(E@Té pr) induced by the trivial extension of the T"-action 1x

to E®Tepr,
/
/ w=c
Ccp!

for any CP! CPP(E%r¢ ;) linearly embedded in a fiber of the CP" *-bundle P(E®7cpr ) — CP¥,
and sjw’ =wpgk, where s¢ is the section

so: CPF — P(E®tip),  so(z) =[0,1] € P(E,&C).

Exercise 6.30. Suppose a € Z=°, ceR*, 5#.1(a;0,c) C (T4T?)z xR is the regular minimal Delzant
subset of Exercise 5.18(c), and (X,w, J, %, u) is the Hamiltonian Ké&hler T-manifold determined
by J%.1(a;0,c¢). Let 1, 7'((1: p1 ——CP" be the complex tautological line bundle and the trivial com-
plex line bundle, respectively. Construct an identification of (X, w, ), i, J) with the a-th Hirzebruch
surface,

F, = P(y?a@Tépl) — CP?,
with a symplectic form wg. so that wfl;C‘]P’(O@Tépl) =wrg;1 and fF Wqc = ¢ for every fiber F'CIF,, with

T2-action Ya;c given by
wa;c;(ul,ug) ( [([zla wl]v 22(Z17 w1)®a’ wQ)]) = [([ulzb w1]7u222(ulzla w1)®a’ w2)] ’

and with a Hamiltonian H..: F, —R?,

C)\(Zl,U]l,Zz,wg)ia‘ZQP >
5

H,, oa = (7A 2
a,c([([217w1]722(217w1) ,wz)}) <7T (21, w1, 22, w2)| 21| " N(z1, w1, 22, w2) |z 2+ |wa2

where \(z1, w1, 22, ws) ERT is defined by

ac|ws|?

T (21, w1, 22, w2) (|21 2+ |wi [*) = (1+ac) - A(z1, w1, 22, we) "% 222+ |we|?
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6.4 Line bundles and projectivity

As before, let 7 C(T1T)z xR be a regular Delzant subcollection, K, C T be the kernel of
the homomorphism @, in (5.2), and X C C* be the dense open subset given by (6.9). For
c'=(c)) e €77, define

Lye = ()?;fx(C)/N, where

e ) ~ (052 ( TT)#) ¥ (wheor € (e © (€7

veEH

By Exercise 6.31 below, the map

e Lver — Xoe =X (Ko ), e ([(20)vern, 2']) = [(zo)ver], (6.19)

is a holomorphic line bundle with respect to the complex structure Jy on X, provided by
Proposition 6.20. By definition, this holomorphic line bundle depends only on the restriction
V() ETFK s of ¢/ R =TT to TyK .

By Lemma 6.33 below, L is a positive line bundle in the sense of [15, p148] if the subcollection J#”
obtained from J# by replacing the second input in each element v = (v,c) of J with ¢, lies
in [J7]*; see Exercise 6.4. In light of the Kodaira Embedding Theorem [15, p181], this implies
that (X ,z, .Jx) can be holomorphically embedded into a complex projective space CPYN if (J#) is
compact (or equivalently X 5 is compact).

Exercise 6.31. Show that the complex charts on (X ¢, Jy) provided by the proof of Proposi-
tion 6.20 lift to a holomorphic atlas of trivializations of the complex line bundle (6.19).

Exercise 6.32. Let 1} (0) C X be as before. For ¢ =(c,)pen € Z, define
Srer = (M;g}(o) XSI)/N, where
(2)ven, 2') ~ <(U5 '20) e < HU@) Z’) Y (uo)vesnr € Kow C T . (6.20)

vESH

(a) Show that the map
T Swer — X =1, (0) /K, Tae ([(zoherw, 2']) = [(z0)vesr], (6.21)
is a principal S'-bundle.

(b) Let L', = Swe xs1C — X be the associaited complex line bundle as in Appendix B.3.
Show that the map

L,,yfc/ — L%"c’a H(zv)ve%"a Z/], Z”] — [(Zv)veif> Z,Z”]>

is a well-defined identification of smooth complex line bundles over X 4.

Lemma 6.33. Suppose c=(cy)penw €7Z. There exists a connection V in the complex line bundle
Ly (—c/m) — X with curvature iy = —2iwp, where w e is the symplectic form on Xy constructed
i Section 6.1.
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Proof. By Exercise B.9, it is sufficient to construct a connection 1-form A on the principal S*-
bundle (6.21) with ¢/=c/7 so that its curvature k) is —2w . Let

Dy ,u;}(()) — X and Do ,u;,}(()) xS — S e

be the quotient projections. With z=xz-+iy as usual, let

_ 8 8 _ d 2mit
(c = 27r< yax—i-:c@y> = &(e z)

be the vector field generating the standard action of S' on C and

eI'(C;TC)
=0

Ac = —ydz+zdy € T'(C; T*C).
With z, =x,+iy,, define

A = (~yodaytaudy,) €T(CHT*C?)  and
veHN

X = (=Ax)®Ac € T(CH%C; T*(C*xC)).
For r=(74)venr €ER?, define
cr= chrv and (= (TUCC)UG% = (i(e?mmt%)ve%‘t . € I‘((C%; T(C%).
veH =

In particular,

{X(0,¢0)} (20)vesrs 2) = 27|22,
{X(C_r, (C/‘I')CC)} ((Zu)ue%, Z/) = 22 (7T|ZU|2+CU|Z/\2)TU. (6.22)

veH
The right-hand side of the last equation above vanishes if (2, )ye, 2') € 4 (0) xSt and r€ Ty K .

