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Chapter 1

Preliminaries

We begin by defining the notions that are most central to symplectic geometry and Lie group
actions in this setting. After recalling the basic facts of the Lie group theory, we introduce the most
commonly used notation and terminology and then collect a large number of concrete examples
in the form of exercises. This chapter concludes with a section on polyhedra and a formal way to
encode them; this section is needed only for the later parts that concern the images of moment
maps, i.e. Chapters 3 and 6 and Sections 4.2 and 4.3.

1.1 Key notions

A closed manifold is a compact manifold without boundary. We call a closed subset Z of a smooth
manifold X a closed submanifold if every topological component, i.e. a maximal connected subset,
of Z is open in Z and is a smooth manifold without boundary smoothly embedded into X. In other
words, every topological component of Z has a neighborhood in X disjoint from the rest of Z and
is a submanifold of X in the usual sense, but the dimensions of these submanifolds may not be the
same. In such a case, the components of Z are also its path components; as usual, we denote the
set of these components by 7 (Z).

A 2-form w on (the fibers of) a smooth vector bundle V' over a smooth manifold X is called
nondegenerate if the contraction of w in the first input,

V— V" v — Lw=w(v,-),

is an isomorphism. This is the case if and only if for every x € X and v € V, nonzero there exists
v' €V, such that w(v,v')#0. If w is a nondegenerate 2-form on V, then the rank of V' is even and
w™ V/2 is an orientation form on (the fibers of) V; in particular, V — X is then an orientable vector
bundle. A symplectic form on a smooth manifold X is a (smooth) closed nondegenerate 2-form on X,
i.e. on the fibers of the vector bundle TX — X. A symplectic manifold is a pair consisting of a
smooth manifold X and a symplectic form w. A symplectomorphism of a symplectic manifold (X, w)
is a diffeomorphism v of the smooth manifold X preserving the 2-form w, i.e. ¥*w=w. For a smooth
manifold X, we denote by Diff(X) the group of diffecomorphisms of X, with the product given by
the composition. For a symplectic manifold (X, w), we denote by Symp(X,w) C Diff(X) the group
of symplectomorphisms of (X, w).



Exercise 1.1. Suppose X is a closed manifold and w is a symplectic form on X. Show that

[w] # 0 € Higp(X). (1.1)

A smooth action of a Lie group G on a smooth manifold X (resp. symplectic manifold (X,w)) is a
group homomorphism

: G — Diff(X) (resp. G — Symp(X,w)), U — Yy, (1.2)

such that the map
U:GxX — X, U(u,x) = Py (),

is smooth. An alternative definition of smooth action of G arises from Exercise 1.2 below.
Exercise 1.2. Suppose G is a Lie group, X is a manifold, and
U:GxX — X, U(u, z) = Py (z),

is a smooth map such that

Yr=idx: X — X and Vo =0y X — X Vu,u' €G.
Show that 1, € Diff(X).
Let 1) be a smooth action on a manifold X as in (1.2). We denote by

XV = {reX: y(z)=2 VueG}
its fixed locus. For each z € X, let
Gz(¢) = {ueG: ¢y (z)=x} (1.3)

denote the stabilizer of x in G. For each veT1G,

G = dgy(v) e I'(X;TX), Cu(z) =d1,2)¥(0,0) € T, X VrzeX, (1.4)

is a well-defined (smooth) vector field on X. An action ¢ in (1.2) is called effective if the group
homomorphism v in (1.2) is injective. It is called irreducible if the associated vector space homo-
morphism

d1y: ThG — T'(X; TX), v — Cy,

is injective; otherwise, it is called reducible. An effective action is irreducible, but an irreducible
action may have a discrete nontrivial kernel and thus not be effective.

Exercise 1.3. Suppose ¥ is a smooth action of a Lie group G on a smooth manifold X as in (1.2).
Show that the maps

dy: G — Diff(TX), u—> dp,, and dyp*: G — Dff(T*X), u— dyj={dy; "},

are smooth actions of G on T'X and T™ X, respectively, lifting the G-action ¢ on X and linear on
the fibers of the vector bundles T X, T* X — X.



A smooth action of the standard k-torus T =R¥/Z* on a smooth manifold X is equivalent to a
smooth RF-action 1) on X as in (1.2) such that

Y(v+w) =9P((v) VveRF weZk.

Following [3], we call a smooth R*-action 1 on a smooth manifold X almost periodic if there exists
a smooth action ¢’ of a torus T on X and a group homomorphism (1.5)

p:RF — T st = op: RF — Diff(X). (1.5)

If the image of p is dense in T (which can be achieved by replacing T with the closure of p(RF)),
then X¥=XY". If in addition ¢ preserves a symplectic form w on X, then so does 1'. This implies
the existence of an RF-invariant Riemannian metric on X and thus of an R¥-invariant w-compatible
almost complex structure J on X; see Exercises 2.12 and 2.21.

Let G be a Lie group. For any map p: X — 717G and veT3G, we define

po={p(}@): X — R, p(@)={u(} o)} (@) = {u@)}(v). (1.6)
A moment map for a smooth action ¥ of G on a symplectic manifold (X, w) is a smooth map

— dpw = 1w = w(Co, ) VvelyG,

: X ;G .
pod i p(vu(@) = Ad)—1 (u(z))  VazeX, ued,

(1.7)

where ¢, €e['(X;TX) is as in (1.4) and Ad} _,: TfG — T7 G is the dual of the adjoint action Ad,—1
of G on T1G as in Section 1.2. On the right-hand side of this equation, w(({,, ) denotes the 1-form
on X given by

w(Cy,): TX — R, {w(o, W) =w(l(z),w) VzeX, weTl,X.

If G is abelian, the second equation in (1.7) is equivalent to u being G-invariant. If G is connected,
Exercise 2.20(a) implies that a smooth action of G on X that admits a smooth map pu: X —T7G
satisfying the first condition in (1.7) is in fact an action on (X, w).

A smooth G-action on (X, w) that admits a smooth map p: X — 17 G satisfying the first condition
in (1.7) (resp. admits a moment map) is called weakly Hamiltonian (resp. Hamiltonian). In such a
case, 1 is determined up to an additive constant (respectively, an additive constant fixed by the
Ad*-action of G on T} G). By Proposition 2.34 and Corollary 2.36, weakly Hamiltonian actions are
in fact Hamiltonian in the most common settings. In particular, a map p: X — 77 G satisfying
the first condition in (1.7) is G-invariant (and so is a moment map) if G is connected, abelian,
and either G = R or either G or X is compact. If G is connected and X is compact, then a
smooth map p: X — T3 G satisfying the first condition in (1.7) can be replaced by a moment
map [i: X — T;G for the G-action ¢ on (X,w). If G is semisimple, e.g. the special orthogonal
group SO,, or the unitary group U,, then every smooth G-action on (X,w) is Hamiltonian. We
call a tuple (X, w, 1, u) a Hamiltonian G-manifold if (X,w) is a symplectic manifold, 1 is a smooth
G-action on (X,w), and p is a moment map for this action. We call a Hamiltonian G-manifold
(X, w, 1, p) closed (resp. connected) if the manifold X is closed (resp. connected).



1.2 Lie groups and algebras
We recall that a Lie algebra (over R) is a vector space with an anti-symmetric bilinear product
[,]:axa—a s.t. [vl, [vg,vg]] + [vg, [Ug,Ul]] + [Ug, [vl,UQ]] =0 Vuv,v9,v3€0. (1.8)

The above condition is called the Jacobi identity. The space I'(X; TX) of (smooth) vector fields on
a smooth manifold X with the usual Lie bracket,

[, T(X;TX)x(X;TX) — D(X;TX),
{l&. () = €(C() —C(E(F) V& CET(X;TX), feC™(X;R),

is a Lie algebra; see [60, 1.45(d)]. For a subset S Ca, we denote by
Amn(S) = {aca*: a(s)=0VseS},
where a*=Homg (a,R) is the dual of a, the annihilator of S in a*.
For a group G and ue G, let
Ly, Ry, ¢y: G — G, L,(u) =wu', R,(v)=1u, c¢,(v)=wr/u", (1.9)

denote the left multiplication, right multiplication, and conjugation, respectively, by u. If in
addition G is a Lie group, v’ €G, and v' €T,y G, define

w' = dy Ly (V') € Ty G and vV'u=dy Ry (V') € Ty G .
If G is a Lie group, ue G, and ve TG, let
Ady(v) = dgey(v) € ThG. (1.10)
If G is abelian, then Ad, =Idz, ¢ for every ueG.

Exercise 1.4. Let G be a Lie group and G’ C G be a subgroup.

(a) Show that the closure G’ CG of G is also a subgroup and every coset G'u with u€ G’ is dense
in G’

(b) Suppose in addition that G’ C G is an embedded submanifold. Show that every coset G'u with
u€ G’ is dense in G’ and conclude that G'=G’, i.e. G’ is closed in G.

A vector field £ on a Lie group G is called left-invariant if
¢=Li¢=dL; ' (¢oL,) VYV ueG.

By [60, 1.55], the linear subspace I'(G; TG)® CT(G; TG) of left-invariant vector fields is preserved
by the Lie bracket and is thus a Lie algebra on its own. By [60, 3.7(a)], the homomorphism

[(G;TG)® — ThG, € — £(D),



is an isomorphism and thus determines a Lie algebra structure on T3G. The resulting Lie algebra
is called the Lie algebra of G and is often denoted by g.

For a Lie group G and v € T1G, let &, € T'(G;TG) be the unique left-invariant vector field with
&(1)=v and e € G with t€R be the flow of &, originating at 1, i.e.

%=1 and %et” =& (e"). (1.11)

Since &, (u) = dgLy(v) for every u € G, the vector field &, depends smoothly on v € T1G. Thus,

the map
exp: ThG — G, exp(v) = e, (1.12)

is smooth and
do exp= idTnG : TO(T]]_G) :T]]_G — T]lG .

In particular, exp restricts to a diffeomorphism from a neighborhood of 0 € T3G to a neighborhood
of 1 € G. The map (1.12) may not be surjective onto the identity component Gy C G; see [34,
Example 3.41].

Exercise 1.5. Let G be a Lie group and veT1G.

(a) Show that the flow e given by (1.11) exists for all t€R, even if G is not compact,

el = 5TV g teR, v =ve’ € Tw@G, and 24 =, (e”) Vue@. (1.13)

(b) Suppose G’ CG is a Lie subgroup and veTyG’. Show that e’ € G’.

Exercise 1.6. Let G be a Lie group and |- | be a norm on 7T3G. Show that there exist a neigh-
borhood U of 0€TyG, a smooth map e: U xU —TyG, and C €R™ so that

ellel2 — e111+112+z—:(1)1,112)7 ‘s(m,vg)‘ < C|U1HU2‘ ,
vitv2 _ 13 — T v1/n v2/n\"
e nh_n)looexp (n((vi4v2)/n+e(vi/n, va/n))) nh_}m@(e ev/m)",

for all vy, v €U.
Exercise 1.7 (Closed Subgroup Theorem). Let G be a Lie group and G’ C G be a closed subgroup.
(a) Show that g'={veTyG: e € G’ VtER} is a linear subspace of T3 G.

(b) Suppose in addition |- | is a norm on 771G, v € T1G, and vy, vs,...€T1G—{0} is a sequence
converging to 0 such that e’ € G’ for every i €Z* and the sequence v1/|v1],v2/|val,...€ET1G
converges to v. Show that veg'. Hint: if teR" and n; €Z is the integer part of ¢/|v;|, then
e"iVi ¢ G/ for every i €Z" and the sequence nivi,navs,...€TyG converges to tuv.

(c¢) Let g” C g be a complement of g’ C g. Suppose v, ve,... € ¢ and wi,ws,...€g”—{0} are
sequences converging to 0 such that e¥ ™% € G’ for every i € Z". Show that there are sequences

/ / / / / "
v1,Vg,... €0 and Wi, Wy, ...€9

!

converging to 0 such that e%+" € G’ and |v}| < |w}| for every i € Z*. Hint: with ¢ as in
Exercise 1.6, define v} € g’ and w] € g” by w; =v]+w]+¢e(v;, v, +wy}).



(d) Show that there exist a neighborhood U of 0€T1G so that

exp: UNG — exp(U)NG’

is a homeomorphism. Hint: by (b) and (c), sequences v1,vs, ... and wi,ws, ...
not exist.
(e) Conclude that G’ CG is a Lie subgroup.
Exercise 1.8. Let p: G— G’ be a Lie group homomorphism. Show that
ker p = {u€G: p(u)=1}
is a closed Lie subgroup of G with Lie algebra
kerdgp = {v eT1G: dgp(v) :0}.
Let G be a Lie group. By [60, §3.46/7],
d
aAdem (v") = [v,v'], Ady([v,v]) = [Adu(v),Ad,(v)] Y ueG, v,v' €eThG.
t=0
If h: [a,b] — G is a smooth path, this implies that
d / -1y ,_dh
&Adhq(v ) = —Ad,—1 ([W'R71,0]), where h =% [a,b] — TG.

Along with (1.13), this gives

Adev (’Ul) — O’ evevl = ev/ev = ev+v/ V ’U,Ul [ T]lG S.t. [U, ’UI] = 0.

as in (b) do

(1.14)

(1.15)

If the identity component G of G is abelian, then the first equation in (1.14) implies that so is the

Lie algebra g, i.e. its Lie bracket [, -] is trivial.

Exercise 1.9. Suppose G is a Lie group with Lie algebra g and G’ C G is a normal subgroup with

Lie subalgebra g’ Cg. Show that

Ad, (V) eg VueG, veg, and  [v,0]eg Vwveg, veyg.

For a Lie group G, we define

(T1G)z = {veThG:e"={1}} and (T5G)z = {acT;G:a(v)eZVve(T1G)z}.

If G’ C G is a Lie subgroup, then

(THG,)Z = (T]]_G)ZﬂT]]_Gl Cc ThG

by Exercise 1.5(b) and thus the image of (7} G)z under the restriction homomorphism 77 G — 15 G

is contained in (77 G’)z.

Exercise 1.10. Let G be an abelian Lie group. Show that



(a) (T1G)z C TG and (17 G)z CTSG are lattices (not necessarily of full dimension);
(b) if G is connected, then the map
T]lG/(T]lG)Z — G, [v] — €Y,

is a well-defined isomorphism of Lie groups.
Hint: use Exercise 1.8 for (a) and Exercise 1.4(b) for surjectivity in (b).
Exercise 1.11. Let G be a Lie group and g’ C TyG be an abelian Lie subalgebra.
(a) Show that g/, =(T1G)zNg’ is a lattice (not necessarily of full dimension).
(b) Show that the closure G’ of exp(g’) CG is a connected abelian Lie subgroup.

(c) Let g” C T1G be another abelian Lie subalgebra. Suppose g’ C g”, g” is the R-span of g’ and g7,
and

Spang (g7) Ng’ ¢ Spang (07
for any abelian Lie subalgebra g”’ Cg”. Show that exp(g”)CG’.
(d) Show that T3G’ C Ty G is the maximal abelian Lie subalgebra g” as in (c).
By Exercise 1.10, a connected abelian Lie group is isomorphic to the product Lie group (S1)*<R™ for

some k,meZ>". A torus T is a compact connected abelian Lie group. In such a case, (T4T)z C Ty T
and (13 T)z CT;T are full-dimensional lattices, i.e. the homomorphisms

(T1T)z®zR — T3T, v®c — cv, and (I;T)z®zR — T7T, a®c — ca,

are isomorphisms of real vector spaces. The Lie algebra of a torus T is often denoted by t. We call
a € TyT integral if a € (T5T)z, a€ (T5T)z primitive if a# ko’ for any o € (T;T)z and k € Z with
k>2, and a line segment in 77T rational if it is parallel to an integral element of 77 T.

Exercise 1.12. Let T be a torus.
(a) Suppose that V CT3T is a linear subspace. Show that
eVE{e”: veV}cCT
is a subtorus if and only if V' is the R-span of a finite subset of (71T)z.

(b) Suppose T'CT is a subtorus. Show that there exists a subtorus T"“CT so that the Lie group
homomorphism
r]Ia/ X T/C ’]I‘, (Ul, UIC) u/u/c,

is an isomorphism. Conclude that the restriction homomorphism (75T)z — (T5T)z is sur-
jective.

(c) Suppose S C (T;T)z—{0} and p: R* — T is a homomorphism with dense image. Show that

pra=aodop #0 € TERF  and p*a#pa’  YVa,d’ €S, a#d.



Let a be a Lie algebra and V be a vector space (over R). For k€Z=?, define

do;t;: Homp (Afa; V) — Hompg (AL a; V), (1.16)
{da;kf}(v())vl) ey Uk) = Z (_1)i+jf([vi7vj]vv(]7v17 cee ){}\iv cee 7635 o avk)7
0<i<j<k

where ¥;, 0; denote skipped inputs. By the Jacobi identity (1.8), dq.x0dak—1 =0 for every k€ Z™.
Thus, the k-th cohomology group of a with coefficients in V,

Fa: V) ker (dq,; : Hompg (Afa; V) — Homg (AL q; V)
H*(a; V) =
Im (da;k—l : HomR(A]’f{la; V) —>HomR(A]’f§a; V))

is well-defined. Let H*(a)=H"(a;R). We note that
H'(a;V) = ker(dg;1 : Homg(a; V) — Homg (AR a; V)).
If the Lie algebra a is abelian, then dg.;, =0 for all ke 720 and so
H*(a; V) = Homg (Aka; V).

Exercise 1.13. Suppose a is a Lie algebra and o’ C a is a Lie subalgebra such that [v,v'] € @

whenever v€a and v' €a’. Let
Koo ={a€d*: a([v,v])=0Vvea, v ed'} C H'(d).
Show that
(a) the short exact sequence
0— (a/a)*={a€a:a|ly=0} —a* — da*—0
of Lie algebras induces an exact sequence

0 — H'(a/a) — H'(a) — KL 2 H2(a/d') — H(a);

(b) if a is abelian, then §; =0 above.

1.3 Almost complex structures

An almost complex structure J on a smooth manifold X is a complex structure on (the fibers of)
the real vector bundle T'X over X, i.e.

J € (X;Endg(TX)) and J?=-Idrx.

An almost complex manifold is a pair (X,.J) consisting of a smooth manifold X and an almost
complex structure J on X. Since there is a canonical identification

TC" =~ C"xC" — C"



of real vector bundles over C", the scalar multiplication by i on the vector space C™ determines
an almost complex structure Jen on C™. A complex structure on a manifold X, i.e. an atlas of
coordinate charts that overlap holomorphically, determines an almost complex structure J on X:
if

Ya: Uy — o(Uy)CC"

is a chart in the chosen atlas, then
J’TUa:{dwa}_IOJ(CnOd(pa: TUa —>TUa (1]‘7)
Such an almost complex structure J is called integrable or simply a complex structure on X.

Exercise 1.14. Let X be a complex manifold with a holomorphic atlas {(Uy, ¢a)}a of coordinate
charts as above. Show that the definitions of the almost complex structure J in (1.17) agree on
the overlaps U,NUg.

Let V' be a real vector bundle over a smooth manifold X with a complex structure J on the fibers.
We call a k-tensor g on V', with values in R or in some vector bundle over X, J-invariant if

g(,]vl, .. ,Jvk) =g(vi,...,v5) Vour,...,0.€V,, x€X.
We call such a tensor J-anti-invariant if
g(JUl, .. .,Jvk) =—g(v1,...,v5) Your,...,0€V,, z€X.

The Nijenhuis tensor A of an almost complex manifold (X, .J) is defined by

A, &) = (I &)+ 16, TGl +IIG &I -6, JG]) Y &,&eTOGTX). (L1

Exercise 1.15. Let (X, J) be an almost complex manifold. Show that

(a) equation (1.18) determines a J-anti-invariant alternating 2-tensor

Ay € I'(X;Home (AZ(TX, ), (TX,—J))) € T(X; Homp(TX @rTX, TX));
(b) if &1,& EF(M; TM), then

(J(Ley )2~ (Lygy I)E2),

| =

A&, &) =

where L is the Lie derivative;
(c) if J is integrable, then A;=0;
(d) if Y C X is a submanifold such that J(TY)CTY, then Ay =A;|7y.
The converse of Exercise 1.15(c) is [54, Theorem 1.1]. Since the Nijenhuis tensor Nj of any two-

dimensional almost complex manifold (X,j) vanishes, it follows that every almost complex struc-
ture j on a two-dimensional manifold is integrable. We call such a pair (X,j) a Riemann surface.



Let V' be again a vector bundle over a smooth manifold X. A 2-form w on (the fibers of) V is
J-invariant if and only if the fiberwise J-anti-invariant 2-form on V defined by

wy(v,v) = %(w(Jv,Jv/) — w(v,v") Vo,0'eV,, zeX,

vanishes identically. A complex structure J on the fibers of V' is said to be tamed by (resp. compatible
with) a 2-form w on (the fibers of) V' if

w(v,Jv) >0 Vovel,—{0},zeX (1.19)

(resp. J is tamed by w and w is J-invariant). The condition (1.19) implies that the restriction of w
to every complex subbundle V' of (V,J), including V itself, is a fiberwise nondegenerate 2-form
on V' and that the fiberwise J-invariant symmetric 2-tensor on V defined by

1
g5, = §(w(v, Jv') — w(Jv,v") Vo, o' eV, reX, (1.20)

is a positive-definite inner-product (i.e. a metric on V). Conversely, if ¢g is a J-invariant metric
on V, then J is compatible with the 2-form on V defined by

wi(v,v") = g(Jv,v") Vo, €V, zeX.
Exercise 1.16. Let (V,J) be a complex vector bundle over a smooth manifold X.

(a) Suppose w is a 2-form on V. Show that
g5 (v,v) + g4 (v, V") = 2w(v,v") + g5 (v+JV v+ JV) + 2wy (v,0) Vo, €V, zeX (1.21)
and that wgf; =w if and only if w is J-invariant.

9
(b) Suppose instead that g is a symmetric 2-tensor on V. Show that g‘;J =g if and only if g is
J-invariant.

Exercise 1.17. Let n€Z*. The standard symplectic form wer and (integrable) almost complex
structure Jcn on C™ are given by

n i 7 0 0 .
j=1 Jj=1

respectively, where as usual z;,y;: C" — R are the real and imaginary parts of the j-th complex
coordinate z; on C", i.e. zj ==, +iy;, and Z; =x;—iy;. Show that the almost complex structure Jcn
is compatible with wcn.

Exercise 1.18 ([45, Proof of Lemma 7.1.11(i)]). Let n € Z* and Jcn be the standard complex
structure on C™ as in (1.22).

(a) Show that a C-valued 2-form w on an open subset U C C" is Jgn|y-invariant if and only if
n
W= Z w]'dej/\dfk
Jk=1
for some smooth functions wj: U —C.

10



For a smooth function 3: RT™ —sR™, define
n n <
Fs: C"—{0} — C", Fs(z) = B(|2]) =

|2l

Let wen be the standard symplectic form on C™ as in (1.22). Show that

) B = | <5?ZL>2 S etz ¢ |z|ﬂ<|z|>5’|if4|>—ﬂ<|zr>2 LTI d2k>;
=1 §k=1

(c) the closed 2-form Fjwcn on C"—{0} is compatible with Jcn|cn o) if and only if B'(r) >0 for
all reR™.

Example 1.19. We denote by H and O = H@ He the R-algebras of quaternions and octonions
(or Cayley numbers), respectively. The conjugation, (non-associative) multiplication, and the
Euclidean inner-product on O~R? are given by

a+be =a—be, (a+be)(c+de)=(ac—db)+(da+bec)e,
1 - - Ya,b,c,deH.
(a+be, c+de) = §(aé—|—ca+bd—|—db)
These operations satisfy

24T € RCO Yzc0, zr=rz VrcO,reR, =77, (zy)y =zy*> Vz,ycO,
1 (1.23)
(,y) = 5 (#7+yz) Yo,ye0,  (zuyu) = (@, y)luf* Y,y,u€0,

where (-,-) is the standard inner-product on Q~R® and | - | is the associated norm. Let
ImO = {z€0:T=—z} = {2€0: (z,1)=0} = (ImH)®He
and X ={2€ImO: |z|=1} ~ S°
be the subspaces of purely imaginary octonions and of purely imaginary unit octonions, respectively.

For each u€ X, define
Ju: O — O, Ju(x) = zu.

Since u=—u, (1.23) implies that this linear automorphism of O satisfies
J? = —Idg and (Ju(z), Ju(y)) = (z,y) Va,y€O.
Thus, J, preserves the subspace
fvemO: (v,u)=0} =T, X.

It follows that the family {.J,}, determines an almost complex structure on O—R, which restricts
to an almost complex structure J on X. By Exercise 1.20 below, this almost complex structure is
non-integrable.

Since H?(S%;Z)={0}, the sentence containing (1.1) implies that S® does not admit a symplectic
form. It had been a long-standing open question whether S® admits an integrable almost complex
structure. Al has discovered a simply connected complex threefold that has the Z-homology of S%
and is thus diffeomorphic to S by classical results; see [20, 24]. This threefold also provides
a counterexample to the 30-year-old, relatively short, paper [14] by celebrated authors and its
supposed corrigendum [15], of a slightly longer length, published in the same prestigious journal
22 years later; specific errors in [14, 15] are pointed out in [20, Section 10].
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Exercise 1.20. (a) Suppose u,v € Q are purely imaginary and linearly independent over R. Show
that the subalgebra of O generated by w and v is isomorphic to H.

(b) Show that the Nijenhuis tensor of the almost complex manifold (X,.J) of Example 1.19 is
given by

AJ}u(vl,vg) = (Ul(’UQ’LL)*(Uﬂ)g)U*’Uz(Ulu)+(’L)2’Ul)u) VueX, v, €T, X.

PSS

Conclude that A j|,=,

—~

i,7)=(i)e if i,j € H are orthogonal purely imaginary quaternions.

A Kahler manifold is a triple (X,w,J) consisting of a smooth manifold X, a symplectic form w
on X, and an integrable almost complex J which is compatible with w. The most basic example of
a Kahler manifold is the complex Euclidean space C", with the standard symplectic form wen, and
the standard complex structure Jcn, as in (1.22). The paradigmatic example of a compact Kéhler
manifold is the complex projective space CP", with the Fubini-Study symplectic form wrs.,, and
the standard complex structure Jcpn, as in Exercise 1.32.

Let V— X be a real vector bundle over a smooth manifold. We denote by
J(V)CI'(X;Endg(V)) and  Q2(V) C I'(X; Homgr(AZV,R))

the spaces of (smooth) complex structures on the fibers of V' and of nondegenerate 2-forms on V',
respectively, with the C'*°-topologies. For a metric g and a nondegenerate 2-form w on V, we
denote by

J(g) = {JEJ(V): g(Jv, JU’) =g(v,v") Vv, eV, xEX}

and Jem(w) C J (V) the subspaces of J (V') consisting of complex structures on V' preserving g and
compatible with w, respectively. The next proposition is the main result of this section. Its proof
is based on [37, Appendix].

Proposition 1.21. Let V be a real vector bundle over a smooth manifold X. A metric g on (the
fibers of ) V' determines a homotopy inverse

Q2(V) — J(9), w— Jyuw, (1.24)

to the map
J(g) — QRV), T —uf,

s0 that Jg ., € Jem(w) for every we€Q2(V). If G is a Lie group acting smoothly on X and preserving
the metric g, then the map (1.24) is G-equivariant.

Proof. For a 2-form w on the fibers of V| we define
Ag € T(X;Endg(V)) by g(Agwv,v) =w(v,v') Yu,0' eV, zeX. (1.25)
Since w is anti-symmetric in the two inputs,

9(Agwv, V') = —g(v, Agv') Y u,0' €Vy, z€X,

12



i.e. the transpose A;fw of Ay, withrespect to g equals —A4, . fwe O2(V), Ay is an automorphism
of V. The Polar Decomposition Theorem [34, Proposition 2.19(1)] then implies that there exist
unique automorphisms Jy ., Sy, of V' such that

Ag,w = Jg,wosg,Wa g(sg,w’U,’U) >0V UGVBE—{O}, relX,

1.2
g(Jng, ngv') = g(v,v) and g(Sng,v') = g(v,Sg,wv/) Vo, eV, zeX. (1.26)

We denote by J;fw the transpose of J, ., with respect to g.

By the penultimate equation in (1.26),
g3 0 dgw Jgwodgl, = 1dy.
Combined with the first and last equations in (1.26) and A}, =—A, ., this gives

(JQMOJQM) o (J;TMOSQ,WOJQ,W) = J3w0Sgw0 gw
=Aguodgw = —AngOJg,w = —Sg,WOJ;waJgM =—Sg..
From the last equation in (1.26) and the uniqueness of polar decomposition, it then follows that
J2,=Ady, JU = —Jgu, JE085,0d50 = Sgu-
Along with (1.25) and the first three equations in (1.26), this gives
w(v,Jng) >0 VoeV—{0}, z€X,
w(Jgwv, Jgut') = w(v,0"), wf}gw (v,0") = g(Jgwv, V') = w(S;i,v,v’) Vo, 0 eV, zeX.

In particular, Jg ., € J(9)NJem(w). Since the space of all automorphisms of V' symmetric with
respect to g is contractible (via the straight-line homotopy to the identity), the last identity above
implies that the composition

Q2(V) — T(g9) — QX(V), w— Jgw —> Y,

is homotopic to the identity. If J € Jem(g) and w=w?, then Ay, =J by (1.25) and thus Jy,=J
by the uniqueness of polar decomposition. This establishes the first claim. The last statement of
the proposition also follows from the uniqueness of polar decomposition. ]

Exercise 1.22. Verify the claim made in the last sentence of the proof of Proposition 1.21.

1.4 Notation and terminology
For k€Z= let [k]={1,2,...,k}. If H: X — R is a smooth function, we denote by
Crit(H) = {zreX:d,H=0}

its set of critical points. The gradient of H with respect to a Riemannian metric g on X is the
vector field VIH on M defined by

9(VIH |z, w) = d H(w) VeeX weT, X. (1.27)

13



Let X be a smooth manifold and G be a Lie group. For a map p: X —T7G and veT1G, define

ty: X — R, tio(x) = { ()} (v). (1.28)
A basis vq,...,v; for Ty G determines identifications
k
R — T1G, (r1,...,7%) — vai, and T7G — R, a— (a(v1),...,a(vp). (1.29)
i=1

The latter isomorphism identifies smooth (G-invariant) maps p: X — TG with smooth (G-
invariant) maps H: X — R¥ by

oo H=(fo, - o) (1.30)

A smooth (G-invariant) map p: X — TG satisfying the first condition in (1.7) with respect to
a smooth action 1) of G on a symplectic manifold (X,w) corresponds via (1.30) to a smooth (G-
invariant) map

H=(Hy,...,Hy): X —RY st dH; = -, w Vie[k], (1.31)
where Co; = dayp(vy) e I'(X; TX).

We call such a smooth function a weak Hamiltonian for the action ¢ on (X, w) with respect to basis
vi,...,v for TyG. If H corresponds to a moment map via (1.30), then we call it a Hamiltonian
for the action 1) on (X, w) with respect to basis v1,...,v; for T1G. If G is a connected abelian Lie
group, a weak Hamiltonian is a Hamiltonian if and only if it is G-invariant.

We denote by ey,...,ex € RF the standard orthonormal basis and by R; C R* the R-span of e;. A
smooth action v of R* on a smooth manifold X (resp. symplectic manifold (X,w)) is equivalent
to k commuting smooth R-actions ¢; =1|g, on X (resp. (X,w)). In such a case, we will call

d .

G=diyle) = i €D(XTX), i€kl (1.32)
=0

the generating vector fields of ¢ and a Hamiltonian H as in (1.31) with respect to the basis ey, ..., ex

for ToR* simply a Hamiltonian for o). If k=1 or either X is compact, such a Hamiltonian corre-

sponds to k smooth functions H;: X — R satisfying the first condition in (1.31) with {,, =(;; see

Proposition 2.34(3).

Suppose T is a torus and vy,...,vx € T1T is a Z-basis for the lattice (T1T)z C 71T and thus an
R-basis for T4yT. The isomorphisms in (1.29) then identify (74T)z and (T3 T)z C T4 T with ZF C RF.
The first isomorphism in (1.29) also induces a Lie group identification of T with the standard
torus T,

k
Gvyoy: TF=(R/Z)F =R ZF — T, oy ([, ma]) = [ e (1.33)
i=1
Exercise 1.23. Suppose T is a torus and vy,...,vx €11 T is Z-basis for the lattice (13T)z C Ty T.

Let ai,...,a; € (I3T)z be the dual basis. For u €T, let m,: T— T be the multiplication by w.
Show that the diffeomorphism

k
Doy, RE<TF — T;TxT, (I)m...vk((xla ce D), [r]) = <Z:piai, o0y, ([T])), (1.34)
=1
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is equivariant with respect to the identification ¢y, ., in (1.33) and satisfies

dpry ({d®y,...0, }(0s,)) =0 and
.W €lk],

Pra( s (@15 s DN Aouy o (0, () (PP (AP0, }(01) =
(1.35)

where prq,pry: Ty TxT —T;T, T are the projections, d,, is the i-th coordinate vector field on R¥,
and 9,, is the coordinate vector field on T* induced by the i-th coordinate vector field on R*.

We take the standard Z-basis for (T3T*)z to be
2miey, ..., 2miey € TyTF C T(y, 1 CF.
A smooth action ¢ of T* on a smooth manifold X (resp. symplectic manifold (X,w)) is equivalent
to k commuting smooth S!-actions ¥; =1|g1 on X (resp. (X,w)), where S} C TF=(S)* is the i-th
component subgroup S'. Similarly to the affine case, we then call
. d :
G = dgy(2mie;) = awi;ezm el'(X;TX), i€lk],
t=0

the generating vector fields of ¢ and a Hamiltonian H as in (1.31) with respect to the basis
2miey, . .., 2mie, for TyT* simply a Hamiltonian for 1. By Proposition 2.34(3), such a Hamilto-
nian corresponds to k smooth functions H;: X — R satisfying the condition in (1.31) with (,, = .

Exercise 1.24. Suppose 1 is a smooth action of a Lie group G on a manifold X as in (1.2),
w is a symplectic form on X, pu: X — 717G is a smooth map, and p: G'— G is a Lie group
homomorphism. Let

p =(dep)*: T;G — TG
the homomorphism induced by p. Show that
(a) top is a smooth action of G’ on X and the map p*ou: X — TF G’ is smooth;

(b) if the action 1 preserves w, so does the action 1o p;

(c) if the map u satisfies the first (resp. second) condition in (1.7), then the map p*op satisfies
the first (resp. second) condition in (1.7) with (¢, ) replaced by (¢op, p*op).

Exercise 1.25. Suppose v is a smooth R¥-action on a manifold X as in (1.2), w is a symplectic
form on X, H: X —RF is a smooth map, and A is a real kxm-matrix (determining a linear map
from R™ to R¥). Show that

(a) oA is a smooth R™-action on X and the map A"oH: X — R™ is smooth;
(b) if the action v preserves w, so does the action 9o A;

(c) if the map H is a weak Hamiltonian for the action 1 on (X,w) (resp. RF-invariant), then the
map Ao H is a weak Hamiltonian for the action 9o A on (X,w) (resp. R™-invariant).

Exercise 1.26. Suppose 1) is a smooth action of a Lie group G on a manifold (X,w) as in (1.2),
w is a symplectic form on X, p: X —T;G is a smooth map, and G’ C G is a subgroup acting
trivially on X. Let q: G— G /G’ be the quotient projection. Show that
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(a) if G’ C G is a normal subgroup, then the action ¢ of G determines a smooth action ¢’ of the
Lie group G/G’ on X so that ¥=1oq;

(b) if the action 1 preserves w and G’ C G is a normal subgroup, then the induced action ¢’
of G/G’ on X also preserves w;

(c) if X is connected and the map p satisfies the first condition in (1.7), then

alpe =a0lne ¥ aaepn(X);

(d) if X is connected, the map p satisfies the first condition in (1.7), G’ CG is a normal subgroup,
and ag € (X)), then the smooth map

p—ag: X — {aeT{G: a|ln,e =0} =T1(G/G") (1.36)
satisfies the first condition in (1.7) with (¢, 1) replaced by (¢/, u—ap);
(e) if (X,w,®, p) is a Hamiltonian G-manifold, G’ C G is a normal subgroup, and
ap € (T3G)° ={aeT;G: Ad(e)=aVueG}
satisfies (1.36), then (X,w, ', p—ap) is a Hamiltonian G/G’-manifold,;

(f) if G is abelian, (X,w,®, u) is a Hamiltonian G-manifold, and o € T} G satisfies (1.36), then
(X,w, ', p—ap) is a Hamiltonian G /G’-manifold.

Exercise 1.27. Suppose @Z and 1 are smooth actions of a Lie group G on manifolds X and X , Te-
spectively, Y C X is a smooth submanifold preserved by ¥, p: Y — X is a G-equivariant surjective
submersion, w and w are symplectic forms on X and X, respectively, such that p*w=w|,s, and

X — TG and w: X — 177G
are maps such that pop = fi|;. Show that

(a) if the action Q; preserves w, then the action v also preserves w;
(b) if the map & is smooth, then the map p is also smooth;

(c) if the map g is smooth and satisfies the first (resp. second) condition in (1.7) with (X, w, 1, u)
replaced by (X, @, ¥, i), then the map p is also smooth and satisfies the first (resp. second)
condition in (1.7) as stated.

1.5 Paradigmatic examples

This section consists entirely of exercises. They introduce some of the most important examples of
symplectic manifolds with Hamiltonian actions by Lie groups. We begin with four (non-compact)
affine examples.
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Exercise 1.28. Let n€Z™", k€ [n], and wen be the standard symplectic form on C" as in (1.22).
Show that the action of S' on C" given by

w- (21,0 2n) = (21,00 oy Zhe1s UWZks Zhi 1, - - - 5 Zn) VueS'=R/ZcC,
is Hamiltonian with respect to we» with a Hamiltonian
H:C" —R, H(z1,...,20) = 7|z

Exercise 1.29. With n and wcn as in Exercise 1.28, let ¢ be the action of C™ on (C",wcn) by
translations, i.e.
Py : C" — C",  y(z) = z+4u, YV ueC".

Let eq,...,e, be the standard C-basis for C" and z; = z;+iy; be the split of the j-th complex
coordinate on C" into real ones. Show that

H= ( —y1+ay, r1+by, ..., —yn+an,xn+bn) :C" — R*" (1.37)
is a weak Hamiltonian for the action ¢ of C" on (C", wcr ) with respect to the R-basis ey, ieq, ..., e,,ie,
for TyC" =C" for any a1, b1, ..., an, by €ER and that every weak Hamiltonian for the action ¢ of C™

on (C™, wen) with respect to this basis is given by (1.37) for some aq,by,...,ay,b, €R. Conclude
that the action ¢ of C" on (C",wcn) is not Hamiltonian.

Exercise 1.30. Suppose (V,1i) is a finite-dimensional complex vector space and € is a nondegen-
erate 2-form on V' compatible with i, i.e.

Qw,iw) >0 YweV—-{0}, Q(iw,iw') = Qw,w') Yw,w' eV.

Via the canonical identification T,V &~V for each w € V, i and §2 determine an almost complex
structure J on V' and a symplectic form w compatible with J. Let ¢: T— GLcV be a complex
representation of a torus T on V. Show that

(a) there exist a subset S C(75T)z and a splitting

V= @Va St Yev ((wa)aES) = (eQWia(v)wa)aes VoveTlrT, (wa)aESe@Va;
a€eS a€sS

(b) the action v is Hamiltonian with respect to w with a moment map

p:V—TT,  p((Wa)aes) =7 > |wal’a ¥ (wa)acs €D Va
aeS a€eS

where | - | is the norm on V with respect to the metric g2(-,-)=Q(-,i-).

Exercise 1.31. Let k,n € Z1, Mat,«+C ~ C™ be the vector space of n x k complex matrices,
and wy,xx be the standard symplectic form on Mat, «;C as (1.22). For z € Mat,,«xC, denote by
2* € Matg,C the adjoint (conjugate transpose) of z. In particular,

U, = {uEMathkC: u*u:Idk} and u, =T1U, = {veMathk(C: v*:—v}.

Show that
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1
(a) wpxk(wr,ws) = 2—itr(w1‘w2—w§w1) for all wy,wo ETZ(Matnka) =Mat,,«1C and z € Mat,,«;,C

(the trace trA of a square matrix A is the sum of its diagonal entries);
(b) the maps
,I;X,c: U, — GL¢ (Matnxk(C), w,%xk;u(z) =wuz YuelU,, z€Mat,«:C,
it U — GLe (MatyykC),  ¥pspn(2) = 2u™! Vu€Uy, 2€Maty,C,

are commuting smooth actions of U,, and Uy, respectively, on Mat,, «xC with the corresponding
vector fields as in (1.4) given by

Cllj(z) =wvz Y vE€u,, z€Mat,«,C, Cf(z) = —2v V veuy, z€Mat, i, C;
(c) the smooth maps
gl s Mat,, 5, C — {pgxk(z)}(v) = %tr(zz*v) Vv eEu,, z€Mat, ,C,
pl s Mat,, s, C — uj, {ugxk(z)}(v) = %tr(z*zv) Vv eug, z€Mat,»;C,

are a @bffx p-invariant moment map for the action w;;x , and a M;X p-invariant moment map for
the action wi{x > Tespectively, with respect to wy, k.

The next two exercises introduce the paradigmatic compact Hamiltonian T-manifold and a model
(necessarily non-compact) symplectic manifold with a free Hamiltonian action of a torus T (the
necessity of the latter to be non-compact is due to Exercise 2.30). Along with Exercise 4.5, the
first example below illustrates Delzant’s construction of symplectic toric manifolds and the study
of their properties detailed in Chapter 6. The second example is in a sense the base for the proof
of Delzant’s Theorem 4.20 sketched in [46] and detailed in Chapter 4.

Exercise 1.32. Let n€Z", wcn be the standard symplectic form on C" as in (1.22), and
q: C"—{0} — cp™!
be the usual quotient projection.

(a) Suppose U C CP"! is an open subset and s: U —C"—{0} is a holomorphic section of g,
i.e. gos=idy. Show that the 2-form

i
WFSmfl‘U = ﬂf)aln 5|2, (1.38)
where | - | is the standard (round) norm on C", is independent of the choice of s.

(b) By (a), (1.38) determines a global 2-form wrg.;,—1 on CP™~!, called the Fubini-Study symplectic
form. Show that this form is indeed symplectic,
* ilzn:dAd* 1zn:*dAd*
WFSm-1= —| —5 ZiNdZj— — Zjzpdz; ANdZ
q WFS;n—1 o |Z|2j . J J |Z‘4Ak . j~kU<g k
— k=

)

Ccr—{0}

1
*
WFS:n—1 = —wen _ and wps:1 = 1.
q WFS;n |TS2n R ’TS27L 1 opt S;

Hint. The restriction of g to the interior of the upper hemisphere Si CS?=893N(CxR) is a
diffeomorphism onto the complement of a point in CP!.
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1 1

Figure 1.1: The images of CP? under Hamiltonians for the torus actions of Exercise 1.32.