Since the 1-form \ is invariant under the standard action of T?x St on C#'xC by coordinate-wise
multiplication, A is invariant under the action of K on p,(0)x St as in (6.20). Along with the

second equation in (6.22) and the following sentence, this implies that X descends to a 1-form A
on Sy, i.e. py A=A Since A is invariant under the S1-action on the second factor in C#'xC, X
is invariant under the S'-action on the principal S'-bundle (6.21) with ¢’ =c/m. Along with the
first equation in (6.22), this implies that X is a connection 1-form on this principal S!'-bundle. Let
k) be its curvature. Since

P e fin = DierdA = —2wpoe € T (15 (0)x S5 AT (15, (0) x S1)),
it follows that p*, k)= 2wcs |Tu;; 0) and so k) =—2w . This establishes the claim. ]
Exercise 6.34. Show that the map
Ui O (Z7) — Pic(Xop, Jre)y U (U5 () = [mne : Live — Xow],

where Pic(X ¢, Jy) is the Picard group of isomorphism classes of holomorphic line bundles on (X z, J),
is a well-defined group homomorphism.
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Exercise 6.35. Let vge€ 7 and e, €77 be the corresponding coordinate unit vector. Show that
the map

SUO : X}f — Ljf(—GUO)a S'Uo ( [(Zv)vejf]) - [(Z’U)UEJ“f? zvo]v

is a well-defined holomorphic section of the holomorphic line bundle Ljf(_euo), it is transverse to
the zero set, and

52 (0) = 11 (0) € X

Exercise 6.36. Suppose T C (T3T)z xR is a Delzant subcollection such that T > J# and
(A= (). Let
Cpro: TiT =R?" — Ty 17 =R”

be the restriction/projection homomorphism as before and ¢’ € R”". Show that the identification of
the complex manifolds (X, J#) and (X 4+, Jy»t) provided by Exercise 6.22 lifts to an identification
of the holomorphic line bundles

I{}f (C’) — Xj{ﬂ and ‘L,%‘OTC/ — Xe%af .

et
Exercise 6.37. Suppose % C ., ag€ ()P, and qo, and H#/# are as in Exercise 5.8. Let
O TiK vy — TiKow
be the isomorphism induced by the isomorphism of Exercise 5.8(c).
(a) Show that ¢%,. ,. restricts to an isomorphism from Uyt (27178 to 5, (Z77).

(b) Let a€ Vo1t (z7¢17%). Show that the identification of the complex manifolds (Xt Iy

and (u~(24)9), |1 (y0)) provided by Exercises 6.11 and 6.25 lifts to an identification
of the isomorphic classes of holomorphic line bundles

o (@) € Pic(X s, Jwymy)  and
o (631 gy ) € PIE(H (G), s )
with ¥ as in Exercise 6.34.
Exercise 6.38. Suppose n€Z*, k€n], ary1,...,a, €220, # C(TyT")z xR,
Tt Ve — (CPk, and g E — CP*
are as in Exercise 6.28. Let c=(c,),c# as above.
(a) Show that t%,(Z7)=1%,(Zc) C T3 K .

(b) Let a€Z. Show that the identification of (X 5, Jy) with the total space of the holomorphic
vector bundle F provided by Exercise 6.28 lifts to an identification of the holomorphic line
bundles

Lyp(ac) — X and TpOcpr(a) =578 — CPF.
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Exercise 6.39. Suppose a€Z=%, ceRT, 7 =1(a;0,c) C(T1T?)z xR,
Tyt 71 — CPL, and 7r, : Fo = ]P’(’y?a@népl) — CP!
are as in Exercise 6.30. Let ¢; = (0,0,—1,0), c2=(0,0,0,—1), and
T, t VEe = { (£, v) EF, X (VP ®1ipr)veL} — Ty, T, (6, 0) = £,
be the tautological holomorphic line bundle.
(a) Show that 1%, (Z7)=1%,(Zc1)® 5, (Zes) CTiK .

(b) Let beZ. Show that the identification of (X ,», Ju) with F, provided by Exercise 6.30 lifts to
identifications of the holomorphic line bundles

Ly(ber)s Lw(bes) — Xow and  mp Ocpi(b), O, (b) — F,

where Ocpl (b) = ’Yik®b and OFa (b) ryﬁ;@b'

A Morse-Bott Theory

A.1 Definitions and notation

Let X be a smooth manifold and H : X — R be a smooth function. If x € Crit(H), then the
gradient VIH of H with respect to any Riemannian metric g vanishes at = and the Hessian

VPH| =V(V'H)| :T.X — T, X, V°H| (w)=V(VIH), (A1)

of H at x does not depend on the choice of a connection V in TX (it does depend on the metric g
though). If in addition &,& are vector fields on X and V is the Levi-Civita connection of g, then

9(V2H,(6(@). €' @) = 9(Verw) Vng (2)) = {£@)} (9(V/H, &) =g (V' H o, Vew)t)
= (€@} (dH(E) ~de H (Vew€') = {€()} (£ ))—{Vax)i’}(H)

= {& @} (E(H) +{&, €1(@) (H) —{ Ve }(H

= {€ @)} (€H) ~{VewH(H —9(V2H\m(£’(m>),£<w)).

Thus, the linear automorphism (A.1) is symmetric with respect to the metric g and therefore
diagonalizable. We denote by

EQ(H),E; (H),Ef(H) CT.X  and  ng(H),ng (H),n; (H) € Z*°

the nullspace of V2H|,, the negative eigenspace of V2H|,, the positive eigenspace of V2H|,, and
their respective dimensions. In particular,

T.X =EX(H)oE, (H)oEF(H) and  dim X = nl(H)+n, (H)+n; (H).

Exercise A.1. Let X be a smooth manifold, H: X — R be a smooth function, and z € Crit(H).
Show that

a) the negative and positive eigenspaces E- (H),E}(H) C T, X of V2H|, depend on the choice
2 p gensp P z p
of a Riemannian metric g on X, but
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(b) their dimensions n; (H),n} (H) and the nullspace EX(H)C T, X of V2H|, do not.

Definition A.2. Let X be a smooth manifold. A smooth function H : X — R is Morse-Bott if
Crit(H)C X is a closed submanifold of X with T,,Y = E%(H) for all Y € mo(Crit(H)) and z €Y.

If H: X — R is a Morse-Bott function and Y € mo(Crit(H)), H|y is constant. Furthermore, the
numbers ny (H),n} (H) do not depend on z €Y; we denote them by ny (H),ny:(H), respectively.
The subspaces E; (H),E (H) of T, X form subbundles Ey.(H),E{.(H) of TX|y so that

TX|y =TY®Ey(H)®E) (H).

Exercise A.3. Suppose X is a smooth manifold, H : X — R is a Morse-Bott function, and
Y emy(Crit(H)). Show that H reaches a local minimum (resp. maximum) on Y if and only if
ny (H)=0 (resp. ny.(H)=0).

Exercise A.4. Suppose H: X — R and Y C Crit(H) are in Exercise A.3 and Z C X is a smooth
submanifold transverse to the closed submanifold ¥ C X. Show that Y'NZ is a closed submanifold
of Z, is an open subset of Crit(H|z), and

T.(YNZ) =T,YNT,Z = EX(H|z), ni(H|z)=ni(H) VYzeYnZ.

Proposition A.5. Let ¢ be an almost periodic R-action on a symplectic manifold (X,w). If
H: X —R is a Hamiltonian for ¢, then Crit(H) C X is a closed symplectic submanifold and H is
a Morse-Bott function with nr(H)€2Z>° for every x€Crit(H). If in addition X is compact and
connected, then

(2) H has a unique local minimum and a unique local maximum;

(3) H'(c)C X is connected for every c€R.

Proof. Let p: R — T and ¢’ be as in (1.5) and ( € I'(X;TX) be the generating vector field
for the t-action as in (3.4). We can assume that the image of p is dense in T and so X¥=X"".
By Exercise 3.14, there exist a w-invariant w-compatible almost complex structure J on X. Let
g(+,-)=w(-,J-) be the Riemannian metric on X determined by w and J. By (2.1) and (2.5), the
gradient of H with respect to g is then given by

VIH = —J¢ € I(X; TX). (A.2)
By (2.5) and Proposition 3.2(1),
Crit(H) = {zeX: d,H=0} = {ze X: ((z)=0} = X¥Y=X"". (A.3)
Along with (A.1), (A.2), and (3.7), this implies that the Hessian V2H of H satisfies
VH| (w) = =JVy(, V?H| (Jw)=JV?H| (w) VweT,X, zcCrit(H). (A.4)

By (A.3), Propositions 3.16(1) and 3.2(2), and the first equation in (A.4), Crit(H)C X is thus a
closed symplectic submanifold of (X,w) with

T,Y = (T, X)) = (I.X)% = {weT,X: V,(=0} = ES(H) VY emy(Crit(H)), z€Y.

By the second equation in (A.4), the subspaces EX (H) C T, X are preserved by .J for every « € Crit(H)
and thus nt(H)€2Z2° for every x € Crit(H). The remaining claims of the proposition now follow
immediately from Proposition A.8. O
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A.2 Gradient flows

The second proof of Proposition A.8 is based on standard properties of gradient flows of Morse-Bott
functions. As these properties are also used in the proof of Theorem 2(2) in Section 4.1, we collect
them in Proposition A.7 below and justify at the end of this section.

Exercise A.6. Suppose (X, g) is a compact Riemannian manifold and H: X — R is a smooth
function. Since X is compact, the negative gradient flow of H,

d
7wH;t = _ng}WH;t )

Y X — X, Yo = idx, i

is defined for all t€R. Show that the limits

+ .
TH t—)l :I:oo¢H7t(x)

exist for every x€ X.

Let (X, g) be a compact Riemannian manifold and H : X — R be a Morse-Bott function. For
Y € m(Crit(H)), we denote by
Ty E$(H) — Y

the bundle projections and by S(EE(H)) CE$(H) the sphere bundle of B (H). Let
XF(H)={reX:a5,eY} DY (A.5)
be the H-stable and unstable manifolds of Y. For AcC X3 (H), let
Ali{ = {xfl r€A} CY.

Proposition A.7. Suppose (X, g) is a compact Riemannian manifold, H: X — R is a Morse-Bott
function, and Y € my(Crit(H)).

(1) The subspaces X;:(H)C X are smooth submanifolds with

T(Xy(H)|, =TY®EL(H) C TX|y . (A.6)
(2) There exist diffeomorphisms @ﬁ;y: EZ(H)— X;£(H) such that

+
(Phy ()5, = Thy(w) YweBE(H), 05 (y) =y Yyev,

dy @y (w) =w V¥ yeY, weEF(H)CT,(BEf (H)). (A7)

(3) For every c€R, the submanifolds XiE(H) and H~'(c)—Crit(H) of X are transverse.