(c) Show that the actions of T"=(S")" and T"~!=(S*)"~! on CP"~! given by

(ul,...,un)~[21,...,zn] = [UlZl,---,UnZn],

(ul e ,un_l) 21,y 20] = [ulzl, ey Up—12n—1, zn} (1.39)

are Hamiltonian with respect to the symplectic form wrs;,—1. Determine the images of cprt
under moment maps for these action, in particular showing that in the n = 3 they are as
depicted in Figure 1.1, up to translations. Hint: use Exercises 1.27 and 1.28.

Exercise 1.33. Let n€Z" and
P, i1 = {4 v) ECP" !'xC":vel} — CP™ pr,, ,({,v) =1,
be the tautological complex line bundle.
(a) Show that 7y, 1 CCP" ! xC" is a complex submanifold.

(b) For each i€ [n], define

{ﬁn;iz (&n;i;lv s 7&71;1’;71) : ﬁn;iz {([Z17 SRR zn]7 1)) €Yn—1: 217&0} — Cn: (140)
Bris (21 o]y (01, ) = {Zj/Zi, %f]:é[‘n]_{i};
Vi, if j=1.

Show that {@,.i: 1€ [n]} is an atlas of holomorphic coordinate charts for ~,_.
(¢) Conclude that pr. . :v,-1—CP""!is a holomorphic line bundle.

Exercise 1.34 ([45, Proof of Lemma 7.1.11(ii)]). Suppose n, wcn, and (CP" ! wps.,—1) are as
in Exercise 1.32 and Py, | Yn—1— CP™ ! is as in Exercise 1.33. Let pry: Yn—1 —> C" be the
restriction of the projection to the second component, c€ R,

z

2|

Wn-1,c = CPry  Wrsm-1+Prowen , and  Fe: C"—{0} — C", F(z) = /|2[*+c

Show that

(a) Wp—1.c is a symplectic form on (the total space of) v,_1;
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(b) Wn—tiely, ,—cprn-1 = {prgj%il_(cpnfl}*F:an. Hint: use Exercises 1.18(b) and 1.32(b).
Note: it follows from part (b) that (7y,-1 —CPn_l,@n,l;chn_l,Cpnq) is symplectomorphic to

(C" =B e(0), wenlen g7, (0))s Where BUg(0) = {2€C": [z <V},

Exercise 1.35. Suppose (Y,w) is a symplectic manifold, pr: F—Y is a complex vector bundle,
Q) is a fiberwise nondegenerate 2-form on E compatible with the fiberwise complex structure i on F,
so that g{(-,)=Q(-,i-) is a fiberwise metric on E, and V is a (C-linear) connection in E with the
associated projection pry:TE——pr*E as in Lemma B.7. Thus, Qg =pry( is a 2-form on the
total space of E. Let (g €'(E;TE) be the canonical vertical vector field on E as in (B.5) and

1
w = pr*w+§d(bcEQv). (141)

Show that
(a) w|rg), =w®Q under the canonical decomposition TE|y =TY ©F as in (B.4);

(b) there exists a smooth function p: ¥ — R so that the restriction of the closed 2-form @ to
the neighborhood
U, = {weE: g (w,w) <p(pr(w)}

of the zero section Y C E' is nondegenerate (and thus wly is a symplectic form on U);

(c) the smooth function
H:U, — R, H(w) = ¢ (w, w),

is a Hamiltonian for the restriction of the standard S'-action on E to U, with respect to &|y.

Hint: use (B.19) and Exercise B.14. Note: by Exercise B.17, the closed 2-form w is nondegenerate
on the entire total space E for a good choice of the connection V.

Exercise 1.36. Suppose n, pr,,  :79n-1 —CP™ !, ceR", wen, WFSin—1, and wWy_1,. are as in
Exercise 1.34,
p: CPvixCcr — Yn—1

is the orthogonal projection with respect to the standard inner-product on C”, and V is the trivial
connection in the trivial vector bundle CP" ! xC* — CP™! as in Example B.2. Let Q be the
restriction of wer to each fiber of pr, | and V'’ be the connection in 7,1 induced by V and p as
in Exercise B.4. With the notation as in (1.41), show that

- « 1

Wn—1;c = Cpl"%,leS;nfl+§d(bcwn719vf)~
Hint: use Exercise B.9.
Exercise 1.37. Let k€ ZT, T*=RF/ZF is the standard k-torus, and

x (xl,...,xk),yz(yl,...,yk):kaRk — Rk

be the projections to the two components. Show that

k
(a) Ak EZ x;Ady; is a well-defined 1-form on R¥ x T*;
i=1
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(b) the 2-form wj, =d\;, on R¥ x T* is symplectic;
(c) the action vy, of TF on R* xT* given by
Yy (2, []) = (2, [y+7]),
is well-defined, free, and smooth, preserves A\, and wy, and has
Hy: RFxTF — RF, Hy(z,[y]) ==,
as a Hamiltonian with respect to wg.

The next two exercises construct a canonical 1-form Ap+y and a canonical symplectic form wp+y on
(the total space of) the cotangent bundle of any smooth manifold Y. Exercise 1.40 then shows that
for any torus T the smooth manifold 77 TxT carries a canonical Hamiltonian T-manifold structure
(wr, Y, pr) with free action of T by group multiplication on the second component. The same
reasoning shows that 77T x T carries a canonical 1-form A, but it is not needed for our purposes.

Exercise 1.38. Let Y be a smooth manifold and Ap+«y be the 1-form on (the total space of) its
cotangent bundle pr: T*Y — Y given by

Aoy |y (w) = (pr0}(w) = 0{depr} (w)) V¥ ET™Y, weTy(T"Y).
For ceR, let m.: T*Y — T*Y be the scalar multiplication by ¢ as in (B.1). Show that
(a) a*Ap+y =« for every 1-form « on Y;
(b) miAp+y =cAp-y for every c€R;

(¢) {df}* }* Ay =Ap«ys for every diffeomorphism f: Y — Y’ between smooth manifolds (thus
{df}*: T*Y'— T*Y is well-defined).

Exercise 1.39. Let Y be a smooth manifold and Ap+y be the canonical 1-form on (the total
space of) T*Y as in Exercise 1.38. For ce R, let m.: T*Y — T*Y be the scalar multiplication
by ¢ as in (B.1). Show that

(a) wpy+«=—dAp+y is a symplectic form on (the total space of) T*Y and wrp+gn =wen under the
natural identification of T*R" =R" x R"™ with C";

(b) for every y€Y, there is a canonical decomposition T, (T*Y)=T,Y ®T;Y and

0, ifv,weTl,Y orv,weT;Y;
wr-y], (v, w) =

w(v), veT,Y and weT;Y;
(¢) miwpsy =cwp-y for every c€R;
(d) {df}* Pwrsy =wrpsy- for every diffeomorphism f: Y — Y’ between smooth manifolds (thus

{df}*: T*Y'—T*Y is well-defined).

Let ¢ be a smooth action of a Lie group G on a smooth manifold Y and dy* be its lift to T*Y as
in Exercise 1.3. By Exercises 1.38(c) and 1.39(d), d¢* preserves the canonical 1-form Ap«y on T*Y
and the canonical symplectic form wr+y on T*Y, respectively.
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Exercise 1.40. Let T, v1,...,v%, Py, v, and m, for u € T be as in Exercise 1.23, A\g, wg, ¥r,
and Hj be as in Exercise 1.37, and Ap«1 and wp=1 be as in Exercises 1.38 and 1.39, respectively.
Define

Op: Ty TXxT — T*T, Pr(a,u) = {dumu_l}*oz7 and wr = {CIJ_l }*wk.

v1...Vk

Denote by 7 the action of T on 77T x T by the multiplication on the second component and by
pr: Ty TxT—T7T the projection to the first component. Show that

(a) @

V1.V (p:ﬁ‘/\T*T = )\lc and wrT = —@:EWT*T;

(b) (I5TxT,wr, Y, pr) is a Hamiltonian T-manifold which does not depend on the choice of a
Z-basis vy, . .., v, € TyT for the lattice (T4T)z C Ty T and is identified with (RFxT*, wy, ¥y, Hy)
via Py, 4

An automorphism ¢: X — X of a set X is an involution if ¢ =idx. If (X,w) is a symplectic man-
ifold, a smooth involution ¢ on X is called anti-symplectic if ¢*w=—w. A Lagrangian submanifold
of a symplectic manifold (X,w) is a submanifold Y C X such that

1
dimY = B dim X and w|ry = 0.

Exercise 1.41. (a) Suppose ¢ is an involution on a neighborhood of 0 € R"™ with ¢(0) =0. Let
Jacg(¢p): R" — R™ be its Jacobian at 0 so that

¢(z) = {Jaco(d)jz+Q(x)

for some quadratic term Q: R" —R" (Q(0)=0, Jaco(Q)=0) and all = in a neighborhood of
0€R™. Show that there exist neighborhoods U and W of 0 €R™ so that

h:U — W, h(z) = :L‘—I—%{Jaco(qﬁ)}Q(x),

is a well-defined diffeomorphism satisfying ho¢p={Jaco(¢)}h.

(b) Let X be a smooth manifold and ¢ : X — X be a smooth involution. Show that every
connected component of the fixed locus of ¢,

X¢ = {zeX: ¢(z)=2},
is a smooth submanifold of X.

(c) Suppose in addition w is a nondegenerate 2-form on X such that ¢*w=—w. Show that X PcX
is a Lagrangian submanifold of (X, w).

Exercise 1.42. Suppose (X,w) is a symplectic manifold, Y C X is a Lagrangian submanifold, J
is an w-compatible almost complex structure on X, and wrxy is the canonical symplectic form
on T*Y as in Exercise 1.39. Show that

(a) J(TY)CTX|y is a subbundle complementary to TY;

(b) the map ®y,;: J(TY) —T*Y, ®y,j(w)=w(-,w), is an isomorphism of vector bundles over Y;
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(¢) @y jwrylr, (1Y) =w|T,x under the canonical identification
T,(J(TY)) =T,Y®J(T,Y) = T, X.

Exercise 1.43. Suppose (X,w) and (X’,w’) are symplectic manifolds of the same dimension and
f: X — X' is a smooth map. Show that f is a symplectomorphism with respect to w and w’ if
and only if the graph of f,

Gr(f) = {(z, f(#)): 2€eX} C Xx X',
is a Lagrangian submanifold of X x X’ with respect to the symplectic form prjw—priw’, where
pry,pro: X x X' — X, X'
are the component projections.

Exercise 1.44. Let Y be a smooth manifold, Ay«y and wp«y be the canonical 1-form and canonical
symplectic form, respectively, on (the total space of) the cotangent bundle pr: 7*Y —Y of Y as
in Exercise 1.39, and a be a 1-form on Y. Show that

(a) the submanifold «(Y) CT*Y is Lagrangian with respect to wp+y if and only if da=0;

(b) the map
qba: Y — T*K qba(e) = 2apr(9) -0,

is a smooth involution satisfying ¢} A~y =2pr*a—Ap-y;

(c) the involution ¢, above is anti-symplectic with respect to the symplectic form wp+y of Exer-
cise 1.39 if and only if da=0.

1.6 Energy of maps from Riemann surfaces
Let (X,j) be a Riemann surface, V' be a vector bundle over 3,

p,m €TL(ST*E@RV), and g€ T(%;V*?).
For a local coordinate z=s+it: U — C on X, define

g(u@in) |, = (9(1(s),n(8s)) +g(1(r), n(0r))) ds Ad. (1.42)

Exercise 1.45. Show that the 2-form g(u®jn)|y on U C X is independent of the choice of local
coordinate z=s+it. Conclude that (1.42) determines a global 2-form g(u®;jn) on 3 (which depends
on the choice of j).

Let X be a manifold, (X,j) be a Riemann surface, and f: ¥ — X be a smooth map. We denote
the pullbacks of a 2-tensor g and a 2-form w on X to the vector bundle f*T'X over X also by g
and w. If g is a Riemannian metric on X and U C X is an open subset, let

By(f)=5 [ oldreds) € 0.0 (143
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be the energy of f. By (1.42),

By =5 [ 14613 (1.44)

is the square of the L?-norm of df with respect to the metric ¢ on X and a metric gs, compatible
with j. In particular, the right-hand side of (1.44) depends on the metric ¢ on X and on the
complex structure j on X, but not on the metric g, on ¥ compatible with j.

Let J be an almost complex structure on a manifold X and (X,j) be a Riemann surface. For a
smooth map f: X — X, define

o5f = é(df+Jodfoj) e I'(Z(T*8, )" @c f(TX, J)) .

Exercise 1.46. Suppose J is an almost complex structure on a smooth manifold X, w is a 2-form
on X taming J, and (3,j) is a Riemann surface. Show that

By (f) = /E (Fwt g5 (s 00 0)+ frwy) (1.45)

for every smooth map f: ¥ — X. Hint: use (1.43) and (1.21).

If J is w-compatible, the last term in (1.45) vanishes. A smooth map f: ¥ — X is J-holomorphic
if 05 f=0. For such a map, the last two terms in (1.45) vanish.

The next lemma summarizes key properties of the energy function; they follow from (1.44) and (1.45).
In the case the 2-form w in Lemma 1.47(2) is closed, (1.46) imposes a restriction on the elements
of Hyo(X;Z) that can be represented by J-holomorphic maps from closed Riemann surfaces for
an w-tame almost complex structure J on X. In particular, every non-constant J-holomorphic
map represents a nonzero homology class if J is tamed by a symplectic form. As illustrated by
Exercises 1.49 and 1.50, non-constant J-holomorphic maps can represent the zero homology class
if J is not assumed to be tamed by a symplectic form (and such an almost complex structure J
can be integrable).

Lemma 1.47. Suppose X is a smooth manifold, (¥,j) is a Riemann surface, and f: ¥ — X is a
smooth map.

(1) Let g be a Riemannian metric on X. Show that the map f is constant if and only if E4(f)=0.

(2) Let w be a 2-form taming J. Suppose that f is non-constant and J-holomorphic. Show that
/ ffw>0. (1.46)
b

Exercise 1.48. Suppose J is an almost complex structure on a smooth manifold X. Show that
there exists an open cover {Up, }aez with the following property. If f: ¥ — X is a J-holomorphic
map from a closed Riemann surface with f(X)CU, for some a€Z, then f is constant.

Exercise 1.49. Let n>2 be an integer. Show that
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(1) the action of the group Z on the complex manifold C"—{0} given by
Zx(C"—{0}) — C"—{0},  k-z=2Fz,

is properly discountinuous (every point z € C" —{0} has a neighborhood U disjoint from k-U
for every ke Z—{0});

(2) the resulting topological quotient X =(C"—{0})/Z admits a unique complex structure so that
the quotient map ¢: C"—{0} — X is holomorphic;

(3) X is diffeomorphic to St x 271
(4) X does not admit a symplectic form;

(5) for every complex linear one-dimensional subspace L C C", the subspace
(L—{0})/zc X

is a complex submanifold diffeomorphic to the 2-torus S! xS! and represents the zero class
in Ho(X;7Z).

Exercise 1.50. Let (X,J) be the almost complex manifold of Example 1.19 and L C O be a
subalgebra isomorphic to H; see Exercise 1.20, for example. Show that XNL is an almost complex
submanifold of (X, J) diffeomorphic to S? and represents the zero class in Ho(X;Z).

1.7 Polyhedra and defining collections

The image of a moment map p: X — T7T for a smooth action 9 of a torus T on a symplectic
manifold (X, w) is often a polyhedron, i.e. the intersection of a finite set of closed half-spaces in T3 T.
Each such half-space H,, is specified by a pair v= (v, ¢) with v €T3 T nonzero and c€R; see (1.49).
Every polyhedron P can thus be described by a finite subset

A C (T;T—{0}) xR; (1.47)

any property of P is then equivalent to some property of .. While each polyhedron P C 77T
can be specified by a minimal subset J# as in (1.47), with no unneeded elements, it is sometimes
convenient to consider non-minimal subsets .7 as in (1.47). For the purposes of the comparisons
of Exercises 6.11 and 6.25, it is necessary to consider finite “subsets” of 77T xR that contain pairs
(v=0,¢) as well as multiple copies of the same element of 73T xR. We call such “subsets” finite
subcollections; they are formally defined below. However, aside from Exercises 1.55, 6.11, and 6.25,
this more general notion is not needed and does not need to be distinguished from a subset in the
usual sense.

The dimension of a polyhedron P in a vector space V is the dimension of the minimal affine
subspace of V' containing P. A (closed) face of such a polyhedron P is the intersection of P with
the hyperplane L~!(c) for some nonzero linear functional L: V —R and c€R such that

L(a)>c VacP. (1.48)
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A face of P is again a polyhedron (possibly empty). The interior P° of P is the complement of
the proper faces of P in P. An open face of P is the interior of a face of P. A vertex (resp. edge,
facet) of P is a face of P of dimension 0 (resp. dimension 1, codimension 1). We denote by Ver(P)
and Edg(P) the sets of vertices and edges, respectively, of P, and by Edg, (P) CEdg(P) for each
n € Ver(P) the subset of the edges containing 1. For e € Edg(P), we call a. €V an edge vector for e
if

Pﬂ{n+tae: tER} =eCV

for a vertex n€ Ver(e). A full tuple of edge vectors for P is an element ()ccgagp) Of VEde(P) 5o
that ae is an edge vector for each e€ Edg, (P).

The convex hull of a subset S of a vector space V is the subset

m m
CH(S) = {sti: meZt, si,....,sm€S, r1,...,rmeRZ° Zri = 1} cV.
i=1 i=1

A polytope in V' is the convex hull CH(.S) of a finite subset S of V. A polytope in a finite-dimensional
vector space is easily seen to be a compact polyhedron. The converse, which is not needed for our
purposes, follows from the Minkowski-Weyl Theorem [21, Theorem 3.13], which states that a poly-
hedron in a finite-dimensional vector space is a finitely generated cone on a polytope. For a finite
subset S of a finite-dimensional vector space V', we denote the set Ver(CH(.S)) of the vertices of the
polytope CH(S) simply by Ver(S); this is the minimal subset of S so that CH(Ver(S))=CH(S).
A face CH(S)NL~!(c) of CH(S), where L is as in (1.48) with P = CH(S), is the convex hull of
Ver(S)NL~1(c) and thus is a polytope in itself (possibly empty).

Let T be a torus. A polytope P CTyT is called Delzant if there exists a full tuple (e)ccpag(p) of
(integral) edge vectors for P such that for each vertex n of P the components o, with e € Edg, (P)
form a Z-basis for (T75T)z; this property of P is typically called smoothness in the literature. In
particular, all edges of a Delzant polytope are rational. Furthermore, the number of edges con-
taining any given vertex is the same as the dimension of T; this property of P is typically called
simplicity.

Let S be any set. By a finite subcollection 27 C S, we mean an element of a finite symmetric
product of S, i.e. the quotient of the Cartesian product S* of k copies of S for some k € Z=° by
the action of the k-th symmetric group Sy permuting the components of the elements of Sk, For a
finite subcollection . C S with a representative 2 € S*, we set |#|=k . In such a case, we write
veH and ' CIH if veS is a component of A and A is a finite subcollection of S obtained
by dropping some of the components of 77, respectively. In the latter case, J# —.¢" denotes the
finite subcollection of S obtained from the dropped components of 7. We say ¢ =411 is
a partition of 7 if 4 C 7 and 5 =.7—.54. We call finite subcollections 771, .74 C S disjoint
if the sets of the components of their representatives are disjoint subsets of S. In particular, 7’
and 7 — " above may not be disjoint if .# C S is not a subset in the usual sense. Informally, a
finite subcollection 2 C S is a “subset” which may contain several copies of an element of S. This
generalization of subset is relevant only for Exercises 1.55, 6.11, and 6.25 and can be replaced with
subset in the usual sense in other statements, unless they are applied to the three exercises.
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Suppose T is a torus. For v=(v,c) €T3 TxR, let
cw=c¢, Hy={ael;T:a(v)>c}, and OH,={a€T;T: a(v)=c}; (1.49)

the subspaces H,,0H, C T3 T are a (closed) half-space and an affine hyperplane, respectively, if
v#0. For a subcollection s CTyTxR and ' C 7, let

= (VMo CTIT, (Y = (OH, C (), (A = (') —  [|(r"Y.
veH veH T CH

In particular, (§) = (0)° =(0)] =T3T, (#")), C (#")’ is an open subset,
(ANVNA=H") = (), (HVNA=H") = (AP0, and (A 00 e = (A" -

We call a subcollection 5 C (T3 T—{0}) xR minimal if it is a subset of (T3T—{0}) xR in the usual
sense and OH,N(H) #( for every ve #. Every subcollection 5 C (T3T—{0}) xR with () #0
contains a unique minimal subcollection " with (") = ().

For a finite subcollection . C (T1T)z xR, define

Ly R” — TT, Ly ((Toe)weyer) er v,
(v,c)e (1.50)
O T =R7JZ7 — T, @p(]) =" Ty =Im .

In particular, T, C T is a subtorus. We call a finite subcollection .7 C (1T3T)z x R Delzant
(resp. regular) if ® 4 is injective for every subcollection " C . such that (A PN(A) #0 (resp. if
Ly is surjective). The former implies in particular that v € (T3 T)z is primitive for every element
(v,c) €A such that OH, N () #0 and T 4+ CT is a subtorus of dimension |.#”| for every subset
H' C A such that (YN (A)#0). However, the disjoint union of any Delzant subcollection .#
of (T1T)z xR and a pair (0, c) with c€ R is still a Delzant subcollection of (T4T)z x R.

Exercise 1.51. Suppose T is a torus and P CT; T is a polytope. Show that P is Delzant if and
only if P= () for some regular minimal Delzant subcollection .7 C (T3 T)z xR.

In light of Exercise 1.51, we call any polyhedron P C T5T Delzant if P = () for some Delzant
subcollection S C (1T3T)z xR. This means that we can choose a vector vp €T T for each for each
facet F' of P so that F:PﬂL;F1 (cr) for some cr € R and the vectors cp,, ..., cp,, can be extended to
a Z-basis for (T1T)z whenever the facets F1,..., F,, of P are distinct and the face PNF1N...NF,
of P is not empty.

Exercise 1.52. Let T be a torus and % C (T3T)z xR be a finite subcollection.

(a) Suppose ag € (I )‘9. Show that (7 )8 CT3T is the preimage of ag|r,T,, under the restriction
homomorphism 77T — 17T .

(b) Suppose T/ C T is a subtorus of T so that s C (T3T")z xR and s’ C 7. Show that the
images of

(A NAP (A NA) (A € TLT

under the restriction homomorphism 77T — 75T’ are the corresponding subsets of 77 T".
Conclude that %7 is Delzant with respect to T if and only if .7# is Delzant with respect to T’.
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Exercise 1.53. Let T be a torus and . C (T3T)z xR be a finite subcollection.

(a) Suppose #' C A and ("N (HA) # 0. Show that there exists a subcollection 3 C
such that

A C A, (APNAYVLDCTIT, and  ImLy =ImLy C TyT.

(b) Suppose S is Delzant with () #(). Show that ker ® ,» C T* is a subtorus of codimension
equal to the dimension of Im L 5 CT7T.

Exercise 1.54. Suppose T is a torus and 7 C 51 C (T4 T)zxR are finite subcollections. Show that
(a) if A is regular, then the sequence

Tﬁfffﬁf

0 — ker® 0 — ker ® ;1 — — 0

of abelian Lie groups, where the second homomorphism is the restriction of the projection
T#" —>T”L%, is exact;

(b) if s#1 is Delzant and #” C S is a finite subcollection such that (/YN () = (A" N (AT,
then
aw)>c Y (v,e)eHT -, ae (AP (H).

Exercise 1.55. Suppose T is a torus, % C (T1T)z xR is a finite subcollection, ag € (4, and
q: T—T/T 4 is the quotient projection. Define

oo (TaT), xR — (T1(T/T ), ¥R, Gao(v,¢) = (dag(v), c—ap(v)).
If 7 C(T1T)z xR is a finite subcollection such that 4 C ., let J€).70 = qo,(H'— #5) and
Doty = (Sosts0) e 7 T Sotritssgeg ) (W) = o Vv €A,
Show that

(a) if s C A" C A C (TyT)z xR are finite subcollections, then (J/:4) N (/) # O if and
only if ("N () #0;

(b) if 2 C(11T)z xR is a finite subcollection such that /¢ C .7, then the diagram

(1) ker B T P T (1)

b, q

P
(1} — = ker by ——= T T Ty ——— {1}

of exact rows commutes and the left vertical homomorphism is surjective;

(c) if the homomorphism @,y is injective and 5 C (T3T)z xR is a finite subcollection such
that 7 C s, then the homomorphism ¢ . s restricts to an isomorphism from ker @,
to ker (12%/%;
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(d) if 2 C (T1T)z xR is a Delzant (resp. regular) subcollection such that J# C ., then the
subcollection /.7 C (Tu(T/T 4 ))z xR is also Delzant (resp. regular).

Exercise 1.56. Suppose T is a torus and 5 C (T1T)z xR is a finite subcollection.
(a) Let A€ RT. Show that the finite subcollection

M ={(v,Ae): (v,c) e} C (TaT)z xR

is Delzant (resp. minimal, regular) if and only if .7 is. Show also that
(AH) = NA)={a: ae(H)} C T{T.

(b) Let apeT;T. Show that the finite subcollection

H+ag = {(v,c+ag(v)): (v,¢) €A} C (TT)z xR

is Delzant (resp. minimal, regular) if and only if % is. Show also that

(H+ap) =(H)+ao={a+ap: a€(H)} C T;T.

(c) Let ©€GLz(T1T)z) and ©* € GLz(T5T)z) be the dual of ©. Show that the finite subcollec-
e 0 = {07 (v),c): (v,)eH} C (ThT)z xR
is Delzant (resp. minimal, regular) if and only if .7 is. Show also that

(©77) = 0*(#) ={0*(a): ac ()} C T;T.

We call two finite subcollections of (73T)zxR equivalent if they differ by a composition of rescalings,
translations, and automorphisms of (73T)z as in Exercise 1.56. A regular finite subcollection of
(T1T)z xR has at least dim T elements. The next exercise describes the equivalence classes of
regular minimal Delzant subsets ¢ of (T1T)z xR of small cardinality relative to the dimension.
The subsets () CT; T determined by representatives of these classes when T is two-dimensional
are shown in Figures 1.2 and 1.3.

Exercise 1.57. Suppose n € Z" and J# C (T3T")z xR is a regular minimal Delzant subset. Let
et,...,e, be the standard basis for 73T =R". Show that

(a) if || =n, then . is equivalent to €= {(e;,0): i € [n]};
(b) if |7#|=n+1, then JZ is equivalent to
i (aks1, - an) = A0 {(—e1—. .. —ep+akr1€pi1+. . .+ anen, —1)}
for some k€ [n] and ajy1, ... ,a, € Z=0;
(c) if n=2 and |2#’| =4, then J# is equivalent to
H1(a;b, ¢) = Ao (a)U{(—bei+(ab—1)ez, —b—c)}
for some a,beZ>" and ceR*;

(d) the equivalence class of J,.(ag+1,...,a,) in (b) is invariant under the permutations of
Ak+1,- - -, an, the equivalence classes of J%.1(a;b,c) and #.1(b;a,1/c) in (c) are the same,
and all other pairs of the subsets above represent distinct equivalence classes.
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1 1

(H5°) (HA5,5()) (Ho.1(a2)), ageZZ0

Figure 1.2: Representatives for the equivalence classes of regular minimal Delzant subsets 7
of (TyT?)z xR with |#|=2,3 as in Exercise 1.57.

b+c
1+4+ac, c
c ( : (Lo)
1 1 1

(#.1(a;0,¢)), a€Z=0, ceRY  (H#5.1(0;b,c)), b€ZZ", ceRT  (H.1(a;b,c), a,beZZ, ceRT

Figure 1.3: Representatives for the equivalence classes of regular minimal Delzant subsets 77
of (TyT?)z xR with || =4 as in Exercise 1.57; the subsets 7%.1(a;b,c) and .1 (b;a,1/c) are
equivalent.
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Chapter 2

Group Actions on Manifolds

In this chapter, we establish general structure results for Lie group actions on manifolds. We begin
with actions on smooth manifolds, then move to arbitrary actions on symplectic manifolds, and then
focus on Hamiltonian torus (and almost periodic R¥-) actions on symplectic manifolds. Along the
way, we obtain equivariant versions of Darboux Theorem, the most fundamental result in symplectic
geometry, which shows that every symplectic manifold is locally isomorphic to the basic symplectic
manifold (C",wen) of Exercise 1.17. Corollaries 2.25 and 2.43 extend this result to actions of
compact Lie groups and to Hamiltonian torus actions, respectively, on symplectic manifolds (the
conclusions of these corollaries also apply to the almost periodic R*-actions). Corollary 2.25 is a
special case of Proposition 2.23(2), an equivariant version of the Symplectic Neighborhood Theorem;
see also Example 2.24. Other special cases of Proposition 2.23(2) are Corollary 2.26, an equivariant
version of the Lagrangian Neighborhood Theorem, and Exercise 2.27, the Hypersurface Neighborhood
Theorem.

2.1 Group actions and flows of vector fields

We first show the R-actions on smooth manifolds correspond to the flows of vector fields. This
basic fact readily yields a number of geometric implications.

We recall that the integral curve of a smooth family (&;):c;, where I CR is a positive-length interval
containing 0, of vector fields on a manifold X through a point x € X is the smooth map

Ia: —)X, t—>wt<l‘),

from the maximal subinterval I, C I containing 0 so that

d

Yo(r) =2  and ai/ft(w) =& (e(z) VEel,. (2.1)

By [60, Theorem 1.48],
Ww={(tx):tel,, z€X} CRxX

is a neighborhood of 0x X in I x X, the map

WwW— X, (t,z) — YP(x),
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is smooth, and its restriction to each slice with ¢ fixed is an open map. If I’ C I is a subinterval
containing 0 and U C X is an open subset such that I’ xU C W, we call the smooth collection of
smooth open maps

U— X, z— (), with t e I,

an I'-flow of (& ). If U =X, we call this collection the flow of (§;)ierr. The family (& )ier of
vector fields on X is called complete if W=1x X above. A flow of a vector field £ is a flow of the
constant family (£, =¢&):cr of vector fields on X.

Exercise 2.1. Let X be a compact smooth manifold. Show that every smooth family (& )ies of
vector fields on X is complete.

Exercise 2.2. Let (&), where I C R is a positive-length interval containing 0, be a smooth
family of vector fields on a smooth manifold X with flow (¢)ey.

(a) Suppose in addition that ¢: X — X is a diffeomorphism. Show that (¢ ~'o;00¢)c; is the
flow of the smooth family (¢*&)ser of vector fields on X given by

(¢*€)r = d¢~ ' (&o9) € T(X;TX). (2.2)

(b) Suppose instead that ((;)ic; is a smooth family of vector fields on X with flow (¢¢)ier.
Show that (¢;o1)t)ser is the flow of the smooth family ((#&):er of vector fields on X given by

(G€)r = G+dor(&ody ) € T(X;TX). (2.3)

Proposition 2.3. Let X be a smooth manifold.

(1) The flow (¢)ier of a complete vector field & on X corresponds to a smooth R-action 1) on X.
Conversely, a smooth R-action 1 on X is the flow of the vector field & on X given by

&(z) = %%(m) — VzeX. (2.4)

In particular, X¥={z€ X : {(z)=0}.

(2) If+ is a smooth R-action on X with associated vector field ¢ and x € XV, the linear R-action dg1)
on T, X 1is the flow of the vector field

Velo: ToX — T X,  w—> Vo, (2.5)

on T, X, where V is any connection in the vector bundle TX — X. If in addition J is a
W-invariant endomorphism of this vector bundle, i.e.

{dwth} Tododpthi=J: TuX — TwX  VieR, 2/ €X, (2.6)

then
Vjwé = JV € VweTl,X. (2.7)
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Proof. (1) If py: X — X is the time ¢ flow of £ €T'(X;TX) for each t€R, then
Vspt =150 X — X

see [60, Theorem 1.48]. Thus, the map (1.2) with G =R is a group homomorphism and v is a
smooth R-action on X. Conversely, if ¢ is a smooth R-action on X and £ € T'(X;TX) is given
by (2.4), then

= f(wt(w));

s=0

d d d
Yo = idx, al/}t(x) = $¢s+t(9@) = @d’s (ve(2)

s=0

the second equality above holds because (1.2) is a group homomorphism. Thus, v, is the time ¢
flow of €. The last claim in (1) follows immediately.

(2) Let € X¥ and ~: (—§,0) — X be a smooth curve such that v(0)=2z. Then,

d , dd D d
(V)] = (V) | = ()

g = 2£(3(s)

= Vy0)f,
s=0

s,t=0

where D/ds denotes the covariant derivative with respect to any torsion-free connection in 7T'X; the
penultimate equality above holds by the second claim in (1) for the R-action ¢ on X. By second
claim of (1) for the R-action d;¢ on T, X, d v, is thus the time ¢ flow of the vector field V¢,
on T, X given by (2.5) (which is independent of the choice of V because £(z)=0).

If in addition J is a ¥-invariant endomorphism of the vector bundle TX — X, then
dpth(Jw) = Jdpih(w) VweTyX,2'eX.

Setting 2’ =z above, differentiating the resulting equation at ¢ =0, and using the previous state-
ment, we obtain (2.7). O

Exercise 2.4. Suppose k€Z=°, 9 is a smooth RF-action on a smooth manifold X, and z € X. Let
]R]; C R¥ be the largest linear subspace fixing  and RS C R* be a complementary linear subspace.
Show that q

— () #0eT, X vV veRS—{0}.

dt =0
Exercise 2.5. Let 1 be a nontrivial smooth action of R¥ (resp. k-torus T* = (R/Z)¥) on a smooth
manifold X as in (1.2). Show that there exist an irreducible smooth action ¢’ of R™ (resp. T™)
on X for some meZ"' and a full-rank real (resp. integer) m x k-matrix A so that =104, i.e.

Yy = Yy, € Diff(X) VoyeRF (resp. UGTk).

Furthermore, if the action v is almost periodic in the first case, then so is the action v’. Hint: if
G is a compact Lie group and v €Ty G, the closure of the one-parameter subgroup {e!”: t€R} is a
torus; see Exercises 1.10 and 1.11.

Exercise 2.6. Suppose v is a smooth action of a Lie group G on a smooth manifold X as in (1.2).
For each ve€T1G, let & €T'(X;TX) be the vector field on X generated by v as in (1.4). Show that

33



(a) if ue @G and v,v’ € TyG, then

d
Ead, 1 (v) = Vabo = by (§ootu), Euuy = Ao | = —Le b = (6. &), (28)

t=0

where L is the Lie derivative;
(b) if h: [a,b] — G is a smooth path and h’'=42: [a,b] — TG, then

dip,

a Crrn=10Yh. (2.9)

Exercise 2.7. Let Y be a smooth manifold, Ap+y be the canonical 1-form on T*Y as in Exer-
cise 1.38, wr+~y be the canonical symplectic form on T*Y as in Exercise 1.39, and ¥ be a smooth
action of a Lie group G on T*Y.

(a) For each v € TG, let (, € T(T*Y;T(T*Y)) be the vector field on T*Y generated by v as
in (1.4) with X =T"Y. Show that the smooth map

p:TY — T/G defined by  {u(z)}(v) = —Ar+y (Go(2)) YveTG,
satisfies the second condition in (1.7).

(b) Suppose in addition the action 1 preserves Ar=y, i.e. ¥ \p-y = Ap«y for every u € G. Show
that the map p above is a moment map for the action ¢ on (T*Y, wrp+y).

Exercise 2.8. Let X be a smooth manifold and 7 : TX — X be the bundle projection. For
CEN(X;TX) and x€(1(0)C X, denote by V(| € T,X @ T#X the vertical component of the
differential

doC: T X — T(TX) =T, XDT, X

at = under the canonical splitting of 7,,(7'X) as in (B.4).

(a) Show that there is a unique map

[(X;TX) — D(TX;T(TX)), ¢ —(, st. C(df)=d(¢(f): TX — R ¥ feC®(X),
that it is a homomorphism over R, that
drol = (o € I(TX;7*TX), (|x =¢eD(X;TX)CD(X;T(TX)|x) V(eI (X;TX),

C,6] = [(,€] eT(TX;T(TX) V(¢ EET(X;TX),

and that for all (€ '(X;TX), z€¢( H0)C X CTX, and we T, X the vector ((w) €T, (TX)
is the image of V(|;(w) €T, X under the inclusion t7x as in (B.2).

(b) Suppose ¥ is a smooth action of R on a smooth manifold X as in (1.2) with associated vector
field ¢ on X as in Proposition 2.3(1). Show that the lift d¢ of this action to R-action on T'X
as in Exercise 1.3 is the flow of the vector field (€ I'(T'X; T(T X)).

Hint: local coordinates can be useful to establish the existence of E with the required property and
some of the remaining statements.
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Exercise 2.9. Let X be a smooth manifold, 7: T*"X — X be the bundle projection, and wp+x be
the canonical symplectic form on 7*X as in Exercise 1.39. For ( €['(X;TX) and z€(~!(0)C X,
let V(| €T, XRT}X be as in Exercise 2.8.

(a) Show that there is a unique map
D(X;TX) — T(T"X; T(T*X)), ¢ — (7, R d(¢: T°X —R),
that it is a homomorphism over R, that
drol* = Com € D(T*X; 7 TX), C|x =¢eD(X;TX) CT(X;T(T"X)|x) V¢el(X;TX),
& =[C€] eD(TXT(TX) V¢ EET(XTX),

and that for all eT(X;TX), z€¢~1(0)C X CT*X, and ¥ € T*X the vector ¢*(9) € Ty(T*X)
is the image of —V(|,(9¥) € T;X under the inclusion tp+x as in (B.2).

(b) Suppose 1 is a smooth action of R on a smooth manifold X as in (1.2) with associated vector
field ¢ on X as in Proposition 2.3(1). Show that the lift d¢)* of this action to R-action on T*X
as in Exercise 1.3 is the flow of the vector field ¢* € T'(T"X; T'(T7X)).

Hint: local coordinates can be useful to establish some of the statements, but not for the existence
of ¢*, and are not necessary for the Lie bracket statement if (2.17) is used instead.

Exercise 2.10. Let X be a smooth manifold and 7: T X — X be the bundle projection. For
Cel(X;TX), let N N
Cel(IX;T(TX)) and (*el(T*X;T(T*X)
be as in Exercises 2.8 and 2.9, respectively.
(a) Show that there is a unique map
I'(X;Endg(TX)) — D(TX;Endg ([(TX)), J—J, st
JC=JCeD(TX;T(TX)) V(el(X;TX),
that it is a homomorphism over R, and that
JoJ' = JoJ € T(TX;Endg(T(TX)), droJ = Jodr € I(TX;Homg (T(TX), v TX)),
Jlrx = J € D(X;Endg(TX)) C I'(X; Homg (TX, T(TX)|x)),
J|wrx =7J € I(TX;Endg(7*TX)) C I'(TX; Homg (7*TX, T(TX))),
for all J,J' € T'(X; Endr (7TX)).
(b) Suppose the dimension of X is at least 2. Show that there is no map
I'(X;Endg(TX)) — D(T°X;Endg ([(T°X)), J — J%, s.t.
JC = T eT(TX; T(T'X)) V(e (X;TX).
Hint: use local coordinates.

Remark 2.11. In light of the second identity in (2.8), the Lie bracket identities in Exercises 2.8(a)
and 2.9(a) are implied by Exercises 2.8(b) and 2.9(b), respectively. In light of the last statement
of Exercise 2.8(a), the first statement of Proposition 2.3(2) is a special case of Exercise 2.8(b). By
Exercise 2;10(a), an almost complex structure J on a manifold canonically to an almost complex
structure J on its tangent bundle 7X. By Exercise 2.10(b), there is no such lift to the cotangent
bundle T*X of X.
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2.2 Fixed loci of group actions

We next show that the fixed loci of smooth actions of compact Lie groups on smooth manifolds
are submanifolds with nice neighborhoods. We also make observations concerning the fixed loci of
subgroups of tori acting smoothly on smooth manifolds.

Exercise 2.12. Let 1 be a smooth action of a compact Lie group on a smooth manifold X as
n (1.2). Show that there exists a ¢)-invariant Riemannian metric on X, i.e. a Riemannian metric g
on X such that

g(dmwu(w),da,wu(w’)) = g(w,w") VueG, zeX, w,w' €T, X.
Suppose Y C X is a closed submanifold of a smooth manifold. A neighborhood identification for Y

in X is a diffeomorphism ®:U — U from a neighborhood of Y in a subbundle 7Y C TX|y
complementary to TY to a neighborhood of Y C X such that

O(y) =y, dye=id: LU=T,(TY")=T,YOTY*| — T,Y®TY"| =T,X=T,U VyeY. (2.10)

Proposition 2.13. Let ¢ be a smooth action of a compact Lie group G on a smooth manifold X
as in (1.2).

(1) The fized locus XV C X of ¢ is a closed submanifold with

T(XY) = (TX)%. (2.11)

(2) If Y C X is a closed submanifold preserved by 1» and TY*CTX |y is a subbundle complementary
to TY and preserved by di, then there exists a neighborhood identification ®: U —U for Y
in X with U CTYC which is G-equivariant with respect to the actions v on X and dy on TX.

Proof. Let g be a Riemannian metric preserved by the group action v, as provided by Exercise 2.12.
Its Levi-Civita connection V is also preserved by G. If weTX, ~v,: (a,b) — X with a<0<b is
the geodesic with respect to V of g with +/,(0)=w, and u€ G, then

Yy oYy (a,b) — X

is the geodesic with respect to V with (¢, 07,)(0) = {d,, ()%u}(w), i.e. Yuoyy = V{d,, 0y u}(w)-
Thus, the exponential map

exp: W — X, exp(w) = y(1) YweWcTX,
with respect to V satisfies
{dv,} (W) =W and exp ({dvu}(w)) = ¥y (exp(w)) VueG, weW, (2.12)

i.e. it is G-equivariant with respect to the actions 1) on X and dv on TX.

(2) Since
{dgexp}(w) =w € T, X VeeX, weT, XNW, (2.13)
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for each y €Y the restriction of exp to a neighborhood of y in TY*NW is a diffeomorphism onto
a neighborhood of y in X by the Inverse Function Theorem. Since Y C X is closed, it follows that
there exists a neighborhood U’ of Y in TY°NW so that

exp: U — U(U")

is a diffeomorphism onto an open subset of X. This map satisfies both conditions in (2.10) by the
definition of the exponential map. Since G is compact,

U= deu) U CTYNW

ueG

is a neighborhood of Y CTY® preserved by the G-action. By (2.12), the restriction
P=exply:U — U=exp(U) C X

is a G-equivariant diffeomorphism from a neighborhood of Y in TY ¢ to a neighborhood of Y in X
with the required properties. This establishes (2).