(4) For every e eRY such that H(Y') is the only critical value of H in [H(Y)—¢, H(Y)+¢|, there
exist diffeomorphisms

Oyt S(EV(H) — XP(H)NH T (H(Y)+e) € X
satisfying the first property in (A.7) with (@E;Y,E}%(H)) replaced by ((I)E;Y;a S(EL(H)).
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(5) The intersection of the closure Xy (H)C X of XiE(H) with the level set H-'(H(Y)) is Y.
(6) If ACX{:(H) and AC X is the closure of A, ANH~(H (Y)) CE. If in addition A is preserved
by the gradient flow of H, i.e. Y. (A)=A for all tER, then ANH ' (H(Y)) =A%
Proof. By the Tubular Neighborhood Theorem, there are neighborhoods U C Ey.(H)®E; (H) and
UcCX of Y and a diffeomorphism ®: U/ — U such that
d(y)=y VyeY, d,®(w)=w Vy€eY, weEy,(H)®E}(H)CT,(Ey(H)®E}(H)).

By the statement and proof of [3, Theorem A.9], there are then neighborhoods U’ CU and U’ CU
of Y and smooth embeddings

Oy Uy =UNEL(H) — U

so that @ﬁ;y(u,ﬂ;;y) =U'NX{(H), the first identity in (A.7) holds whenever w € Z/{iy, and the
other two identities in (A.7) hold as stated. For all 6 € R sufficiently small, ' contains the closed
disk bundle of Ey, (H)®E{ (H) of radius § and

d
i&H(éﬁ;Y(tw))‘t_l >0 YweEL(H), ju|=0. (A.8)

The smooth maps

are then smooth embeddings onto X;5(H)-Y that agree with (Iﬁfl;y on the sphere bundle Ss(E: (H))
in EL (H) of radius §, satisfy the first identity in (A.7) whenever w #0, and satisfy (A.8) with @E;Y
replaced by ‘I/fl;y. We can thus paste @ﬁ;y and \Ilﬁ;y together on a neighborhood of Sg(ESjE(H))
in E£(H) to obtain smooth embeddings @E;Y of Ef (H) into X with image X;-(H) which sat-
isfy (A.7). This establishes (1) and (2).

Let c€R and z € X5 (H)N(H ' (c)—Crit(H)). Thus, d, H#0, H'(c)—Crit(H)C X is a smooth
submanifold with
T, (H ' (c)—Crit(H)) = kerd, H ,

and Y. () is a curve in X5 (H) with

%H(@bH;t(x))‘tzo = d,H(~-V9H) = —g(VIH,VIH) # 0.

This gives (3).
Let €, 6 €R™ be as in (4) and above, respectively, with
Uiy (Ss(By (H) € HH(H(Y)—e, H(Y)+€)).

Since the norm of V9H is bounded below on H ! (H (Y )—e, H(Y )—€")) and H = (H (Y }+¢, H(Y }+¢))
for every € € (0,¢), (A.8) and the smoothness of the negative gradient flow ¢z, imply that there
is a smooth function

p: Ss(Ey(H) — R st H($p,p) (Pry (w) = H(Y)+e.
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Along with (A.8) again, the map
cI)ﬁ;Y;e : S(E;E(H)) — X}:E(H)mHil (H(Y)ie)’ (I)}FI;Y;G = wH;p(w) (q)ﬁ;Y (w))7

is then a diffeomorphism satisfying the first property in (A.7) with (@fl,y,E)i,(H )) replaced by
(Phr.ycr S(EY(H))).

Suppose 2’ € H-Y(H(Y))—Y. Choose disjoint open neighborhoods U,U’ C X of Y and 2’, respec-
tively. By (A.8), there exists e €R™ so that

|H(z)-H(Y)|>e VazeXy(H)-U.
By shrinking U’ if necessary, we can assume that
|H(z)-H(Y)|<e VazeU.
It then follows that U’ is disjoint from Xi(H) and thus from % This establishes (5).

Let ACX$(H). By ((5)), ANHY(H(Y))=ANY. Suppose y€ ANY and U C X is a neighborhood
of y. By (2), there exists a neighborhood U’ of y in U so that wi €U’ for every x€U’. Since y€ A,

U’ contains some z € A and thus xjfl € Ajfl. We conclude that yGAE.

Suppose A is preserved by the gradient flow of H and y EE. Let U C X be a neighborhood of y
and x € A a point such that xffl €U. Thus, Y.+ (x) € ANU for all t € R sufficiently large. Therefore,
ycA. O

A.3 Fiber connectedness

The next proposition is the main point-set topology input in the proof of (A}) on page 5 in [1]
and [23].

Proposition A.8 ([1, Lemma 2.1], [23, Lemma 5.5.5]). Suppose M is a compact connected smooth
manifold and H: X —R is a Morse-Bott function. If nt(H)#1 for every x € Crit(H), then

(1) H has a unique local minimum and a unique local mazimum;
(2) H 1 (c)C X is connected for every c€R.

We give two proofs of this proposition, which are essentially two different formulations of the same
reasoning. The first one is in the style of classical Morse theory, as in [27]. It is based on describing
the changes in the homotopy type of H~1((—oo,]) as ¢ passes through critical values as adding
“handles” of various kinds; see (A.9) below. The second proof is in the style of the modern take
on Morse theory originating in [35]. It is based on partitioning X into stable or unstable manifolds
of the negative gradient flow; see (A.10) below. In both cases, we first show that there are unique
connected critical submanifolds Y_,Y, € X with ny (Y_)=0 and nﬁ (Y4)=0. The function H
reaches its global minimum along Y_ and maximum along Y ; there are no other local minima or
maxima. We then show that H~!(c) is connected whenever ¢ € (min H, max H) is a regular value
of H. The claim for arbitrary c€R then follows from Lemma A.9 below.

91



Proof 1 of Proposition A.8 ([1]). For Y € mo(Crit(H)), we denote by D(Ey, (H)) CEy (H) the
disk bundle of Ey, (H). For ceR, let

X.(H)=H '((-00,c]) C X.

If ¢ is a regular value of H, i.e. c¢Z H(Crit(H)), then X (H) is a smooth manifold with boundary
OX.(H)=H"(c). If c_,cy €R are regular values of H with c_ <c,, then

X, (H)~ X, (H)u | JD(Ey(H), (A.9)
Yeno(Crit(H))
H(Y)e(c—,cq)
with ~ denoting homotopy equivalence; see [7, Section 1]. The boundaries of the disk bundles
on the right-hand side above are attached to 0X. (H); the right-hand side is then a deformation
retract of the left-hand side.

If Y emo(Crit(H)) and ny (H)=0 (i.e. H has a local minimum along Y’), then adding D(Ey (H)) as
in (A.9) adds a topological component to X, (H). If Y €mg(Crit(H)) and ny (H)>2, then attach-
ing D(Ey (H)) as in (A.9) has no impact on the topological components of X. (H) vs X., (H).
Since ny (H)#1 for any Y € mo(Crit(H)) and X is connected, it follows that there is a unique
Y_ € mo(Crit(H)) with ny, (H)=0; thus, H(Y_) =min H. Since ny,(—H)=ny(H), the same rea-
soning shows that there is a unique Y, € mo(Crit(H)) with n}z(H) =0; thus, H(Y}) = max H.
Furthermore, X .(H) is connected for every c€R.

We can assume that H is not a constant function. Let ¢ € (min H, max H) be a regular value.
By (A.9), X.(H) is a homotopy equivalent to a CW complex with cells of dimension at most the
maximum of the numbers

dim D(Ey (H)) = nY(H)+ny(H) = dim X —n{(H) < dim X —1 = dim 0X.(H)

taken over Y € mo(Crit(H)) with H(Y) < c. The inequality above holds because ny.(H) # 0 for
Y#Y, and ny.(H)#1 for any Y € mo(Crit(H)). Thus, Hy(Xc(H);Z2)=0 for k>dim X .(H) and
the boundary homomorphism

0t Haim x (Xc(H); Z2) — Haimox, (i) (0Xc(H); Za)

in the homology exact sequence for (X.(H),0X.(H)) is surjective. Since X.(H) is connected, the
domain of this homomorphism is isomorphic to Zs. It follows that 0X.(H)=H'(c) is connected.

Thus, H1(c) C X is connected for every c€ R—H (Crit(H)). Since H(Crit(H)) CR is a finite subset,
Lemma A.9 below implies that H~1(¢) C X is connected for every c€R. O

Proof 2 of Proposition A.8 (modification of [23, pp233,4]). By definition,

X = | | X H) = | | x5 (H). (A.10)
Y €mo(Crit(H)) Y €mo(Crit(H))
Since ny, (H)#1 for any Y € mo(Crit(H)),
UxiH) =X - U x5 (#).
Y emo(Crit(H)) Y emo(Crit(H))
ny (H)=0 ny (H)>2
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Since X is connected and each submanifold X;,"(H ) C X on the right-hand side above is of codi-
mension ny (H) > 2 by Proposition A.7(1), the union on the left-hand side is connected. Since
each submanifold X{f (H) C X on the left-hand side is open, it follows that there is a unique
Y_ e mo(Crit(H)) with ny, (H)=0; thus, H(Y_) =min H. By the same reasoning with the second

partition in (A.10), there is a unique Y € mo(Crit(H)) with n§t+ (H)=0; thus, H(Y})=max H.

We can assume that H is not a constant function. Let € be as in Proposition A.7(4) with Y =Y_
and ce (min H, max H) be a regular value. By (A.10),

H (o)~ JX$(H) = H  (NX, (H)
YGWE(Crit(H))
ny ()22 (A.11)
%H_l(minHjLe) - UH_l(minH—i—e)ﬂX;(H);

Yem(Crit(H))
H(Y)€(min H,c)

the diffeomorphism ~ above is obtained via the gradient flow. Since H~!(min H +¢) is transverse
to each Xy (H), the codimension of the last intersection above in H ! (min H+¢) is the codimen-
sion of Xy (H) in X, i.e. n{-(H)>2. The last inequality holds because ny.(H)#0 for Y#Y, and
ny(H)#1 for any Y € mo(Crit(H)). Since H~!(min H+e¢) is diffeomorphic to the connected man-
ifold S(E{ (H)) by Proposition A.7(2), the right-hand side in (A.11) is connected as well. Since
the codimension of H~!(¢)NX;F (H) in H™!(c) is ny(H) and ny (H)>0 whenever Y #Y_, it then
follows from (A.11) that H~!(c) is also connected.

By the above H~!(¢) C X is connected for every ¢ € R— H(Crit(H)). Since H(Crit(H))CR is a
finite subset, Lemma A.9 below implies that H~'(c) C X is connected for every c€R. O

Lemma A.9. Let X be a compact connected manifold (or more generally a topological space which
is sequentially compact, connected, locally connected, and normal). Suppose f: X — R is a
continuous function and P* CR is a dense subset. If f~'(c) C X is connected for every c€ P*, then
f~1(c)C X is connected for every cER.