(1) It is immediate that X% C X is a closed subset. For each y € X%, let ®,: U, — U, be a G-
equivariant neighborhood identification as in (2) with Y ={y} and i, CT,, X . By the G-equivariance
of &,

o, (T,X)" Uy, — X¥NU,

is a homeomorphism for every y € X¥. Thus, each topological component of X is a submanifold
of X; see [60, 1.33(b)]. By the G-equivariance of ®,, (2.11) holds as well. O

Remark 2.14. The conclusion of Proposition 2.13(1) also holds if mo(G) is finite and X admits
a G-invariant metric (but G is not necessarily compact). The first paragraph in the proof of
Proposition 2.13 still applies. For (1) in this proof, U, CT,X can be taken to be any neighborhood
of 0€T,X on which the map exp is injective.

Corollary 2.15. Let ¢ be an irreducible almost periodic action of R on a smooth manifold X as
in (1.2). The subspace Crit(v) of points of X with stabilizers containing a one-dimensional linear
subspace of RF is a countable union of (not necessarily disjoint) closed proper submanifolds of X .

Proof. Let p: R — T and 9’ be as in (1.5). For each one-dimensional linear subspace L CRF, the
closure Ty, CT of p(L) in T is a torus; see Exercises 1.10 and 1.11. By (1.5), the fixed locus X't C X
of the smooth action 9’|, on X is the same as the fixed locus XL of the smooth action 1|r. By
Proposition 2.13(1), X’ is thus a closed submanifold of X (possibly empty). Since the action 1)
is irreducible, 1|1, is a nontrivial action and X* # X. Thus, Crit(z) is the union of the closed
submanifolds X' # X taken over the subcollection

A= {T,: LeRP*'}

of subtori of T. By Exercise 1.12(a), the subtori of T are generated by finite sets of vectors
in (71T)z. Thus, the collection A is (at most) countable. O
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For a torus T and a e (T5T)z, let
To = {e": veTLT, a(v)EZ}.

If a#0, T, CT is a codimension 1 closed subgroup. If « is primitive, then T, CT is a codimension 1
subtorus. For a subset S C(75T)z and a closed subgroup G CT, let

Ts=[]Ta and Sg={a€S:GCTa}.
a€esS

Thus, Tg C T is a closed subgroup of codimension at most |S|, SgC.S is the maximal subset so
that GCTg,, and Sty =S9.

Proposition 2.16. Let ¢ be a smooth action of a torus T on a smooth manifold X as in (1.2)
and Y C X% be a topological component of the 1-fized locus.

(1) There exist a subset S(Y)C (T5T)z—{0} and a splitting

TX|y =TY & PNFY —Y (2.14)
aeS(Y)

of TX|y into a direct sum of vector bundles preserved by di so that the bundles N¢Y are
nonzero and complex with

diper (w) = 2™y VoeThT, we NYY, aeS(Y). (2.15)

In particular, 2|S(Y)| <codimxY . If X is connected and the action v is irreducible (resp. ef-
fective), then the R-span (resp. Z-span) of S(Y') is Ty T (resp. (T5T)z). If TX|y is a complex
vector bundle and the T-action dip preserves its complex structure J, then the complex structure
on each subbundle N¢Y CTX|y can be taken to be the restriction of J.

(2) If GCT is a closed subgroup, Z C X% is a topological component of the G-action ¥|g on X,
andY CZ, then
TZly =TY & PNRY CTX|y —Y
aeS(Y)a

and Z is a topological component of the fized locus XTsoneg of the Tg(y,-action MTS(Y)G on X.

Proof. (1) For each y €Y, dyt is a real representation of T on T, X. Every such representation
splits as a direct sum of a trivial real representation and of one-dimensional complex represen-
tations with the action on each factor given by (2.15) for some a€ (77 T)z nonzero. By (2.11),
the trivial representation summand is T, Y. Since dy? depends smoothly on y, the weights o are
independent of y €Y and the corresponding component representations vary smoothly with y €Y.
Thus, the latter form vector subbundles N¢Y C TX|y as in (2.14) with complex structures. If
TXly is a complex vector bundle and d preserves its complex structure, then dyi) is a complex
representation of T on T,,Y" and the same reasoning applies.

If S(Y') does not span T;T over R (resp. (T5T)z over Z), there exists ve€T1T—(T3T)z such that

a(v)=0 (resp. a(v) €Z) for all a € S(Y). Let G be the closure of the subgroup {e'”: t €R} (resp. the
subgroup generated by v) in T. This subgroup acts trivially on TX|y. By Proposition 2.13(1),
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this implies that the connected component of the G-fixed locus X containing Y is a connected
component of X, i.e. G acts trivially on X (and so the action 1 is not effective) if X is connected.
If a(v)=0 for all € S(Y) and X is connected, then

G=day(v) = 0 € T(X; TX),

i.e. the action 1 is reducible.
(2) By Proposition 2.13(1) applied to v¥|q, ¥, and 1[)|TS(Y)G,

TZ|y = {weTX|y: dp(w)=wVueG} =TY® EPNFY =TX 5|, .
OzGS(Y)G

This establishes both claims. O

Corollary 2.17. Let 1) be an irreducible almost periodic action of R¥ on a smooth manifold X as
in (1.2). For each L € RP*™1, let X' C X be the fized locus of the action ¢|r. If X is compact,
then the set

7o (Crit(v) = {Zem(X%): LERPF!, ZnXY #£0)

18 finite.

Proof. Let p: R¥ — T and 1/ be as in (1.5). We can assume that the image of p is dense in T
and so X¥ = XY, For each LeRP*! let Ty CT be as in the proof of Corollary 2.15. For each
subtorus T/ C T, let X c X be the fixed locus of the action ¢'|p. In particular, X* = X7z,
By Proposition 2.16(2), every element Z of 7(Crit(¢)) intersecting a topological component Y of
X¥=X? is thus the unique topological component of XTs ¢ X for some SC S (Y) intersecting Y.
The number of subsets of S C S(Y) is finite for each Y € mo(X?). Since X is compact, m(X?) is
finite as well. O

2.3 Group actions on symplectic manifolds

This section provides an analogue of Proposition 2.13 in the symplectic setting, Proposition 2.23,
which describes neighborhoods of fixed loci of actions of compact Lie groups on symplectic mani-
folds. Proposition 2.23 specializes to Example 2.24, Corollary 2.26, and Exercise 2.27, equivariant
versions of the Symplectic, Lagrangian, and Hypersurface Neighborhood Theorems, respectively.
A special case of Example 2.24 is Corollary 2.25, an equivariant version of Darboux Theorem.

Exercise 2.18. Suppose X is a smooth manifold, (w¢)iep,1) is a smooth family of closed forms
on X, (&t)ie(0,1) is a smooth family of vector fields on X satisfying

d

d(L&wt) = —&wt,

and ¢y U— X is a flow of (§);c(0,1) on an open subset of X, i.e.

o(x) = x, %(wt(az)) =& (1/1t(a:)) VzeU, telo,1].

Show that 1)} w: =wo|y for all t€[0,1]. Hint: differentiate both sides and use Cartan’s formula for
the Lie derivative.
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Exercise 2.19. Let w be a closed 2-form on a smooth manifold X.

(a) Suppose (&t)e(o,1) is a smooth family of vector fields on X with flow (v1).ej0,1) and (Ht)sejo,1)
is a smooth family of smooth R-valued functions on X so that

Le,w=—dH,  Vtel0,1]. (2.16)

Show that
P € Aut(X,w) = {¢€Diff(X): w*w:w}.

(b) Suppose in addition that ¢ € Aut(X,w) and (¢*¢).e(o,1) is the smooth family of vector fields
on X given by (2.2). Show that

Ugrg) W = —d(Htogb) VtE[O, 1]

(c) Suppose instead that ((¢)e[o,1] i3 @ smooth family of vector fields on X with flow (¢t):c(0,1),
(Gt)iefo,1) is a smooth family of smooth R-valued functions on X so that

w,w=—-dG;  Vte|0,1],
and (#€)ieo,1) is the smooth family of vector fields on X given by (2.3). Show that

yepenw = —d(G+Hody ') Vte(o,1].

Let w be a closed 2-form on a smooth manifold X and Ham(X,w) C Diff(X) be the collection of
diffeomorphisms 1 of X such that there exist a smooth family (&;).c[o,1] of vector fields on X and
a smooth family (Hy)e[o,1] of smooth R-valued functions on X so that (2.16) holds and ¢ =1. By
Exercises 2.2 and 2.19,

Ham(X,w) C Aut(X,w)

is a normal subgroup. If in addition the closed 2-form w is nondegerenrate, then (X, w) is a symplec-
tic manifold, Aut(X,w) is the group of symplectomorphisms of (X, w), and Ham (X, w) C Aut(X, w)
is the subgroup of Hamiltonian symplectomorphisms of (X, w).

Exercise 2.20. Suppose X is a smooth manifold, w is a closed 2-form on X, and v is a smooth
action of a Lie group G on X as in (1.2). For each veT1G, let ¢, €T'(X;TX) be the vector field
on X generated by v as in (1.4).

(a) Suppose G is connected. Show that 1) preserves w if and only if d(c¢,w)=0 for all veT1G.

(b) Suppose 9 preserves w. Show that

d(w(QHCU’)) = 7L[Q;,Cv/]w U7U/ETJ].G7 (217)
w([va Gty Cv”) + W([Cv’a Gur]s Cv) + W([Cv”a ol Cv’) =0 Vo, 'Uly v eTG. (2.18)

Hint: use Cartan’s formula for the Lie derivative.
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Exercise 2.21. Let 9 be a smooth action of a compact Lie group on a symplectic manifold (X, w)
as in (1.2). Show that there exists a -invariant w-compatible almost complex structure on X,
i.e. an w-compatible almost complex structure J on X such that

{dotpu)} Tododptpy=J: T,X — T, X  VueG, zeX. (2.19)

Hint: a Riemannian metric ¢ and a nondegenerate 2-form w on X determine an w-compatible
almost complex structure J, ., on X; see the proof of Proposition 2.3 in [66].

Exercise 2.22. Suppose v is a smooth action of a Lie group G on a symplectic manifold (X, w) as
n (1.2), J is a ¢-invariant w-compatible almost complex structure on X, and Y C X is a Lagrangian
submanifold preserved by 1, i.e. 1, (Y)=Y for all u€ G. Show that the isomorphism

Dy.;: J(TY) — T, (bY;J(w) =w(,,w),
of real vector bundles over Y is G-equivariant with respect to the actions dy and dv* of Exercise 1.3.

Proposition 2.23. Let ¥ be a smooth action of a compact Lie group G on a symplectic mani-
fold (X,w) as in (1.2).

(1) The fived locus X¥ C X of 1 is a closed symplectic submanifold with T(X¥)=(TX).

(2) Suppose Y C X is a closed submanifold preserved by v, TY*CTX|y is a subbundle comple-

mentary to TY and preserved by dy, and @ is a G-invariant closed 2-form on a neighborhood
of Y in TY® preserved by dvy. If

°~J|Ty(TYC) = w‘TyX VyeY, (2.20)

there exists a G-equivariant neighborhood identification ®: U —U for Y in X such that U C
TY¢ and ®*w=0w|y.

Proof. (1) Let J be a G-invariant w-compatible almost complex structure on X, as provided by
Exercise 2.21. By Proposition 2.13(1), X¥ C X is a closed submanifold with TX¥ = (T X ). Since
J is G-invariant, J(TX?¥)CTXY by (2.19). Since J is w-compatible, w(v, Jv)>0 for all v € TX
nonzero. Thus, w|yy» is nondegenerate.

(2) Let ®: U/ — U be a G-equivariant neighborhood identification for Y in X with &4 C TY*, as
provided by Proposition 2.13(2). In particular, ®*w is a symplectic form on /. By (2.20) and (2.10),

(@ )p (ryey =g ryey  TYEY. (2.21)

Since ® is G-equivariant, the 2-form ®*w is G-invariant. Since the subset of ¢ on which w is non-
degenerate contains Y by (2.20) and is open and preserved by G, we can assume that the 2-form
w is nondegenerate on U (by replacing U by its subset on which @ is nondegenerate) .

Let m,: TY®—TY* be the scalar multiplication by 7 as in (B.1) and {7y e (TY*T(TY®)) be
the canonical vertical vector field as in (B.5). Define a 1-form o on U by

1
a:/ M (tr=10pye (P w—w))dr.
0
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By Exercise B.1 and (2.21),

do = d*w—0a, da}T( =0, 0, Val, =0, (2.22)

TY®)|y a‘T(TYC)|y = (TY®)|y

where V is any connection in TU CT(TY ).

By the second statement in (2.22) and the compactness of [0, 1],
wy = w+tda
is a symplectic form on a neighborhood U’ of Y CU for every t€[0,1]. For each t€[0,1], define
&Gel(U,TU) by gw = —a. (2.23)

By the third statement in (2.22), &|y = 0. Since [0, 1] is compact, it follows that there exists a
neighborhood U” of Y in U’ so that the flow of &,

d
Yo U — U, Yo(w) =w Yweld”, ¥ = &ovn
is well-defined for every t€ [0, 1]. By the first, third, and fourth statements in (2.22),

w=1fw, PY(y)=y YyeYcU’, and dy|pryey, = idrrye), vtel0,1];  (2.24)

see Exercise 2.18 for the first identity.

Since G is compact, the set
u" = (dyu ") cU' cTY®
ueG
is a neighborhood of Y C TY¢ preserved by the G-action so that v : U"” — U is a well-defined
diffeomorphism onto an open subset of /. Since the 2-forms ®*w and @w are G-invariant, so are
the 1-form o and the vector fields &. Thus, the smooth map 1 is G-equivariant, as is the

diffeomorphism
Potp: U" — (Y1 (U")) CU C X.

By the second and third statements in (2.24), this diffeomorphism is a neighborhood identification
for Y in X (because ® is). By the first statement in (2.24), {®o); }rw=w|ym. O]

Example 2.24 (Symplectic Neighborhood Theorem). Suppose 1 is a smooth action of a compact
Lie group G on a symplectic manifold (X,w) and Y is a symplectic submanifold of (X, w) preserved
by 1. The restriction w# of w to the w-symplectic complement

pr: TYY = {weTXy: w(w,w)=0Vuw' eTY} —Y

of TY in T'X |y is then a G-invariant fiberwise nondegenerate 2-form. Let (py« € (TY“; T(TY?))
be the canonical vertical vector field as in (B.5). A G-invariant connection V in the real vector
bundle pr: TY* —Y extends wi: to a G-invariant 2-form w on (the total space of) TYY; see
Exercise B.8. By Exercise 1.35 with Q=w™, the G-invariant closed 2-form

- . 1
wy =priw+ id(LCTwaé) (2.25)
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satisfies (2.20) with w = wy. If in addition Y C X is a closed subspace, by Proposition 2.23(2)
there then exists a G-equivariant neighborhood identification ®: U/ — U for Y in X such that
UCTY® and P*w=wv|y. If Y={z} is a one-point set, TY*¥ =T, X and wy =pr*w,. This yields
Corollary 2.25 below.

Corollary 2.25 (Darboux Theorem). Suppose 1 is a smooth action of a compact Lie group G on
a symplectic manifold (X,w) and x € X¥. There exist a G-invariant neighborhood U of 0 in T, X
and a G-equivariant diffeomorphism ®: U — U onto a neighborhood U of x in X such that

®(0) = =z, do®=id: Tp(1, X) =T, X — T, X, and O w = priwgly,
where pr: T, X — {x} is the projection.

Corollary 2.26 (Lagrangian Neighborhood Theorem). Suppose 1 is a smooth action of a compact
Lie group G on a symplectic manifold (X,w), Y CX is a closed Lagrangian submanifold preserved
by ¥, and wpxy is the canonical symplectic form on T*Y as in Fxercise 1.89. There exists a G-
equivariant diffeomorphism ®: U — U from a neighborhood of Y in T*Y onto a neighborhood of Y
i X so that

O(y) =y VyeY and P*w = wT*y|u . (2.26)

Proof. By Exercise 2.21, there exists a y-invariant w-compatible almost complex structure J on X.
By Exercise 2.22, the isomorphism

Oy.;: J(TY) — TY, Dy j(w) = w(-,w),

of real vector bundles over Y is G-equivariant with respect to the actions dy and dv* of Exercise 1.3.
Along with the latter exercise, this implies that the closed 2-form @y ;wr+y on (the total space of)
J(TY) is G-invariant. By Exercise 1.42(c), this form satisfies (2.20). By Proposition 2.23(2), there
thus exists a G-equivariant neighborhood identification ®: &/ — U for Y in X such that U C J(TY)
and @*w:®§;JwT*y|u. The map

@o(I);;IJ: Oy U) — U

is then a G-equivariant diffeomorphism satisfying (2.26) with ® replaced by <I>o<I>§.1 7 O

Exercise 2.27 (Hypersurface Neighborhood Theorem). Suppose 1 is a smooth action of a compact
Lie group G on a symplectic manifold (X,w) and Y C X is a closed hypersurface (codimension 1
submanifold) preserved by 1. Show that

(a) the w-symplectic complement TY* of TY C TX|y is a line subbundle of the tangent vector
bundle TY —Y;

(b) the line bundle TY* —Y is orientable if and only if the hypersurface Y is orientable.
Suppose the hypersurface Y is orientable. Show that

(c) there exists a G-invariant 1-form v on Y so that the restriction a7y« does not vanish anywhere
onY;

(d) the restriction w|ker o is @ nondegenerate fibers 2-form on the vector bundle kera —Y;
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(e) there exists a G-equivariant diffeomorphism ®: 4/ — U from a neighborhood of ¥ in Y xR
onto a neighborhood of Y in X so that

O(y,0) =y VyeY and P*w = (Tjw+d(me 7)) (2.27)

i
where 71, m2: Y XxXR—Y R are the projections to the two components.
Remark 2.28. The analogue of Proposition 2.23(2) in [45] is Lemma 3.2.1, which unnecessarily
requires Y (Q in [45]) to be compact. As a consequence, the Symplectic, Lagrangian, and Hy-
persurface Neighborhood Theorems, i.e. Example 2.24, Corollary 2.26, and Exercise 2.27 above,
are restricted to compact submanifolds in [45]; see Theorems 3.4.10 and 3.4.13 and Exercise 3.4.17
in [45]. Even if one is interested only in compact symplectic manifolds, the Symplectic Neighbor-
hood Theorem without the compactness restriction is needed for the proof of Theorem 4.19. The

latter is a key step in the proof of Delzant’s Theorem, Theorem 4.20, following the modern efficient
approach sketched in [41, 46]; see page 104.

2.4 Weakly Hamiltonian group actions

We next establish some properties of weakly Hamiltonian actions of Lie groups on symplectic
manifolds. We then study how close such actions to being Hamiltonian.

Exercise 2.29. Suppose 1 is a smooth action of a Lie group G on a symplectic manifold (X, w),
p: X —T7G is a smooth map satisfying the first condition in (1.7), and z € X. For each veT1G,
let (, €I'(X;TX) be as in (1.4). Show that

kerd,pu = {Cv(m) ’UGTJ]_G}w = {wGTxX: w(w, Cv(x)) =0 \V/UGT]]_G}, (2.28)
Imdypu = Amn({veT1G: ((2)=0}) = {a€T7G: a(v)=0 YVveT1G s.t. ¢, (x)=0}.

Conclude that

(a) the G-orbit Gx C X of x is open if and only if d,u is injective;

(b) the stabilizer G5 (v) CG of x is discrete if and only if d,u is surjective.

Exercise 2.30. Let 1 be a smooth action of a connected Lie group G on a compact positive-
dimensional symplectic manifold (X,w).

(a) Give an example of such an action with X% ={).
(b) Suppose 1 is a weakly Hamiltonian action. Show that X% contains at least 2 points.

Exercise 2.31. Suppose ¥ is a smooth action of a torus T on a compact symplectic manifold (X, w),
p: X —T7G is a smooth map satisfying the first condition in (1.7), and z € X. Let Ty(z)CT
be the stabilizer of z and Z € mo(X Tw("”)) be the topological component of the |t w(x)—ﬁxed locus
containing x. Show that

(a) ZNXY #0;
(b) if Y € mp(X¥) and Y C Z, then T,(¢)) = Ts for some SCS(Y), with S(Y) C T;T as in
Proposition 2.16(1).
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Hint: use Exercise 2.30(b) and Proposition 2.16(2).
Exercise 2.32. Let X be a closed oriented manifold.

(1) Suppose (€I'(X;TX) and Q is a (top) form on X. Show that

/549—0.
X

(2) Suppose the dimension of X is 2n, w is a symplectic form on X, and % is a smooth action of a
Lie group G on (X,w). For each ve Ty G, let (, €'(X;TX) be the vector field on X generated
by v as in (1.4). If v; € T3 G and there exists a smooth map p,, : X — R satisfying the first
condition in (1.7) with v=wv1, then

/w((vl,CUQ)w":0 Vo eTiG.
X

Hint: use Cartan’s formula for the Lie derivative.

Exercise 2.33. Suppose (X,w) is a symplectic manifold, 1 is a smooth action of a connected Lie
group G on X as in (1.2), u: X — T7G is a smooth map satisfying the first condition in (1.7),
veT1G, and §, €I'(X;TX) is the vector field on X generated by v as in (1.4). Let h: [a,b] — G
be a smooth path. Show that

d dh
a#vowh = _W(CAdhﬂ(v)’ CAdh_1(h/h—1)) ’ where h/:E: la,b] — TG.

Hint: apply the first condition in (1.7) and (2.9), then the first equation in (2.8) twice, and finally
the y-invariance of w.

Proposition 2.34. Suppose (X,w) is a symplectic manifold, v is a smooth action of a connected
Lie group G on X as in (1.2), and p: X — TG is a smooth map satisfying the first condition
in (1.7). For each veTyG, let ¢, €T'(X;TX) be the vector field on X generated by v as in (1.4).

(1) For all v,v'€T1G, the function
M[U7UI]+W(C'U7 CU’) X — R
s constant on each connected component of X.

(2) The map p satisfies the second condition in (1.7) if and only if

) =—w((o,Cr): X — R Vo, o' €n1G. (2.29)

(3) If G is abelian and either G=R, or G is compact, or X is compact, then the map p satisfies
the second condition in (1.7).

(4) If X is closed, connected, and of dimension 2n, then the smooth map

X TG, ) = p() - [ Mw“// W
X X

is a moment map for the G-action 1 on (X,w).
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Proof. (1) By the first condition in (1.7) and the second identity in (2.8),

dﬂ[v,v’] = _w(g[v,’u’]a ) = W([Cva Cv’]a )
By (2.17),
d(w(gm Cv’)) = —W(KU, CU’]? ) .
The two statements give the claim.

(2) Let v € T3G, h: [0,1] — G be a smooth path with h(0) =1, and A" : [0,1] — T'G be its
derivative as in (1.15). Thus,

d
&uwﬂ)h = —w(Cad,_; (v)> CAd,_; (Wh—1))
[ OPn(0) = HAd, g 105 d (2.30)

aﬂAdh,l(v) = THAd, 1 (Wh=tp]) = THAd, -1 (RA1),Ad, -1 (v)])

the equality in the top equation on the right-hand side above holds by Exercise 2.33, while the two
equalities in the bottom equation follow from (1.15) and the second identity in (1.14). Since G is
connected, the second condition in (1.7) is thus equivalent to the condition that

HIAd, 1 (v),Ad, 1 (Wh-1)] = ~@(CAd, 1 (v)> CAd, 1 (Wh1))

for every v € T1G and every smooth path h: [0,1] — G with h(0)=1. Since Ad, is an automor-
phism of 717G, the last condition is equivalent to (2.29).

(3) We can assume that X is connected. Let v,v' € TyG and h(t)=e'" for t€R. Since G is abelian,
Adh(t)—l (v) =v and Adh—l(h,h_l) =,

Along with (2.30), this implies that
d d
_aﬂvowh = _a(ﬂvowh_ﬂAdhfl(v)) = w(Co, Cv’)"i'/ﬁ[v,v’]; (2.31)

the two sides above are a priori functions on X xR, but the right-hand side above is explicitly
independent of the R-input and is constant in the X-input by (1). If the right-hand side in (2.31)
vanishes (as is automatically the case if GAR), then p satisfies the second condition in (1.7) by (2).
If the constant on the right-hand side of (2.31) is not zero, then the function p, 01y, is unbounded
on R (with the X-input fixed), which implies that G and X are not compact.

(4) Since p differs from p by a constant, p satisfies the first condition in (1.7) with u replaced by .
Let v,v"€T1G. By (1),
ﬂ[v,v/]+w(gvv C’u’) : X >R

is a constant function on X. By the definition of ;i and Exercise 2.32(2),
/ ﬁ[v,v’]wn =0 and / W(Cva Cv’)wn =0,
X b's

respectively. Thus,
o =—w(Co C): X — R Vo, elyG.

Along with (2), this implies that ji satisfies the second condition in (1.7) with u replaced by . O
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Exercise 2.35. Suppose 1 is a smooth action of a Lie group G on a symplectic manifold (X, w).
Let g be the Lie algebra of G and dg, be as in (1.16) with a=g.

(a) For each veT1G, let ¢, €eI'(X;TX) be the vector field on X generated by v as in (1.4). By
Exercise 2.20(a), the homomorphism
Yo: oG — Hyer(X),  vu(v) = [1g,0],
is well-defined. Show that 1), lies in the kernel of
dg;1: Homp (T1G; Hior (X)) — Homp (AR (TaG); Hjer (X))

(b) Suppose in addition X is connected and p: X — TG is a smooth map satisfying the first
condition in (1.7). For v,v' € TG, let v, (v,v") €R be the constant value of the function in
Proposition 2.34(1). Show that

Yo € ker(dgo: Homg (AR (T1G); R) — Homg (AR (T1G); R))
and ww;u—i-ao - ¢w;p = —dg;1040 Y oo ET;{G.

Hint: use (2.17) for (a), the second identity in (2.8) and (2.18) for (b).

By Exercise 2.35(a), a smooth action v of a Lie group G on a symplectic manifold (X, w) determines
an element

V= [vu] € H' (83 Hior (X))
This action is weakly Hamiltonian if and only if 1}, =0. By Exercise 2.35(b), a weakly Hamiltonian
action 1 of a Lie group G on a connected symplectic manifold (X,w) determines an element

V2 =[] € H(9).

By Proposition 2.34(2), this action is Hamiltonian if and only if 12 =0.

A non-abelian Lie algebra is called simple if it contains no nontrivial ideals and semisimple if it is
a direct sum of simple Lie algebras. A connected Lie group G is semisimple if its Lie algebra g is
semisimple. Examples of semisimple Lie groups include the special orthogonal group SO,, and the
unitary group U,,.

Corollary 2.36. Suppose (X,w) is a symplectic manifold and G is a semisimple Lie group G.

Every smooth G-action on (X,w) is Hamiltonian.

Proof. We can assume that X is connected. Let g be the Lie algebra of G. By [19, Theorem 21.1],
Hl(g), H*(g)={0}. By Exercise 2.35(a), every smooth G-action on (X,w) is thus weakly Hamilto-
nian. By Exercise 2.35(b) and Proposition 2.34(2), every weakly Hamiltonian G-action on (X,w)
is similarly Hamiltonian. O

Example 2.37. With n € Z", let 1) be the action of C" on (C",wcn) as in Exercise 1.29. Let
e1,ie1,...,en,ie, be the standard R-basis for ToC" =C" as before. By Exercise 1.29, this action is
weakly Hamiltonian, but not Hamiltonian, with

Y2 € H? (T:C™) :HomR(AIQR((C");R)
given by
wi(ej/\ek),wi (iej Nieg) =0, wi(ej/\iek) =0k - Y g, k€n].
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Exercise 2.38. Suppose ¥ is a smooth action of a Lie group G on a nonempty symplectic mani-
fold (X,w) as in (1.2) and G’ C G is a normal subgroup acting trivially on X. Let ¢/’ be the induced
action of G/G’ as in Exercise 1.26(d) and

e ICé,;g — H%(g/g)),
where g and g’ are the Lie algebras of G and G’, respectively, be as in Exercise 1.13. Show that

(a) ¥} g = 0 and thus the G /G'-action ¢’ on (X,w) is weakly Hamiltonian if and only if the
G-action v is;

(b) if (X,w,, ) is a Hamiltonian G-manifold and ag € g* satisfies (1.36), then gy E/Cé,;g ;

(c) if (X,w,, ) is a connected Hamiltonian G-manifold and «ag € g* satisfies (1.36), then
12 =61(aoly) € H*(9/9).

Hint: first show (b) for agp € pu(X) via Proposition 2.34(2).

Remark 2.39. Let ¢ be a smooth action of a Lie group G on a symplectic manifold (X,w) and
p: X —T7G be a smooth map satisfying the first condition in (1.7). The condition (2.29) is then
equivalent to the vector space homomorphism

TG — C*(X;R), VU — [y,

being a Lie algebra or anti Lie algebra homomorphism, depending on the exact conventions, with
respect to the Poisson bracket determined by w on C*°(X;R); see [45, p99]. Some authors use (2.29)
instead of the second condition in (1.7) in the definition of moment map. By Proposition 2.34(2),
(2.29) is equivalent to the second condition in (1.7) restricted to the identity component of G and
completely ignores the remaining components of G. Thus, the second condition in (1.7) is more
natural for the notion of moment map than (2.29).

2.5 Hamiltonian group actions

We conclude this chapter with structural results for Hamiltonian almost periodic RF-actions on
symplectic manifolds. Proposition 2.41 establishes a local description of such actions around their
fixed loci. It yields Corollary 2.42, which provides topological restrictions on symplectic manifolds
admitting Hamiltonian almost periodic R*-actions with isolated fixed points, and Corollary 2.43,
which describes the local structure of moment maps of Hamiltonian almost periodic R¥-actions
everywhere.

Exercise 2.40. Suppose G is a Lie group, (X,w) is a symplectic manifold, 1 is a smooth G-action
on (X,w), J is an w-compatible almost complex structure on X, and z € X. For each veT1G, let
Gel(X;TX) be as in (1.4).

(a) Give an example so that dim X >0 and

{Cv(ac): UGTﬂG} = {JCU(:U): UET]lG} =T,X.
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(b) Let p: X — T7G be a smooth map satisfying the first condition in (1.7) and g= g4 be the
Riemannian metric on X determined by w and J as in (1.20). Show that

VI, =-JG e N(X;TX) VoeThG (2.32)
and dopt(JGo(2) 0 VveTyG s.t. (y(z) #0.

(c) Let p: X — T7G be a G-invariant smooth map satisfying the first condition in (1.7).
Show that
{¢o(2):veThGIN{J((2): veTh G} = {0} C T, X. (2.33)

Suppose in addition that a = u(z) € Ty G is a regular value of y and thus p~'(a) C X is a
smooth submanifold. Show that

T,X =T, (p () ®{J((2): veT1G}. (2.34)

Proposition 2.41 (Hamiltonian Darboux Theorem). Suppose k € Z1, (X,w, 1, u) is a Hamilto-
nian R¥-manifold, 1’ is a smooth action of a torus T on X, p: R¥ —T is a homomorphism with
dense image so that 1 =1'op, Y C X is a topological component of X¥ :XW, and J is a P-invariant
(or equivalently Y’ -invariant) w-compatible almost complex structure on X. Let S(Y)C (T3 T)z and
NYY CTX|y for each e S(Y') be as in Proposition 2.16(1) with v replaced by ' so that the com-
plex structure on NY is induced by J. For every y€Y, there exists a T-equivariant neighborhood
identification ®,: U, — U, fory in X such that

rw=wylu,,  1(Py(wo, (Wa)acsy))) = w(Y)+ 7Y [wal*(p*e)
aeS(Y)
¥ (w0, (Wa)aes(v)) €Uy C T,X=T,Y & PNRY]
aeS(Y)

(2.35)

where | - | is the norm on T'X with respect to the metric g4.

Proof. By Corollary 2.25 with 1 replaced by ', there exists a T-equivariant (or equivalently R*-
equivariant) neighborhood identification ®,: U, — U, for y in X satisfying the first condition
in (2.35). By Proposition 2.16(1), the complex vector space (T,X, J,) splits as

T,Xly =T,Y® PNgY|,
aeS(Y)

with the T-action dy¢' on N¢Y|, given by (2.15) with ¢ replaced by ¢'. By Exercise 1.30, a
moment map for this action with respect to wy is
p: Ty X — TPT, p (wo, (Wa)aes(y)) = WZ lwa|?e ¥ (wo, (Wa)acs(vy) €T,Y & @/\/‘féY‘y .

agS(Y) acS(Y)

Since a moment map is unique up to an additive constant on each connected component of the
domain, it follows that
k
(I)Zlu,:'u,(y)—kp*olu,/‘uy : Uy — TO*R .

This establishes the second condition in (2.35). O
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Corollary 2.42. Suppose k € ZF, (X,w, v, u) is a compact Hamiltonian R*-manifold, the R¥-
action v is almost periodic, and the v-fized locus X¥ C X is discrete. Then,

(1) Hoqa(X;7Z) is trivial and Hewen(X;7Z) is a free Z-module of rank | X¥|;

(2) if p: R¥ — T, S(y) C (T3T)z for each y€ XV, and Ny} CT,X for each a € S(y) are as in
Proposition 2.41, v€TyR¥ is generic, S,(y)={a€S(y): a(p(v)) <0}, and p€Z=°, then

rky Hop (X Z) = ‘X:fép!, where X:ﬁQp = {yesz ZdimR./\/}of{y}:2p}; (2.36)
a€Sy(y)

(3) if in addition the linear spans of S,(y) and S_,(y) in TyRF are disjoint (except at 0) for
every ye€ XV, R;vCRk:TORk is the annihilator of Sy(y), and X, (¢) C X is the topological
component of the 1/)|Ry_m -fized locus containing y € XY, then Hay(X;7Z) is freely generated by

the fundamental homology classes of the submanifolds X;v(’l/J) with yeXfﬁQp.

Proof. Let p, S(y), and Ny} CT,X be as in Proposition 2.41. For each a e N{{y}, let nyo €Z*
be half the (real) dimension of N¢{y}. For a generic choice of v € R¥, p(Rv) C T is dense and
thus X®"=X". We apply Proposition 2.41 to the restriction of the action 1 to Rv C R* and its
Hamiltonian g, : X — R. For every y€ X%, there thus exists a coordinate chart

(Wa)aes(y): Uy — H(Cnya s.t. ,uvzuv(y)—I—WZoz(p(v)ﬂwaP: U, — R. (2.37)
aeS(y) aesS(Y)

By Exercise 1.12(c), a(p(v)) # 0 for all « € S(y). By the first condition in (1.7) and Proposi-
tion 2.3(1),
Crit(py) = {ye X dyp,=0} = XV

Thus, p, is a Morse function, i.e. a Morse-Bott function with only isolated critical points. Along
with [48, Theorem 3.5] and (2.37), this implies that X has the homotopy type of a CW com-
plex with only even-dimensional cells and the number of cells of dimension 2p with p € ZZ° given
by (2.36). This establishes (1) and (2).

We now assume that the linear spans of S,(y) and S_,(y) in T{R* are disjoint (except at 0) for
every y € X¥. Let Yy X — X be the negative gradient flow of u,, as in Exercise A.1, with
respect to a t-invariant Riemannian metric g and X (pw) C X for each y € X¥ be the p,-unstable
manifold of y, as in (A.4). By (A.5) and the second equation in (2.35),

Ty(X;(Mv)) = E;(Nv) = @N)O(é{y} = Ty(X;v(w)) :

a€Sy(y)

Since the flow 1, commutes with the action ¢, it follows that X, (1) C X, (¢¥) is an open
subset and X, (¢) — X, (uy) is the union of all other unstable manifolds of MU|X1;U(¢)' Since the
indices of all critical points are even, X, () is a 2p-pseudocycle in the sense of [64, Theorem 1.1]
for every y € X:f)ﬂp and the boundary operator in the Witten chain complex of [56, Section 3]
vanishes. By [56, Theorem 3.1], Hgp(X;Z) is thus freely generated by the homology classes of
these pseudocycles. The same applies to every compact connected submanifold Xy_w(d)) CcX. In
particular, the fundamental homology class of X, (v) and thus its image in X are the homology
classes in X, () and in X, respectively, determined by the pseudocycle X, (11,) C X, (¢), X for
every y € X¥. This gives (3). O
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Suppose 9 is a smooth action of R* on a smooth manifold X. For y€ X, let ]R’IyC CR* be the largest
linear subspace preserving y and Ry CR* be a complementary linear subspace. The decomposition
RF = R’; @R}, induces decompositions

ToR* = ToRy x )RS and  p=(py, i) : X — TyREXTERS = TyRF (2.38)
for any map p: X — 71§ R*. The images of the inclusions
ToRY — ToR*  and  TyR{ —— TyR*

of the factors in (2.38) correspond to the tangent space To(RE (1)) of the stabilizer R (v) CR* of y
and to the annihilator of this tangent space, respectively. If p above is a moment map for the
action ¢ on X with respect to a symplectic form w, then p, and pj are moment maps for the
Rly"—action Py Ew\mj and R7-action vy ElﬂRg, respectively, on X with respect to w. If the action
is almost periodic, then so are the actions v, and ¢j. By Proposition 2.23(1), (X%, w| xvy)
is a symplectic manifold. Since the actions 1, and iy commute, vy preserves X% and thus
(wa,w\xwy,wzc/\X%,,u;\X%) is a Hamiltonian Rg-manifold. By Exercises 2.29(b) and 2.4, the
differential

dypl: T, XY — TyRS (2.39)
is surjective in this case.

Corollary 2.43. Suppose k€ ZT, (X,w,, p) is a Hamiltonian R*-manifold, the R¥-action 1 is
almost periodic, y€ X, and R];’sz C R¥, My, Hys and 1y are as above. There exist a finite subset
S(y) C T{)"]R’;, a positive-dimensional normed complex vector space (Va,| - |) for each o € S(y),
neighborhoods
Uyp C XY, Uy C PVa, and U, CX,
aeS(y)

of y, 0, and y, respectively, and a diffeomorphism ®,: Uy.1 xUy,0 — U, such that

[SW)] < (dim X)/2-dimRy,  @y(x,0) =, puj(Py(z,w)) = (@), (2.40)
Hy ((I)y (x’ (wa)aES(y))) = Ny(y)+7TZ|wa|2a
aeS(y)

for all x €Uy, and w=(wa)aes(y) EUy;2, and the restriction
p:Uy — Cy(y) = {uy(y)—i- Ztaa: to €RZ0 VaGS(y)} xAnn(TOR];) C TER¥ (2.41)
a€S(y)
is an open map with connected fibers.

Proof. Let J be a 1-invariant w-compatible almost complex structure on X (as provided by Exer-
cise 2.21), Y €mo(X¥¥) be the connected component of the ¥y-fixed locus containing y, and ¢y be
as above. With S(Y') and p as in Proposition 2.41 with (1, ) replaced by (1, 1), we take

S(y) =p*S(Y) C TRy, Vpya =NRY|, VaesS(y),

and the norm |-| on V,, to be induced by the metric g4 as before. By Proposition 2.23(1), Y C X is a
symplectic submanifold with s, (Y') =, (y). Since the actions v, and 1)y commute, Y is preserved
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by 5. Since the differential (2.39) is surjective, the second equation in (2.28) and (2.33) applied
to (Y,wly, ¥gly, pgly) imply that

dimY >2dimR; = 2|S(y)| < > dimgV, =dim X — dimY < dim X — 2dimRY.
a€S(y)

This establishes the first statement in (2.40). The existence of a diffeomorphism ®, with the
properties stated in (2.40) follows from Proposition 2.41 with (¢, 1) replaced by (vy,p,) and
Exercise 2.44 below with k=dim Y, £ = codimY, m = dim R}, and f = pujo®,, with ®, as in
Proposition 2.41. These properties in turn imply the stated properties of the restriction (2.41),
after possibly shrinking U, to achieve fiber connectivity. O

Exercise 2.44. Suppose k,¢,m € Z2° and f: R¥ xR — R™ is a smooth function so that the
restriction of the differential d(g o) f to R¥x{0} is surjective. Show that there exist neighborhoods
of 0€RF and Uy of 0€R! and a smooth map

b Uy xUy — RF st. ¢(z,0) =z, f((b(x,w),w) = f(z,0) Yzely, wels,
and for each w € Us the map Uy — R¥ 2 — ¢(z,w), is a diffeomorphism onto an open subset

of RF. Hint: assume that the restriction of do,0)f to R™x {0} x {0} CRF x {0} is surjective; show
that there exist neighborhoods U; of 0 €R* and Us of 0eR! so that for each we Uy the map

D, U —>Rk, (I)w(xl,.%'g) = (f((xl,xg),w),xg) V(l’l,l‘Q)EUl CRmXRk_m,

is a diffeomorphism onto an open subset of R¥.

2.6 Applications of Moser’s Trick

The proof of Proposition 2.23(2) applies Moser’s Trick, which is summarized in Exercise 2.45 below;
this section applies it in other settings. Lemma 2.46 is a technical observation useful for applica-
tions of Moser’s Trick, such as those in Exercise 2.47 and Proposition 2.50.

For a manifold X and p € Z, we denote by QF(X) the space of compactly supported p-forms and
by ngR, .(X) the p-th compactly supported de Rham cohomology of X. We call a (compactly

supported) p-form w on X compactly exact if ww=dn for some nEQﬁfl(X).

Exercise 2.45 (Moser’s Trick). Let X be a manifold and peZ=°. Suppose (wt)tefo,1) is a smooth
family of closed p-forms on X, (1¢)icpo,1) is @ smooth family of (p—1)-forms on X, (&)ic(o,1] 1s a
smooth family of vector fields on X, and (¢t),c[0,1) is a smooth family of diffeomorphisms of X
with ¥g=idx such that

d d
wi—wo = dmy,  Lewr = —g and &wt = &oty vV telo,1].

Show that ¢} w;=wq for all t€[0,1]. Hint: use Cartan’s formula for the Lie derivative.