Proof. Suppose ¢ € R—P* and f~!(c) = AUB for some disjoint nonempty subsets A, B that are
closed in f‘l(c) and thus in X. Let Us,Up C X be disjoint open subsets such that A C U4 and
B CUpg. Let W CR be a neighborhood of ¢ such that f~'(W) c UsUUp (its existence follows
from the first countability of R, sequential compactness of X, and the continuity of f). For each
x € AUB, choose a connected neighborhood V; of x in f~}(W). The subsets

Vy = UV& and Vg = UV;
z€A z€B

of X are then open disjoint neighborhoods of A and B, respectively, in X. If f~1(ca)NV4#0 for
some c4 <c, then
FHNVA#D YV E(ea o).

If in addition f(z)<c for some x € Vg, then there exists ¢* € (c4, ¢) such that

c* € P, fHeNUA#0, and  f~H(c*)NUp # 0.
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Since f~!(c*) € UaNUpg, this would contradict the assumption that f~!(c*)C M is connected for
every ¢* € P*. We can thus assume that f(z)<c for all z€Vy and f(z)>c for all x€Vp. Then

Uy = FH(—o00, ) UVa and Up = F (e, 0)UVE
are disjoint nonempty open subsets of X that cover X. However, this contradicts the assumption

that X is connected. O

Exercise A.10. Let X be a compact connected manifold (or more generally a topological space
which is sequentially compact, connected, and normal). Suppose P is a first countable topological
space, f: X — P is a continuous open surjective map, and P* C P is a dense subset. Show that if
f~Y(c) C X is connected for every c€ P*, then f~!(c) C X is connected for every c€ P.

B Bundle Connections

B.1 Connections and splittings

Suppose X is a smooth manifold and 7g: E— X is a (smooth) real vector bundle. We identify X
with the zero section of E. Denote by

a: FoF — FE and Tpep: FOE — X

the associated addition map and the induced projection map, respectively. For feC*>(X;R),
define
ms: E— F by mys(v) = f(7e(v) -v VYoveE. (B.1)

In particular,
TEQE = TEOQ, g =7mpomy VfeC?(X;R).

The total spaces of the vector bundles
TEep: FOF — X and mpE—FE

consist of the pairs (v, w) in Ex E such that mg(v)=7g(w).

Define a smooth bundle homomorphism

d
tp:mpE — TE, tg(v,w) = &(v+tw)‘ (B.2)

t=0"
Since the restriction of tg to the fiber over v € E is the composition of the isomorphism
d
Ervw) — Tolrpw), w— a(v—i—tw)’

with the differential of the embedding of the fiber £ (,) into £, tg is an injective bundle homo-
morphism. Furthermore,

)
t=0

drpotp=0: Tl — 1pTX, mpporgmy =dmysoip: Tl — m}TE,

B.3
a"Lpompepa = daotpgp: Tpep(EOE) — a'TE, (B:3)
TE|x =TX®up(rpE|x) =TX®up(E). (B.4)
Let
(g eT(E;TE), Ce(w) =1p(v,v) € TLE, (B.5)

be the canonical vertical vector field on E.
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Exercise B.1. Suppose p€Z™", ng: E— X is a real vector bundle, U C E is a tubular neighborhood
of X in F, i.e. tv €U whenever veld and t€[0,1], and w is a closed p-form on Y. Show that the
family (m}cw)iep,1) of p-forms on U satisfies

d
Emfw =m(Ly-10,@) = d(my (y-10,@)) Vtelo,1],

where L is the Lie derivative.
By the first statement in (B.3), the injectivity of ¢, and surjectivity of drg,

drg

0 — myFE 25 TE TTX — 0 (B.6)

is an exact sequence of real vector bundles over E. By the second statement in (B.3), the diagram

| o SRR, f o Y > gu—
lwgmf idmf iﬂj{;idTX (B?)
m?LE m;dﬂE
0——>r4E mTE T TX — >0

of real vector bundle homomorphisms over E commutes. By the third statement in (B.3), the
diagram

d
00— Thep(EGE) — 2  ~ T(EQE) — 2 o np o TX ——0
lﬂ—E*‘eBEa lda lﬂ'g@EidTX (B8)
PR o WTE — 2 e TX >0

of real vector bundle homomorphisms over E® E commutes.

A connection in F is an R-linear map

V:I'(X;E) —T(X;T"X®rE) s.t.
V(fs)=dfes+ fVs V feC®(X), seT'(X;E). (B.9)
The Leibnitz property (B.9) implies that any two connections in F differ by a 1-form on X. In other
words, if V and V' are connections in F there exists
0 € T'(X;T*X @rHomg(E, E)) s.t.
Vs = Vys + {0(v)} (s(2)) Vsel(X;E), veT, X, veX. (B.10)
If U is a neighborhood of z € X and f is a smooth function on X supported in U such that f(z)=1,

then
Vs‘x :V(fs)‘x—dxf@)s(x) (B.11)

by (B.9). The right-hand side of (B.11) depends only on s|y. Thus, a connection V in FE is
a local operator, i.e. the value of V¢ at a point z € X depends only on the restriction of s to any
neighborhood U of z.
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Exercise B.2. Suppose V,V’ are connections in real vector bundles E, E' — X, respectively.
Show that the map

VeV T'(X;EsE) —T'(X;T*Xer(E®E"), VaV(ss)= (Vs V'),
is a connection in the real vector bundle E®E — X.
Exercise B.3. Suppose V is a connection in a real vector bundle 7g: F— X. Show that

(a) the linear map V extends to a linear map on the E-valued p-forms by
V:D(X;AP(T*X)®rE) — T(X; AP (T*X)®RE), V(n®s) = (dn)@s+(-1)Pne(Vs);
(b) there exists ry € T(X; A2(T*X)®r Endg (E)) so that
V(V) = kAl ¥V Rel(X;A(T*X)®rE), pe Z7°.
Note: the bundle section kv above is called the curvature of V.
Suppose U is an open subset of X and s1,...,s,€T'(U; E) is a frame for E on U, i.e.
s1(x),...,sn(x) € By

is a basis for F, for all z€U. By definition of V, there exist

k=n k=n
0f eD(U;T*U)  st.  Vse=» siff = 0j®sp ¥V I=1,...,n.
k=1 k=1
We call
0=(0;),,, ,c€T(U;T*U®rMat,R)

the connection 1-form of V with respect to the frame (sg)y.