Lemma 2.46. Let X be a manifold, B be a manifold (possibly) with boundary, p € Z=°, and
(wi)ien be a smooth family of compactly exact p-forms on X. If U C X is a precompact open subset
such that

{zeX: @, #0 for some te B} C U, (2.42)
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then there exists a smooth family (n:)iep of smooth (p—1)-forms on X so that

we=dmp VteB, n, =0VteB s.t. wy =0, {meX:nt|x7éOf0rsomet€B}CU. (2.43)

Proof. The argument below implements the suggestion in the proof of [45, Theorem 3.2.4]. It is
sufficient to prove the claim with the closure dropped in the last condition in (2.43). Suppose
U1,Uy CU are open subsets such that U=U;UUs,

dim HéeR;c(Ul ﬁUQ), dim HékeR;c(Ul)7 dim H&keR;C(UQ) < 00, (2.44)

and the claim of the lemma holds with U replaced by UyNUs, Uy, and U,. By the Mayer-Vietoris
sequence for the compactly supported de Rham cohomology of U=U;UUs, (2.44) implies that the
vector space Hj p..(U1UUs) is also finite-dimensional. By analyzing the short exact sequence

0 — QXULNUs) — QUL BQ (Us) — QF (U1 UU3) — 0 (2.45)

of chain complexes, where the first map sends w to (w, —w) and the second (w1, w2) to wi+w2
(after extensions by 0), we show below that the claim of the lemma with the closure dropped in
the last condition in (2.43) holds.

Since Hj.g..(U1NUz) is finite-dimensional, we can identify it with a subspace H der.c(U1NU2) of
Q% (U1NUs) consisting of closed forms. Let

ﬁgeR;c(Ul OUQ) - ﬁgeR;c(Ul mUQ)
be a subspace complementary to the kernel of the homomorphism
H;EER;C (U]- m Uz) —> ‘HCTGR;C(U]- ) EB ngR7c(U2)

induced by the first homomorphism in (2.45). Let 81, f2: U — R be a partition of unity subordinate
to {U;,Us}. For each t€ B, define

w1 = Proilu, € QE(Uh) and @2 = Parwilu, € QL (U2).

Since wy is exact, dwg1|y,n, = dwe12 for some w12 € QF(U1NU2) depending smoothly on ¢ € B.
(because the claim of the lemma is assumed to hold for UjNUz). We can view w12 as a compactly
supported p-form on U; and U; via extension by 0. The p-forms

/ — / —
Wyl = W1 — W12 € QP (Uy) and Wyo = W2+ W12 € QP (Uz)

are closed and wj,; + @i,y € QC(U) is an exact p-form. By the exactness of the Mayer-Vietoris
sequence for the compactly supported de Rham cohomology of U = Uy UUsy, there thus exists a
unique p-form w2;12 € H} r..(U1NU3) depending smoothly on ¢t € B such that the forms

no_— 1 / D "o 1 / D
W1 = @i — @12 € 2(U1) and Wiy = Wi+ @12 € QL(U2)

are compactly exact. By the assumptions on U; and Us, there thus exist 7. € Qgil(Ul) and
Ni;2 € ngl(UQ) depending smoothly on ¢ € B such that

" "
Wil = d77t;1 and Wi = d77t;2-
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The (p—1)-form n; =11 +n0 € Q2 (U) thus also depends smoothly on € B and satisfies (2.43),
with the closure dropped.

Let U C X be any precompact open subset. By [11, Theorem 5.1], X admits a good open cover, i.e. a
cover by open subsets such that any finite intersection of the elements of the cover is diffeomorphic
to R™, where n is the dimension X. By the proof of Proposition 2.23(2), every such intersection
satisfies the claim of the lemma with the closure dropped. Since the closure of U is compact, it
is covered by finitely many open subsets of a good open cover of X. By the above, U thus also
satisfies the claim of the lemma. O

Exercise 2.47 (Moser’s Stability). Let X be a manifold.

(a) Let (wt)iecpo,1) be a smooth family of symplectic forms on X and U C X be a precompact open
subset such that

{z€X: wi|y#wo|y for some te[0,1]} C U.

Suppose the 2-form w; —wq is compactly exact for every ¢ € [0,1]. Show that there exists a
smooth family ().e(o,1) of diffeomorphisms of X such that

wfwt:wg and wt‘X_U:idX*U VtE[O, 1].

(b) Suppose X is closed, connected, and oriented and Qg,2; are volume forms i.e. nowhere van-
ishing top forms, on X. Show that there exists an orientation-preserving diffeomorphism

¥: X — X such that ¢*Q; = if and only if /QO = /Ql.
X X

The assumptions that the 2-forms w; agree outside of a compact subset and that their differences
are compactly exact are necessary for the conclusion of Exercise 2.47(a). For example, C" with
n > 2 admits a symplectic structure w so that (C™,w) is not symplectomorphic to (C",wgcn);
see [32, 0.4.A%]. A smooth family (w;)ier of symplectic forms on a closed 8-dimensional smooth
manifold Y is constructed in [43] so that all forms wy with k € Z are cohomologous and the
symplectic manifolds (Y, wy,) and (Y, wy) with k, ¢ €Z are symplectomorphic if and only if [k|=]/;
see Theorem 2.1 in [43]. In the case of Exercise 2.47(b), the equality of the integrals implies that

Q= (1—1)Qo+1Q, telo,1],

is a smooth family of cohomologous volume forms.

For a manifold X, denote by Diff.(X) C Diff(X) the subgroup of compactly supported diffeomor-
phisms, i.e. the diffeomorphisms of X that restrict to the identity outside of a compact subset of X,
and by

Diff.(X)g C Diff.(X)

the identity component of Diff.(X). If in addition w is a symplectic form on X, we denote by
Symp,.(X,w) = Symp(X, w)NDiff.(X) C Diff(X)
the subgroup of compactly supported symplectomorphisms of (X,w), by

Symp,(X,w)i = Symp,.(X, w)NDiff.(X)o C Diff.(X)
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the subgroup of compactly supported symplectomorphisms of (X, w) that are isotopic to the identity
through compactly supported diffeomorphisms, and by

Symp,(X,w)o CSymp,.(X,w); (2.46)

the identity component of the group Symp,(X,w). Let S, (X) be the space of symplectic forms '
on X so that w’ restricts to w outside of a compact subset of X and the 2-form w’ —w on X is
compactly exact. Denote by S (X) C S, (X) the connected component containing w. The subgroup

Diffe(X)., = {f€Diffo(X): ffweS,}

of Diff.(X) is a union of topological components of Diff.(X) which contains Symp,(X,w). If
H2 . (X)=0, then Diff.(X),, is the entire group Diff.(X). From the definition of Diff.(X).,, we
obtain a continuous map

Diffo(X)y — Su(X), [ — frw. (2.47)

Exercise 2.48. Let (X,w) be a symplectic manifold. Show that Diff.(X)y acts transitively
on 8 (X).

Exercise 2.49. Let (X,w) be a closed two-dimensional symplectic manifold. Show that the inclu-
sion

Symp(X,w) — Difft (X)),
where Difft (X)) C Diff(X) is the subgroup of orientation-preserving diffeormophisms, is a homotopy

equivalence.

By Exercise 2.49, the inclusion in (2.46) is an equality if the dimension of X is 2. By [32, 0.3.C]
and [2, Theorem 1.1], the groups Symp(CP?, wrs.2) and Symp(CP! xCP!, wrs.1Brwrs.1) with r>1
are path-connected. Thus, the inclusion in (2.46) is an equality in these cases as well. By [32,
0.3.C], this is also the case if (X,w) is (CP! xCPl,wFS;l @wrs;1), even though

Symp((CIP’1 x CP*, WFS;1 @WFS;1) =~ Zs .

However, the inclusion in (2.46) is not an equality for most projective complete intersections (X, w)
of complex dimension 2; see [57, Theorem 1.4]. The next proposition collects together the relations
between smooth and symplectic topologies pointed out in the proofs of Theorem 1 and Lemma 2.3
in [59].

Proposition 2.50 ([59]). Let (X,w) be a symplectic manifold and G C Diff.(X),, be a subgroup
consisting of topological components of Diff.(X). For every k€ Z=°, the homomorphism

(G, idx) — T (Sw(X), w) (2.48)
induced by (2.47) descends to an injective homomorphism from the cokernel of the homomorphism
ﬂ'k(Sympc(X,w)ﬂG, idX) — Wk(G, idX) (2.49)

induced by the inclusion.
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Proof. By Exercise 2.48, the map (2.47) induces a fiber bundle
Symp (X, w)NG — G — {f*w': feG, W' €SS(X)} = {f'w: f€G};

the base of this bundle is a union of connected components of S, (X). The claim follows from the
homotopy exact sequence for this fiber bundle.

Here is a direct argument, similar to [59]. Let 0€ S* be a base point. Suppose (fs)scgr is a smooth
family of diffeomorphisms of X and (wst)segr 1ep0,1) 18 @ smooth family of symplectic forms on X
so that

fo=idx, fs€ G, wsp=w, wsylzfs*stESk, and wss € Su(X) VsESk,te[O,l],

i.e. (fs)segr represents an element in the kernel of the homomorphism (2.48). By Lemma 2.46 and
Exercise 2.45, there exists a smooth family (1s+)scgr c[o,1) Of diffeomorphisms of X such that

Vo =1dx, Vi fiw=w VseS"  and 1, € Diff(X)y VseS", te0,1].

In particular, fsots1 € Symp.(X,w) for every s€S*. Thus, (fs) segk also represents an element in
the image of the homomorphism (2.49). O

For example, let weyc+ be the restriction of the standard symplectic form we2 on C? to CxC*. By
[25, Theorem 1.6], Symp,.(CxC*,wexc+) is weakly contractible. By [12, Theorem 3.15],

Diff, (C x C*) — Diff(CxC*) ~ {f€DIfi(D’ xS): flg2yg1 =idg2yc51 },

wexce*
where D° CR? is the closed unit ball centered at the origin and ~ denotes homotopy equivalence,
has infinitely many connected components. By Proposition 2.50 with G =Diff.(CxC*) and k=0,
there are thus infinitely many symplectic forms on C x C* that agree with wcxc+ outside of a
compact subset and are pairwise non-isotopic through such symplectic forms; this statement is [59,
Theorem 1].

Let D° C R? be the closed unit disk centered at the origin and wp2 =wcl|x2. By [1, Theorem 1.9],
the group of the symplectomorphisms of (ﬁQ XEQ, W2 @rgwﬁz) that restrict to the identity on

a neighborhood of the boundary of D’ xD” is contractible for all r1,r7o € RT. This implies that
the group Symp,(C?,we2) of compactly supported symplectomorphisms of C? with the standard
symplectic form is weakly contractible. By Theorem 1.1 and Remark 2.2 in [61],

Diff,(C?),,., = Diffo(C?) ~ { f€Diff(D"): f|gs =idgs },

where D' ¢ R* is the closed unit ball centered at the origin, is not weakly contractible either
(in particular, the groups 71 (Diff.(C?)) and m4(Diff.(C?)) are infinite). By Proposition 2.50 with
G =Diff.(C?), the space Swea (C?) of symplectic forms on C? that agree with we2 outside of a com-
pact subset is not weakly contractible (in particular, the groups m1 (S, (C?)) and T4 (S (C?)) are
infinite); this statement is [61, §1.1(3)] and [59, Corollary 2.4]. The same conclusion and reasoning
apply with the symplectic form w2 on C? replaced by rwe@rowe for any r1, 7o €RY.
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Examples of closed symplectic 4-manifolds (X, w) so that m(S,,) is non-trivial are provided by [42,
Theorem 1.5]. Let (X, ws) be a closed connected positive-genus surface with a symplectic form wsy,,
(X,w)=(ExCPY wy®wrs,1), and

G C Diff.(X),, C Diff(X)=Diff,(X)

be the subgroup of diffeomorphisms of ¥ x CP! quasi-isotopic to the identity (diffeomorphisms f
of X such that there exists a diffeomorphisms of X x [0, 1] restricting to idx on X x{0} and to f
on X x{1}). Fix a point x9 € CP! and let G, C G be the subgroup of diffeomorphisms f of X
so that f(Xx{zo}) is smoothly isotopic to ¥ x{z¢}. Both subgroups G, G, C Diff(X) consist of
connected components of Diff(X). By [42, Proposition 7.2],

Symp(X,w)NG C G.

By [42, Lemma 7.3], the quotient G/G’ contains an element of infinite order. Thus, there are
infinitely many symplectic forms on ¥xCP! that lie in the de Rham cohomology class of wy Dwrs:1
and are pairwise non-isotopic through symplectic forms in this cohomology class. By [42, Theo-
rem 1.5], there are in fact infinitely many symplectic forms on the total space X of any CP!-fiber
bundle over ¥ that lie in the de Rham cohomology class of any fixed symplectic form w on X and
are pairwise non-isotopic through symplectic forms in this cohomology class.
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Chapter 3

Images of Moment Maps

This chapter establishes important properties of the images of moment maps for Hamiltonian torus
actions (and more generally periodic R¥-actions) on symplectic manifolds. The most prominent
result in this area is the Atiyah-Guillemin-Sternberg Convexity Theorem, a version of which appears
as Theorem 3.1 in this chapter. It is refined in the K&hler setting in Atiyah’s original paper [3]
and extended to non-compact settings in a number of papers over the three decades after [3, 33];
see Theorems 3.2 and 3.28, respectively.

3.1 Convexity theorems

The statement and proof of the Convexity Theorem for moment maps of Hamiltonian torus actions
in the original setting of compact symplectic manifolds first appeared in [3, 33]. The properties of
these maps established in [3, 33] are collected in Theorem 3.1 below, with torus actions replaced by
the more general almost periodic R¥-actions. As demonstrated in [3], the latter fit more naturally
with Theorem 3.1.

Theorem 3.1. Suppose k€ Zt, (X,w,,u) is a closed connected Hamiltonian R*-manifold, and
the RF-action 1 is almost periodic.

(Ax) The subset u=*(a) C X is connected for every a€ TfRE.
(Br) The image u(X) CT{RF of X is a convexr subset.

(Cy) The v-fized locus XY is a closed symplectic submanifold of (X,w), ply is constant for each
Y € mo(XY¥), and u(X) is the convex hull of the finite subset u(X¥) C T¢R* with at most
(dim X')/2 edges at each vertex.

(Dy) The map p: X — u(X) is open.

(Ex) The components of a full tuple of edge vectors for the polytope u(X) at any given vertex
of (X) span TR if and only if the action v is irreducible.

(Fy) If the action v is irreducible, then the subset Crit(u) of points © € X so that dyu is not
surjective is a finite union of (not necessarily disjoint) closed symplectic proper submanifolds

of (X,w), and the image of each such submanifold under p is contained in a hyperplane
of TiRE.
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(Gy) If the action v descends to an action of the torus T=RF /A for some full-dimensional lattice
ACRF, then all edges of the polytope (X)) C Ty T=T;R* are rational.

By the last claim in (Cy), u(X) C T§RF is a polytope, called a moment polytope for the Hamiltonian
action ¢ on (X,w). It is determined by (X,w,®) up to translation. Since a torus T is the quo-
tient of a finite-dimensional vector space by a full-dimensional lattice, Theorem 3.1 immediately
implies that (Aj)-(Fg) with T¢R* replaced by T;T hold for any closed connected Hamiltonian
T-manifold (X,w, 1, u). Figure 1.1 on page 19 shows moment polytopes for the two torus actions
on (CP?% wrs.2) of Exercise 1.32.

By Remark 2.14 and the proof of Proposition 2.23(1), the first claim in (Cy) holds for any smooth
Lie group action on a symplectic manifold (X,w) preserving a Riemannian metric on X. The
second claim in (Cy) follows from the first and the observation that

XV = {:EEX: dx,uzo};

this identity is an immediate consequence of Proposition 2.3(1) and the first condition in (1.7). As
indicated just below, the first claim in (Fy) is a fairly straightforward consequence of the equivariant
splitting (2.14) of TX|y for each Y € mp(X¥); the second claim in (F}) then follows readily from
Proposition 2.3(1).

Proof of (Fy). For each L € RP*~1 let X C X be the fixed locus of the action v|;. By the
second equation in (2.28) and Proposition 2.3(1),

Crit(p) = {ze X*: LeRPF1}.

By Proposition 2.23(1), X© C X is a compact symplectic submanifold. Every topological component
Z C X" is preserved 1. The restriction of the -action to such a component is Hamiltonian. Thus,

ZNXY =2 #£0 V¥ Zem(X"), LeRPF!

by Exercise 2.30(b). Along with Corollary 2.17, this implies that Crit(u) is a finite union of
the topological components Z of the symplectic submanifolds X% ¢ X with L € RP*~!. By
Proposition 2.3(1), the smooth map

po: X — ToRY, p(a) = {p(@)}(v), (3.1)

is constant along each topological component Z C X for every v € L, i.e. for any v € L there exists
cy €R so that
w(Z) c {aETS‘Rk: a(v)=cy };

the right-hand side above is a hyperplane in T;RF if v 0. O

The fundamental reason behind the remaining claims of Theorem 3.1 is the local description of
the moment map p provided by Corollary 2.43, which is in a sense a Hamiltonian version of the
Darboux Theorem. It ensures that (Ag), (Bg), and (D) hold locally and implies (Ex) and (Gy).
Following [3, 45], we extract topological implications from the local properties of the moment map p
provided by Corollary 2.43 via Proposition 3.11 of Morse-Bott theory. After reviewing the setup
relevant to this proposition and deducing some implications from it in Section 3.2, we conclude a
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proof of Theorem 3.1 in the spirit of [3, 45] in Section 3.3.

The complexification of a torus T is the complex Lie group
Tc = (ThaT®rC) /(T1T)z®r {1}

with T3Te = ThiTRr C. We denote by T; C T¢ the purely imaginary subgroup, i.e. the image of
T1T®RriR in the above quotient. An identification of T with the standard torus T* via a Z-basis for
(T1T)z C T1T as in (1.33) induces an identification of T¢ and T; with (C*)¥ and (RT)*, respectively,
so that the rays iR™T associated with the basis vectors correspond the line segments (0,1) in the
components of (R)~.

A complexification of a smooth T-action 1 on a symplectic manifold (X, w) is a smooth T¢-action
on X,

Yo Te — Diff(X), v — UC;u s.t.
dgtpc(v+iv') = dgyp(v)+Jdgp(v') € T(X;TX) Vou,o' €TyT, (3.2)

for some almost complex structure J on X compatible with w and preserved by . If X is compact,
the conditions (3.2) with v =0 determine R-actions in the imaginary directions. However, these
actions may not commute with 1 or each other and thus not give rise to a Tc-action.

Theorem 3.2. Suppose T is a torus, (X,w,¥,pn) is a closed connected Hamiltonian T-manifold,
and ¢ is a complexification of . If x € X and Oy(vc) C X is the closure of the Tc-orbit
O, (¢Ye)=Tcx of x, then

(1) Ver(u({Y €mo(X¥): Y NOu(Yc) #0}) = u({Y €mo(X¥): YNOu(toc) #0});
(2) (O (de))=CH(p({Y €mo(X¥): Y NOL(vc) #0});
(3) for every open face o of the polytope (O (Yc)), n~H(a)NOL(Yc) is a single Tc-orbit;

(4) the map O(Yc)/T— p(Og(Y0)), ['] — (), is a well-defined homeomorphism.

As illustrated by Exercise 3.4 below, the closure O, (i) of O.(1c) C X could be singular even in
particularly nice cases. If T~ S! or J is an integrable almost complex structure on X compatible
with w and preserved by a smooth T-action ¢ on (X, w), then (3.2) determines a complexification ¢¢
of 1; see Exercise 3.3 below. In the latter case, Theorem 3.2 reduces to [3, Theorem 2], but the
argument in [3] applies to the general case of Theorem 3.2. The crucial implication of (3.2) is
that the action of the imaginary components (which correspond to the radial direction in C*) is
given by the gradient flow of projections of u to one-dimensional subspaces of 75 T; see (2.32). We
establish Theorem 3.1 in Section 3.4 by extracting implications from Morse-Bott theory beyond
those in Section 3.2, similarly to the original argument in [3].

Exercise 3.3. Suppose 1 is a smooth action of a torus T on a compact almost complex mani-
fold (M, J), i.e. 1 preserves J. Show that (3.2) determines a complexification ¢ of ¢ if either T
is one-dimensional or J is integrable. Hint: J is preserved by ¢ if and only if £ J =0 for every
veT1T, where L is the Lie derivative and (, €eI'(X;7X) is as in (1.4); J is integrable if and only
LyeJ=J(LeJ) for every {eI'(X;TX).
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Exercise 3.4. Show that
(a) the S'-action v on CP? given by
SlxCcp? — CP?, u- [zo, 1, 22] = [zo,u221, u322],
is effective and Hamiltonian with respect to the symplectic form wrg.2 of Exercise 1.32;

(b) the closure O, (¢c) of the C*-orbit O, () of x under the complexification of 1 with respect
to the standard complex structure on CP? is a rational cubic curve (and in particular is not
smooth) for any point = [zq, 21, 29] in CP? with 2, 21, 20 #£0.

Exercise 3.5. Let ¢¢ be the complexification of either torus action in Exercise 1.32(c) with respect
to the standard complex structure Jgpn-1 on CP"~! as in Exercises 3.3 and 3.4.

(a) Determine all possible orbits O, (3¢) and their closures O, (c) C CP" L.

(b) Verify the claims of Theorem 3.2 directly in this case.

3.2 Morse-Bott theory and moment maps

Let X be a smooth manifold and H : X — R be a smooth function. If x € Crit(H), then the
gradient VIH of H with respect to any Riemannian metric g vanishes at « and the Hessian

VPH| =V(VYH)| :T.X — T,X,  V?H| (w) =V (VIH), (3.3)

of H at x does not depend on the choice of a connection V in T'X (it does depend on the metric g
though). If in addition &, & are vector fields on X and V is the Levi-Civita connection of g, then

g(V?H| (&(x), € (x >)—g(vg<x>ng5 ) = {£@)} (9(VIH, ) —g(VIH|s, Ve &)
= {€@}(AH () —deH (Ve(w)8') = {(@)} (€' ))_{Vf(x)fl}(H)
= {&' (@)} (€H) +{[& €' ()} (H) —{Vew)§ HH
= {&' @)} (E(H) —{Vew} (H) = g(VQH\z@’(x)),&(x)) :

Thus, the linear automorphism (3.3) is symmetric with respect to the metric g and therefore
diagonalizable. We denote by

EO(H),E,(H),Ef(H)Cc T,X and  n2(H),n, (H),nf(H) € 72=°

» T

the nullspace of V2H|,, the negative eigenspace of V2H|,, the positive eigenspace of V2H|,, and
their respective dimensions. In particular,

T.X =EX(H)oE, (H)®EF(H) and  dim X = nl(H)+n, (H)+n; (H).

Exercise 3.6. Let X be a smooth manifold, H: X — R be a smooth function, and x € Crit(H).
Show that

a) the negative and positive eigenspaces E- (H),E}(H) C T, X of V2H|, depend on the choice
2 p gensp b z p
of a Riemannian metric g on X, but
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(b) their dimensions n; (H),n} (H) and the nullspace EX(H)C T, X of V2H|, do not.

Definition 3.7. Let X be a smooth manifold. A smooth function H : X — R is Morse-Bott if
Crit(H)C X is a closed submanifold of X with T,,Y = E%(H) for all Y € mo(Crit(H)) and z €Y.

If H: X — R is a Morse-Bott function and Y € mo(Crit(H)), H|y is constant. Furthermore, the
numbers ny (H),n} (H) do not depend on x €Y we denote them by ny (H),ny>(H), respectively.
The subspaces E; (H),E} (H) of T, X form subbundles Ey,(H),E{:(H) of TX|y so that

TX|y =TY®Ey(H)®EY (H).

Exercise 3.8. Suppose X is a smooth manifold, H : X — R is a Morse-Bott function, and
Y emp(Crit(H)). Show that H reaches a local minimum (resp. maximum) on Y if and only if
ny (H)=0 (resp. ny.(H)=0).

Exercise 3.9. Suppose X is a smooth compact manifold and H: X —> R is a Morse-Bott function.
Show that

(a) the collection mo(Crit(H)) is finite;
(b) for every a€R, there exist €,, Cq >0 such that

|H(z)—c| < Ca|VIH |3 VaeH (a—eq ateq)).

Exercise 3.10. Suppose H: X — R and Y C Crit(H) are in Exercise 3.8 and Z C X is a smooth
submanifold transverse to the closed submanifold ¥ C X. Show that Y'NZ is a closed submanifold
of Z, is an open subset of Crit(H|z), and

T.(YNZ) =T,YNT,Z = EX(H|z), ni(H|z)=ni(H) VYzeYnZ.

The next proposition, proved in Appendix A, is the main point-set topology input used in [3, 45]
to show that Theorem 3.1(Aj) holds “generically”; see (A}) on page 64. We apply this proposition
to almost periodic Hamiltonian R-actions right after its statement.

Proposition 3.11 ([3, Lemma 2.1], [45, Lemma 5.5.5]). Suppose X is a compact connected smooth
manifold and H: X — R is a Morse-Bott function. If nt(H)#1 for every x € Crit(H), then

(1) H has a unique local minimum and a unique local mazimum;
(2) H 1 (c)C X is connected for every c€R.

Proposition 3.12. Let ¢ be an almost periodic R-action on a symplectic manifold (X,w). If
H: X —R is a Hamiltonian for 1, then Crit(H)C X is a closed symplectic submanifold and H is
a Morse-Bott function with n(H)€2Z>° for every x€Crit(H). If in addition X is compact and
connected, then

(2) H has a unique local minimum and a unique local mazimum;

(3) H-Y(c)C X is connected for every c€R.
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Proof. Let p: R — T and ¢’ be as in (1.5) and ( € I'(X;TX) be the generating vector field
for the t-action as in (2.4). We can assume that the image of p is dense in T and so X¥=X"".
By Exercise 2.21, there exist a v-invariant w-compatible almost complex structure J on X. Let
g(+,-)=w(-,J-) be the Riemannian metric on X determined by w and J. By (1.27) and (1.31), the
gradient of H with respect to g is then given by

VIH = —JC € T(X;TX). (3.4)
By (1.31) and Proposition 2.3(1),
Crit(H) = {zreX: d,H=0} = {ze X: ((z)=0} = XV=X"". (3.5)
Along with (3.3), (3.4), and (2.7), this implies that the Hessian V2H of H satisfies
V2H| (w) = =JVu(, V2H| (Jw) = JV?H| (w) YV weT,X, zeCrit(H). (3.6)

By (3.5), Propositions 2.23(1) and 2.3(2), and the first equation in (3.6), Crit(H)C X is thus a
closed symplectic submanifold of (X,w) with

T,Y = (TX)" = (L.X)% = {weT,X: V,(=0} = EQ(H) VY eno(Crit(H)), z€Y.

By the second equation in (3.6), the subspaces EX (H) C T, X are preserved by .J for every x € Crit(H)
and thus nt(H) €222 for every x € Crit(H). The remaining claims of the proposition now follow
immediately from Proposition 3.11. O

Corollary 3.13. Suppose k€Z*, (X,w, 1), 1) is a connected closed Hamiltonian R¥-manifold, the
RF-action v is almost periodic, and y € X. If Cy(v)) CT{RE is the cone with vertex at u(y) as
in (2.41), then u(X)CCy(v).

Proof. Let 1)’ be a smooth action of a torus T on X and p: R¥— T be a homomorphism with
dense image so that 1) =1'op, J be a 1-invariant (or equivalently )’-invariant) w-compatible almost
complex structure on X (as provided by Exercise 2.21), and U, C X be a neighborhood of y as in
Corollary 2.43. Suppose first that y € X¥ and Y C X is the topological component of X% = X*'
containing y. Let S(Y) C(T7T)z and N¢Y CTX|y for each a € S(Y) be as in Proposition 2.16(1)
with ¢ replaced by ¢’ so that the complex structure on N¢Y is induced by J. We show below that

p(X) © () = {ny)+ D talp'a): ta €RZ YaeS(YV)}. (3.7)
aeS(Y)

Suppose 19 € T;R* —C,(1)). Thus, Cy(1) is contained in a (closed) half-space in T¢R* and there
exists v € TyR* so that

wo(v) < nt{n(v): 1€C,(B)} = {H(VI}(v) = (V). (3.5)
By the second equation in (2.35), this implies that {p*a}(v) >0 for all € S(Y). Thus,

1o (Y) = inf{ o (z): z €U, },
i.e. 1, has a local minimum along Y. Combining this with Proposition 3.12(2), we conclude that

o (Y) = inf{ 1y (2): z€ X},
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i.e. the above local minimum is in fact a global minimum. Along with (3.8), this implies that
no & (X)) and establishes (3.7).

For y € X arbitrary, let Ry CR¥, u,, and 9, be as in Corollary 2.43 and just above. By (3.7) with u
replaced by p, and (2.38),

1(X) C Cy()=Cy(thy) x TyRS € TERF,

as claimed. O

3.3 Proof of classical convexity theorem

In this section, we complete a proof of Theorem 3.1 along the lines of [3, 45]. Corollaries 2.43
and 3.13 immediately imply (Dy). As in [3, 45], we use the global, Morse-Bott theory statement
of Proposition 3.11 and the first, local statement of Proposition 3.12 to obtain

(A7) p'(a)C X is connected for every regular value av€ Ty RF of y,

via an induction on k. The remaining part of (Aj) follows from (A}), (Dg), and (Fj) via Exer-
cise 3.16. Claim (By) of Theorem 3.1 is obvious for k=1, follows readily from (Ay) for k£>2, and
leads to the last claim in (C). We conclude this section with proofs of (Ex) and of (Gy) and with
remarks on related arguments in [3, 4, 16, 45].

Lemma 3.14. Suppose k € Z7°, (X,w) is a symplectic manifold, 1,..., Y1 are R-actions
on (M,w) with Hamiltonians
Hy,...,Hi1: X — R,

respectively, the R-action ¥gy1 is almost periodic, and its Hamiltonian Hyyq is y;-invariant for
every i € [k]. If cER* is a regular value of the map

H=(Hy,...,Hy): X — R,

then the submanifolds Z=H1(c) and Crit(Hyy1) of X are transverse, ZNCrit(Hyy1) is an open
subset of Crit(Hg41|z), and

T, (ZNCrit(Hyt1)) = ToZNT,Crit(Hyr1) = B (His1lz), nE (Hiti|z) = ng (Hyp) € 222°
for all x€ ZNCrit(Hy41).

Proof. By the first statement of Proposition 3.12, Crit(Hy41) C X is a closed symplectic submani-
fold and Hy41: X — R is a Morse-Bott function. Since ceRF” is a regular value of H, Z=H"'(c)
is a submanifold of X. In light of Exercise 3.10, it thus remains to prove that the submanifolds
Crit(Hg+1), Z C X are transverse. Let Y € mo(Crit(Hy1)).

Let (1,...,(, € I(X;TX) be the vector fields generating the R-actions 11,...,1, and thus sat-

isfying the middle equation in (1.31) with (,, = ;. Since Hjyj0t);=Hjy1 for each i € [k], 1
preserves Crit(Hy,1) and thus Y. Therefore,

Gly eT(YV;TY) CT(Y;TX]y)  Vielk].
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If x€Z, then d.Hy,...,d;Hy vanish on T, Z. Since d,H is surjective, it follows that
dH=(dHy,...,dHy): T,X/T,Z — R* (3.9)

is a well-defined isomorphism. The middle equation in (1.31) with (,, = (; then implies that the
tangent vectors (i (z),...,(x(z) €T, X are linearly independent.

Suppose €Y NZ and (ry,...,r;) ERF—{0}. Since
r-((z) =rii(z)+...+rple(z) € T,Y —{0}

and w|7,y is a nondegenerate, there exists weT,Y so that

k

ZridxHi(w) = —w(r-¢(z),w) #0.

=1

Thus, the restrictions of d,Hy,...,d,Hy to T,Y are linearly independent. Since (3.9) is a well-
defined isomorphism, it follows that T, X =T, Y ®T, Z, i.e. the submanifolds Y, Z C X are transverse
at x. [

Corollary 3.15. Suppose k€ Z=°, (X,w) is a symplectic manifold, {/; is an almost periodic RF+1-
action on (X,w) with Hamiltonian

H=(H,Hp1): X — RFxR=R",

If c€R¥ is a regular value of H, then the restriction of Hy1 to the submanifold Z=H'(c) of X
is a Morse-Bott function with nf(H)€2Z2° for every x € Crit(Hyy1|z)-

Proof. Let H = (Hy,...,Hy). Suppose x € Crit(Hyy1|z). Since the map (3.9) is a well-defined
isomorphism,
deHiv1 =rmideHi+. o 4rpd Hy: T, X — R

for some r=(ry,...,r;) €RF. The map
Hpi1yp=Hpp— (mHi+.. 4rpHp): X — R

is then a Hamiltonian for an almost periodic R-action on (X,w) so that x € ZNCrit(Hy1,). This

Hamiltonian is preserved by the restriction of the action 1; to RFx{0}. Since Hj 1—Hjq, Testricts
to the constant r-c on Z,

Crit(Hgy1,r|z) = Crit(Hyi1|2), ES(His1:]2) = EQ(Hisa|z), ni (Hesrlz) = 0 (Hes1l2)-
By Lemma 3.14, the closed submanifold ZNCrit(Hj41.,) of Z is thus an open subset of Crit(Hj1),
T.(ZNCrit(Hyt1,)) = EQ(Hytlz),  and  ni(Hy|z) € 222° (3.10)

We conclude that Crit(H1|z) is a finite union of submanifolds ZNCrit(Hy1.,) of Z with r € R¥,
each of which is a union of the topological components of Crit(Hy41|z) and satisfies (3.10) for all
x € ZNCrit(Hyy1,)- O
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Proof of (A}) on page 64. The claim is trivially true for £ =0. We assume that it is true for
some k€ Z>% and show that it also holds with k replaced by k-+1. Let

H=(H,Hp.,): X — RFxR=R"!
be a Hamiltonian for an almost periodic RF+!-action 1 on (X,w) and ¢= (¢, cpy1) ERF xR.

Suppose first that c€ R is a regular value of H and thus ZC H~!(c) is a closed submanifold of X.
It is connected by the inductive assumption. By Corollary 3.15, Hy1|z is a Morse-Bott function
with nf (Hgy1|z) €2Z2°. By Proposition 3.11(2),

H'(2) = {Hk+1|Z}_1(Ck+1) cX

is thus connected.

Let R’;{ C R* and R%H C R¥*1 be the subsets of regular values of H and H , respectively. In
particular,

R%“ = {Ee RFL: A Hy, ... ,dyHp11 €T X are lin. independent Vzef]il(a}.

Since the subset H(¢) C X is compact for every ¢€ R, the subset R%H C RF*1 is open. The
function ~

R — 720 & — |mo(H ' (9)], (3.11)
is constant on the connected components of R%H and takes value 0 or 1 on R%Hﬂ(R]}{ xR). Since
the subset RI}_I C R* is dense by Sard’s Theorem and each connected component of R%H is open
in R*+1 the function (3.11) takes value 0 or 1 on each connected component of R%H, ie. H1(@)cX

is connected for every ce R%H. O

Exercise 3.16. Let X be a compact connected manifold (or more generally a topological space
which is sequentially compact, connected, and normal). Suppose P is a first countable topological
space, f: X — P is a continuous open surjective map, and P* C P is a dense subset. Show that if
f~(c)C X is connected for every c€ P*, then f~!(c)C X is connected for every c€ P.

Proof of (Ay). By Exercises 2.5 and 1.25, we can assume that the action 1) is irreducible. Let
(T¢RF),, CTERF be the subset of regular values of . By (F), p~*((T¢R¥),) C X is the complement
of a finite union of submanifolds of positive codimensions. Thus, the subset

P = p(p  (TgRY),) c w(X)=P

is dense in P. By (D), the map p: X — P is open. By (A}), p~*(a) C X is connected for every
a€ P*. Thus, (Aj) now follows from Exercise 3.16. O

Proof of (By). This claim is trivially true for ¥ = 0. Suppose k € Zt and H: X —R* is a
Hamiltonian for an almost periodic R¥-action 1 on (X,w). For a kx (k—1) real matrix A, the
RF=L_action 14 =10 A is then also almost periodic with Hamiltonian

Hi=A"0H: X —s RF1,
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Suppose xg, x1 € X. Let A be a kx (k—1) injective real matrix A so that
H(x1)—H(xg) € ker A™.
Thus, 21 € H; ' (Ha(z0)) and
H(xy) € H(HZI (Ha(z0))) C {H(z0)+c: cEker A"},
Since ker A is a line and H ' (Ha(zo)) CX is connected by (Ay),
H(H ;' (Ha(w)) € H(X)
contains the line segment between H(x¢) and H(z;). Thus, H(X)CR* is convex. O

Proof of (Cy). The first two claims are justified in Section 3.1. By (By), it remains to show that
w(X)C CH(u(X¥)). Let p: R¥— T and ¢’ be as in (1.5). We can assume that the image of p is
dense in T and so X¥ =X,

Suppose 179 € T¢RF —CH(u(X?)). Thus, there exists v € ToR¥ so that

no(v) < min{n(v): nEu(X¢)} = min{n(v): nECH(u(X¢))}. (3.12)

Let y € X be a minimum of the smooth function fx, as in (3.1) Thus, dyu, =0, the vector field ¢,
as in (1.4) vanishes at y, and y lies in the fixed locus X®? of the restriction of the 1/-action to
Rv CR¥. For a generic choice of v € R¥ satisfying (3.12), p(Rv) C T is dense and thus X&' = X¥. It
follows that

no(v) < min{n(v): nE,u(Xd’)} = min{p,(2): € X} = min{n(v): nepu(X)},
i.e. 1o ¢ p(X).

Thus, u(X) = CH(u(X"%)). The vertices of this polytope are of the form p(Y) with Y € mo(X?).
By Corollary 3.13 and (2.41), the number of edges at any such vertex u(Y) is at most |S(Y)].
By (2.40), |S(Y)| < (dim X) /2. O

Proof of (E;). Suppose Y €7o(X¥). Let p, J, S(Y), NgY for each a€ S(Y), and C,,yy(p*S(Y)
be as in Proposition 2.41. If p*S(Y) does not span T¢R¥ over R, there exists

v € TyR*—{0} st. {p*a}(v) =0 VaeSY).

The subgroup Rv C R¥ then acts trivially on TX|y. By Proposition 2.13(1), this implies that the
connected component of the Ro-fixed locus X®? containing Y is a connected component of X,
i.e. Rv acts trivially on X (and so the action 1) is reducible), since X is connected. If the action
is reducible, then Rv C R* acts trivially on X and thus on TX|y for some v € ToR* nonzero and
thus {p*a}(v) =0 for every a€S(Y), i.e. p*S(Y) does not span T¢R* over R.

Thus, p*S(Y) spans T;R¥ over R if and only if the action 1 is irreducible. Suppose p(Y) € Ver(u(X?))
is a vertex of the polytope u(X)=CH(u(X%)). By Proposition 2.41, the edges of u(X) at u(Y)
are the edges of the cone C,y)(p*S(Y)). A subset S, (Y) of p*S(Y) thus forms a collection of
edge vectors of the polytope p(X) at the vertex p(Y'), while the elements of p*S(Y)—S,(Y) lie
in the span of S,(Y). We conclude that S,(Y) spans T¢R¥ over R if and only if the action ¢ is
irreducible. O
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Proof of (Gy). Suppose Y € mo(XY). Let p, J, S(Y), and N¢Y for each a € S(Y) be as in
Proposition 2.41 with (R¥,0) replaced by (T,1) and thus p = id. As above, a subset S,(Y)
of p*S(Y) = S(Y) forms a collection of edge vectors of the polytope p(X) at p(Y). Since
S(Y)C(T5T)z, all edges of the polytope u(X) at u(Y) are rational. O

Remark 3.17. The three parts of the statement of [3, Theorem 1] are (Ag), (Bg), and (Cg) in
Theorem 3.1, while (F}) is stated at the beginning of the proof of (A7) and is justified at the end
of Section 2 in [3]. The proof in [3] contains (at least) two gaps, both at the top of page 6.

(G1) It is claimed that (A%) implies (Aj) by continuity. This is indeed the case for k =1; see
Lemma A.4. However, this may not be the case for k> 2, even if the regular values are dense
in the image (as is the case at the top of page 6 in [3]). As an example, pinch the points
+1, —1 of the unit circle S € R? to the origin (so that the preimage of 0 € R? consists of
two points, while the preimages of all other points contain at most one point). Replacing
the circle with a 2-torus, we can ensure that the set of regular values is dense in the image.
Statement (Dg) is the key property of u needed for the by continuity claim in [3], but it
does not even appear in [3], and neither does the local description of u of Corollary 2.43
needed for this statement. Both play prominent roles in other approaches to Theorem 3.1;
see Section 3.5.

(G2) It is implicitly assumed that if (c1,...,cx) € R¥ is a regular value of an R¥-valued smooth
function (f1,..., fx) on a smooth manifold X, then (ci,...,cr_1) € R*"1is a regular value
of (f1,..., fx—1). This need not be the case, including in the setting on page 6 in [3].

Remark 3.18. The statements (By) and (Cy) in Theorem 3.1, with R* replaced by a torus T,
form [4, Theorem IV.4.3] and [45, Theorem 5.5.1]; [16, Theorem 27.1] includes (Ax) as well. The
arguments in [4, 16, 45] generally follow [3], with [4] stating (Ay) as part of the proof and replicating
the two gaps of Remark 3.17 in the middle of page 115 almost verbatim. In [45], only (A}) is stated
as part of the argument, making the issue (G1) in Remark 3.17 extraneous, while the gap (G2)
is resolved. In order to deduce (By) from (A%), it is claimed in the last full sentence on page 239
in [45] that any two points in X (M in [45]) with the same value of a Hamiltonian (A" in [45])
can be approximated by two points in the preimage of a regular value of the Hamiltonian (the same
regular value for both points). However, this is precisely what is needed to deduce (Ay) from (A}),
as indicated by the proof of Lemma A.4. This property is implied by the Hamiltonian being an
open map onto its image, i.e. (Dy), as suggested by Exercise 3.16, but neither the openness of the
Hamiltonian nor its local description as in Corollary 2.43 is ever brought up in [45]. Thus, the
attempt in [45] to bypass (G1) while establishing (Bj) contains fundamentally the same gap. In [16],
the proof of (Ay) is relegated to Homework 21, which deals only with (Aj), while resolving (G2)
as in [45]; neither the openness of the Hamiltonian nor its local description is mentioned in [16]
either. While (F}) is also stated at the beginning of the proof of (A}) in [45] with a note that it
is established later in the proof, (F) is never addressed in [45]. The equivariant splitting (2.14)
of TX|y for each Y € mo(X"¥) needed to establish even the first claim in (Fj) does not appear
anywhere in [45].

3.4 Complexified Hamiltonian torus actions

This section establishes a number of properties of complexified Hamiltonian torus actions as in (3.2)
and uses them to prove Theorem 3.2. The key steps in the proof are Lemma 3.19, which describes
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the behavior of the moment map u on O, (¢¢), and Proposition 3.25, which concerns the images

of Oz (¢Yc) and Oy (¢c)—Oz(¥c) under p. Corollary 3.20 below is used in the proof of Corollary 6.16,
but not of Theorem 3.2; we state it in this section as it is a ready consequence of Lemma 3.19.