For an arbitrary section

{=n
s=Y f'se e T(U;E),
/=1
by (B.9) we have
k=n l=n
Vs=Y se(dff +300f"),  ie V(s-ff) =s-{d+6}f, (B.12)
k=1 /=1
where s= (81, 8n), f=(f i f"). (B.13)
This implies that
Vs| =mlsodes: T, X — E,  VazeX,sel(X;E) st. s(x)=0, (B.14)

where 7o, : T, E— E, is the projection to the second component in (B.4).
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Lemma B.4. Suppose X is a smooth manifold and 7g : E — X is a real vector bundle. A
connection V in E induces a splitting

TE ~ nyTX & nE (B.15)
of the exact sequence (B.6) extending the splitting (B.4) such that
Vs|, =mvodys: T, X — E,  Vsel(X;E), z€X, (B.16)
where my : TE — 7}, E is the projection onto the second component in (B.15). Furthermore,
dmy = mpid @ mpme VteR and  a=x Tpypid ® Tpepa, (B.17)

with respect to the splitting (B.15) and the corresponding splitting for the connection V&V in the real
vector bundle EGE — X, i.e. these splittings are consistent with the commutative diagrams (B.7)
and (B.8).

Proof. Given z€ X and v € E,, choose s€I'(X; E) such that s(z)=v and let
T,E" = {dss(w)—1p(Vws): weT, X} C T,E.
Since mgos=idx and drgotg =0,
dyrgo{ds—ipoVsl| =idr,x =  TE~T,E"®E,~T,X & E,.

This splitting of T, E satisfies (B.16) at v=s(x).

With the notation as in (B.12),
l=n l=n
{ds—tpoVs}| = (dridx, = @b, - Zfe(x)9?|x> T, X — T,XOR"  (B.18)
/=1 (=1

with respect to the identification E|y ~ U x R" determined by the frame (si),. Thus, T,E" is
independent of the choice of s. Since T, E? =T, X for every = € X, the resulting splitting (B.15)
of (B.6) extends (B.4). By (B.18), it also satisfies (B.17). O

Exercise B.5. Suppose p€Z*, mg: E— X is a real vector bundle, ) is a fiberwise p-form on E,
and V is a connection in E with the associated projection ny:TFE— 75 FE as in Lemma B.4.
Thus, Qv =752 is a p-form on the total space of E. Let (g € '(E;TE) be the canonical vertical
vector field on E as in (B.5). Show that

Uz (d(ee, Qv)) = pQ and (d(LCEQV))‘TQCX =0 VzeX. (B.19)

Suppose g is a metric on a real vector bundle £ — X, i.e.
geI‘(X;E*@RE*) s.t. g(v,w) = g(w,v), gv,v) >0 YvwéeE,, v£0, zeX.
A connection V in F is g-compatible if

d(g(s,s")) = g(Vs,s') +g(s,Vs) e D(X;T*X)  Vs,s eT(X;E).
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Suppose U is an open subset of X and sy,...,s, €T'(U; E) is a frame for E on U. For i,j=1,...,n,
let
9ij = 9(si, s5) € C=(U).

If V is a connection in E and 6 is the connection 1-form for V with respect to the frame {sy},
then V is g-compatible on U if and only if

e
Il

n

(9ik0% + gj0F) =dgi;  Vij=12,....,n (B.20)

>
Il
—_

B.2 Complex vector bundles

Suppose X is a smooth manifold and g : £ — X is a complex vector bundle. Similarly to
Section B.1, there is an exact sequence

0—=mhE L TE -5 X — 0 (B.21)

of complex vector bundles over E. The homomorphism ¢g is now C-linear. If f € C*(X;C) and
my: E— E is defined as in (B.1), there is a commutative diagram

| O N R b B N D gu—
lwgmf ldmf in;}idm (B.22)
0 cp e TP e

of complex vector bundle maps over E.
Suppose V is a (C-linear) connection in the complex vector bundle 7g: E— X, i.e.
Vu(is) = i(Vys) Vse'(X;E),veTX.
If U is an open subset of X and sy,...,s, €['(U; E) is a C-frame for E on U, then there exist

k=n k=n
0 eT(U;T"UxgC)  st. V&= spf =) 0j®s, VI=1...n.
k=1 k=1

For an arbitrary section

{=n
s=Y f'seeT(U;E),
=1
by (B.9) and C-linearity of V we have
k=n l=n
ve=Y si(arf 306, e V(s f) =¢-{d+ 0}/, (B.23)
k=1 (=1

where s and f are as (B.13).
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Let g be a Hermitian metric on F, i.e.

g e F(X;Hom(c(E&cE, (C)) st. g(v,w) =g(w,v), gv,v)>0 Yov,wéeE,, v#£0, r€X.
A (C-linear) connection V in E is g-compatible if
d(g(s,s")) = g(Vs,s') + g(s,Vs') e N(X;T*X®rC)  Vs,8 €(X;E).
With the notation as in the previous paragraph, let
gij = 9(si,85) € C(U;C) Vi,j=1,...,n.