Lemma 3.19. Suppose T is a torus, (X,w, ¥, n) is a Hamiltonian T-manifold, and ¢ is a com-
plezification of 1 with respect to a T-invariant w-compatible almost complex structure J as in (3.2).
For each veIyT, let (, eI'(X;TX) and p, € C*°(X) be as in (1.4) and (1.28), respectively. Then,

d
a:uv (w(c;[itv’] (:U)) = _gf}) (Q)’CUI)MZ’C;[';W’](”:) v U,UIGT]]_T7 reX, (313)

where g% is the Riemannian metric determined by w and J as in (1.20). Furthermore,
,u(l/f(c;[w} (z)) # p(z) € Ty T* VoeTiT, z€ X s.t. ((x)#0. (3.14)
Proof. By (1.7), (3.2), and Proposition 2.3(1),

d d
H (Vi) () = dy @) o (dtwc;[itv/] (l‘)) = —w (Cu (Vesfite) ()5 (TS (Yeyfitn) (90)))>~
This gives (3.13). Along with Proposition 2.3(1) again, this implies that
R — R: L — po (¢C;[itv] (JJ)),
is a strictly decreasing function unless (,(xz)=0. This gives the second claim of the lemma. O

Corollary 3.20. Suppose T, (X,w, u,v), and pc are as in Lemma 3.19. If a € T T is a regular
value of p, then p~(a) C X is a smooth submanifold and the map

U Tixp o) — X, U(u,x) = Ycu(z),
s a diffeomorphism onto an open subset of X.
Proof. Since T; is abelian, (2.8) and (3.2) imply that
Ay ¥ (deLy(iv), w) = detpew (JCo(z)+w) VueTi, zeX, vehT, weT, X, (3.15)

with L, : T; — T; as in (1.9). By the regularity assumption, z~!(a) C X is a smooth submanifold.
By (2.34), the homomorphism

hiTieT, (0 (o) — Tu X, (v, w) — JC(z)+w, (3.16)

is surjective for every x € u~!(a). By Exercise 2.29(b), this homomorphism is injective. Along
with (3.15), the former implies that ¥ is an open map. By (3.14) and the injectivity of (3.16)
on 11T, ¥ is injective. O

Exercise 3.21. Suppose T, (X,w, i1, 7), and ¢ are as in Lemma 3.19, ve T T, x € X, and (, and
[y are also as in Lemma 3.19. Show that the function

R — R, t — po (Yot (2)), (3.17)
is strictly decreasing if (,(z)#0 and is constant otherwise. If in addition,
xoo(v) = tE)noow(C;[itv] (.Z') € X, (318)
i.e. the limit above also exists, show that

Co(Too(v)) =0, dy_ (o =0, (wc;u(x))oo(v) =Yg (o0 (v)) VueTe. (3.19)
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Exercise 3.22. With the assumptions as in Exercise 3.21, suppose also that X is compact. Show
that the limit in (3.18) exists.

Suppose 1 is a smooth action of a torus T on a smooth manifold X. For x € X and v € TiT, let
T4.0 () CT be the closed subgroup spanned by G, (1) and the closure of {eV: t€R} in T.

Corollary 3.23. Suppose T, (X,w,pu,), and ¥¢c are as in Lemma 3.19, ve TyT, v € X, p, is
also as in Lemma 3.19, and the limit in (3.18) exists. There exists a topological component Zy.,, of
the Ty (V)-fized locus XT=¥) C X so that

x/oo(v) € Zx;v and lim 1, (w(c;itv(f/)) = Mo (Zx;v) = _inf p, Vﬂjleox(ﬂ)c); (3'20)
t—oo Oz(w(c)

in particular, the limit in (3.18) with x replaced by ©' also exists. If in addition X is compact, then

inf p, = inf (V). (3.21)
Oz (¢c) Yem(X¥)
YO () #0

Proof. Let 2’ € O(¢c). By the continuity of the action ¢, z/ (v) is fixed by G,/ (1) =Gz (v)). By
the first equation in (3.19) with x replaced by 2/, 2 (v) is also fixed by the closure of {eV: teR}
in T. Thus, 2/_(v) lies in X =) which is a closed symplectic submanifold of (X,w) by Proposi-
tion 2.23(1). Let Z,., C XTew(¥) be the component containing . (v). Since Tc is connected, the
last equation in (3.19) implies that = (v) € Z,,, as well.

Since dp, vanishes on XT#+(¥) 1, is constant on Zyw. Along with (3.18) with = replaced by 2’
and the function (3.17) with x replaced by 2’ being non-increasing, this yields the second equation
in (3.20). If v€T4T is generic, Ty (¢)) =T and so Zp., C X¥. Thus,

inf  p, < inf (V) < iy (ZI;U) = inf pu, = inf p, = inf (V).
Oq(¥c) Yem(XY) Oq(¢c) Oq(¢¥c) Yem(XY)
YNOgz(vc)#0 YNOgz (vc)#D

If X is compact, then so is O, (¢¢). The continuity of p in both inputs then implies that the last
equality holds for all veT;T. O

Corollary 3.24. Suppose T, (X, w, ¥, u), ¥c, and p, for each veTyT are as in Lemma 3.19 and
zeX. Then,

O (¥c) =04 (¥c) = {2 €O0x(¥c): FvETT s.t. dppin #0, uv(m')zoi?i ),uv}. (3.22)

Proof. Let T{TCT1T be a complement of
ThGy () = {veTiT: dppy =0} (3.23)
and S(TFT) CT{T be the unit sphere in T{T with respect to some metric. In particular,
O (¢hc) = {Weyfuriv) () : 0,0 €TFT}.

Since the group Tg is abelian, &,(z")#0 and dgp, #0 for all ve TET and 2’ € O, (¢¢). Along with
the first condition in (1.7), this implies that the left-hand set in (3.22) contains the right-hand set.
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By (3.13), the continuous function
S(TET) xR — R, h(’U,t) = Mv(%ﬁc;itv(@),
is non-increasing in t. By (3.20),

lim h(v,t) = inf p, vV veS(T7T). (3.24)

t—>00 Oy (¢C)

Suppose =’ € Oy (¢c) — Oz (1c) is the limit of a sequence Y.t v, (Vu, () With ug € T converging to
some u, vy € S(TyT) converging to some v, and t; € R converging to co. Since p is a continuous
T-invariant function on 73T x X and the functions h(vg,t) are non-increasing in t,

(') = Jm g, (Yur (Yt () = Jim h(vg,te) < lim A(v,t).
Along with (3.24), this implies that p,(z’) =infg o Ho- O

For a polytope P C 17T, we denote by 0P C P the union of the proper faces of P. Let Int P=P—0P.
With T, (X,w,, 1), and ¥¢ as in Theorem 3.2 and z€ X, let

Py (ve) = CH(p({Y emo(XY): YNO, () £0})).

Proposition 3.25. Suppose T, (X,w, 1, 1), and ¥¢c are as in Theorem 3.2 and x € X. Then,

1(Os(c)) = Int Pu(vpc),  w(Ou(dc) —Ou(tc)) = 9P: (vc), (3.25)
and the map Ogx(Yc)/T—T5T induced by p is injective.
Proof. For each v € T1T, the map
L,:T;T — R, Ly(a)=a), (3.26)

is a linear functional and p, = Lyop: X — R. Let TS C T be a subtorus complementary to the
identity component (G;(1))o of G(¢) and ¢: TS — T be the inclusion so that

us =t opu: X — Ty TS
is a moment map for the restriction of the T-action ¢ on T¢. In particular,

O, (¢c)=Tez = (TS)cx, {YEWO(X¢): YNO, () #0} = {YGWO(XT;?): Y NO,(Yc)#0},
O:(¥c)/T = O2(¥c) /Ty,
1(Ox(vc)) € (T3 T) o ={ @ €TYT: Ly(a) =Ly (p(x)) Vv ET1Go (1)}
Since ¢*: (T7T) e — T5 TS is a homeomorphism sending line segments to line segments, it suffices

to establish the claims with (¢, i1) replaced by (¢|rc, pug). We can thus assume that (G (1))o= {1},
as is done below.

For veTiT, let (, €I'(X;TX) be as in (1.4). Since
(Gar(@))g = (Go))y = {1} ¥ a'€Ou(t),

71



Co(2")#0 for all veT3T—{0} and 2’ € O, (¢c). By (3.13) and Exercise 3.26 below, the map
T — 4T, v — (Y (2),

is thus an immersion. By (3.14), this map is injective and thus a diffeomorphism onto an open sub-
set of T;T. Since p is T-invariant, this open subset is u(Oz(v¥c)). By (3.21), (O (v¥c)) C Pr(¢c).
Thus, the polytope P (¢c) C T5T is of full dimension, p(Oy) CInt Py()¢), and the last claim of
the proposition holds.

For v € T3 T—{0}, the level sets of L, are hyperplanes. Thus, the restriction of p, = Lyou to O, (¢)
achieves its minimum along the preimage of a proper face of P,(¢¢) under p and not at any point
of 1 (Int P,(¢)c)); the former preimage contains Y NO,(¢c) for at least one element Y € mo(X¥)
with YNO,(¢¢)#D. From the compactness of O, (1¢c) and (3.22), we then conclude that

M(Om(¢C)) _N(Oz(w((:)) CM(Oz(Wz) —Ox(¢c))

= {pu(@): ' €O, (vc),FveTAT—{0} s.t. py(z')=_inf p,} C OP,(¥c).
Oz (¥c)

Thus, u(Oz(1c)) D Int Py(1c), which establishes the first equality in (3.25). The second equality
in (3.25) then follows from the compactness of O, (t¢). O

Exercise 3.26. Suppose V is a vector space with an inner-product product (-, -) and vq,..., v, €V.
Show that the matric ((vi, vj)); je[] is nondegenerate if and only if the vectors vy, ..., vy, are linearly
independent.

Proof of Theorem 3.2. The two equations in (3.25) give (2), as well as (3) with o =Int P, (¢).
Suppose o is the interior of a proper face F' of P, (¢c). Choose v€T;T and c€R be so that

F = Po(c)nL; (0,

with L, as in (3.26). Let Z,,, CX be as in (3.20). Thus,

Ox(wC)mM_l(F) - Crit(,u’u)v Mv|u*1(F) =6

and Z, is a topological component of Crit(u,) with p,|z,,, =c. By (3.2) and (2.32), 9,y is the
negative gradient flow v, .+ of 1, with respect to the metric g(-,-)=w(-,J-), with J as in (3.2). By
the first statement in (3.20),

Ox(vc) C X5 (1) = {2’ €X: Jm e gy (2') € Zus }-

By the first statement of Proposition 3.12, i, : X — R is a Morse-Bott function. Proposition A.3(6)
and the last equation in (3.19) thus imply that
Oz (Ue) ™ (F) = Ox(tc) Ny, (e) = {2l (v): 2/ € Oz (¥c)} = Oy ) (¥),
Py w)(¥c) = CH(u({Y €mo(X¥): YNO,__ () (1hc) #03))
= CH(u({Y €mo(X?): YNOL(¢c) #0})NF) = F.

From (3.25) with x replaced by 2 (v), we then conclude that
Oz(wC)mM_l(o—) = Ozoo(v) (qu)ﬂu_l(a) = Oxoo(v) (¢C) :
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This establishes (3). Since O,(1c)={y} for any y€ XV, (1) follows from (3).

Since the moment map p is T-invariant, the map

Oz(¥c)/T — n(Oalc)), [l — nla’), (3.27)

is well-defined. It is surjective by definition. Its domain is compact, while the target is Hausdorff.
By (3), for every open face o of the polytope u(O.(1¢)) there exists x, € O, (1hc) so that

Ox(ve)Np~ (o) = Os, ().

By the last statement of Proposition 3.25 with x replaced by x,, the restriction of the map (3.27)
to O, (1c)Nu~ (o) /T is thus injective for every open face o of (O, (tc)). It follows that the entire
map (3.27) is injective as well and thus a homeomorphism. O

Remark 3.27. As stated, [3, (3.6)] is wrong. For example, it fails if C C N*— N consists of
a single point. However, [3, (3.6)] is used in the proof of Theorem 3.2 in [3] only to obtain the
second statement in [3, (3.7)]. The latter is correct, as it follows from Proposition A.3(6), which
corrects [3, (3.6)].

3.5 Alternative approaches to classical convexity theorem

The most renowned conclusion of Theorem 3.1 on page 58 is that the image p(X) of the mo-
ment map for a Hamiltonian almost periodic R*-action 7 on a closed connected symplectic man-
ifold (X,w) is the convex hull of the finite subset u(X¥)CTyRF; this is known as the con-
vexity property of (X,w,, ). Other approaches to this statement have appeared in particular
in [33, 22, 35, 8, 9]. In contrast to [3, 4, 45, 16], they clearly emphasize the significance of a local
description of the moment map p as in Corollary 2.43. These approaches differ in how they pass
from the local versions of (Ag)-(Dy) implied by such a description to the global versions appearing
in Theorem 3.1.

The statement of Corollary 3.13 for torus actions is contained in the proof of [33, Theorem 5.2].
Similarly to Corollary 3.13, this statement is obtained in [33] from the local description of the
moment map p at the end of Corollary 2.43 and the global, Morse-Bott theory statement of Propo-
sition 3.12(2), provided by [33, Theorem 4.8] and [33, Lemma 5.1], respectively. As demonstrated
in the proof of [33, Theorem 5.2], the last two statements readily imply (By) and the first part
of the third claim of (Cj) in Theorem 3.1, without going through (A}) on page 64. They also
imply (D). However, the remaining conclusions of Theorem 3.1 do not appear in [33], even in the
torus case.

A purely topological approach for passing from a local description of the moment map p as in
Corollary 2.43 to global statements was introduced in [22]. It avoids the use of Morse-Bott theory
entirely and is instead based on the use of the Reeb space X, of the manifold X with the respect
to the moment map p and the metric dz on X,,, defined as in (3.28) and (3.29), respectively. This
approach has since been extended in [35, 8, 9] to obtain generalizations of the key properties of
closed Hamiltonian manifolds provided by Theorem 3.1 to non-compact manifolds with some re-
strictions on the moment map. The weakest of these restrictions appear in Theorem 3.28 below,
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i.e. the generalizations in [35, 8, 9] are specializations of this theorem as described below.

Let V be a finite-dimensional vector space. A subset S CV is called locally polyhedral in [8] if for
every v €S there exists a polytope P, CV such that SNP,CV is also a polytope and v € Inty (F,),
where Inty (P,) C P, is the interior of P, with respect to V. A continuous map f: X —V from a
topological space is called convex in [9] if for any x,z; € X there exists a (continuous) path

v:([0,1],0,1) — (X, z0,21)

from xp to x1 in X such that the map fo7y has connected fibers and f(v([0,1])) is contained in the
line segment from f(z¢) to f(z1) in V. The conditions on v mean that the path

foy: ([0,1],0,1) — (V, f(20), f(21))

traces the line segment from f(xg) to f(z1) in V without reversing the direction at any point in time.
If f is convex, its image is a convex subset of V' and its fibers are path-connected. Theorem 3.28
follows immediately from the local-to-global principle of Proposition 3.32, and the local properties
of moment maps provided by Corollary 2.43; see the sentence above Proposition 3.32.

Theorem 3.28. Suppose k € Z, (X,w, v, u) is a connected Hamiltonian R¥-manifold, and the
RF-action ¢ is almost periodic. If there exists a convex subset V' C T(’)*Rk so that pu(X)C V' and
the map p: X — V' is closed, then the map

pr X — p(X)

is open and convex (as a map into TS‘R’C in the latter case). If in addition V' CV is closed, then
pu(X) CTO*Rk s a closed convex locally polyhedral subset.

Exercise 3.29. Let f: X — V be a convex map from a topological space to a vector space. Show
that the fibers of f are path-connected.

The versions of Theorem 3.28 appearing in [35, 8, 9] refer only to torus actions, i.e. fully periodic
RF-actions. In [9, Theorem 30|, the moment map s is also required to be proper, i.e. closed with
compact fibers; this theorem also does not contain the last statement of Theorem 3.28. The con-
clusions in [35, Theorem 4.1] and [8, Corollary 3.4] include that the image of u is a convex subset
of t*, the dual of the Lie algebra of the torus, and that the fibers of 1 are connected, but not that
the map p is convex. In [35, Theorem 4.1], p is required to be a proper map into the entire vector
space t*. The conclusions in this theorem in addition include a description of neighborhoods of
points in the image p(X) of p, but this description is implicitly contained in Theorem 3.28, given
the input of Corollary 2.43, as well as in [9, Theorem 30] and [8, Corollary 3.4]; see the second
sentence after Proposition 3.32. In [8, Corollary 3.4], i is required to be just a closed map into t*.

Let V' be again a topological vector space. A (closed, convex) subset S CV is a (closed, convex)
cone with vertex at v €V if v+t(v'—v) €S whenever v/ € S and t e RT. For any subset SCV and
veE S, define

RT(S—v) = {r(v'—v): v'€S, reR*}, L,(S) =Rt (S—v) C V.

If V is finite-dimensional, a convex subset S CV is called locally polyhedral in [35] if for every v€ S
there exists a neighborhood U, CV of v such that

SNU, = {U+v’: U’ELW(S)}HUU
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and L,(S)CV is a polyhedron. It is also mentioned in [35] that the requirement on L,(S)CV to
be a polyhedron in this definition is shown to be redundant in the unpublished note [53], which
does not appear to be readily available.

Exercise 3.30. Let V be a finite-dimensional vector and S C V be a convex subset. Show that
the definitions for S to be locally polyhedral in [8] and [35] are equivalent.

Exercise 3.31. Let V be a finite-dimensional vector and S CV be a convex cone. Show that S is
contained in a (closed) half-space, i.e.

Sc{weV: Lw)>c}
for some nonzero linear functional L: V—R and ceR.

Let V be a topological space. For v €V and subsets C,C’ CV containing v, we define C ~, C’ if
there exists a neighborhood W, CV of v such that CNW,=C'NW,,, i.e. if C and C’ have the same
germ at v. We denote by [C], the corresponding equivalence class of C, i.e. the germ of C at v. We
call a continuous map f: X — V from a topological space X locally open if for every z € X there
exists a neighborhood U, C X of = so that the restriction

flo, : Uz — f(Uz)

is an open map. The germ [f(Us)]f() of f(Uz) CV at f(z) is then independent of the choice of
such a neighborhood U, C X of z; we denote it by [f],. If C €[f], then there exists a neighborhood
U, C X of z so that f(U,)CC and the restriction

f|UI : UI —C

is an open map. We call a continuous map f: X — V between topological spaces locally fiber con-
nected (or LFC) if for every € X and every neighborhood U C X of x there exists a neighborhood
U’ CU such that all fibers of the restriction f|y: are connected.

Let f: X — V be a continuous map to a topological vector space. We call such a map locally
convex if for every x € X and every neighborhood U C X of x there exists a neighborhood U’ C U
so that the restriction

f‘U/ U —V

is a convex map. We call a locally open map f: X — V locally convexly open (resp. locally cone-
open) if for every x € X the germ [f], contains a subset of V' which is locally convex at f(x) (resp. a
cone with vertex at f(x)). Our notion of locally cone-open is motivated by the intrinsic perspective
taken in [9] and corresponds to the notion of admitting local convexity data as in [8, Definition 2.6],
which is worded in an overly complicated way. In [35, Definition 3.3], the relevant convex cones
are required to be closed. By Corollary 2.43, a moment map p for a Hamiltonian almost periodic
R*-action 1) on a symplectic manifold (X,w) is locally convex and locally cone-open (and thus LFC
and locally convexly open); see also Exercises 3.36-3.38 below.

Proposition 3.32 (Local-to-Global Principle). Let X be a connected, normal topological space,
V'CV be a convex subset of a finite-dimensional vector space, and f: X — V' be a closed map.

(1) If f is locally convexly open and LFC, then f(X)CV is a convex subset and f: X — f(X) is
an open map with connected fibers.
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(2) If V' CV is closed and f is locally cone-open and LFC, then f(X)CV is a closed convex locally
polyhedral subset.

(3) If f is locally open and locally convex, then f: X —V is a convex map.

Since the assumptions in (2) and (3) of this proposition are stronger than in (1), the conclusions
in (1) apply in (2) and (3) as well. If f is as in (2) and C, CV is the cone representing [f], for
each x € X, it follows from this proposition that

Ly (f(X) = {v—f(z): vels} VaoelX.

Proposition 3.32 captures the local-to-global principles of [35, 8, 9], which in turn build on [22]. In
[35, Theorem 3.10], the connected topological space X is required to be only Hausdorff, but the
map f is required to be proper into V, locally cone-open, and LFC; the conclusions in this theorem
are as in (1) and (2). In [8, Theorem 2.28], the connected normal topological space is required to
be first-countable and locally connected, while the map f is required to be closed into V, locally
cone-open, and LFC; the conclusions in this theorem are also as in (1) and (2). The first count-
ability condition is used only artificially in the first part of the proof of [8, Lemma 2.21(i)], which
obtains the same conclusion as Exercise 3.45 below. The locally connected condition appears as
a requirement in [8, Corollary 2.18], but is never used in its proof. The other requirements in [8,
Theorem 2.28] imply that X is locally connected, as indicated by Exercise 3.41 below. It is stated
in [8, Remark 2.29] that [8, Theorem 2.28| remains valid if f is a closed map into a convex subset
of V. However, no indication of the necessary changes in the proof of this theorem are given,
and the setup of the proof is not conducive to such changes; see also the paragraphs preceding
Lemma 3.51 and Corollary 3.52 below. In [9, Theorem 15], the connected topological space X is
again required to be only Hausdorff, while the map f is required to be locally open, locally convex,
and proper (but now into a convex subset of V', in contrast to [35]); the conclusions in this theorem
are also as in (1) and (3).

As emphasized in [9], the case of Proposition 3.32 with V=V, X CV a closed connected locally
convex subset, and f: X — V the inclusion is the Tietze-Nakajima Theorem from the 1920s re-
called below. It is extended to arbitrary topological vector spaces in [38, (5.2)]. This extension is
cited in the proof of [8, Theorem 2.13], but in relation to a closed subset of a convex subset of a vec-
tor space, i.e. for a more general statement than is actually established in [38]. On the other hand,
this is not needed to establish [8, Theorem 2.28], even though its proof cites [8, Corollary 2.18],
which in turn cites [8, Theorem 2.13].

Corollary 3.33 (Tietze-Nakajima Theorem, [58, Satz 1], [9, Theorem 1]). A closed connected
locally convex subset of R* is conver.

Remark 3.34. Nakajima’s paper [52] typically credited for Corollary 3.33 contains several state-
ments in the same spirit, most concerning subsets of R? and R?, but not the actual statement of
this corollary.

Exercise 3.35. Suppose f: X — V be a locally open and locally convex map. Show that

(a) f is locally convexly open;
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(b) for every x € X and every neighborhood U C X of x there exists a neighborhood U’ C U
such that the subset f(U’) C V is convex at f(z) and all fibers of the restriction f|ys are
path-connected.

Exercise 3.36. Suppose f;: X;—V; for i=1,2 are convex maps. Show that the map
f1><f2: X1><X2 — ViXVQ
is also convex.

Exercise 3.37. Suppose k,meZ=%, f: R¥ —R™ is a smooth function so that the differential dg f
is surjective, and U is a neighborhood of 0 in R¥. Show that f is open and convex on some
neighborhood U’ of 0 in Y.

Exercise 3.38. Suppose meZ=Y SCR™ is a finite subset,

f:C%— R, f(wa)acs) = Y lwal’e,

a€esS

and U is a neighborhood of 0 in C°. Show that the map

F:C5 5 Cy(S) E{Ztaa:taeRZO VaeS}

a€esS

is open and f is convex on some neighborhood U’ of 0 in U.

3.6 Proof of Proposition 3.32

In this section, we establish Proposition 3.32. As in [22, 35, 8], its proof revolves around the Reeb
quotient Xy of X with respect to f as defined in (3.28) below, the continuous map

f:Xf—>V’

induced by f, and a metric dy on Xy induced by f asin (3.29) below. We first show that Xy is a
normal topological space, the Reeb quotient map

qf:X—>Xf

is open and closed, and f: Xy — V" is locally a homeomorphism onto a convex subset of V’; see
Exercise 3.48(b) and Lemma 3.50. This part of the proof of Proposition 3.32 is a greatly stream-
lined version of the corresponding parts of [8]. We then show that any proper function with these
properties of f is a convex homeomorphism onto its image; see Lemma 3.51(2). This part of the
proof of Proposition 3.32 follows the first part of the proof of [9, Theorem 15] at the end of [9,
Section 6]. The argument in [9] is actually applied with the assumption that f is locally a homeo-
morphism onto a convex subset weakened to f (¥ in [9]) being a locally open and locally convex
map, as the use of the Reeb quotient is avoided in [9]. Via the use of the Reeb quotient, the special
case of [9, Theorem 6] treated in Lemma 3.51 implies the full statement of [9, Theorem 15] and its
analogue with the properness requirement on ¥ and the Hausdorffness requirement on X weakened
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to closedness and strengthened to normality, respectively; see Exercise 3.53. By Corollary 3.52,
the continuous map

Xy — f(X)=F(Xp)
is a convex homeomorphism. This in particular implies that f(X)CV is a convex subset. Since

the Reeb quotient projection g: X — Xy has connected fibers by the definition of Xy (resp. is an
open map by Exercise 3.48(b)), it follows that the map

f=foqr: X — f(X)

has connected fibers (resp. is open). This establishes (1) in Proposition 3.32, which implies (2)
immediately and (3) via Exercise 3.53.

For a topological space X and AC X, a connected component of A is a maximal connected subset.
Every connected component of A is closed in A. In particular, if A is closed in X, then each of its
connected components is also closed in X. The connected components of A partition X. For z € A,
we denote by A, C A the connected component of A containing x. The Reeb space of a continuous
map f: X — V between topological spaces is the quotient topological space

Xp = X/~, r~a if f(x)=f(a') eV, (ffl(f(ac)))gC = (ffl(f(:z:)))x, c X. (3.28)

Thus, an element of Xy is a connected component of a fiber of the map f: X — V. We denote by
qfr: X — Xy the quotient projection. The continuous map f: Xy — V induced by f is injective
if and only if the fibers of f are connected.

Exercises 3.40-3.44 below are (somewhat peculiar) statements concerning basic notions in point-
set topology; these statements are used in the proof of Proposition 3.32. Exercises 3.29 and 3.45
note some implications of a map being convex and LFC, respectively. Exercises 3.46 and 3.48
concern the Reeb quotient of a map. The former greatly streamlines [8, Lemma 2.16(ii)]; it is not
actually needed for the proof of Proposition 3.32. The latter exercise generalizes Remark 2.12,
Lemma 2.16(i), and the implication of Remark 2.22 (in the second sentence after this remark)
in [8].

Exercise 3.39. Let Y be a topological space which is connected and locally path-connected. Show
that Y is path-connected.

Exercise 3.40. Show that a topological space Y is connected if and only if for every open cover A
of Y and for every pair of points y,y’ €Y there exist Uy, Uy, ..., U, € A for some k€Z™ such that
yelUy, vy €Uy, and U;_1NU; #0 for every i€ [k].

Exercise 3.41. Let f: U —V be an open map between topological spaces with connected fibers.
Suppose V is locally connected. Show that for every x € U there exists a connected neighborhood
U’ CU of z such that the fibers of the restriction f|ys are also connected.

Exercise 3.42. Let f: X — V be a continuous map between topological spaces. Show that the
following are equivalent:

(a) the map f is closed,;
(b) for every BCV and every neighborhood U C X of f~!(B), there exists a neighborhood W C V/
of B such that f~'(W)cCU;
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(c) for every v€V and every neighborhood U C X of f~!(v), there exists a neighborhood W C V/
of v such that f~Y(W)cU.

Exercise 3.43. Let f: X — V be a proper map between topological spaces, i.e. f is continuous
and closed and has compact fibers. Show that the subset f~!(K)C X is compact for every compact
subset K CV. Hint: use Exercise 3.42.

Exercise 3.44 (Vainstein’s Lemma). Let f: X — V be a closed continuous map between metriz-
able topological spaces and v€ V. Show that the subset

FHNX—fv) c X

is (sequentially) compact. Note: it is sufficient to assume that V is just first countable, instead
of metrizable, provided f~!(v) in the first appearance above is replaced by its closure in X; the
statement of Vainstein’s Lemma in [8, Lemma 2.24] is missing the assumption that f is continuous.

Exercise 3.45. Let f: X — V be an LFC map between topological spaces. Suppose v € V
is a closed point and A C X is a component of f~!(v). Show that A and f~!(v)—A are closed
subsets of X. Note: the use of first countability of X in the first paragraph of the proof of [8,
Lemma 2.21(i)] is unnecessary.

Exercise 3.46. Let f: X — V be a continuous map between topological spaces. Suppose V is
Hausdorff and the fibers of f are connected. Show that the Reeb space Xy is Hausdorff.

Exercise 3.47 ([9, Lemma 20]). Let f: X — V be a locally open map between topological spaces.

(a) Suppose v €V, AC X is a component of f~!(v), and A is a finite open cover of A. Show
exists a neighborhood W, CV of v so that

fonuYnw, = fU)NW, YUUEeEAst. UNUNA#D.

(b) Conclude that [f],=[f], for all z,2’ € X with qf(z)=qs(z’). Hint: use Exercise 3.40.
Exercise 3.48. Let f: X —V be a locally open LFC map between topological spaces.

(a) Suppose z,z’€ X are such that gf(x)=g¢s(z') and U, C X is a neighborhood of . Show that
there exists an open subset U,,» C X containing = and 2z’ so that f(U,y )= f(Uw NU,) and
the fibers of f|y_, are connected. Hint: use Exercise 3.47(a).

(b) Show that the Reeb quotient map gy is open.

Exercise 3.49. Let f: X — V be a locally convexly open. Show that the Reeb space X is locally
path-connected.

The conclusions of Lemma 3.50(1) below are the same as of [8, Lemma 2.21], but with much weaker
assumptions; its proof is simpler as well. The conclusion of Lemma 3.50(2) is the same as of [8,
Remark 2.22], but with the locally cone-open assumption (i.e. admitting local convexity data)
weakened to locally convexly open.

Lemma 3.50. Let f: X —V be an LFC map.
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(1) Suppose in addition that X is a normal topological space, V' is a T1 topological space, and f is
closed onto its image. Show that the Reeb quotient map qy is closed and that the Reeb space Xy
18 normal.

(2) Suppose instead that V is a topological vector space and f is locally convexly open. Show that
for every z€ Xy there exists a neighborhood U;r C Xy of z such that ?(UZT) CV is a conver subset
and the restriction

Flos : UL — FU)
is a homeomorphism.
Proof. (1) We use Exercise 3.42. Let veV and A€ Xy be a connected component of f~!(v). Thus,
g '(A)=AcC f(v) CX.

Let U C X be a neighborhood of A. By Exercise 3.45, A and f(v)— A are closed subsets of X.
Let W, W’ C X be disjoint neighborhoods of A and f(v)— A, respectively; we assume that W CU.
Since f~'(v) C WUW’ and f is a closed map, there exists a neighborhood V' C V of v so that
fHV"y c WUW’. Since a connected component of any fiber of f intersecting f~1(V/)NW is
contained in f~1(V')NW,

g ar (F71VHNW)) = fTHV)INW C U C X.

In particular, ¢y (f_l(V’)ﬂW) C Xy is a neighborhood of A = ¢q¢(A). Thus, the Reeb quotient
map ¢y is closed. This in turn implies that the Reeb space X; is normal; see [50, Lemma 73.3].

(2) Let x € X and z=¢qys(x). Let U, C X be a neighborhood of = so that f(U,)CV is a convex
subset and the restriction
flu, : Uz — f(Us)

is a surjective open map with connected fibers. By Exercise 3.48(b),
U;f = qf(Um) C Xf

is a neighborhood of z. Thus, f: Ul —>?(UZT) = f(U,) is a bijective open continuous map, i.e. a
homeomorphism. O

Let (V,]-|) be a normed vector space. The length of a (continuous) path v: [a,b] — V with a<b
is defined to be

k
(y) = sup{ Z |v(t:) = (tic1)|: kEZT, a=to<t1 <. .gtk—b}.
=1

If in addition ¢g: Z—V is a continuous map from a path-connected topological space, define
dg: Z% — [0,00], dy(z,2") =inf{¢(gov) ~v:[0,1]— Z is a path, 7(0) =2, y(1)=2"}. (3.29)

It is immediate that d; vanishes on the diagonal in Z 2 is symmetric in the two inputs, and satisfies
the triangle inequality. Furthermore,

dg(z,2') > |g(z)—g(z")] V2,7 €Z. (3.30)
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The first part of Lemma 3.51 below generalizes [8, Proposition 2.23], using essentially the same
argument. The second part of this lemma systematizes the main conclusion of the proof of [8,
Theorem 2.28], but with the properness of g= f into the entire vector space V relaxed to properness
into a convex subset of V; this is needed to establish the claim of [8, Remark 2.29]. However, the
proof of Lemma 3.51(2) is based on the first part of the proof of [9, Theorem 15] at the end of [9,
Section 6], but we replace the use of an inductively defined infinite sequence with the Lebesgue
Number Lemma to construct the path ~.

Lemma 3.51. Let g: Z —V be a continuous map from a connected reqular topological space to
a finite-dimensional vector space. Suppose g is closed onto its image.

(1) If for every z € Z there exists a neighborhood U, C Z of z such that g(U,) CV is a convex subset
and the restriction
glu. : Uz — g(Uz)

is a homeomorphism, then dg, is a metric on Z inducing the topology of Z.

(2) If in addition there exists a convex subset V' CV so that g(Z)CV' and the map g: Z—V"' is
proper, then g is a convexr homeomorphism onto its image.

Proof. By Execise 3.39, the topological space Z is path-connected. Fix a norm |- | on V induced
by an inner-product; this property, used at the end of the first paragraph of the proof of (2) below,
implies that the only path between points vy and v1 in V' of length |vg—w1]| is the line segment
between these two points. For v€V and § eR™, let

Bs(v) = {v' eV:|v—0|< b}

denote the open ball in V' of radius ¢ centered at v. Let d; be as in (3.29). By the assumptions
on U,,
dg(2',2") = |g(z")—g(2") V2. e, zeZ. (3.31)

Along with Exercise 3.40 and the triangle inequality for d,, this implies that dy(z, 2’) < oo for all
2,2 €.

(1) Let z € Z. Since g~'(g(2)) C Z is a discrete collection of points, g~ (g(z)) —{z} C Z is a
closed subset by Exercise 3.45. Let W, W’ C Z be disjoint neighborhoods of z and g~*(g(2))—{z},
respectively, and U CW be any neighborhood of z. By Exercise 3.42, there exists § €RT so that

g ! (Bs(g(z)) cUUW' C Z.
Along with (3.30), this gives

dg(z,2') > |g(2)—g(z')| >0 ¥V Jeg! (Bs(g(2)NU—{z} and
dg(z,2') >0 v Z/GZ—g_1(35 (9()NU .

Thus, dg is a metric and

Bs(z) = {Z'€Z:dy(z,2')<é} C g_l(B(g(g(z)))ﬂU c U. (3.32)
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The latter implies that the induced metric topology on Z is finer than the topology on Z. If U CU,
and ¢’ € (0,9), then

By(2) = {7 €U:dy(z,7") <8} = {€U:|g(z)—g(2')| <6} = g_l(ng (9(z))nU

by (3.32) and (3.31). It follows the open balls with respect to the metric d, are open in the topology
on Z.

(2) Let 20, 21 € Z and d=dy(20, 21) ER=Y. We construct a map ~: [0,1] — Z from zg to 21 so that
dg(v(t),v(t") = dlt—t'| Vt,t'€[0,1]. (3.33)

Since the metric d, induces the topology of Z, it follows that  is continuous (the continuity of ~
in fact follows directly from its construction below). Combining (3.33) with (3.31), we obtain

lg(v(®) —g(v(¥)| = dlt—t'| = [g(z0) —g(=1)[[t=t| ¥ ¢,¢'€[0,1],

i.e. govy:[0,1] — V' is a constant-speed parametrization of the line segment from g(v(0)) = g(z0)
to g(v(1) =g(21)-

Suppose first that Z is compact. By (3.31) and the Lebesgue Number Lemma, there exists m€Z™
so that for
dg(2',2") = }g(z')—g(z")‘ V 2, 2" €Byjom(z), z€Z. (3.34)

For each i€Z™", choose a path
i ([0,1],0,1) — (Z, 20, 21) st (goy) < d+%, t(govilp,1/2) = %f(go%-).
Since Z is compact, a subsequence of the sequence v;(1/2) converges to a point
2190 €Z s.t. dg (20,21/2),dg(z1/2,z1) =d/2.

Applying the same procedure to the pairs (29, 21/2) and (z;/9, 21) of points in Z, we obtain points

21/4,23/4 € X5 s.t. dg(z(k_l)/4,zk/4) =d/4 Vk=1,234.
Continuing inductively in this way, we obtain points

zpjom € Z with k=0,1,...,2™ s.t. dg(z(—1)/2m,25jom) = d/2™ Vke[2™].
The continuous map ~: [0, 1] — Z given by
E) = {015 am o} (21 (27— (k=) (=2 _1)) VEE[(k—1)/2™ k/27], ke [2™),

is then well-defined and satisfies (3.33).

Suppose now that Z is arbitrary. Let ~v: ([0,1],0,1) — (Z, z0, 21) be any path from z to z; and

K =CH(g(([0,1])) cV'cV
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be the convex hull of the image of gov. Since K is compact and ¢ is proper as a map to V’,
g Y(K)C Z is a compact Hausdorff space by Exercise 3.43 and thus so is its connected component Z’
containing zp; this component also contains z1. For every y€ g~ !(K), the restriction

g:U! EUyﬂgfl(K) — g(Ué):g(Uy)ﬂK

is a homeomorphism onto a convex subset of V' C V. Thus, U, =U,NZ’ for every y € Z'. By the
previous paragraph, there exists a path

v:10,1] — Z' c Z

such that govy: [0,1] — V’ is a constant-speed parametrization of the line segment from g(zg)
to g(z1).

The map ¢ is thus convex and therefore has connected fibers. Since all fibers of g are discrete, it
follows that g is injective. Since g is continuous and closed onto its image, it is a homeomorphism
onto its image. ]

We now merge Lemmas 3.50 and 3.51 and complete the proof of Proposition 3.32(1). The argument
showing that the map f: Xy — V" is proper in the proof of Corollary 3.52 below is as in the first
part of the proof of [8, Proposition 2.27]. This conclusion is the same as the first claim of [8,
Proposition 2.27], but with the locally cone-open assumption (i.e. admitting local convexity data)
weakened to locally convexly open and the assumption on the map f weakened from the closedness
into the entire vector space V' to closedness into a convex subset; the latter is needed to establish the
claim of [8, Remark 2.29]. The second claim of [8, Proposition 2.27] is not useful if the assumption
on the map f in [8, Theorem 2.28] is weakened in this way.

Corollary 3.52. Let X be a connected, normal topological space, V' CV be a convex subset of a
finite-dimensional vector space, and f: X — V' be a closed LFC map. If f is locally convezly
open, then f: Xy — V' is a proper convex map which is a homeomorphism onto its image.

Proof. By Lemma 3.50(1), Xy is a regular topological space and the map f: X — V" is closed.
By Lemma 3.50(2), this map also satisfies the local condition of Lemma 3.51(1). Thus, dz is a

metric on Xy inducing the topology of Xy and ?_1(1)) C Xy is a discrete collection of points for any
veV. If \f_l(v)\ >1, then the connectedness of X; and Exercise 3.44 imply that

T o) =F nXx—F ()X

is a compact subset. Thus, the map f: Xy — V" is a proper map and is a convex homeomorphism
onto its image by Lemma 3.51(2). O

Exercise 3.53. Let X be a connected, normal topological space, V' CV be a convex subset of a
finite-dimensional vector space, and f: X — V' be a closed map. Suppose f is locally open and
locally convex. Show that

(a) the space X and the fibers of f are path-connected;

(b) the map f is convex.

Hint for (b): for each z € X, choose a neighborhood U, C X on which f is open and convex; cover
a path in the Reeb quotient X; by the images of finitely many of these neighborhoods under the
Reeb quotient map gy.
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Chapter 4

Symplectic Quotient and Cut
Constructions

This chapter describes two of the main operations on symplectic manifolds: the symplectic quotient
construction and the sequent symplectic cut construction introduced in [47] and [40], respectively.
The latter construction comes in related versions that apply in two different settings: one with a
Hamiltonian torus action on an entire symplectic manifold and the other with a Hamiltonian circle
action on a neighborhood of a closed real hypersurface in a symplectic manifold; see Sections 4.2
and 4.5, respectively. The first version is in fact a special case of the second version repeated
several times. In Section 4.3, we describe a right inverse for the first version of the symplectic cut
construction, implementing the sketch in [46]; an inverse for the second version of this construction
is described in Chapter 5. As shown in Section 4.4, the first version of the symplectic cut con-
struction and its inverse lead to an efficient proof of Delzant’s Theorem identifying certain types
of Hamiltonian torus-manifolds with their moment polytopes. In Sections 4.6 and 4.8, we describe
two applications of the symplectic cut construction of Section 4.5: a symplectic blowup along a
symplectic submanifold and an excision of a Lagrangian submanifold of a certain kind, respectively.

4.1 Symplectic quotient

For a Lie group G, let
(ijG)G = {aeT}G: Adj(a)=a VgeG}

be the fixed locus of the dual of the adjoint action of G on T1G. If ¢ is a G-action on a space X,
p: X —T1G is a map satisfying the second condition in (1.7), and a € (T3 G)%, then ¢ restricts
to a G-action on p~!(a)C X. If G is abelian, then (T3G)% =T} G.

Theorem 4.1 ([47, Theorems 3,4]). Suppose G is a compact Lie group, (X,&,, i) is a Hamilto-
nian G-manifold, and o€ (TFG)Y is such that G acts freely on i~ (a). Then,

(SQ0) a€T;G is a regular value of i;
(SQ1) there is a unique smooth structure on X, =1~ '(a)/G so that the quotient projection

pa i (@) — Xa

is a principal G-bundle;
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(SQ2) there exists a unique 2-form ws on X, so that pawa—w]TM La)s
(SQ3) the 2-form wq is symplectic.

Suppose in addition that G' is another Lie group and (X, w’ i) is a Hamiltonian G'-manifold.
If the actions ¢ and W commute, i’ is ¢ invariant, and [i s W mvariant, then

(SQ4) V' and i’ descend to a G'-action P!, on Xo and a smooth map pl,: Xo —T1G', respectively,
so that (Xa,wa, VL, fil,) is a Hamiltonian G'-manifold;

(5Q5) if o/ € (TGN, then G' acts freely on w7 (a) if and only if G x G’ acts freely on
(B, 1)~ Ha, a);
(5Q6) if o € (T:G")E" and Gx G’ acts freely on (fi, ')~ (a, ), then

P(a,a’) =P Opa‘g&(a)m#/ Lo (s ) 1(a7 o) — X(a,a’) = (Xa)a/ ;

(5Q7) if o € (T2 G, Gx G acts freely on (ji, [i') " Y(a, o'), and G’ is compact, then
Wia,a') = (wa)a'

The symplectic manifold (X,,ws) of Theorem 4.1 is called the symplectic quotient of ()Z',Uu, {/;, m);
at . We will similarly call the Hamiltonian G’-manifold (Xa,wa, ), 1)) of this theorem the
Hamiltonian quotient of (X, @, (1,/1 w) (i, i) at a. If G=TF is the standard torus, then fi and o
correspond to a Hamiltonian H: X —R* and ¢ € R*. In such a case, we may also_denote the
symplectic manifold (X4, wq) by (X, w.) and call it the symplectic quotient of ()?,(:J, zp,ﬁ) at c.

Proof of Theorem 4.1. Exercise 2.29(b) establishes (SQO0). Since G is compact, the quotient
projection p,, is a closed map. By [50, Lemma 73.3], the quotient space X, is thus Hausdorff.
By (SQ0) and the Implicit Function Theorem, /i~ !(a) C X is a smooth submanifold on which the
compact Lie G acts smoothly and freely. By the Slice Theorem (equivariant version of the Tubular
Neighborhood Theorem, as in the proof of Proposition 2.13(2)), for every x € i~ !(a) there thus
exists a submanifold S, C X so that x €S, and the map

S.xG — X, (2, u) — Y (a),

is a diffeomorphism onto a neighborhood ﬁx CXofz preserved by G. This submanifold is then
transverse to the orbits G2’ of G and thus to i~ !(a). The restriction

Pao- ﬁ_l(a)msx — pa(ﬁ_l(a)mﬁ&?) C Xa

of the quotient map is a homeomorphism onto an open subset of X, and induces a smooth structure
on po(fi~1(a)NU,) so that the restriction

Do ﬁ_l(a)ﬂﬁx — Da (ﬁ_l(a)ﬂﬁl,)

is a (trivial) principle G-bundle. Since there is at most one smooth structure on pa (7~ (a)NU,) so
that the latter restriction is a submersion, the smooth structures on open subset of X, obtained
in this way overlap smoothly. This establishes (SQ1).
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y (SQ1), for every z €~ !(a) the map
depo: Tef (@) /To(G) — T, (1) Xa

is a well-defined isomorphism. For each v € Ty G, let ¢, € I'(X;TX) be as in (1.4) with (X, )
replaced by (X, ). Thus,

Ty (Gz) = {Go(x): veTL G} Vzen (o) and
—(t¢,()@) ’Tzﬁ—l(a) = dr({/j(')}(”)‘nﬁ—l(a)) =d; (a(v)’Tzﬁ—l(a)) =0 VveRhG, zefi (o).

It follows that there is a unique alternating 2-tensor wq|,, (@) on T, ()X for each z € i~ () so that

wa|pa(r) (dxpa(w),dxpa(w')) = 0|z (w,w') V w,w'ETx[Z—l(a),

ie. ph(Walpy(z)) = @lmi-1(a)- Since w is G-invariant, walp, () does not depend on the choice
of z in p;t(pa()), i-e. wy is a well-defined 2-form on X,. Since p, is a submersion and the 2-
form &|75-1(q) is smooth and closed, so is the 2-form w,. Since a is a regular value of 1 and W is

nondegenerate on X, the first statement of Exercise 2.29 with (w, 1) replaced by (@, i) implies that

(T~ 1(a)) (kerdxu) =T,(Gx).
Thus, w, is nondegenerate.
Suppose G’ is another Lie group and ()Z' R ) is a Hamiltonian G’-manifold such that the
actions ¢ and )’ commute, fi' is ¢-invariant, and z is ¢/’-invariant. Since f is ¢’-invariant, v’
preserves /7*1(04) C X. Since the actions ¥ and v’ commute and g’ is v-invariant, the restriction
of ¢ and ' to ! (a) descend to a G'-action ¥, on X, and a smooth map p,: Xo —T1G’. By

Exercise 1.27 with (w ¥, 1, i) replaced by (w’ O ) and Y =11 (a), (Xas wa, ¥, 11) is thus
a Hamiltonian G’-manifold. Since G acts freely on i~ *(a), (SQ5) follows from

po' (') = (i)~ H(a,d') /G
Along with (SQ1) and (SQ2), this identity also implies (SQ6) and (SQT). O

Exercise 4.2. Suppose G, ()A{;,o?,z;, i), a, (Xa,wa), and p, are as in Theorem 4.1 and X'CcXis
an w-symplectic submanifold preserved by the G-action .

(a) Show that the symplectic quotient (X ,w!,) of ()A(/’,cf)|)~(,, 7:/;|)~(,, Iilz,) at a is a symplectic sub-
manifold of (X,,ws) and the bundle homomorphisms

N X’ ‘*1 NX <_Nﬁ*l(oz)( Ha )ﬂX) {pa‘ *1(a)ﬂX’} Nxo X (4.1)

over ﬁ_l(a)ﬂX " induced by the inclusions and the quotient projection are isomorphisms.

(b) Suppose in addition that G', ¢, i, and (Xa, Wa, Ygy, ty,) are as in Theorem 4.1(SQ6) and the
submanifold X’ C X is preserved by the G’-action 1. Show that the submanifold X/, C X,, is
preserved by the G'-action ¢, (X[, wy,, ¥4 |x7, tio|x2 ) is the Hamiltonian quotient of

(X", @50 (0.0 50, (1) )

at a, and the bundle isomorphisms in (4.1) are G’-equivariant.
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Exercise 4.3. Suppose G, (5(,&,{5, i), @, (Xa,wa), and p, are as in Theorem 4.1 and Jis a
i-invariant almost complex structure on X compatible with w. Show that

(a) the restriction of the differential
dopa: Tofi H(@)NT (Tofi (@) — T (1) Xa

is an isomorphism for every z € i '(a) and thus induces an almost complex structure .J,
on X, compatible with w,;

(b) if G’ ,N{E’ , 1, and (Xa,Wa, Vg, fg) are also as in Theorem 4.1 and the almost complex struc-
ture J on X is ¢/-invariant as well, then the almost complex structure J, is 9/ -invariant;

(c) if X’C X is an almost complex submanifold preserved by the G-action ¢ and (X!, w!,) is the
symplectic quotient of (X', &|,,¢|5/, 1| 5/) at a, then X{, is an almost complex submanifold
of X, and the composite isomorphism from the left-hand side in (4.1) to the right-hand side
is C-linear with respect to the complex structures induced by J and J,.

Hint for (a): use Exercise 2.40(b).

Example 4.4. Let n€Z*. By Exercise 1.28,

n
H:C" —R, H(zl,...,zn):WZ|zk|2,
k=1

is a Hamiltonian for the standard action 1 of S' on C",
Py C" — C",  Yy(z) = uz, VueStccC.

For each 7 € R*, the group S! acts freely on H~!(7r?), the sphere of radius r centered at the origin.
The associated quotient of Theorem 4.1 is the complex projective space CP™ ! with a symplectic
form wepn-1,.. By Exercise 1.32(b),

2
w(cpnfl;r =TT WFS;n—1 -

Exercise 4.5. Let n€Z* and q: C"—{0} — CP""! be the usual quotient projection. The C*-
action on C" by the coordinate multiplication restricts to a C*-action on C"—{0} and S'-actions
on C" and the unit sphere S?*~!C C". Show that

(a) the quotient topologies on CP"~! given by (C"—{0})/C* and S$?"~1/S! are the same (i.e. the
map S?~1/St — (C"—{0})/C* induced by inclusions is a homeomorphism);

(b) CP"!is a compact topological 2(n—1)-manifold that admits a complex structure so that the
quotient projections

q: C"—{0} — CP"'=(C"—{0})/C* and p:S* ! —CP =515
are a holomorphic submersion and a smooth submersion, respectively.

(c) the above complex structure is compatible with the Fubini-Study symplectic form wrg;,—1 of
Exercise 1.32(b).
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Exercise 4.6. Let k,n € ZT, Mat,xxC, Uy, g, Wnxg, Y2 4, ¥2 ., pl ., and pl, be as in
Exercises 1.31.

(a) Show that (ictr: u, — R) € (u})U* for every c€R and that MSXEI (ictr) C Mat,, xxC is nonempty
if and only if ceR™T.

(b) Suppose ceRT. Show that Uy, acts freely on uﬁxil(ic tr) if and only if k£ <n.

(c) Suppose c€RT and k<n. Show that the restrictions of wyx, YL, ., and pk , to usxil(ictr)
determine a Hamiltonian U,-manifold structure on the Grassmannian of k-planes in C",

GnC~ ,uffle (ic tr)/Uk .

Exercise 4.7. Let (Y,w), prp: E — Y, Q i, ¢, V, @, p: Y —R* U, and H be as in
Exercise 1.35 and 1; be the restriction of the standard S'-action on E to U,. Suppose that the
function p is constant and c € (0,7p). Let (X.,w.) be the symplectic quotient of (Up,&\up,i, H)
at ¢ as in Theorem 4.1. Show that

(a) the projection prg descends to a fiber bundle prg..: X. — Y isomorphic to the complex
projectivization of the complex vector bundle (E,1i) over Y;

(b) every fiber of prg.. is a symplectic submanifold of (X,w.) isomorphic to (CP" !, cwpgin—1).

4.2 Hamiltonian symplectic cut

This section concerns the symplectic cut construction for Hamiltonian T-manifolds introduced
in [40], where T is a torus. Since this construction intersects the image of the moment map of
the input Hamiltonian T-manifold with a polyhedron in 77T, we summarize its key properties in
Theorem 4.11 based on the notation associated with such polyhedra in Section 1.7. This turns
out to be convenient for implementing the reverse of this construction sketched in [46] and for an
efficient proof of Delzant’s Theorem; see Sections 4.3 and 4.4, respectively.

Exercise 4.8. Suppose T is a torus, 5 C (T1T)z xR is finite subcollection, and (X,w, v, 1) is a
Hamiltonian T-manifold. Show that

(a) if ()P #0, then =1 () C X is a fiber of a moment map for the restriction of the action 1
to Ty CT,;

(b) if T acts freely on p='(s#)?), then p~'(#)°) C X is a closed submanifold of codimension
equal to the dimension of T ,;

(c) if u(X)C (), then T acts trivially on X;
(d) if W(X) c (Y, e X, and G4(¢)) = T, then the differential d,s: T X — T, (AN is

surjective.

Definition 4.9. Let T be a torus and % C (1T3T)z xR be a finite subcollection. A Hamiltonian
T-manifold (X,w, ¥, ) is

e J7-cuttable if for every subcollection #’ C J# such that u~!((#”)?) #0 the Lie group homomor-
phism ® ;s as in (1.50) is injective and the subtorus T 4 C T acts freely on u~!(#"));

88



o H-cut if u(X) C () and for every ' C  the subspace Yy =p (') is a union of
topological components of the fixed locus X' C X of |t e and there is a T-equivariant
splitting

TXly,,, =TYr & @/\/}ij’ — Yoo (4.2)
veH’

of TXly,,, with a i-invariant complex structure J compatible with w so that

I‘k((j./\/}éij/ =1 Vver and

- / / 4.3
Vo s ([(r0) e o)) (W) = M w Y (ry)pe s ERY, wENY Yopr, v €A, 3

Suppose T is a torus, 7' C # C (T1T)z xR are finite subcollections, and (X, w, ¢, u) is a Hamilto-
nian T-manifold such that p=1(#")£0. If (X,w,, 1) is an S -cuttable, then p~!(#"Y) c X
is a closed submanifold of codimension |7#”| by Exercise 4.8(b) and thus

) = e ) - (e ()
H'CH CH

is an open subset. If (X,w, v, u) is #-cut, then p~'("¥)C X is a closed w-symplectic sub-
manifold of codimension 2|.7”| and the Lie group homomorphism @ as in (1.50) is injective by
Proposition 2.23(1), (4.2), and (4.3). Thus, p~1(5#")9,) Cu~t(#')) is again an open subset; it
is dense in this case, since u(X)C (). If in addition 5] C # and 3 C H# — ], then the re-
striction of y to the symplectic submanifold p~!((74)?) C X is transverse to (7Y C T4 T by (4.2)
and (4.3).

Exercise 4.10. Suppose T is a torus, € = £ UJ% is a partition of a finite subcollection of
(T1T)z xR, and (X,w,, p) is an #’-cuttable Hamiltonian T-manifold. Show that

(a) (X,w, 1, p) is JA-cuttable;

(b) for all J#' C 74 and 5 C # such that u='(4)7) #0 the Lie group homomorphism ® ) as
in (1.50) is injective and the subtorus T, CT acts freely on u*1(<<%”1’|_|¢%”2’>8)/'ﬂ‘%1/.

Theorem 4.11 ([41, Proposition 2.4]). Suppose T is a torus, 7 C (T1T)z xR is a finite subcol-
lection, and (X,w, 1, u) is an J€-cuttable Hamiltonian T-manifold. There ezists a unique € -cut
Hamiltonian T-manifold

(X, w, ¥, 1) = (Xow,wow, Yo, ) (4.4)
so that

(HCy) Xp=p" () )~ with v~ if there exist ' CH and u€T 4+ so that p(z) € (A" and
LU':%(SU);

(HCy) the quotient projection pyy: u= () — X o is T-equivariant and Plu=1ey = poropr;

(HCs) for every ' C A, py: p=(H") — w,p (H'Y) is a submersion (onto a dense open
subset) and

{prl-10m3, o = - L,) (4.5)
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For any partition € =706, (X,w, ¥, 1) is an Ha-cuttable Hamiltonian T-manifold and

(X, w, ¢, p)r = ((Xvwvdjnu)ﬁ)t%ﬂg : (4.6)

Proof. Let ¢ = (cy)ver € R and pry,pry: X xC? — X,C” be the component projections.
Denote by w the standard symplectic form on C”, analogously to (1.22). The 2-form

W = priwdpraw
on X xC” is then symplectic. Let zz be the T? -action on X xC” given by

,Qﬂiruzv)veﬁ)‘ (47)

This action commutes with the T-action 1) on the first component and preserves its moment map

Vitro)oese) (T (20)verr) = (Vo ((ro)uer) (@): (0

popry: X xC¥ — TFT (4.8)
with respect to w. By Exercises 1.24 and 1.28, the smooth function

Hy: XxC¥ — T =R, H,(z,(20.0) weyer) = (to(z)—7|200%) (4.9)

(v,c)est”

is a Hamiltonian for the action 1; with respect to w. It is preserved by the T-action ¢ on the first
component.

Suppose (2, (z0)ver) € Hy'(c), u€ T, and v (x, (20)ver) = (7, (20)ver). Lot
H' = {veH: z,=0}.
From (4.9) and (4.7), we then obtain
w(z) € (A5, C T;T and weT” cT”. (4.10)

Since (X,w, v, p) is A -cuttable, it follows that u=1. Thus, T acts freely on f[ljl(c) via (4.7).
Let

(X,%ﬂawifaw%uu%) = (Xowwonwonua)

be the associated quotient Hamiltonian T-manifold of Theorem 4.1 and
p: H'(¢) — Xp=H, ' (c)/T”

be the quotient projection.

The map
P M—1(<%>) —_— nyzﬁu_l(c)/’]l‘%’ pe%a(x) = [x, ( (Mv(x)_cv)/ﬂ)(v,c)ej{(’]’

is well-defined, continuous, surjective, and T-equivariant and satisfies the last condition in (HCy).
In particular, p» (X ») C (). By the first statement in (4.10), p» induces an injective map from
the quotient p~1((##))/~ in (HCy) to X 4. Since the map

o i () — B0 @) = (o (Vi@ ) [1) er):  (41D)
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is closed and the group T is compact, py is a closed map and thus so is the induced map
from p~t((#)). This confirms (HC;) and (HCy).

Let J be a t-invariant almost complex structure on X compatible with w, J be the standard
complex structure on C* | and ¢ be the action of T on X xC# given by

Vo ((re)oese]) (T (Z0)ver) = Vi ro)oese] (Vo () oere)) ()s (20)ver)

— (x’ (e2ﬂirvzv)ve%) .

This action commutes with the T“ -action 1; and thus induces a T -action on X . By the
middle expression in (4.12), the latter is the restriction of the T-action 1, to T ». The almost
complex structure J=JaJ v on X xC? is -, ¢ , and 1/)’ invariant and compatible with w. By
Exercise 4.3, J thus descends to a Y g-invariant almost complex structure J,» on X which is
compatible with w .

(4.12)

Let ' C 7. By the first statement in (4.10),

Yoor = (0 () xC7 )N H, () ={Hp| oo} (€)

(4.13)
C X xCX—H' (chyf)wlnrf,

Since the moment map g : X » — T5T is induced by (4.8),

Yoo = 12 () = p(Yorr) = pow (0 (7)) € X370 € Xoprs

the first inclusion above follows from the last equality in (4.13). The w-symplectic submanifold
X xCH 7" < X xC is preserved by the T -action 1,/}, the T-action ¥, and the T y--action ¢
By Exercise 4.2, Y 1 C X jp is thus an w_y-symplectic submanifold preserved by the T-action ¥ z.
By (4.12), the natural splitting

Nxxcﬁ(XX(C%_ﬂ/) = @(XX(C{U})
veH'

is T—, T -, and T y-equivariant with respect to the actions di, d{bv, and d{bv’ on the left-hand side
and the actions

Uu- (IL‘, Zu) = (¢u($)a Zv), [(TU/)UIGE%} -({L‘, Zv),: (¢©%([(rv/)v/€%})(:€)7e—27rimzv)’
and Dy ([(rv)ver]) (2, 20) = (z,67™2,)

on the summand X xC{¥} on the right-hand side. By Exercises 4.2 and 4.3, TX;;\Y%, thus splits
T-equivariantly as in (4.2) and (4.3). It follows that Y, C X, is a union of topological compo-

nents of the fixed locus XL% " of the restriction of the T-action 1 to T » CT,r. Thus, (4.4) is
an J7-cut Hamiltonian T-manifold.

The restriction of the map p in (4.11) to u~*(#")Y),) is a smooth embedding; its image is
Y N(X x (RT)# =", Thus,

{ﬁﬂu*l((%’)jf)}* ("~J|T17%;/) - W‘T(ml«%/f)gf)) : (4.14)
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Since p*(wrlry,,,) = &\Tf,%, by Theorem 4.1(SQ2) and Exercise 4.2, (4.5) follows from (4.14).
The map

Poper: T =7y (A ) — Yor N (X x (€77,
P (u,x) =y (ﬁ%”(ﬂf)),

is a diffeomorphism. Since the map p: ?}f’ — Y, is a principal T/ -bundle (and thus a submer-
sion) by Theorem 4.1(HCy,),

Ut (") = Torr (X (€7,

and dp vanishes on dﬁ;g;jf/ (TTH =7 ’)

P =pob: 17 (A" V) — nH (A y) C it (7))

is a submersion. This confirms (HC3). The conditions (HC;)-(HCs) ensure the uniqueness of #-
cut Hamiltonian T-manifold (4.4) satisfying these properties.

, the composition

Suppose =74 5. By Exercise 4.10, the Hamiltonian T-manifold (X, w, ¥, u) is J#-cuttable.
Let

(X, w, 1, 1) = (Xom,woms s o) (4.15)
be the corresponding #7-cut Hamiltonian T-manifold as in (4.4). If 54 C 7,
()= U Umalanas)= I Us (8"0A"5) [T
%//Ce}fi %’C%NC% J"fl”CJfI %’C%”ijz

the last equality holds by (HC;) with ¢ replaced by 4. If ,u;fll (4))#0, Exercise 4.10 thus
implies that the Lie group homomorphism ® - as in (1.50) is injective and T acts freely on

“;;1 (4))?). We conclude that the Hamiltonian T-manifold (4.15) is ./%-cuttable.

By (HCp) and (HCq) with %7 replaced by 77 and 7,
(Xo6) 1, = 1o (PB)) [~ 1= Do (W (PN T () ~om= (0 (SN /o) [~

with z, 2" € p=1((#)) being equivalent in the double quotient if there exist ¢ C J4, 5 C 753,
and u in the subgroup generated by Tz, T s CT such that

wa) € (AYNAY =00 and 2l = d(a).
By definition, the subgroup generated by T %le,’]l‘ 7 CTisT A Thus,
Pt =pw: X — (Xom) =X, (wm)m=pn: Xw — T7T,

and the T-actions (¢,4). and ¥ on X are the same (as they are induced by the same T-
action ¢ on X). Since (0)9, = <@)§iﬂl ﬂ((l))% is an open subset of T;'T, (4.5) gives

{pjé”’ua((@a%)}* (W)t = {Péﬁ ‘u—l(@)a%)}* {p%’z |#;{}1 (<(2)>ng )}* (W)

= {poalmrop ) w0 = wlma ) = {Prlrop,)) wr

Since p is a submersion on u~1((#)9,), it follows that (w.4).s =w on the dense open subset
u;; (((Z)g,p) C X » and thus everywhere on X ,». This establishes (4.6). d
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Exercise 4.12. Suppose T is a torus, 7 C (T1T)z xR is a finite subcollection, and (X, w, ¥, p) is
an J7-cuttable Hamiltonian T-manifold.

(a) Suppose u(X)C (). Show that the projection
P (AN =X — X
of Theorem 4.11 identifies (X, w, ¥, ) with (X, w, 1, ) .

(b) Conclude that (X, w, ¥, 1) does not depend on the choice of finite subcollection 7 C (1T3T)z xR
with () fixed so that (X,w, v, u) is s#-cuttable.

Exercise 4.13. Suppose T is a torus, 7 C (T1T)z xR is a finite subcollection, (X,w, v, 1) is an
#-cuttable Hamiltonian T-manifold, and H,,: X xC?* — R is as in (4.9).

(a) Let A€ RT and A\J# be as in Exercise 1.56(a). Show that (X, Aw,, A\u) is a A -cuttable
Hamiltonian T-manifold and that the map

ﬁﬁjl(c) — ﬁ);} ()‘C) cX XCA%, (1:7 (Zv,c)(v,c)ejf) — ($a (\sz,c)(v,)\c)ekji”%

descends to an identification of (X ,z, Awp, ¥ p, Miyy) with (X, Aw, ¥, Ap)ae-

(b) Let apeT;T, c+ap = (cv+a0(v))v€% €R¥ | and #+ayq be as in Exercise 1.56(b). Show that
(X,w, ¥, p+ap) is an (A +ap)-cuttable Hamiltonian T-manifold and that the map

H,Jl(c) — H,u_—l—lao (C+a0) cX XC%JFO&O? (.’IJ, (ZU,C)(U,C)E%”) — (.f, (ZU,C)(U,C—&-OCO(U))EJf—i-aO)7
descends to an identification of (X, wpr, Yr, o+ o) with (X, w, ¥, p+ao) 4o -

(c) Let ©® € GLz((T1T)z), ©* € GLz((T;T)z) be the dual of ©, and g be the T-action on X
obtained by composing 1 with the automorphism of T induced by ©, and O~ be as in
Exercise 1.56(c). Show that (X,w, e, 0*ou) is a O~ L#-cuttable Hamiltonian T-manifold
and that the map

~_ ~ -1
H;'(c) — Hgl,(c) € XXC 7 (2, (2v.0) woer) — (¥, (2v.0) (0-1(0)0)co-120)
descends to an identification of (X z,wp, (Vr)e, O ouy) with (X, w, e, O*ou)g-14.

Example 4.14. Let wen be the standard symplectic form on C" as in (1.22), ¥ be the standard
Sl-action on C*, p: C* —T*S! be the smooth map corresponding to the Hamiltonian

H:C"—R, H(zx)=7lz?

for 1) with respect to wen under the standard identification of 7*S! with R, c€ RT, and 7 = (ey, ¢),
where e; € T3R is the standard generator.

(a) Show that (C", wen,, ) is an S#-cuttable Hamiltonian S'-manifold.

Let (X p,wr, Y, i) =(C" w, 1, i) » be the corresponding 5#-cut Hamiltonian S!-manifold as
in Theorem 4.11. Show that
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(b) the map
pr: Xp={(2,2) €C"xC: |z|*—|z|*=c/n}/S' — CP" ', pr([z,2]) = Cz,
is a complex line bundle;
(c) the map
®: Xp={(r,2)€C"xC: |z[*—|z]*=c/n}/S* — y_1,  @®([z,2]) = (Cz,22/|2]),
is an isomorphism of the above complex line bundle with the tautological complex line bundle;
(d) wp=®*wy—1,, with Wy_1,. as in Exercise 1.34.

Note: along with Exercise 1.36, (d) shows that three natural constructions of a symplectic form on
the total space of y,—1 yield the same form. Hint for (d): compare the pullbacks of the two sides
by p: Hljl(c)—>ny at each point of H;l(c).

Exercise 4.15. Let (Y,w), prp: B — Y, Q i, giQ, V, @, p:Y—R", U, and H be as in
Exercise 1.35, 1 be the restriction of the inverse of the standard S'-action on E to U,, and
p:ldy,—T*S ! be the smooth map corresponding to H under the standard identification of T*S!
with R. Suppose that the function p is constant and c€ (0, 7p). Let 5 =(e1, —c), where ey € T3R
is the standard generator.

(a) Show that (U,,w, 1), —p) is an S -cuttable Hamiltonian S'-manifold.

Let (X, woes Yoes hw) = Uy, @,1, — ) 5 be the corresponding 7#-cut Hamiltonian S1-manifold
as in Theorem 4.11. Show that

(b) U.C X is a dense open subset, the restrictions of 1 » and u_ to U, are the restrictions of 9
and —pu, respectively, to U, and the projection pry extends to a fiber bundle prg..: X —Y
isomorphic to the complex projectivization of the complex vector bundle (E,i)®(Y xC) over Y
so that the S'-action 9 corresponds to the action induced by the standard action of S' on C;

(c) every fiber of prp.. is a symplectic submanifold of (X ,w.) isomorphic to (CP", cwrs;n).

Hint: use Exercise 4.7.

4.3 Hamiltonian symplectic uncut

In this section, we show that the Hamiltonian symplectic cut construction is reversible and com-
plete the proof of Theorem 4.20. This formalizes the argument sketched in the proof of [46,
Theorem 7.5.10].

Exercise 4.16. Suppose T is a torus, ¢ = J4 175 is a partition of a finite subcollection of
(T1T)z xR, (X, w, 1, p) is an #%-cuttable Hamiltonian T-manifold so that (X, w, v, 1) is an -
cut Hamiltonian T-manifold, and Y C X ;4 is a topological component of ,u;é (24)9). Show that

(a) there exists a (unique) topological component Y € X of = 1((4)?) which contains p;}Z (Y);
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(b) Y is a topological component of the fixed locus X T c X of |1 s with its normal bundle
admitting a splitting as in (4.2) and (4.3) with (Y, #”) replaced by (Y ,.74).
Corollary 4.17. Suppose T is a torus, € = 4 U is a partition of a finite subcollection of

(TiT)z xR, and (X,w, ¥, 1) is an H5-cuttable Hamiltonian T-manifold. If (X,w, ¥, 1) is an
A -cut Hamiltonian T-manifold, then there exists an open T-invariant subset X' C X so that

(X'l Bl lxr) g = (X, .00, 1) s (4.16)

and the Hamiltonian T-manifold (X' ,w|xr,¥|xs, ulx:) is H-cut. If Xy is connected and/or the
restriction
e n = (A ) — (A s (X)) (4.17)

s a principal ']I‘/']I‘E%ol/—bundle for every 7 C A, then X' can be chosen so that it is also connected

and/or the restriction
pe i (A5 ) N X — (G (X (4.18)

s also a principal T/T%/{—bundle for every J C A4, respectively.

Proof. Suppose ] C 74 and Y C X is a topological component of u;é (4?). Tt is thus
contained in a topological component Yz» C Xz, of ,u;fl? (]"?) for every 4" C . By Exer-
cise 4.16(a), there exists a (unique) topological component }7%11// C X of u='(s#"Y?) which con-

tains p;é (Yyz). In particular, ?yfll is disjoint from the closed subsets p~1 (4" )6)—17%1// of X with
" C A

By Exercise 4.16(b) and the first part of Proposition 2.41 with T replaced by T A there thus exists
a T-invariant neighborhood Uy of }7_%71/ in X so that

p(Oy) C () and  Uynp (") C Yo VA CH . (4.19)
The T-invariant neighborhood

04 = Oy N (0P ) © 0 () N (A6~ A7) = 1™ ()

of ?%/m*1(<¢}ﬁ’ )a%al) in X is then disjoint from =1 ((24")?) for every subset 4" C /£ not contained
in 77. Thus,

xX'= Uty cut(on) (4.20)

ALCHY o, (A))

is a T-invariant neighborhood of

U U Vnu ¢4 %) > | Upriha (V) = ph (Xom) = u ' (24)
HCHLY e, (7)) AL CHLY €mo(ns, (7))

in X. By Theorem 4.11(HC;) with % replaced by %, the above inclusion implies (4.16).
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By (4.20), u(X') C (JA). Let " C 4 be such that u='(s]"Y) # 0. Since U}, C Uy with
Yemn (u;é (24)9)) is disjoint from p~'(s4")?) whenever 7" ¢ 7, the second statement in (4.19)
implies that

X1y Y UYwr = UYer - (4.21)
I CH]CHLY emo(nyg, (H)0) Y emo(usg, ()2

Since (X,w, ¥, 1) is H-cut, it follows that the Lie group homomorphism & s as in (1.50) is
injective. By (4.21), X'Nu~1(4"¥) C X is the disjoint union of the open subspaces X'NY, %
of }7%1// with YEWO(/L;% (24"9)). By Exercise 4.16(b), X'Nu~'(4")°) is thus a union of topo-

logical components of the fixed locus X" of the restriction of the T-action ¥ to T wy CT
and X' C X with its normal bundles admitting a splitting as in (4.2) and (4.3) with (Y, 7#”)
replaced by (X'Np= (24", #"). Thus, (X',w|xs, ¢|x7, plxr) is H-cut.

Since p(Xm) C (F6), the subspaces ffjﬁ/ﬂu_l«%’)gfl) C X above intersect p~1((24)) and
thus so do their neighborhoods (7{,CX’CX. If X, is connected, then so is u~1((J4)) C X by
Theorem 4.11(HC;) with 5 replaced by J#. It follows that X’ C X is then connected. If the
restriction (4.17) is a principal T/T ,-bundle for some 7' C /], then T acts transitively on the

fibers of p over (4%, Nu(X). Since X’ C X is a T-invariant subset, (4.18) is the restriction
of principal T/T y-bundle (4.17) to <%”f>% Nu(X’) c (ji”l’>% Nu(X) and thus is still a principal
T/T ;z-bundle. O

Exercise 4.18. Suppose (X,w) is a symplectic manifold, v is a smooth action of R* on (X,w),
X' C X is an w-symplectic manifold preserved 1) so that the inclusion i: X' — X is a homo-
topy equivalence, and p': X’ —>T6‘Rk is a moment map for the restriction of the action v to X'.
Show that 4/ extends to a moment map p: X — 1} R* for ¢). Hint: first show this for k=1.

Theorem 4.19. Suppose T is a torus, J = 4115 is a partition of a finite subcollection of
(T1T)z xR, and (X,w, v, u) is an H-cut Hamiltonian T-manifold. Then,

(X 0,18, 1) = (X', )t (1.22)
for some 4 -cuttable Hamiltonian T-manifold (X', ' ' 1), If
(a) X is connected and/or
(b) (X,w, v, p) is F-cut and the restriction
o () — (Al X) (4.23)
is a principal T /T ,p1-bundle for every ' C A,
then (X', ', 9, 1) can be chosen so that
(a’) X' is connected and/or
(b)) (X', ' 1) is JA-cut and the restriction
i 1 () — e () (4.24)

is a principal ’]I‘/’]I‘Eyfll-bundle for every I C JA,
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respectively.

Proof. By (4.6) and Corollary 4.17, it is sufficient to establish this theorem with %% consisting of
a single element v = (v,¢) of (T1T)z xR with v # 0. We assume that the closed codimension 2
symplectic submanifold

Y =t (#)°) = {zeX: p(x)=c}

of (X, w) is nonempty; otherwise, we can take (X', w’, ¢/, p/) = (X, w, 1, ). Since (X, w, ), p) is H#3-
cut, the Lie group homomorphism ® 4 as in (1.50) is then injective. We establish the proposition
by removing Y and continuing the radial directions in the normal bundle of Y in X into the
negative values without them coming together at 0. Since (X,w, v, u) is F-cut,

X-Y ={zeX: py(x)>c} =p(0),). (4.25)

Let J be a T"-invariant almost complex structure on X compatible with w and g(-,-)=w(-, J-) be
the associated T™-invariant metric compatible with J.

Since (X,w, 1, i) is S#-cut, Y is a union of topological components of the fixed locus X of the
restriction of the T-action v to the circle T, CT generated by ve (T1T)z and

pr: TYY = {weTXy: w(w,w)=0Vw' eTY} —Y
is a complex line bundle complementary to TY . It is preserved by the T™-action di and
dtper (w) = 2™ VtieR, weTY? (4.26)

by (4.3). Let
G ET(TY;T(TY®),  (olw) = %dzpem (w)’ — 2w,

be the (vertical) vector field on TY“ generating the S'-action (4.26). Since this action preserves
the unit circle bundle of TY“,

pr: S(TYY) = {weTY": g(w,w)=1} — Y, (4.27)
the vector field (|g(ryw) is tangent to S(T'Y*). The maps

T: S(TY¥) xRt — S(TY¥)xC, U(w,t) = (w,V2t),
p: S(TY“’) xC—TY" pw,z)=zw,

are smooth. The map p descends to a T-equivariant diffeomorphism from the quotient S(TY*)x g1 C
of S(TY*)xC by the S*-action

S'x (S(TY“)xC) — S(TY¥) xC, u(w,z) = (vw,u'z), (4.28)
to TY“. The generating vector field for this action is ZvE (Cy, —2m0y). The map
L=por: S(TY“’) xRt — TY¥

is a T-equivariant diffeomorphism onto 7Y% Y.
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Let A be a T-invariant connection 1-form on the principal S'-bundle S(TY%) — Y, i.e. A is a
1-form on S(T'Y*) so that
AMGy) =2 and te,(dX) =0. (4.29)

In light of the first condition above, the second condition is equivalent to A being S'-invariant. Let
w and &' be the T-invariant closed 2-forms on S(TY*)xC and S(TY%) xR, respectively, given by

1
W= pr*w+w@+§d(\z|2/\) and o = prfw+d(th),

where wc is the standard symplectic form on C as in (1.22), z is the standard coordinate on C,
and ¢ is the standard coordinate on R. Since

Do) = Wpr(w) Fdot AN Y wES(TY?), (4.30)

the 2-form &' is nondegenerate (and thus symplectic) on some neighborhood U’ C S(TY*) xR of
S(TY*“)x{0}.

By (4.29) and the last coordinate of the map ¢ taking only real values,

e, 0 = —2mdt and =Tw, (4.31)

~/
w ‘S(TYW)XRJF

respectively. With (r,0) denoting the standard radius-angle coordinates on C so that wc=rdrAdé,
~ 1
(Lng)(mmw) = 0—2meg,we+ic, (rdr AX+ §r2d)\) = 2nrdr—27rdr4+0=0; (4.32)

the middle equality above follows again from (4.29). Since the S'-action (4.28) preserves the 2-
form w, (4.32) implies that there is a unique 2-form wryw on (the total space of) TY“ so that
p*wryw =w. This form is T-equivariant and closed and satisfies

al'S(TY“)XRJF = L*wTyw; (433)
see the second equation in (4.31).

Let A\g be the 1-form on Lg=TY“ determined by A as in Exercise B.19(a). Thus,
N 1
Wryw = pr w+§d)\5.

Along with Exercise B.19(b), this implies that the closed 2-form wry« on TY¥ satisfies (2.20) with
TY =TY". By Proposition 2.23(2), there thus exists a T-equivariant neighborhood identification
¢: U —U for Y in X such that Y CTY* and ®*w=wryw|y. Along with (4.33), the last identity
gives

T gy = P, (4.34)

Let U cU' C S(TY¥) xR be a T-invariant neighborhood of S(TY*)x {0} so that

UT =U"N(STYY)xRT) c o HU).
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Since the diffeomorphism ®or: U+ — ®(L(UT)) is T-equivariant and satisfies (4.34) with +=1(U)
replaced by U™,
po®or: UT — THT (4.35)

is a moment map for the T-action on (UT,d’|,;+). By Exercise 4.18, it extends to a moment map
' U"—T;T for the T-action on (U”,&|y). Since

lim o(w,t) =pr(w) €Y CTY¥, lim p(®(c(w,t)) = p(pr(w)) VweS(TY?),

t—0t t—0t

the first equation in (4.31) implies that
fy(w,t) =2mt+c, iy () = S(TY*)x{0}, (4.36)

and ' =popr on S(TYY)x{0}=S(TY?).

We define
X' =(Xx-v)uu")/~, U3 (w,t) ~ P((w,t) € X-Y, (4.37)
Wy, frxeX-Y; x), ifzeX-Y,
Wy = { o Heed (fa) = {1 HreX
wl, ifzeld”; w(x), ifxeld”.

Suppose € X—Y —®(,(U1)) and 2’ eU”"—UT. If 2’ does not lie in the closure ClynU ™ of UT in U”,
then the images of X —Y and U” —Cly»U™ in X’ under the quotient projection

¢ (X-Y)uu" — X'
are disjoint open subsets around [z] and [2'], respectively. If
r' € Clypd™ —UT =Y x{0}
and U,U’ C X are disjoint neighborhoods of  and Y, respectively, then
a(U), q(U'N(S(TY*)xR=)uc (2 1 (U) c X

are disjoint open subsets around [z] and [z/], respectively. Since the restrictions of ¢ to the Haus-
dorff spaces X —Y and U” are homeomorphisms onto open subsets of X', it follows that X’ is a
Hausdorff space and a smooth manifold. By (4.34) and the assumption on U’ below (4.30), ' is a
well-defined symplectic form on X’. Since the smooth map p’ is an extension of the map (4.35),
p': X' —T7T is a well-defined smooth map.

Since the identification of the spaces X —Y and U” over Ut CU” in (4.37) is T-equivariant, the
T-action ¥ on X —Y C X and the T-action di) on U”" CS(TY*) xR induce a smooth T-action 1)/
on X’ which preserves w’. Since p|x_y and i’ are moment maps for the T-actions on (X—Y, w|x_y)
and (U",& |yy), 1 is a moment map for the T-action ¥’ on (X’ ). By (4.25) and (4.36),

W () = q(STY*)x{0}) © X
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Since the restriction of g to U” is a diffeomorphism onto ¢(U") and T,, acts freely on S(TY*)x{0},
T, acts freely on p/'~'(75)7) as well. Thus, (X’,u’,9', ) is an J%-cuttable Hamiltonian T-
manifold with
WH0) =a(X-Y) =Y, N (4)) = a(S(TY*)x{0}) C X,
X =y ()~ w~ () Ve (H4)), ueT,, Y =y~ (5))/T,,
{dlx v} pigw = wlx—v, {dsaryverxiop) {pmlu-1mpo) (Wiry) = & | geryeyxioy
where pg 1 1/ H(5%4)) — X is the quotient projection; the two identities on the first line above

follow from (4.25) and the second statement in (4.36). Furthermore, the map p is T-equivariant
and the compositions

Ppoq: X—=Y — p? (<(Z)>g¢2) and  pumoq: S(TYY)x {0} — p! ((%’@a)

are submersions. By the uniqueness statement of Theorem 4.11, (4.22) thus holds.

Every topological component of the tubular neighborhood q(U") C X' of q(Y x {0}) intersects
q(X-Y). If X is connected, then so is X —Y (because Y C X is a submanifold of codimension 2).
It then follows that X’ is also connected. If (X, w,, ) is F-cut, then (X', w' ¢/, 1') is JA4-cut
by Corollary 4.17 if " is sufficiently small.

Suppose both conditions in (b) hold and J#' C 54 = —{v}. Let 5 v=4'U{v}. By the above,

. . . c . T,/
1)) € X' is an w'-symplectic submanifold consisting of components of the fixed locus X o
of the restriction of the action ¢’ to the subtorus ’]ijl/ C T. Since the restriction of the quotient
projection q above to U” is a T-equivariant diffeomorphism onto the open subset ¢(U”) C X' and
i =p'oq on U, it follows that @'~ (4)?) CU" is an &'-symplectic submanifold consisting of

components of ¢’ e By (4.23) with J#'=#v, the restriction

p: (A0 ) =i (A ) Y — (A0 nu(X) = (A (YY)

is a principal T/T ,,-bundle. Since T, acts freely on the fibers of the circle bundle (4.27), it
follows that the restriction

' =popr: S(TY)| oy o {0} = (A 50 ) N (S (TY) x{0}) — (Ao n(Y)

is a principal T/T -bundle. By Exercise 4.8(d) with ¢ replaced by 7 and the submanifold
(40 C (Y being closed, the moment map
A i (A o) — (A

is then a submersion and thus also a principal T/T fl’—bundle over its image if U” is sufficiently
small. Since gy~ is a T-equivariant diffeomorphism onto q(U”) C X' and i’ = p’oq on U”, it follows
that

Wl (A 5n) NaU") — (A O U = (A 5 i (aU™)).
By (4.23) with ' =2 and (4.25), the restriction

e () (X =Y) = ()00 ) (X =Y ) — (o nu(X —Y)
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is a principal T/T s¢;-bundle. Since the restriction of ¢ to X —Y is a T-equivariant diffeomorphism
onto the open subset ¢(X —Y)C X’ and p=p'oq on X —Y, it follows that the restriction

Wl ) Na(X =Y) — (A (X =Y ) = (A 5 i (a(X )

is also a principal T/T y-bundle. Since X'=qU")Uq(X—Y), we conclude that the restric-
tion (4.24) is a principal T/T ,»-bundle. O

4.4 Delzant’s Theorem

Let T be a torus. A symplectic toric T-manifold is a connected Hamiltonian T-manifold (X, w, 1, u)
so that
dim X =2dim T, (4.38)

the action ¢ on X is effective, and the moment map p: X — 77T is proper. By Delzant’s Theorem,
Theorem 4.20 below, the map

(Xvwawnuf) — /’L(X)
induces a bijection between the equivalence classes of compact symplectic toric T-manifolds and
Delzant polytopes in 77 T.
Theorem 4.20 ([23, Théoréme 2.1, Section 3.2]). Let T be a torus.

(0) If (X, w, v, p) is a compact symplectic toric T-manifold, then the moment polytope u(X)C Ty T
is Delzant.