Then V is g-compatible on U if and only if

i

n

(k0% + gji0F) =dgi; Vi, j=1,2,...,n. (B.24)

e
Il
—

Exercise B.6. Suppose V is a connection in a complex vector bundle 7 : E — X. Let
ky €D(X; A2(T* X)@rEndg (E)) be the curvature of V as in Exercise B.3 and TE" CTE be the
complement of vg(nE) CTE determined by V as in the proof of Lemma B.4.

(a) Show that the splitting (B.15) satisfies the first property in (B.17) for all ¢ € C and that
ry €0(X; A*(T*X)@rEndc(E));

(b) Suppose V is compatible with a Hermitian metric g on E and
vE Spg={weE: g(w,w)=1}.
Show that T, E® CT,SE,q-

(c) Suppose in addition that rkcE=1. Show that kv is a 2-form on X with values in iR.

B.3 Principal S'-bundles

Suppose X is a smooth manifold and 7g: S — X is a (smooth) principal S'-bundle. Let

(s €T(S;TS),  (s(v) = %(e%itw) : (B.25)
t=0

be the vector field generating the S'-action. This vector field generates the vertical tangent bundle
of mg, i.e.
TS =kerdrg = {t(s(v): veS, teR} — S.

A connection 1-form on S is an S'-invariant 1-form A on (the total space of) S such that \((s)=2m.
Such a form determines an S'-equivariant splitting of the exact sequence

0— TS — TS -5 rtTX — 0

of real vector bundles over S with

TS =TS @ (ker \).
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Exercise B.7. Suppose 7g: S— X is a principal S*'-bundle.

(a) Show that the S'-invariance condition on 1-form A\ being a connection 1-form can be equiva-
lently replaced by the condition ¢¢,dA=0;

(b) Let A be a connection 1-form on S. Show that there exists a 2-form x) on X so that dAA=7mgk ).

Note: the 2-form k) above is called the curvature of .

A principal S'-bundle 7g: S — X determines a complex line bundle

WLS:LSESXS1(C—>X,
(v,2) ~ (uv,u2) ¥ (v,2) ESXC, ueS?, TLs([v, 2]) = 7s(v),

with a Hermitian metric specified by
gs([v, 2], [v,2]) = 2.

Conversely, a complex line bundle 7y, : L — X with a Hermitian metric g determines a principal
S1-bundle, the unit circle bundle of L,

TSyt Spg={veL:g(v,v)=1} — X, TSy, (V) = mL(v).
With S and (L, g) as above, the maps
S — Srg.gs, v —>[v,1], and Lsygys — Ly [v,2] — 20, (B.26)

are isomorphism of principal S'-bundles over X and of complex line bundles with Hermitian metrics
over X . Thus, we have constructed a bijective correspondence between the isomorphism classes of
principal S'-bundles over X and the isomorphism classes of complex line bundles with Hermitian
metrics over X.

Exercise B.8. Suppose mg: S — X is a principal S'-bundle and X is a connection 1-form on S.
Let p: §xC— Lg be the quotient projection and ¢y : mp . Ls—TLg be as in (B.2) with F=Lg.
Show that

(a) there is a unique 1-form Ag on Lg so that
P )\S}(U,z) = || )\H—i(zdz—zdz) Y (v,2) e LxC;

(b) ¢74(dAs)=2Regs(i-,-) and ¢y(dAg)=0 for all v€T, X CT;Lg, x€ X;

(c) there is a unique (C-linear) connection V* in the complex line bundle g : Lg — X compatible
with the Hermitian metric gg so that the 1-form Ag vanishes on the complement TL}S1 CTLg
of tpg(m} Ls) CTLg determined by V> as in the proof of Lemma B.4.

Thus, a connection 1-form ) in a principal S'-bundle wg: S — X determines a connection V*
in the associated complex line bundle 77 : Lg—X compatible with the Hermitian metric gg
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on Lg. Suppose 77,: L— X is a complex line bundle with a Hermitian metric ¢ and V is a (C-
linear) connection in L compatible with g. Let {;, €I'(L;T'L) be the canonical vertical vector field
as in (B.5) and TLM" CTL be the complement of ¢, (7} L) C TL determined by V as in the proof
of Lemma B.4. In particular, 27i¢;, € I'(L; TL) is the vector field generating the S'-action on L
by scalar multiplication. By Exercise B.6, the S'-action on L preserves the subbundle TL"| Si.g
of 'Sy 4. Thus, the 1-form Ay on Sy, 4 defined by

Av(QWiCL(U» = 27, Av‘TuLh =0 \4 ’UESLg

is a connection 1-form on the principal S'-bundle S 1,9 — X. By Exercise B.9 below, we have
constructed a bijective correspondence between the isomorphism classes of principal S'-bundles
over X with connection 1-forms and the isomorphism classes of complex line bundles with Hermitian
metrics over X and compatible connections.

Exercise B.9. Suppose \ is a connection 1-form on a principal S'-bundle 7g: S — X and V is
a connection in a complex line bundle 7y, : L — X compatible with a Hermitian metric g. Show
that

A=Ag» and VNV =V

under the isomorphisms (B.26) and that kg =iky.

Remark B.10. By a Cech cohomology computation [15, p141] and Exercise B.9,

c1(L) = Gy [HV] = —%[/@\] € Hd2eR(X)a

if V is a connection in a complex line bundle L — X and A is a connection 1-form in an associated
principal S'-bundle.
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