(1) For every Delzant polytope P C T;T, there exists a (necessarily compact) symplectic toric
T-manifold (X,w, ¥, p) with pu(X)=P.

(2) If (X,w, v, u) and (X', ', 9", 1') are compact symplectic toric T-manifolds with u(X)=u(X"),
then there exists a T-equivariant diffeomorphism

o: X — X' st w=0" p=pod.

Claim 0 of this theorem is a consequence of the following description of the moment map p: X — T7T.

(0T) If (X,w,,u) is a compact symplectic toric T-manifold, then there exist a subtorus T C T
for every face F' of the polytope p(X) and a full tuple (ae)ccrdg(p) Of integral edge vectors
for (X)) so that

(0Fta) Tp={e: veTyT, a.(v) :0V66Edgn(F)} for every face F' of P and n¢€ Ver(F);
(0%b) T.(v)=Tp for every face F of P and every € u~ ' (F°);
0%c) the restriction p: p~'(F°) — F° is a principal T/Tr-bundle with w-isotropic fibers,
( pep
i.e.w|p,-1(; =0 for every ne F°.

Similarly to (Ex) and (Gg) in Theorem 3.1, this statement is a direct consequence of the equivariant
splitting (2.14) of TX|y for each Y € mo(X¥) and Corollary 2.43; we establish it below. By (4.38)
and (0%*c), the dimension of y(X) is the same as the dimension of T and T,x)={1}. Along
with (0%a), the latter implies that for each vertex n of u(X) the components a. with n € e
span (15 T)z over Z. Combining this with the last claim of Theorem 3.1(Cy) and (4.38) again, we
conclude that these components form a Z-basis for (75T)z.
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Exercise 4.21. Suppose (X, w, 1, ) is a compact symplectic toric T-manifold, 52 C (T3T)z xR is
a Delzant subcollection so that u(X)= (), and #”’ C #. Show that T » CT is the subtorus
T yeryonny CT asin (07), Y =~ 1(#")?) is a connected component of the fixed locus X T ¢ X
of ¥|r,,,, and TX|y,,, splits as in (4.2) and (4.3). Conclude that the Hamiltonian T-manifold
(X,w, 9, p) is F-cut.

Proof of (0"). Let J be a -invariant w-compatible almost complex structure on X (as provided
by Exercise 2.21). For Y €my(X?), let

S(Y), C#(Y) (p*S(Y)) C TET

and N¢Y for each a € S(Y) be as in Proposition 2.41 with (R*,0) replaced by (T,1) and thus
with p=id. By (2.40) and (4.38), |S(Y)| is at most the dimension of T. Since the action ) is
effective, Proposition 2.16(1) then implies that S(Y) is a Z-basis for T;'T for every Y € mo(X¥);
this remains the case if some of the elements of S(Y') are negated. In particular, the polytope
(X)) CT;T is of full dimension. Furthermore, for every Y € mo(X?), the cone Cu(v)(S(Y)) contains
no lines, (YY) € Ver(u(X)), and for every S C S(Y) the pu-image of the topological component X4
of the 9|r4-fixed locus X containing Y lies in the cone Cu(v)(S) of dimension |S| and contains a
neighborhood of the vertex p(Y') in this cone.

By Proposition 2.23(1), (X¥,w| x8:¥lxs,plxg) is a closed connected Hamiltonian T-manifold for
every Y €mg(X?) and ScS(Y). Thus,
p(X7) = CH(p(X7)?)) = CH(u(XVNXY))

by Theorem 3.1(Cj). Since u(X¥NX{}) C Ver(u(X)), it follows that u(X3) is the face Fuivys(p(X))
of the polytope u(X) containing the edges

euvyia = H(X)N{u(Y)+taa: to €RZ0Y

with a € S. Since S(Y) is a Z-basis for Ty T for every Y € mo(X¥), Exercise 2.31 implies that for
each x € X there exist Y, € m9(X¥) and S, C S(Y,) so that the v-stabilizer T,(¢0) C T of z is the
subtorus Tg, CT and a:EX%. It follows that

w(@) € Fiy,).s, (1(X)) VzeX,
P (Foyys (X)) = {ze XP: To()=Ts}  VYem(X?), SCI(Y), (4.39)

where F:(Y);S(,u(X)) C Fyy),s(p(X)) is the interior as before.

Suppose e€ Edg(u(X)) is an edge of the polytope u(X) and thus e=e,y),, for some Y emo(XY)
and a € S(Y). We then set o, = a. If Y/ € mp(XY) is such that u(Y”’) is the vertex of €u(Y)ia
other than x(Y), then —a € S(Y’) and e=e,(yr),—q- Thus, (ae)eccrdg(u(x)) is a full tuple of integral
edge vectors for the polytope p(X) such that for each vertex n of u(X) the components o, with
e € Edg, (u(X)) form a Z-basis for (T7T)z and

Tg = ﬂqr%(y);a VY em(XY), SCS(Y). (4.40)
a€eS
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Suppose F C p(X) is a face of the polytope p(X) and thus F=F,y.¢(u(X)) for some Y € mo(X?)
and S C S(Y). We then set Tp=Tg. Thus, Tz CT is a subtorus. By (4.39), (0b) holds. This
implies that Tr is independent of the choice of u(Y) € F. By (4.40), (0Ta) thus holds for all n€ F'.

Let Y em(X¥), SCS(Y), and F=F,y).s(u(X)). Since

dimY+ > rkNFY =dim X, rkNFY >2VaeS(Y), and [S(Y)|=dimT = (dim X)/2,
aeS(Y)

we conclude that dimY =0 and rk N§Y =2 for every o € S(Y'). Along with Proposition 2.16(2),

this implies that
dim X = 2|S| = 2dim F = 2dim(T/TF). (4.41)

Since a(v)=0 for all € S and ve€T;Tg, the affine map

bys: {u(Y)+) taaita €R} — TH(T/Ts), {Pyis(n)}(v) = n(v)—{u(¥)}(v),
a€esS

is a well-defined surjection and thus affine isomorphism by the last equality in (4.41). By (4.39), the
torus T/Tr acts freely on u~(F°)C X{? via 1); we denote this action by 1y.g. By Theorem 3.1(Ay)
applied to (X}€7W|X;°}’ ¢|X§“;7N’X$), the fibers of the restriction

pip H(F°) — F°
are connected. Since F°C F is open, pu~*(F°) CX3S, is a symplectic submanifold and
dim F° = dim X3 = 2dim(T/T)
by (4.41). Thus, (0% ¢) follows from Exercise 4.22(a) below with T and (X, w, 1, 1) replaced by T/Tg
and (M_l(FO),W|M—1(Fo),’l/JY;S,@Y;Soﬂyu—l(}?o)), respectively. O

Theorem 4.20(1) is readily obtained by applying the Hamiltonian symplectic cut construction of
Theorem 4.11 to the Hamiltonian T-manifold (77 Tx T, wr, 11, pr) of Exercise 1.40 with respect to
the collection .7 of half-spaces of 17 T cutting out the polytope P. We establish Theorem 4.20(2)
by combining the reverse Hamiltonian symplectic cut construction of Theorem 4.19 with Proposi-
tion 4.23 below, which describes certain symplectic toric manifolds; this implements the argument
sketched in the proof of [46, Theorem 7.5.10].

Exercise 4.22. Suppose T is a torus and (X,w, 1, ) is a Hamiltonian T-manifold so that (4.38)
holds, the action % is free, and the fibers of 1 are connected.

(a) Show that u(X) C T3T is an open subset, u: X — p(X) is a principal T-bundle, and the
fibers of p are Lagrangian submanifolds of (X,w), i.e.

dim = (a) = (dim X)/2 and w|TM 0 Vae p(X).

o) —
Hint: use Exercise 2.29.

(b) Let n be a 1-form on p(X). Show that the vector field ¢, on X defined by ic,w=p*n is
p-vertical, i.e.
du(éy) =0 € T (pu(X); Tp(X).
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(¢) Let (T3 TXT, wr, ¢, por) be the Hamiltonian T-manifold of Exercise 1.40. Suppose s: pu(X) — X
is a (smooth) Lagrangian section of y, i.e. pos=id,x) and s*w=0. Show that the map

O p(X)xT — X,  B(a,u) = Py (s(a),

is a T-equivariant diffeomorphism such that ®*w = wr|,(x)xr and po®=pr|,(x)xr- Hint:
choose a Z-basis vy,...,v,€T1T for the lattice (T1T)z C 13T and replace p by the corre-
sponding Hamiltonian H: X —R¥ and (T3 TxT,wr, vr, Hr) by the Hamiltonian T-manifold
(RF < T*, wy,, Yy, Hy) as in Exercise 1.37.

Proposition 4.23. Suppose T is a torus and (X, w, ¥, u) is a Hamiltonian T-manifold so that (4.38)
holds, the action 1 is free, the fibers of p are connected, and p(X) C Ty T is contractible. Let
(TyTXT, wr, ¥, pr) be the Hamiltonian T-manifold of Exercise 1.40. Then u(X)CT;T is an open
subset and there exists a T-equivariant diffeomorphism

P p(X)xT — X s.1. (I)*w:wT‘u(X)x’ﬂ" MO(I):NT‘M(X)XT‘

Proof. The subset u(X) C T5T is open by Exercise 2.29(b). By Exercise 4.22(c), it remains to
show that p admits a Lagrangian section p(X)— X. Since u(X)CT;T is contractible, p admits
a section s: u(X)— X and s*w=dn for some 1-form 7 on p(X). Let (,€(X;TX) be the u-
vertical vector field of Exercise 4.22(b). Since the fibers of 1 are compact and the vector field ¢, is
vertical, the flow of —¢,,

d
a% = *Cnmﬁt )

is defined for all t€R, ¢py0s: pu(X)—> X is a section of p for every t€R, and

P X — X, Yo = idy,

%W w =17 (Lgw) = ¥ (d(gw) g, (dw)) = ¥F (A" (=) +0) = —d(p"n) = —p"s"w,

where £ is the Lie derivative; the second equality above holds by Cartan’s formula for the Lie
derivative. Thus,

s*Piw = s* (w—p*s*w) =0,
i.e. ros: u(X)— X is a Lagrangian section of p. O
Proof of Theorem 4.20. Since (0) in the statement of this theorem follows from (0") on page 101,
as was shown just after the statement of (07), it remains to establish (1) and (2). Suppose PCT;T
is a Delzant polytope and 7 C(T1T)z xR is a Delzant subcollection so that u(X) = (), and

H' C H. Let (T;T xT,wr,r, ur) be the Hamiltonian T-manifold of Exercise 1.40. By Theo-
rem 4.11, the Hamiltonian T-manifold

(Xv W, ¢7 :u’) = (TET X Tv wT, 7/)11‘, IU’T)E%O
as in (4.4) is then a closed connected Hamiltonian T-manifold so that (4.38) holds, the T-action
is effective (it is free on p=1((0)9,)), and pu(X)=P. This gives (1).

Suppose (X,w, 1, ) is a (necessarily compact) symplectic toric T-manifold with pu(X) = P. In
particular, X is connected. By Exercise 4.21 and (07 c) on page 101, (X, w,, ) also satisfies (b)
in the statement of Theorem 4.19. By Theorem 4.19 with 4 =0 and J% =7,

(X,%waﬂ) = (X/,wlﬂﬁ/’#/)ff (442)
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for some J#-cuttable Hamiltonian T-manifold (X', ', ¢, i) so that X’ is connected and
s X == () — O (X)) = (X)

is a principal T-bundle. By Exercise 2.29(b) and (4.42), p/(X’) C T3 T is a neighborhood of the
polytope P. By replacing X’ with the preimage of a contractible neighborhood of P in u/(X”),
we can assume p'(X') is contractible. By Proposition 4.23, (X', ’,’, 1) is then isomorphic
to (U, wr|v, ¥r|v, prr|v) for a neighborhood U C T T x T of up' (P). Along with (4.42) and Theo-
rem 4.11, this implies that

(X,U.),’l/},/.,b) ~ (U7WT|U71/}T|U7NT|U)% = (TETXT7O‘)T7wT7ﬂT)% .

This gives (2). O

4.5 Twofold symplectic cut

This section presents the symplectic cut construction of [40, Remark 1.8] for a Hamiltonian cir-
cle action on neighborhood of a closed real hypersurface in a symplectic manifold. It produces a
new symplectic manifold along with an isomorphic pair of symplectic divisors, i.e. closed symplectic
submanifolds of codimension 2, with dual complex normal bundles. A generalization of this con-
struction to a Hamiltonian torus action is introduced in [29]; it produces a new symplectic manifold
with a simple normal crossings symplectic divisor in the sense of [27, Definition 2.1].

For a closed hypersurface Z in a manifold X, we denote by X7 the manifold with boundary obtained
from X by cutting it along Z and by
pz: X 7 — X

the associated surjective submersion that identifies pairs of points on the boundary 0Xz of Xz
that differ by a fixed-point-free smooth involution oz. We identify X;—0Xy with X—Z via pz. If
Z is connected and the normal bundle N'xZ of Z in X is orientable, then Xz has two connected
components. An action 1 of a connected Lie group on a neighborhood U C X of Z that preserves Z
induces an action v on the neighborhood p}l(U ) C Xz of 0X 7 that preserves 0Xz; the restriction
of 1; to 0Xz commutes with the involution o.

If (X,w) is a symplectic manifold, we call a tuple (U, v, H, ¢) cutting data for (X,w) if UC X is an
open subset, v is an S'-action on U, H is a Hamiltonian for ) with respect to w|y, and c€R is
such that the subset H~1(¢) CU is closed in X and S! acts freely on it. By Exercise 2.29(b), the
assumptions on ¢ imply that H~!(c) C X is a closed hypersurface.

Theorem 4.24. Suppose (X,w) is a symplectic manifold and (U, ), H, c) is cutting data for (X,w).
There exists a unique symplectic manifold (X', ') so that

(SC1) X'=Xp-1(g/~ with x~2" if x,2'€0X -1, and :c’:zzu(a:) for some ue S';

(SCs) the image Y’ of 0Xp-1(c) under the quotient projection p: Xpg-1( — X' is a symplectic
divisor in (X', ');
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(SCs) the restriction p: p;ll_l(c)(U) —>p(p;11_1(c)(U)) is equivariant with respect to the S'-action QZ

on the domain and an S'-action 1)’ on the target with a Hamiltonian
) -1
H': p(pH,l(C)(U)) — R (4.43)
with respect to w' such that Hopy—1(;y=H'op: p?ll,l(c)(U) —R;

(SCy) the restrictions p: X —H ' (c)— X'=Y" and p: 0Xg-1(o)—Y’ are submersions,

{Plx-rrof @' =wlx gy, and {plox, .\ f@' =pX, .\ @lrox, (4.44)

“1(e)

Under the assumptions of this theorem, the neighborhood p;ll_l(c)(U) CXp-1(c) of 0Xp-1() is the
disjoint union of open subsets UE; ¢ and Uy . that are identified by pg-1(.) with

{2'€U:H(2')>c} C X and {z'€U: H(2')<c} C X,
respectively. The subsets
8XH—1(c) QUE;C, 8XH_1(C) mUI};c - XH—l(C)

are interchanged by the involution op-1() on 0Xp-1(.). Each of these subsets is identified with
the real hypersurface H™'(¢) CX by py-1(,). By Theorem 4.24,

Vi =p(0Xg-1NUf,.) €X' and Y. =p(0Xy-1(9NUg,) C X' (4.45)

are disjoint symplectic divisors in (X’,w’) interchanged by the involution on Y'=p(0X H1(c))
induced by p-1(,). The symplectic manifolds (Y, w’ |Y$) and (Y',w'|ys ) are the symplectic quo-
tients of the Hamiltonian S'-manifold (U,w|y,, H) at ¢ as in Theorem 4.1. The sphere (circle)
bundles of the normal bundles Nx/Y| and Nx¥” of Y and Y’ respectively, in X’ are isomorphic
to H~!(c), but with opposite orientations and S!-actions via . The oriented vector bundle Nx Y
is isomorphic to the vector bundle

(H_I(C)X(C)/N—> H Y¢), (z,2)~ (wu(z),qulz) Y (z,2)e H Y (c)xC, ue S,
with its complex orientation.

In the most standard perspective on the symplectic cut of Theorem 4.24, X is a connected manifold,
H~1(c) is a separating hypersurface, and ¢ is chosen so that all topological components of the
divisor Y| C X’ (resp. Y/ C X’) are contained in one of the two connected components X’ C X’
(resp. X’ C X'). However, in general, X’ could be a connected manifold containing two copies
of the symplectic quotient of the Hamiltonian S!'-manifold (U,w|y,, H) at c; see Example 4.25
below.

Proof of Theorem 4.24. By Exercise 1.28, the smooth maps

Hi:UxC—R,  Hi(z, z)=H(z)Tn|z|? (4.46)
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are Hamiltonians with respect to the symplectic form w|y@wc for the S'-actions
Yy: S'x(UxC) — UxC, Vo, 2) = (Yu(x),u'2). (4.47)

Since S' acts freely on H~'(¢) via 1, it also acts freely on Hi'(c) via ¢o. Let (Ui,w+) be the

symplectic quotient of the Hamiltonian S*-manifold (UxC,w|y@wc, ¢+, Hy) at ¢ as in Theorem 4.1
and B
pe: Hi'(¢) — Uy

be the quotient projection. The closed subspace Ux{0} C UxC is preserved by either S'-action 1.
By Exercise 4.2, the closed subspace

Vi =ps(H ' (c)x{0}) c Uy

is thus a symplectic divisor in (Ut,wy) with
{pi|H*1(c)><{0} }*wi = W{THfl(c)' (448)

Since the S'-action on the first component in U x C via ¢ commutes with the action ¢ and
preserves the Hamiltonian H, it descends to an action ¢/, on Uy. Since the Hamiltonian H for
the former action with respect to wy is preserved by ¥4, H descends to a Hamiltonian

HiIUi—>R

for the action v/, with respect to wy.

We define

X' =((X-H '(e)uUsuU-)/~,  where
{#'€eU: £(H(2")—¢)>0} > & ~ ps (2, /E(H(z)—c)/7) € U -V .
Let g: (X -H _1(0)) LU, UU_ — X' denote the quotient projection. We identify the submanifolds
Y/ C U with their images under ¢. Since H~!(c) C X is a closed submanifold and the quotient map
is open, X’ is a Hausdorff topological space (in particular, any point in Y] C X’ can be separated
from any point in ¢(X—H~1(c)) by open sets). This space is locally Euclidean with smooth overlap
maps since it is obtained by gluing three manifolds by diffeomorphisms on open subsets. The map
q(x), if e X—H (c);
p: Xp-1 — X', ple) = . n
Q(p:l:(zv V j:(H(x)—C)/TF)), lf‘rEUH;c;

is well-defined, continuous, and surjective. Since the map
Pr:Up, — Hi'(c),  pe(z) = (v, v/E(H(z)—c)/7),

is closed and the group S! is compact, p is a closed map. This confirms (SC;). The two restrictions
in (SC4) are submersions. The S'-actions ¢, on Ui induce an S'-action 9’ on p(pl_{l_l(c)(U)) Slo)
that the restriction in (SCs) is equivariant. The smooth functions Hi on Uy similar induce a
smooth function H' as in (4.43) satisfying Hoppy—1()=H'op.
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Since the smooth map
(¢/eU: +(H(z')—¢)>0} 52 — (z,/£(H(z)—c)/7) € Hi' ()~ H (c)x {0} c UxC

pulls back the symplectic form w|y@wc to the restriction of w to the domain of this map, there is
a unique symplectic form w’ on X’ so that the first property in (4.44) holds and

q*w"Ui = w4.

Along with (4.48), this implies that the second property in (4.44) also holds. By the S'-equivariance
of the restriction in (SC3) and the first property in (4.44), H' is the Hamiltonian for the S!-
action 1)’ above with respect to w’. The conditions (SC;)-(SC4) ensure the uniqueness of symplectic
manifold (X', w’). O

Example 4.25. Let T? = R?/Z? be the standard 2-torus with the standard symplectic form w,
i.e. ¢*w=dandy, where q: R? — T? is the quotient projection and x, y are the standard coordinates
on R%. The free action 1 of S'=R/Z on T? given by

¢[t}([$ay]) = [l‘,y+t] v (l‘,y)GRQ, teER,
preserves the open subset U=¢q(R—Z)xR) of T2. The smooth function
H:U—R, H([z,y]) == ifz € (0,1),

is a Hamiltonian for the restriction of ¢ to U with respect to w. Thus, (U, 9|y, H,1/2) is cutting
data for (T2?,w). The associated cut symplectic manifold (X’,w’) of Theorem 4.24 is isomorphic
to S? with a symplectic form of volume 1 (the space of such symplectic forms is contractible by
Moser’s trick as in Exercise 2.47(b)). It is obtained from T? by collapsing the circle ¢({1/2} xR)
to a point and then separating the two branches of the resulting node. The associated symplectic
divisor Y’ consists of the two points in the preimage of the node under this separation.

Exercise 4.26. Suppose 1 is an S'-action on a symplectic manifold (X, w) with a Hamiltonian
H: X — R with respect to the standard basis vector e; for R and c€R is such that S' acts freely
on H~1(c)C X. Let 1 be the inverse S'-action on X,

H = (e1,c), and A = (e1,—c).

Thus, (X,,H,c) is cutting data for (X,w), (X,w,, H) is an J#-cuttable Hamiltonian S*-
manifold, and (X,w,, —H) is an J#-cuttable Hamiltonian S'-manifold. Show that the cut sym-
plectic manifold (X’,w’) of Theorem 4.24 is the disjoint union of the Z-cut symplectic manifold
of (X,w,®, H) and the #-cut symplectic manifold of (X,w, ), —H) as in Theorem 4.11.

4.6 Symplectic blowup

We now describe an important application of the symplectic cut construction of Section 4.5. It
provides a symplectic version of the complex and holomorphic blowup constructions along a closed
submanifold.
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Suppose Y is a (nonempty) closed symplectic submanifold of a symplectic manifold (X,w) of
codimension 2m. With pr: TY¥ — Y and w# as in Example 2.24, let i be a fiberwise complex
structure in the real vector bundle TY“ —Y compatible with w#, so that

ggj('v ) = w#(ﬁi')

is a fiberwise metric on TY%. Let V be a C-linear connection in TY“ and Wy be the closed 2-
form on the total space of TY* defined by (2.25). By the Symplectic Neighborhood Theorem of
Example 2.24, there exist a smooth function p: Y —R™ and a diffeomorphism

o: U,={weTY": g/ (w,w)<p(pr(w)} — U,

onto a neighborhood of Y C X so that ®(y) =y for every y €Y and ®*w|y, =Wy |y, By Exercise 1.35,
the smooth map
H:U,— R,  H(z)=mg’ (@ (x),® ' (2)), (4.49)

is a Hamiltonian for the S'-action
p: St — Symp(U,, w|v,), Py (x) = q)(uq)_l(:v)) YueS'cCr, xel, (4.50)
with respect to wly, .

Suppose that the function p above is constant; this can be achieved in particular if Y is compact.
In such a case, (U,, v, H,c) is cutting data for (X,w) for any ¢ € R*, with H~!(c) # 0 whenever
ce(0,mp). By Exercises 4.26 and 4.15, the cut symplectic manifold (X’ ,w’|xs ) of Theorem 4.24
in such a case is the total space of a symplectic fibration over Y with fiber (CP™, cwrs.y,). If
c€(0,7p), the cut symplectic manifold (Xjr,w’]X;) of Theorem 4.24 is called a symplectic blowup
of X along Y. The associated symplectic divisor Y| C X!, is called the exceptional divisor for
this blowup. By Exercise 4.7, it is isomorphic to the complex projectivization of TY“ as a fiber
bundle over Y. Furthermore, every fiber of the projection Y, — Y is a symplectic submanifold of
(Y, |y ) isomorphic to (CP™ 1 cwpg,m—1). The oriented normal bundle N X/, Y of Y] in X/, is
isomorphic to the tautological complex line bundle

Yrye = {({,w) EP(TY*)xTY*: wel} — P(TY").

Suppose Y is a closed submanifold of a smooth manifold X of codimension 2m and i is a fiberwise
complex structure in the normal bundle

TX|y

Y =
Nx TY

—Y

of Y in X. Let ®: U/ — U be a neighborhood identification for Y in X, i.e. ® is a diffeomorphism
from a neighborhood of Y in NxY to a neighborhood of Y such that ®(y)=y for every y€Y and
the composition

NxY — T,(NxY) 22 Ty %5 NyY

. (4.51)

where the first homomorphism is the inclusion of the vertical tangent bundle as in (B.2) and the last
homomorphism is the quotient projection, is the identity homomorphism; such a diffeomorphism

109



exists by the Tubular Neighborhood Theorem [36, Theorem 4.5.1].

Let P(NMxY') be the complex projectivization of the complex vector bundle (NxY,1) over Y and
U= {(t,w) eEPNXY)xNxY:weln}.
The smooth manifold
Bly X = (UU(X~Y))/~, U-PWNxY)3 ({,w)~d(w) € XY,

is a complex blowup of X along Y in the smooth category. The image EyX C Bly X of the
smooth submanifold P(NxY) CU is the exceptional divisor for this blowup. The oriented normal
bundle Npy, x(EyX) of EyX in Bly X is isomorphic to the tautological complex line bundle

gy = {({,w) EP(NXY)xNxY:wel} — P(NxY).
The blowdown map

O(w), if z=[(,w], (E,w)eljl;

o (4.52)
x, ifr=[z], e X-Y;

px|y: BlyX — X, x|y (Z) = {

is smooth. It restricts to a diffeomorphism from BlyX —EyX to X —Y and a CP™ !-fiber bun-
dle from EyX to Y. By the next exercise, the diffeomorphism class of the pair (BlyX, EyX) is
independent of the choice of a neighborhood identification ® for Y in X.

Exercise 4.27. Suppose Y is a closed submanifold of a smooth manifold X of even codimension,
i is a fiberwise complex structure in the normal bundle NxY of Y in X, and ® : & — U is
a neighborhood identification for Y in X as above. Let BlyX be the corresponding complex
blowup of X along Y, EyX C Bly X be the associated exceptional divisor, X’ be the complex
projectivization of the complex vector bundle (NxY,1)®(Y xC) over Y,

Z=P{Y®({xC)cX_,

and X#y_7X' be the connect sum of the smooth manifolds X and X’ with respect to the canonical
identification of the submanifolds Y C X and ZC X’ . We denote by Ey.X C X#y_2zX’ the image
of the submanifold

P(NxYaY) C X' -Z.

(a) Show that (BlyX,EyX) is diffeomorphic to (X#y—_zX" | E{.X).

(b) Suppose in addition X is an oriented manifold. Its orientation then induces an orientation on
the submanifold Y C X via the complex orientation of its normal bundle N'xY and orientations
on the fiber bundles EyX,Ey X, X’ — Y via the complex orientations of their fibers. Let
X#yv_7X" be the oriented connect sum of X with its orientation and X’ with the opposite
of the induced orientation with respect to the canonical identification of the submanifolds
Y CX and ZC X’ .. Show that (BlyX,EyX) is diffeomorphic to (X#y_zX", EyX) as a pair
of oriented manifolds.
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Proposition 4.28. Suppose (X,w) is a symplectic manifold, Y is a connected closed submanifold
of X of even codimension, i is a fiberwise complex structure in the normal bundle NxY of Y in X,
and ®: U — U s a neighborhood identification for Y in X as above. Let pxy: BlyX — X be
the blowdown map as in (4.52), EyX CBly X be the associated exceptional divisor, and F ~CP!
be linearly embedded in a fiber of the projection EyX — Y. If W and &' are symplectic forms
on BlyX that restrict to p)*(‘yw outside of a tubular neighborhood U of EyX C Bly X and satisfy

<c~u,F>:<c~u/,F>, then there exists a smooth family (i)icjon) of diffeomorphisms of BlyX that
restrict to the identity outside 0f(7 and satisfy Yo =1idpl,x and Yjw =w.

Proof. O

Exercise 4.29. Suppose (X,w), Y CX, i, ¥, V, Wy, ®: U,— U, with peR™, and c€ (0, 7p) are
as in the symplectic blowup setup above. We identify the vector bundle TY% with NxY via the
restriction of the projection ¢ in (4.51). Let (X /| er) and BlyX be the corresponding symplectic
and complex blowups of X along Y, respectively, Y] C X! and EyX C Bly X be the associated
exceptional divisors,

X =X -0o({weTy¥: g¢(w,w)<c/r}), U, = {(z,2)€eU,xC: |<I>_1(:B)}2—\z\2:c/7r},
and Zj{; be as above Exercise 4.27 with U =U,. Let f: R" — R be a smooth non-decreasing
function so that

r, if r2<9;
B(r) = o
1, ifr*>p—c/m—6;
for some 6 €R™ (necessarily 6 <1, (p—c/7)/2). Show that
() X} = ((Xy—~T,3) U(T+ /") ~, where

SU, — Uy, w(z, 2) = (®(ud(2),u'2), X4 U, 3z~ [z,V/|2 1(2)]2—c/7] € U./S".

(b) the map C~¥5: (X+—U(p_c/,r)/2)l_lﬁ+ — (X—Y)I_Iljp given by

ég(:p) =z VeeXy-U,s,
Golz ) = {((Cfbl(ac),szl(x)), if (2, 2) €Uy, |2 <6
o (CO~H(2), B(|2)z " (@)/|2]), if (x,2)€Us, 2#0;

descends to a diffeomorphism Gg from (X! ,Y]) to (BlyX,EyX).

(c) Let By, B1: RT —R™ be smooth functions as above. Show that there exists a smooth family
(¥t)teo,1) of diffeomorphisms of BlyX that restricts to the identity outside of Us—Us for some

3,0"€(0, p) so that {Ggll}*w’:wf{Ggol}*w’. Hint: use Moser’s Trick of Section 2.6.

By Exercise 4.29(c), the de Rham cohomology class [W] of the symplectic form of {G/gl}*w’ on BlyX
is independent of the choice of smooth function §: RT — R™. By the definition of G and the first
equation in (4.44), {GEI}*w’ =pxyw outside of a tubular neighborhood of the exceptional divisor
EyX CBlyX; this neighborhood can be made arbitrarily small by choosing the smooth function g3
appropriately. Thus, the difference [©0]—p )*('Y[w] arises entirely from the exceptional divisor EyX; it
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is specified by (4.53) below. The closed oriented submanifold EyX C BlyX determines an element
[EyX]gi,x of the Borel-Moore homology HY(BlyX;Z) of BlyX, also known as the homology
with closed supports and the homology based on locally finite chains, with Z-coefficients; see [17,
Section 2.2]. Let

PDpy, x (EyX) € H?(BlyX;Z)

be the Poincare dual of [EyX|p),x with respect to the symplectic orientation of BlyX; see [17,
Proposition 2.13]. We denote the image of PDgj, x (EyX) in H?(BlyX;R) under the homomor-
phism induced by the inclusion Z — R and the image of this image in H3 p(BlyX;R) under the
inverse of the de Rham Isomorphism of [60, 5.35(6)] also by PDgj, x (EyX).

Proposition 4.30. Suppose (X,w) is a symplectic manifold, Y is a closed symplectic submanifold
of (X,w) of codimension at least 4, i is a fiberwise complex structure in the real vector bundle
TYY~NxY over Y compatible with the fiberwise symplectic form w%, = w|pyw, V is a C-linear
connection in this vector bundle, g is the fiberwise metric on TY" determined by wt and i, and
Wy is the closed 2-form on the total space of TY" determined by wi: and V as in (2.25). Let

®: U,={weTY": g (w,w)<p(pr(w)} — U,

for some peR™ be a diffeomorphism onto a neighborhood of Y C X so that ®(y)=y for everyyeyY
and ®*wly, =wv|u,, c€(0,7p), and (Upy, ¥, H,c) be the associated cutting data for (X,w) with v
as in (4.50) and H as in (4.49). Let (Xjr,w'\er) and pxy: BlyX — X be the corresponding
symplectic blowup of (X,w) along Y and the complex blowup of X along Y, respectively, and
EyX CBlyX be the exceptional divisor for the latter. If Gg: X! — BlyX is a diffeomorphism as
in Ezxercise 4.29(b), then

(G5 Vo] = pxylw] — ¢PDgiy x (EyX) € Hig(BlyX;R). (4.53)

Proof. By the de Rham Isomorphism Theorem of [60, 5.36] and the Universal Coefficient Theorem
for Cohomology of [50, Corollary 53.6], it is sufficient to check that both sides of (4.53) evaluate the
same on a (linearly) generating subset of Ha(BlyX;R). By the assumption that the codimension
of Y is greater than 2 and [18, Proposition 3.3] (or more directly by the proof of this proposition),
Hy(BlyX;R) is generated by cycles disjoint from EyX and by the homology classes of linearly
embedded CP's in the fibers of the CP™!-fiber bundle EyX — Y, where 2m is the codimension
of Y in X.

The cycles disjoint from EyX vanish on the last term in (4.53) and evaluate the same on the
other two terms, since {G’El}*w’:p;‘qyw outside of a tubular neighborhood of EyX C BlyX; this
neighborhood can be made arbitrarily small by choosing the smooth function 8 appropriately. Let
F ~ CP" be linearly embedded in a fiber of the projection EyX — Y. Since this projection is
the restriction of px|y, the middle term in (4.53) vanishes on F. Since GEI(F ) is a symplectic
submanifold of (Y ,w’ ly;) isomorphic to (CP™ L cwrgm—1),

<{G51}*w/7F> = <W/,G51(F)> _ <chS;1,CP1> — ¢

the last equality holds by Exercise 1.32(b). Since the restriction of the oriented normal bun-
dle Mp,xEyX of EyX in BlyX to F is isomorphic to the tautological complex line bundle
Y1 —> CP 1,

(PDgiy x (EvX), [Flpl, x) = (e(11),CP!) = 1,
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where e(y1)=c1(71) is the Euler class of ;. This establishes the claim. O

For k€Z2°, let Py(u1,...,us)EZ[u1,...,u;) be the degree k part of the power series

[e.e]
(14w +.. 4u) ' = Z(fl)e(uﬁr. ot up)f =1 —u (e —ug)+. .
£=0

if the degree of each w; is i. For a complex vector bundle N over a topological space Y, let
Py(c(N) = Py(cr(N), ..., cx(N) € H*(Y;Z), HER(Y),
where ¢;(N) is the i-th Chern class of N.

Corollary 4.31. Suppose (X,w), Y C X, i, ¢, V, Oy, ®:U,— U, with p € RT, ¢ € (0,7p),
(Xﬁr,w’bq), and Y{ C X' are as in Proposition 4.30, X is compact and of dimension 2n, and Y
is of codimension 2m>4. Use (4.53) to show that

n—m

(WX = (W X) = Y (Z) (W Py (N Y), Y. (4.54)
k

=0

Proof. Here is an indirect approach establishing (4.54) with (w'™, X”,) replaced by <{G[§1}*w’, BlyX),
with G as in (4.53). Let sg be the canonical section of the complex line bundle

LE = OBlyx(EyX) — BlyX

determined by the symplectic divisor EyX C BlyX via the canonical neighborhood identification
for EyX in Bly X; see [28, Section 2.1]. We denote by Sg the same section of the conjugate complex
line bundle Lg (same real vector bundle as Lg, but with the opposite multiplication by i) and by
EyX the submanifold EyX C BlyX with the opposite orientation; the latter is the oriented zero set
of 5,1(0).

First assume that c€Z" and [w]€ H3 (X) lies in the image of H*(X;Z). Thus, [w]=c1(Ly) for
some complex line bundle L, — X. Let V,,=nL,, be the direct sum of n copies of L, s,: X —V,,
be a transverse section of this vector bundle with no zeros in Y, and

s =55°®p¥ysw € D(BlyX; L @pky Vi)
1 . -1 -1 . L
The zero set s~'(0) consists of Ey-X and pX‘Y(sw (0)). Along with (4.53), this gives

<({Ggl}*w,)n,BlYX> _ <{e(zgc®p;}|va),BlYX> = i‘p;ﬁy(sgl(o))‘s—*_cm(s)

4.55
— j[‘(5’;1(0)|%—1—Cm(s) = <6(Vw),X>+Cm(s), ( )

-1
w

of s and Cgx(s) is the s-contribution of EyX C 571(0) to the Euler class of the vector bundle

where i‘p;ﬁy(s; 1(0)], is the signed cardinality of the finite set p)_ﬁy(s (0)) of transverse zeros

ZS?C(EQ p)*(lva over BlyX, i.e. the number of zeros of s+v that lie near EyX for a small generic
deformation v of s.
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Since Sg is transverse to zero along EyX and p)*ﬂysw does not vanish along Ey-X, Cm(s) is ¢

times the (signed) number N(ag,,) of zeros of the affine bundle map ag,+vgopr over EyX,
where o o
e —&ec —\®
apw: L — Lg ®p)*(|YVw, aE,w(w®0) = (szE) C®(p)*(‘yswopr),

is an injective bundle homomorphism over EyX, vy, €I'(Y; f%c(@p )*(IYVW) is a generic section, and
+® =
pr: LEC®p;‘(|YVw,p;}‘YVw —EyX

are the bundle projections; see [63, Proposition 2.18B]. Since Z%C is a complex line bundle and
VEw does not vanish over EyX, N(ag,,) is the number of zeros of the section aﬁw of the bundle

—®c +® . —_—
Hom (L, (L ®pk)y Ve)/Criw) — ByX
given by the composition of ag , with the projection f?éc@p;'YVw — (Z%C@Q;(IYVW)/CVE’W. Thus,

CEy—X(s) = cN(aE,w) = ci‘aé’_l(())‘ = c<e(H0m(f%c, (f%c®p;}|va)/(CVE,w)),EyX>

) e (4.56)
= —c(e(PXpy Vo/Wey) EvX).

By Lemma 4.33 below,

n—1

<€(p;(|va/7%;y) ) EYX> = Cn_l_k«p)*qyck(vw)) €1 (VX/XY)n_l_k> EYX>

i
4

c”_l_k<(p;(|yck(Vw)) Ppm—k(c(NxY)),Y).
=0

o

Combining this identity with equations (4.55) and (4.56), we obtain (4.54) with (w'™, X, ) replaced
by ({G5'}*w’)", BlyX). O

Exercise 4.32. Complete the proof of Corollary 4.31.

Lemma 4.33. If N —Y is a rank m complex vector bundle over a compact oriented manifold
and pr: PN —Y is the complex projectivization of N, then

0, if k<m—1;

A4 H*(Y:7). kez=9.
(WPromit ()., ifkzmoty PSR, e

{(pr*p)er(va)F, PN) = {

Proof. Since the restriction of vn to a fiber of pr is isomorphic to the tautological complex line
bundle ¥p,—1 — CP™ 1 and (c;(y},_1)™ L, CP™ 1) =1,

0, if k<m—1;

4.57
(u, Yy, if k=m—1. (4.57)

((pr* e (vin)", BN = {

Since vy C pr* N — PN is a complex vector subbundle,

2m—2

(or° e\ )elo) ™ = (o) =0 € 1(PN:2) | D HU(EN: D).

£=0
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Combining this with (4.57), we obtain
((pr*pe(yn) ~H PN = ((pripu) (pr*e(N)  (pre(N ) e(uw) L PA)
= ((pr* ) (pr*e(N) "re(yj) "L PN = (ue(N) LY.
The claim follows by decomposing 4 into its components of fixed degree. O

By definition, the first two terms in (4.54) are n! times the symplectic volumes of (X’ ,w’| X/+) and
(X,w), respectively. The last term in (4.54) is thus n! times the symplectic volume of (U, w|y, ),
since X’ is obtained by removing the tubular neighborhood U, of ¥ C X and collapsing the
resulting boundary by a natural S'-action. If the normal bundle NxY of Y C X is trivial in the
the setting of Corollary 4.31, then (4.54) gives

Vol (Ue,w) = Vol (Y, w) = Vol(BT)—(0). wen ) Vol (Y, ).

as expected.

4.7 Holomorphic blowup

There is no tubular neighborhood theorem in the holomorphic category. A blowup along a closed
complex submanifold in this category is instead carried out via local charts as described below; see
also [31, p603]. The complex blowup in the smooth category can also be carried out through a
similar local construction; see [67, Sections 2.2,2.3]. Thus, the blowup in the holomorphic category
below is a specialization of the complex blowup in the smooth category.

Suppose X is a complex manifold of complex dimension n and Y C X is a closed complex subman-
ifold of complex codimension m. We call a holomorphic coordinate chart

0=(P1y...y0n): U—C'=C"xC"™™
on X a chart for Y in X if

Uny ={zelU: ¢i(z),...,om(z)=0}. (4.58)
For such a chart, the subspace

Blyp = {(£,2)eCP™ ' xU: (p1(2),...,pm(z) €£CC™}
of CP™~! xU is a closed submanifold. We denote by
prp, pry: Blyg — CP™ L U
the two projections. The second projection restricts to a diffeomorphism
pry: {(6,z) eCP™ ' xU:2¢Y} — U-Y.

For each i € [m], let @p,.i;; be as in Exercise 1.33(b). The smooth map

@i =(@ists -, im): Blyio={([v1, ..., vm], 2) €Blyp: v; £0} — C* " xC™, (4.59)
Pii = Pmsijoprp, if je[m]—{i};
iJ w;opry, ifje{i}u([n]f[m]);

is then a coordinate chart on Bly .
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Exercise 4.34. With the notation and assumptions as above, suppose
Po: Uy—CMxCP™ and Yot Uy —CxCP™
are holomorphic charts for Y in X. Let
Poa! = (@aa';b ey (paa/m) E(paO(p;,l D P (UaﬂUa/) — Ya (UaﬂUa/)
be the overlap map between the charts ¢, and .. Show that

(a) there exists a holomorphic map

hao! © Qo (UaﬂUa/) — End¢(C™) s.t.

(cpaa/;l(v, Z), . Paatic(V, z)) = hoo' (V,2)v YV (,2) EQa (UaNUy ) CC™ x CP™; (4.60)
(b) haa (v, 2)v # 0 for all (v,2) €@y (UsNUy) with veC™—{0} and z€C"™™;
(¢) haa(0,2) is an isomorphism of C™ for all (0, 2) € po (UaNUqy ) N (0™ x C™);
(d) the map
Paa’ : Bly (olvanv,, ) — Bly (alvanv.,),  @aar (@) = (hao (¢ar ()L, x), (4.61)

is well-defined and holomorphic with pIy lUanU,, =PIy, ©Pac-
Suppose @q: Ugr —> C™ x C™"™™ is another holomorphic chart for Y in X.

(e) Show that &aa” :Szao/ogza’a”: Bly (Spa’/’UaﬁUa/ﬂUau) — Bly ((pa’UaﬁUa/ﬂUau)'

Suppose {¢pq: Uy —> C"}4e7 is a collection of holomorphic charts for Y in X covering Y. The
holomorphic blowup of X along Y is the complex manifold

EﬁYE«X—YﬂﬂJBW@%%g Blypa > (L,z) ~ 2 € X—Y VaeUa,—Y, acT,
ol

Bly (¢orlvanu,,) 2 (0, 2) ~ @aar (€, x) € Bly (¢alvanu,,) V a,o €Z;

see Exercise 4.35 below. The blowdown map

(4.62)

z, fFeX—Y;
pxjy: BlyX — X, pxp ([7]) = {

pry, (7), if 2€Blypq, a€l;
is well-defined, surjective, proper, and holomorphic.
Exercise 4.35. With the notation and assumptions as above, show that

(a) the quotient BlyX is a Hausdorff topological space;

(b) the quotient BlyX is a complex manifold;

(c) the blowdown map (4.62) is holomorphic and restricts to a biholomorphism from the comple-

ment of the exceptional divisor EyX = p)aly (Y) in BlyX to the complement of Y in X;
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(d) the map p x|y : BlyX — X is independent of the choice of a collection of holomorphic charts
for Y in X covering Y up to biholomorphism.

Exercise 4.36. With the notation and assumptions as above, define
Oy, (EyX)=prpym-1= {(K, z,v) EBlypo xC™:velC Cm} — Bly@a,
for each a€Z. Show that
(a) pry: Oy, (EyX)— Blyga, pry (4, z,v)=(¢,x), is a holomorphic line bundle for every o €T;

(b) sa: Blyypa — Oy, (EyvX), sa(l,x) = ({,x,pa(x)), is a holomorphic section of pr, for every
a€el;

(c) the map
Dy O (EyX) — Oy, 0 (EvX),
&)aa/ (57 xz, U) = (hao/(spo/ (x))f, x, haa’(gpo/ ($))U),

is a well-defined isomorphism of holomorphic line bundles lifting @, for all a, o’ €Z;

S%/‘UQHUQ,

(d) the quotient

Oy x (ByX) = (X -Y)xC)U| |0y, (ByX))/~,
a€l
Op. (EyX) 3 (6,2, ¢c(¢an (), - .., Pagm () ~ (z,¢) € X=Y VzeUs—Y, a€L,
Oprvre (EyX) D (0,2,0) ~ Boor(,2,0) € O (EyX) V a,d' €7,

SDOt|UaﬁUa/

is a complex manifold;

(e) the map pr: Opy, x (EyX) — Bly X given by

[z], fv=(z,¢)e(X-Y)xC;
pr([?]) = e _
[E,.’L‘], lf’U—(é,.’L’,U)Gnga(EYX),
is well-defined and is a holomorphic line bundle;
(f) the map sg: Bly X — Opy, x (EyX) given by
[z, 1], ifr=xc(X-Y);
sp([T]) = e~ :
[67 &, (¢a;1(x)7 s 7¢a;m($))]; ifr= (67 aj) eBlY(QDOé)’

is a well-defined section of pr.

Proposition 4.37. Suppose (X,w,J) is a Kdhler manifold, Y C X is a compact complex subman-
ifold of complex codimension m, and px|y : BlyX — X is the complex blowup of X along Y with
exceptional divisor EyX C BlyX. For every neighborhood U C BlyX of EyX, there exist a closed
2-form ky on BlyX and ey €RY so that
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(Bl1) ky wvanishes outside of U and the restriction of ky to a fiber of px|y: EyX —Y is isomor-
phZC to —WFS;m—15

(B12) the closed 2-form @Czp;‘qwacmj 1s nondegenerate and compatible with the complex struc-
ture J on BlyX for all c€ (0, er);

(B13) if (X,w,J) is compact and projective, then so is (BlyX, kcwe, J) for every c€(0,ey)NQ and
some k.€Z7T.

Proof. We continue with the setup and notation in the holomorphic blowup construction and
Exercise 4.36 above. The vector bundle isomorphisms

= 0
(ba: (me(UaﬂY) _>NYX|UQHY7 (I)a(('l)l,. . .,Um),m) — E 'U]W +TxY, (463)
j=1 T,

with o € Z determine a holomorphic structure on the normal bundle NxY of Y in X. By the
construction in Exercise 4.36, the restriction of the holomorphic line bundle Op;, x (EyX) — BlyX
to EyX =P(NxY) is the tautological holomorphic line bundle,

OBlyX(EYX)|EYX =IyxY C {px\Y!EyX}*/\/XY — EyX.

The Riemannian metric g induces a Riemannian metric and a Hermitian metric on NxY’; the
latter induces a Hermitian metric on vyar,y. Let gg be a Hermitian metric on Opy, x (EyX) that
extends the last metric with gg(sg, sg)=1 outside of U. Take ki to be i/27 times the curvature
of the connection on the holomorphic line bundle Ogy, x (EyX) compatible with its holomorphic
structure and the metric gg as in Exercise B.24. By Exercise B.15(c), the closed 2-form rv on BlyX
is real-valued. By Exercise B.25, ky is J-invariant and vanishes outside of U. By Exercises B.25
and 1.32, the restriction of k7 to a fiber of px|y: EyX —Y is isomorphic to —wrs;m—1. Since Ky
vanishes outside of U and the blowdown map px|y restricts to a biholomorphism from BlyX —EyX

to X—Y, the closed 2-form @, is nondegenerate and compatible with J outside of U for every ceR.

Since w is compatible with J, px|y is (J,J)-holomorphic, and its restriction to BlyX —EyX is a
biholomorphism onto X —Y,

pipw(w, Jw) >0V weT(BlyX), piyw(w,Jw)>0VYweT(BlyX)|pyx myx, w#0. (4.64)

Let g be a J-invariant Riemannian metric on BlyX. By the compactness of Ey.X, we can assume
that the closure U C Bly X of U is compact as well. Thus, there exists Cy €R™ so that

|ku (w,w')] < Cyg(w, w) 2w, w')/? V w,w €Tx(BlyX), z€U. (4.65)

Since T'(EyX) is the kernel of dpx|y over Ey X, there exist a neighborhood U "CBlyX of EyX and
a complex line subbundle v C T'(BlyX)|¢ so that the restriction of p)*m,w to v is nondegenerate.
Thus,

Y= {w’eTg(BlyX): zel’, p)*ﬂyw(w,w’):O VwE’yg}

is a complex subbundle of T'(Bly-X )|y so that

TBIyX)lpr =y®7  and  7*[g,x = T(EyX).
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Since U is compact and the restriction of k¢ to a fiber of p x|y : EyX — Y isisomorphic to —wrs;m—1,
there exist a neighborhood U CUNU’ of EyX and Cr € R so that
* T, -1~ rT —L~y / w
pX‘Yw(w,Jw) >Chig(w,w) Ywer, —/{U(w,Jw) >Chg(w,w') Vwen”, (4.66)

p)*qyw(w, jw) > Cplg(w,w) ¥ wET(BlyX){U_UE ; (4.67)

the last bound uses the second statement in (4.64).
Let c€ RT. Suppose T € Ug, w € vz, and w’ € 4¥. From (4.66), (4.65), and the first statement
in (4.64), we obtain
we (w+w', juH—JNw') = (p)*qyw(w, jw)—l—p)*qyw(w’, jw’))
—c(ky (W Juw')+ 26y (w, Jw')+ky (w, jw))
> O (9w, w)+eg(w', w') —eCr (g(w, w)+2g(w, w) *g(w', ') /?)

_ ~ 1~ ~ I
> (CEI —CCU)Q(U), w)+CCElg(w/7 w/) - CCU (QCECUQ(UJ, w)+mg(wl7 'UJ,)) :

Thus, the 2-form @, is nondegenerate and compatible with J over Ug if cCpCy(142CECy) < 1.
Suppose now €U —Upg and w € T5(BlyX). From (4.67) and (4.65), we then obtain

Te(w, Jw) > (Cx'—Cu)g(w, w).

Thus, @, is nondegenerate and compatible with J over U—Ug if cCgpCy < 1. We conclude that the
requirement (BI2) is satisfied with ey =1/CrCy(1+2CgCy).

Suppose L, — X is a holomorphic line bundle with [w] = ¢ (L) € H3.5(X). If c€Q and k. €Z
are so that k.c€Z, then

[kewe] = e1 (pxy LE™ @ Opy x (ByX)*e) € Hiog (BlyX);

see Remark B.21. By (BI2), the holomorphic line bundle L&*20gp,,, x (EyX )*¢ — BlyX is positive
in the sense of [31, p148] if c€ (0,ey) and k.€Z". Along with the Kodaira Embedding Theorem
[31, p181], this establishes (BI3). O

4.8 Excision of Lagrangian submanifold

As pointed out in [5, Section 4.1], the symplectic cut construction can be used to excise a Lagrangian
submanifold admitting a Riemannian metric for which all geodesics (with respect to its Levi-Civita
connection) determined by the unit length tangent vectors are periodic with the same period (i.e. all
geodesics are closed and all simple geodesics are of the same length) from a symplectic manifold.
Examples of such a Lagrangian include the unit sphere S™ C R"*! with the standard metric, the
real projective space RP™ with the induced metric, the complex projective space CP™ with the
Fubini-Study metric, and the quaternionian projective space HP" with the metric induced from
the standard metric on H"*!; see [7, §3.22,31].
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Exercise 4.38. Suppose Z is a smooth manifold, ¢ is a Riemannian metric on Z, and thus
¢,:TZ —T"Z, Q4(v) = g(v, ), (4.68)

is an isomorphism of vector bundles over Z. Let wr+z be the canonical symplectic form on T*Z as
in Exercise 1.39, wy=®pwr+z, exp,: Uy — Z, where Uy CTZ is a neighborhood of Z CT'Z, be the
exponential map with respect to the Levi-Civita connection of the metric g, and ¢, be the geodesic
flow vector field on T'Z given by

Cg(w) = %{dtw exp }(w) e T,TZ VweTZ.

t=0
Show that 1
L Wy = §ng’ where Hy:TZ — R, Hg(w) = g(w,w).
Hint: in the coordinates (z1,...,Zy, w1,...,wy,) on T'Z induced by coordinates (z1,...,z,) on Z,

a geodesic flow (z,w)=(z(t), w(t)) satisfies

) = wy, V keln);

n
v, =— ) I‘fjpipj, YV ke[n];
ij=1

. IS
with T}, = 3 > 9" (0,905 +0x, git — Or,945)
=1

where gij=g(8s,;,0,) and (¢); jejn) is the inverse of the symmetric matrix (gi;); jefn)-

Exercise 4.39. Let n€Z%, g be the Riemannian metric on the unit sphere S™ C R”*! induced by
the standard metric on R**!, and wy be the symplectic form on 7'S™ as in Exercise 4.38.

(a) Show that wy is the restriction of the standard symplectic form wen+1 to

TS" = {(v,w) € S"xR": v-w=0} c R" xR =",

(b) Let 1 be the restriction of the action of S' C C* on C™*! by the complex multiplication to
TS"—S". Show that the smooth function

H:TS"-S" — R, H(w) = 2rg(w, w)"/?,
is a Hamiltonian for ¢ with respect to wy. Hint: use Exercise 4.38.

Exercise 4.40. With n, g, and ¢ as in Exercise 4.39, let ¢: S™ — RP" be the usual quotient map,
g be the Riemannian metric on RP™ induced by the metric 4g on S™ via ¢, wg be the symplectic
form on TRP" induced by g as in Exercise 4.38, and 1) be the S'-action on TRP™ given by

¢,: TRP" — TRP", ¢, (dg(v,w)) = dq(¢ (v, w)) V uc St cC*, (v,w)eTS™,
Show that
(a) {dq}*wg=4w,, with wy as in Exercise 4.39;
(b) the smooth function
H:TRP"—RP" — R,  H(w) = 2rg(w,w)?,

is a Hamiltonian for ¢ with respect to wg.
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Let (X,w) be a symplectic manifold (X,w), ZC X be a (nonempty) closed Lagrangian submani-
fold Z, and g be a Riemannian metric on Z for which all geodesics determined by the unit length
tangent vectors are periodic with the same period. After rescaling the metric g, this period can
be assumed to be 27, as in Exercise 4.39. The Riemannian metric g induces a norm |- |, on the
fibers of the vector bundle pr: 7%Z — Z via the isomorphism ®, of (4.68). By the Lagrangian
Neighborhood Theorem of Corollary 2.26, there exist a smooth function p: Z —R™ and a diffeo-
morphism

o:U,={0€T*Z:|0|,<p(r(0)} — U, (4.69)

onto a neighborhood of Z C X so that ®*w is the restriction of the canonical symplectic form wp«z
on T"Z to U,,.

By Exercise 4.38, the restriction of the continuous function
H:U,—R, H(z) = 27r\<1>—1(m)\g, (4.70)
to U,—Z is a Hamiltonian with respect to w for the free action v of S'=R/Z on U,—Z given by

Ui (@) = @ (g ({d_1a-1 (012 j0-1 (), ©XP} (2 (27 (2))) Y tER, 2€U,~ 2. (4.71)

Suppose that the function p above is constant; this can be achieved in particular if Z is com-
pact. In such a case, (U,—Z,v, H,c) is cutting data for (X,w) for any c € R, with H~!(c) #0
whenever ¢ € (0,2mp). If c€(0,27p), the cut symplectic manifold (X’ ,w’|xs ) of Theorem 4.24
contains (the image under the quotient projection p of) the Lagrangian submanifold Z. The func-
tion H?: U,— R descends to a (smooth) Morse-Bott function X’ — R with the critical locus
consisting of the Lagrangian Z and the symplectic divisor Y/ as in (4.45). If Z = S™ with the
standard metric and c€ (0, p/m), the symplectic manifold (X’ ,w|y ) is isomorphic to the quadric

hypersurface
n+1

Q" = {[20, iy Zny1] ECPTL 2= 222}
1

+

1

with a properly rescaled Fubini-Study symplectic form wrs.,+1; see Exercise 4.42 below. If Z=RP"
with the induced metric (resp. Z=CP"™ with the Fubini-Study metric), then (X’ ,w|x/ ) is isomor-
phic to CP™ (resp. CP™ x CP"™); see Exercise 4.43 below and [5, Proposition 4.4].

Exercise 4.41 ([26, Lemma 2.9]). Let (X,w) be a symplectic manifold, Z C X be a closed La-
grangian submanifold, and g be a Riemannian metric on Z for which all geodesics determined by
unit length tangent vectors are periodic with period 2.

(a) Suppose ®:U,— U, is a neighborhood identification as in (4.69) with p being a constant
function, ¢ is the associated S'-action on U,—Z given by the negative exponential flow as
in (4.71), H is its Hamiltonian with respect to w, and c€ (0,27p). Let (X'=X" LX' ') be
the cut symplectic manifold determined by the cutting data (U,—Z,%, H,c) for (X,w) and

p: XHfl(c) — X/
be the quotient projection as in Theorem 4.24. Show that the anti-symplectic involution

op: Uy — Uy, o(z) = o(-2 '(2)),
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induces an anti-symplectic involution o’ on X’ such that
o/ op=pooe: {xeU,: |[@  (z)|g<c/m} — X
and the fixed locus of ¢’ is (the image under p of) the Lagrangian submanifold Z.

(b) Suppose o is an anti-symplectic involution on X such that X?=27. Show that the neighbor-
hood identification ® above can be chosen so that o induces an anti-symplectic involution o’
on X’ such that

o'op=poo: X—H '(c) — X'

and the fixed locus of ¢’ is (the image under p of) the Lagrangian submanifold Z.

Exercise 4.42 ([5, Proposition 4.4],[26, p249]). Suppose n € Z™, g is the Riemannian metric on
the unit sphere S™ C R®*! induced by the standard metric on R”*1, ) is the associated S'-action
on T*S™—S" given by the negative exponential flow as in (4.71) with U,=T%*S" and ®=idz«gn,
H is its Hamiltonian with respect to the canonical symplectic form wpsgn on T*S™ as in (4.70),
and ceRT. Let

Y- St — Symp((T*S" —S™) x C, wp+gn |+ gn_gn Bwe)  and H_:(T*S"—S")xC — R
be the associated S'-action and Hamiltonian as in (4.47) and (4.46). Define
(TS™)e = {(v,w) €S"xR" ! vw=0, jw|<c},
U_ = {(v,2) eC" xC: |Rev|?, |Imv[*=1, (Rev)-(Imv)=0, |2|*<c}.
(a) Show that (T*S™—S™, 4, H,2wc) is cutting data for (T*S™, wp«gn).

Let (X' = X’ UX/,w') be the cut symplectic manifold determined by this cutting data as in
Theorem 4.24, Y=Y’ UY] be the associated symplectic divisor, and ¢’ be the involution on X’
as in Exercise 4.41. Show that

(b) there is an identification of the hypersurface H-'(mc) with the submanifold U_ C C" x C
which is equivariant with respect to the S'-action 1/_ on the domain and the S'-action on the
target by the complex multiplication in both Cartesian coordinates;

(c) the space
X_ = ((TS™)eW(U-/SY)/~, (TS™)e > (v,w#0) ~ [v+iw/|w], \/e—[w]],
is a manifold diffeomorphic to X’ ;
(d) the map X_ — Q™ induced by the maps
(T'S™)e > (v,w) — [\/1—|w|?/c?, v+iw/c] € CP™,
(7_/51 >y, 2] — [z\/2/c—\z\2/02,V—i(z/c)Irn(ZV)] e Cp*tl,
is a well-defined diffeomorphism;

(e) there is a diffeomorphism ® : X/ — Q™ intertwining the involution ¢’ on X’ with the

1

standard conjugation on Q" so that ®*wpg.p1 = o W'|x and ®(Y')C Q" is a hyperplane
me -

section.
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Hint: use Exercises 1.32(b) and 4.39.

Exercise 4.43 ([5, Proposition 4.4],[26, p250]). Suppose n € Z™, g is the Riemannian metric on
the real projective space RP™ = S™/Zy induced by four times the standard metric on R™*! )
is the associated S'-action on T*RP™ —RP™ given by the negative exponential flow as in (4.71)
with U,=T*RP" and ®=idp+gpn, H is its Hamiltonian with respect to the canonical symplectic
form wp«gpn on T*RP™ as in (4.70), and ceR™.

(a) Show that (T*RP™—RP™ 1, H,2wc) is cutting data for (T*RP"™, wpsgpn).

(b) Let (X'=X’ UX’ ,w') be the cut symplectic manifold determined by this cutting data as in
Theorem 4.24, Y/ =Y’ LUY] be the associated symplectic divisor, and ¢’ be the involution
on X’ as in Exercise 4.41. Show that there is a diffeomorphism ®: X’ — CP" intertwining

1
o’ with the standard conjugation on CP" so that ®*wps.;+1= 4—@)’|X/ and ®(Y')CCP" is
T -

a hyperplane.
Hint: use Exercises 4.39, 4.40, and 4.42.

Remark 4.44. The claimed map f: U_-=V’ /S 1 Q" in [26, p249] is not well-defined; this error
is corrected by Exercise 4.42(d). The relation between f*wpg and w_ stated at the bottom of [26,
p249] would require wrs to be 72 x the definition in [31, p31]; the relation stated in Exercise 4.42(e)
is consistent with [31]. An action of a group G by isometries of S™ with respect to the standard
metric g descends to an action of G on ", as happens in the setting of Exercise 4.43 with G=2,.
If G is cyclic with |G| > 3 and acts properly discontinuously on S™ with n >3 (necessarily odd)
by isometries so that Z=S5"/G is a Lens space, then all geodesics with respect to the Levi-Civita
connection determined by the metric on Z induced by g are closed. However, the lengths of simple
geodesics are no longer the same: while the length of a generic simple closed geodesics is 27 if |G|
is odd and 7 if |G| is even, some simple closed geodesics are of length 27 /|G|. This implies that
the S'-action ¢ on T*S™—S™ generated by the geodesic flow as in (4.71) does not induce a free
Sl-action on T*Z — Z and that G does not act freely on the quadric hypersurface Q" C CP"+!,
i.e. no Lens space (other than S™ or RP") is archetypal in the terminology of [26, p245]. Thus,
the construction of [5, Section 4.1] does not apply with Z being any Lens space at all, contrary to
suggestions in the abstract and in Sections 1 and 2 of [26].
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Chapter 5

Twofold Symplectic Sum

Lemma 5.1 (26, Lemma 2.5]). Let (X,w) be a symplectic manifold with an S*-action ¢ and a
Hamiltonian H: X — R for ¢ with respect to w. If c€R is a regular value of H, there exist an
St-invariant smooth function e: H=(c) —R* and an S*-equivariant diffeomorphism

®: X (H)={(z,t)e H ' (c)xR: |t|<e(z)} — U
onto a neighborhood of H=*(c) in X such that
O(z,0) =2 Ve H Y and H(®(z,t) =c+t V (z,t) € X(H). (5.1)
If H=(c) is compact, then e can be chosen to be a constant € and U=H '((c—e¢, c+e)).

Proof. A direct proof appears in [26]; we instead deduce this lemma from Proposition 2.13(2).
Since H is 1p-invariant, the subspace H !(c) C X is preserved by . Since c€R is a regular value,
H~Y(c) C X is a smooth hypersurface with a trivial normal bundle (the induced action di on
this line bundle is necessarily trivial). By Proposition 2.13(2), there thus exist an Sl-invariant
smooth function e: H=!(c) —R* and an S!'-equivariant diffeomorphism ®: X.(H)—U onto a
neighborhood of H~1(c) in X such that the first condition in (5.1) holds. Since c is a regular value
of H, there exists S'-invariant smooth function ¢’: H~!(c) —R™ so that the restriction of the

smooth map
U: X (H) —>H_1(C)><R, U(z,t) = (va((I)(wvt)))7

to a neighborhood of H~!(c)x{0} in X.(H) is a diffeomorphism onto X./(H). The S!-equivariant
diffeomorphism
Pol ™t X (H) — (U (X (H)) C X

satisfies the requirement of the lemma with (g, ®) replaced by (¢/, oW ~1). The last claim follows
from the first by taking the infimum of e. O
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Chapter 6

Symplectic Toric Manifolds

In this chapter, we describe a construction of symplectic toric manifolds along the lines of [23,
Section 3.2] and use it to obtain key properties of these manifolds. Example 1.32 is a special case
of this construction. The structure of this chapter is motivated by [55, Chapter 2], which efficiently
summarizes these properties from a more concrete perspective. We fix a torus T of dimension n
and continue with the notation and terminology introduced at the beginning of Section 4.2.

6.1 Symplectic quotient construction

In this section, we use the symplectic reduction of Theorem 4.1 to construct a symplectic toric
T-manifold (X,w,, p) with p(X) = (J€) for any regular Delzant subcollection .7 C (T3T)z xR.
By Exercise 1.51, every Delzant polytope P equals () for some regular Delzant subcollection
H C (T1T)z xR. Thus, the construction of this section provides another proof of Theorem 4.20(1).

Suppose # C (T1T)z xR is a finite subcollection. Let
Ky =ker &, ¢ T =R?/77
be the kernel of the homomorphism @, in (1.50) and
Uy RT =TT — TiK

be the composition of the standard identification of R” with T:T* and of the homomorphism
induced by the inclusion K, — T . Thus, the sequence

L* *
0— TiT =25 TiTY =R” 24 T*Kp — 0 (6.1)
of vector spaces is exact. Since L}, (a)=(a(v))(y,c)en for any a € TyT,

Ly (") = {(sv)vew Eker iyt sy, >y Ve A"} and

6.2
L_;}((%”’)a) = {(sv)vew Eker Lyp: sy=c, Yve A"} (6.2)

for any ' C . It A CH and Ly : T — T is the induced inclusion homomorphism,
then
Vgt RT=R7 R — R”
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is the projection to the R?’-factor and

1t = U . 201 O Lisp . — /,: ,','/‘ ‘
Lyr=ty oLy T5T ;T =R” 6.3

Denote by w the standard symplectic form on C* as in (1.22). By this example, the map
Hy:C” —R”,  Hy((z)vew) = (7l2o]>+c0) ey » (6.4)
is a Hamiltonian with respect to w - for the standard action v of T on C*,

oti(ro)oese) (2o)verr) = (€77 20) - (6.5)

Thus,
P =y o Hyp: c” — Ty K v

is a moment map with respect to w - for the restriction of the action ¥, to K C T?. By the
exactness of (6.1) and by (6.2),

WO = B (L (N AP) = B (L (A7) ¥ AcH.  (66)
Exercise 6.1. Let 57 C (13T)z xR be a finite subcollection.
(a) Show that the restriction Hy : u;fl(()) —ker 1%, is a proper map.
(b) Let K CT;{K # be a bounded subset (with respect to some norm on K ) such that

v ()N (R20)

£ cR”.
Show that ¢%, ' (K)N(R=%)” is bounded if and only if (ker:*,)N(R=%)” ={0}.
Exercise 6.2. Let 57 C(13T)z xR be a finite subcollection and
o = 5y (eohoern) € TEK o (6.7

Show that the following conditions on . are equivalent:

(a) 0€C” is a regular value of the map Hy in (6.4),

(b) 0€C* is a regular value of Hyy|pn e for every ' C A,

(c) || <dim L (R¥) for every #"' C A such that o € %, (RZ)7=7").
Exercise 6.3. Let 7’ C . C(T1T)z xR be finite subcollections.

(a) Show that the subgroup K, C T acts freely on u;(0)NC* =7 " if and only if the homo-
morphism ® ,-» as in (1.50) is injective whenever ¢’ C #" C A and ("N (A)#0). Hint:
proceed similarly to the paragraph containing (4.10).

(b) Suppose the homomorphism ® - is injective whenever 7 C #" C A and (A" N () #0.
Show that u}(0)NC#~*" is a smooth submanifold of C*~#" and (1} (0)NC* ") /K »»
is a smooth manifold.
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Exercise 6.4. Suppose # C (TyT)z xR is a finite subcollection. Let [#]~R” be the collection
of all subcollections T C (T3 T)z xR that differ from % only in the second input of each element
of # (i.e. there is a bijection Wi, between the elements of .7 and of each T € [#] so that
Ui (v,¢)=(v,cl) for some cf €R). Show that

(a) the subset [#]* C [£] of the subcollections st such that 0 € C* is a regular value of the
map H,,+ in (6.4) is open;

(b) every topological component of [#]* is preserved under the multipication by R (i.e. simul-
taneous multiplication of the second input of each element of 7 € [#]*);

(¢c) the collections {\I/;flff(t%”’) c HC AT, (AN (AT £ D} with AT € [A] are constant

functions on the topological components of [7]*;

(d) if the subcollection . is Delzant, then 7 € [#]* and every element T of the topological
component [F]* C[#]* containing ¢ is also a Delzant subcollection.

Lemma 6.5. The subspace ,u;; (0)CC¥ is preserved by the T” -action (6.5) and is path-connected.
If (09, #0, i.e. (H) is full-dimensional, then G,(¢)={1} for some zeu;; (0).

Proof. Since the Hamiltonian H,, is T -invariant, the T* -action (6.5) preserves u;} (0). By (6.2),
(Im Hy) N (ker %) = Ly, () C R (6.8)

Since the subspace () C T3 T is path-connected and the fibers of H,» are path-connected, so is
the subspace

o (0) = H, (5, (0) c C”.
If (09, #0, (6.6) implies that there exists 2= (2y)ven E,u;i; (0) such that Hy(z) € L3,((0)J,) and
thus z, #0 for any ve .. It follows that G, (vY.»)={1}. O

From now on, we assume that ¢ C (T1T)z xR is a regular Delzant subcollection such that
(A) #0. By Exercise 1.53(b), K C T is then a codimension n subtorus. By Exercise 6.3(a),
(C¥ wyp, Y, i) is a Hamiltonian K -manifold such that K, acts freely on ,u;?,l(O) Let
(X,w) = (Xo,wo) be the quotient symplectic manifold provided by the first part of Theorem 4.1.
By (SQ0) and (SQ1) in this theorem,

dim X = dimgC” — 2dim K = 2|.#| — 2(|#|—n) = 2n.
By Lemma 6.5, X =y} (0)/K is connected.

The torus actions ¥»|k,, and ¢, commute, the Hamiltonian H» for v is ¥ x|, -invariant
and the moment map py for ¥ |k, is 1 -invariant. Let

Vh: T"xX — X and  py: X — T;T7

be the T#-action on X induced by 1 and its moment map with respect to w induced by Hy,
respectively, as provided by the last part of Theorem 4.1.
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By Exercise 1.53(a), there exists a subset .74 C / so that (/4 is a vertex of (), i.e. ()0 C (A)
consists of a single point. Since % is Delzant, the Lie homomorphism group ®,; as in (1.50) is
an isomorphism and thus so is the Lie group homomorphism

Ko x T — T, (U, Ue) — Ully .

By the last statement of Lemma 6.5 above and Exercise 6.6 below, the composition ¢ of the
T#~action t(, on X with the homomorphism

L% Lo
T 2o, T 2%, X

is therefore an effective T-action on X. The composition

’ L* ) . L*71
po X Lo A 202 papdte e, e

is its moment map with respect to w. Thus, (X,w, ¥, 1) is a symplectic toric manifold with moment
polytope
W X) = Ly eSrom (0(X) = Ly (e (Hor (5 (0))
= Ly (0 on (L () = Ly, (L () = () 5
the second equality above holds by (6.6) with s#”=( and (6.8).

Exercise 6.6. Suppose 91 and ¢ are commuting actions of groups G and G on a set Z and
z € Z is a point such that G (¢1 x1)2) ={1}. Let 1, be the induced Gz-action on the quotient Z/G4
and G1z€ Z /Gy be the Gi-orbit of z. Show that Gg,.(¢y)={1}.

Exercise 6.7. Show that the Hamiltonian T-manifold (X,w,, ) constructed above does not
depend on the choice of subcollection #; C /7 so that (4 is a vertex of ().

Exercise 6.8. Suppose ! C (TyT)z xR is a Delzant subcollection such that £t > J# and
(ATY= (). Show that

(a) there exist (unique) linear functionals ¢, : Im L}, — R with v’ € #T— 7 such that

;ﬁ (o) = (L;f(a), (Ev’ (L;i”(a))) U’ejf'f_jf) e RZxR” 7 =R*" vqe T;T;

(b) £y(s)>cy for all v € #T—# and s€ L%, (H);

(c) the projection pr, yt: C#"— C7 restricts to a principal T ~~bundle ,u,;i,}T (0) —>u;f1(0)
with a smooth T”-equivariant section

- _ g o
5w (0) — ,u%plT(O) c Chxc?' =7,

5((»%)116%”) = ((ZU)UG%”> (\/(Ev/(H?f((zv)ve%”))_CU’)/TF)U/G%T_%>;

(d) we |Tu;;T () =PLp }T,u;;T (o) @nd
Hy =154 p0Hypt05: ,u;;(()) — ImL%,.
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Conclude that the Hamiltonian T-manifold (X, w,, 1) constructed above does not depend on the
choice of Delzant subcollection .72 C (13 T)z x R with (J€) fixed. Hint: using Exercise 1.54(a), show
that the section s descends to an identification of the Hamiltonian T-manifolds determined by 57
and 1 via the above construction.

Remark 6.9. The section s of Exercise 6.8(c) is equivariant with respect to the inclusion K » — K
in the exact sequence of Exercise 1.54(a). This implies that s descends to a continuous map

In contrast, the projection pr s+ u;flT 0)— “;z’} (0) does not generally descend to a continuous

map XT— X, as T# Gl CART generally not a subgroup of K ,,+ and thus the homomorphisms
in the exact sequence of Exercise 1.54(a) are not reversible.

Exercise 6.10. Let 57 C 7. Show that
(@) 1 (48)°) = {[(z0)ver] €EX=pp (0)/Kop: 2o=0V v} = (1} (0)NCT 7)1
(b) p~'(4)?)C X is a connected w-symplectic submanifold;

(c) the subtorus T, C T acts trivially on p~(%)?) and thus the T-action 1 induces a T/T -
action 1 on u~ (4)%);

(d) if ap€ (), then
pag =pi—00: 1 (74)°) — Ti(T/To) = {2 €T3 T: alryt,,, =0}
is a moment map for the T /T,y -action 14 with respect to w|“71(<%>a).
Exercise 6.11. Suppose % C ., ag€ (), and qo, and H#/#5 are as in Exercise 1.55. Define
sty = ({75;,7%;U)U6W_% L CT — e
iesto (20 vrerim) = Zguyw) V¥ VEH—IH;
gbgi”;% = (¢§f;%;v)ue,yfﬂ7z%) :RY — R, ¢I§f;%;q%(v) (sv)vesw) = sv Yvest—i.
Show that

(a) the smooth map z,f, # restricts to a T/Ty-equivariant diffeomorphism between smooth sub-
manifolds u;;/: #,(0) and 11,7 (0)NC# =7 of the domain and target, respectively;

(b) woey :Z;f;%w%”a
Hy—Liyp(ao): i (0)NC7 70 — R0 c R7 | and
Hypom = 5. 0,0 {Hoe 0ty — Ly (000)} : T — Ty 170,
() if s C 0 C A and (A is a vertex of (), then
I{*%":l(R%_%) =17 (T/T) ={aeTyT: 1T, =0} and

*—1 __ * _r*x—1 * R . A= *
Lo ot ot = Loy jom, © e st e ot O Py - R — T3 (T/ Ty
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Conclude that Z;f # induces an identification of the Hamiltonian T /T, -manifold determined by
the regular Delzant subcollection /.7 C (11(T/ T ))zxR with the Hamiltonian T /T ;4 -manifold
(ufl((t%%ﬁ),w\uq((%)a),w,%,yao) of Exercise 6.10. Hint: use Exercise 1.55(c).

Exercise 6.12. Suppose (X, w, ¥, pt) is the Hamiltonian T-manifold determined by a Delzant sub-
collection 57 C (TyT)z xR and T C(T1T)z xR is a finite subcollection. Show that

(a) (X,w,v,p) is ' T-cuttable if and only if " is a Delzant subcollection;

(b) if AT is a Delzant subcollection, then the Hamiltonian T-manifold determined by #1172 "
is the 7" -cut (X, w, ¥, u) 4+ of (X,w,), u) provided by Theorem 4.11.

6.2 Complex quotient construction

As before, let 5 C (T1T)z xR be a regular Delzant subcollection. In this section, we describe the
quotient X =4} (0)/K constructed in Section 6.1 as the quotient of the complement X of
certain coordinate subspaces of C* by the complexification (K )c C (C*)? of K C T#. This
description turns out to be more suitable for constructing (complex) coordinate charts on X, as
demonstrated in Section 6.3. We continue with the notation introduced in Section 6.1.

Let (K,z)c C Téf be the complexification of K » C T and (K ); C (K#)c be the purely imaginary
subgroup. Under the identification

’]I‘éfz(C’%ﬂ/Z’%ﬂ — ((C*)'%ﬁ, [v] — ™

the subgroup (K); corresponds to a subgroup of (R*)” C (C*)”. The group TZ ~ (C*)” acts
on C” by the coordinate-wise multiplication in the usual way, i.e. as in (6.5); we denote this
complexified action in the same way. Define

Ver(#) = {a C o (ALY N(H)£0, || =n},
Xpw=C"- ",  Xp=Xn/(Kx). (6.9)
H'CH
T 5 (0)=0

Thus, X CC¥ is a Té”ﬂ -invariant path-connected open subset containing ,U,;fl(O). If ,u;fl(O) =0,
then X, =0. By Exercise 1.53(a), Ver(#)#£0 if 1154 (0)#0. Furthermore, every subset J¢’ C 7
such that (AN () # () is contained in some element .7 of Ver(2#). Along with (6.6), this
implies that for every element z=(z,),c» of X the set

I, = {UE%”: ZUZO}
is contained in some element .7, of Ver(.77).
Exercise 6.13. Show that
(a) (Kr)c acts freely on the subspace )Z;;ﬂ cC”?;
(b) the subspace X,y CC7 is simply connected if .7 is minimal.

Hint: proceed similarly to the paragraph containing (4.10).
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Lemma 6.14. Suppose v = (tgw)ven with k€ZT is a sequence in TyK CR? and 4, 5 are
elements of Ver(s€) such that

inf{tp,,: k€eZ", veX -~} €R and sup{tp,: k€L, veEH —H} = +oo. (6.10)
Then, sup{tg,,: kELT, vEH —H} = +oc.
Proof. Since ¢ is Delzant, the projection
Pror: Tiow — R oty (t)ver) = (to)ver—sas

is an isomorphism for every .# € Ver(.7). Thus, so is its dual,

D0, :L%’R%_%. R S T K.
In particular, there is a unique element s . », eR =7 such that

Pt (50.6) = U (Co)ver) € TiKor.

Since L%, (7#2)?) is the single-element set {s+ (cy)pex} for some s € (RT)# =7 satisfying the
above condition with s, replaced by s, 5., € (RY)? =7 for every /, € Ver(J#).

Let Pryp. . 6 =P, opr;\;,%ﬁ1 (R R 7% Thus,

sup{( s, PLorin (k) : K€L} = sup{(svims, Do, 6 (PP (01))) - R EZTY
= sup{(pPr . (S,63) P (V) - k €L}
= Sup{<$%;%{i DT p (vk)> ke Z+}.

Since sp.m € (RT)# =7 the two assumptions in (6.10) imply that the last supremum above
is +o00 and so

sup{(s.z,, DY e, (V) : KELT} = +00.
Since s € (RT)? =72 this establishes the claim. O

Proposition 6.15. Suppose (z)pez+ S a sequence in uj}l(O) C C? and (vi)pez+ is a sequence
in T1K » CR%.

(a) If the sequence 1 y.jiv,](2k) converges to some yeCH, then the sequence z, is bounded.

(b) If the sequence Vot (zx) converges to some yef(%p, then subsequences of z. and vy converge
to some z e,u;;} (0) and vE€T1 s, respectively, with ¥ ., (2) =y.

Proof. We denote by {e,: v €.} the standard basis for T4T? =R, by {e*: ve.#} the corre-
sponding dual basis for Ty T# ~R”, by (-,-) the standard inner-products on TyT# and T; T,
and by | -| the corresponding norms and the standard norm on C*. If % € Ver(J#), the elements
veTyT with (v,c) € #4 form an R-basis for 71T (in fact, Z-basis for the lattice (71T)z). Thus,
there exists a matrix A= (ayy)vesr—s e With real (in fact, integer) coefficients so that

v = Z a(v,c)(vl,cl)’vl V(U,C)E%—jﬁ . (611)
(v, e
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From (1.50) and the exactness of (6.1), we then obtain

TaKw =ker Ly = SpanR({eU— Zaw/evn UGJL”—%”.}),
v'EHe

ker (%, = Im L%, = Spang ({ef},—i— Z Ay €y, : v’e%”.}).
Ve —He

(6.12)

For each k€ Z™, let z;, = (2k )vesr € C” and v, = (thow)vew € R . By passing to subsequences if
necessary, we can assume that

i) there is a subset J2°° C S such that |z.,| — oo for every v € J2*° and z;., converges to
4 ) y z 3 g
some z, € C for every ve & —°;

(ii) there are (disjoint) subsets J,~, ;" C 5 such that tj,, — £oo for every v €~ and ty,,
converges to some t,, € C for every ve & — A, UA,".

Let y=(yy)vex. By the assumption in either (a) or (b),

lim e 2k 2 = Yo Yoved. (6.13)

k—o0

In particular, J£>° C 7.

(a) Suppose H#,° #() and thus |Hy(z)| — 0o. After passing to further subsequences if necessary,
we can assume that the sequence Hyr(zr)/|Hz(2x)| converges to some

5 = (su)ver € (ker ) N(RZ)” c R .
Let st ={ves: s,>0}. We note that
0+ A C A CHS (6.14)

Choose ., € Ver(J). With A= (ayu )y, as in (6.11), define

and Ay = (aw')ue(}f—ﬁfi—jfsﬂv’e}ﬁrmﬁf. :

A = (a““')ve}iﬂs*—ii”.,v/eiﬁ*ﬂ%’.
By the second equation in (6.12) and the definition of J#T,

AT _ H—Ho— I
Al(sv)vejﬁjm%ﬂ. = (S’U)Uejiff—jzﬂ. c (R+) , AQ(SU)UE%er% =0€R .

By the first equation in (6.12),
Atlr(tk;v)uejﬁ—jf. +Agr(tk;v)ueéf—ji’i—éfg+ = —(tko) et rn
for all k€Z™. By (6.14), ty, €RY for all ve " and k€ Z" sufficiently large. Thus,
0< <(3v)ueéf;+m}ﬁ7 (tkw)ve%ﬁm%’.> = _<(3U)ueﬁfg+m%”.7Agr(tk;v)ueff—éfi+A5r(tv)vejf—éﬁ—ﬁi@+>

= _<A1(Sv)u€%’§+ﬁ%7 (tk;v)vejﬂ+—jf,> - <A2(3v)ue%’s+ﬁ%’.’ (tk%v)vejf—%—%+>
= _<(SU)UEK%”S+<%”.’ (tk5v)v€=9fs+f=9f.> -0<0
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for all k€Z™ large. Since this is a contradiction, S =.

(b) After passing to further subsequences if necessary, we can thus assume that the sequence zj
converges to some element 2= (2,)yex of 15, (0)CC*. By (6.13),

%’fc%ﬂyz{veﬁﬂzyuz()} and %‘C%E{UE%:ZUZO}.
Let JA, 7 € Ver(£) be such that 77, C J4 and . C #5. By the definition of " and /2,
sup{tp,: k€EZY, veEX -} €R and  inf{ty,,: k€Z", ve X -5} € R. (6.15)
By Lemma 6.14 with 4 and % interchanged, this implies that
sup{tk;v: keZT, UE%”—%%} € R.
Along with the first statement in (6.12) and the second statement (6.15), this gives
sup{[ti|: kEZT, vEA} €R.

After passing to further subsequences if necessary, we can thus assume that the sequence vy con-
verges to some element v = (t,)yen of T1K 5 C R7 . The last claim then follows from the continuity
of the complexified action . ]

Corollary 6.16. The smooth map

s (Ko )i X A (0) — Xop, W (u, 2) = Ypa(2),

1$ a diffeomorphism. The map
LXE,U,%%O)/’C%—)X%&EX%/(IC%)C (6.16)

induced by the inclusions T: 11, (0) — X and Ky — (K¢ is a homeomorphism. For every
I CH
L (78)%) = {[(z0)ver| € X 2o =0 VvEIA}. (6.17)

Proof. By the definition of the action v,r, the image of the map W, is contained in X - By
Corollary 3.20, W, is a diffeomorphism onto an open subset of (C;W and thus of X - By Propo-
sition 6.15(b), the image of W,y is closed in the connected space X . Since X 5 #0 if and only if
u;fl (0)£0, it follows that the map W, is a diffeomorphism onto the entire space X .

Let U, = (¢, R): Xp — (K )ixti,, (0). Since the map R is K y-equivariant and (K );-invariant
with respect to the action v, it descends to a continuous map

R: X[ (Kww)e — 11 (0) /K r .

Since the map 7 is equivariant with respect to the inclusion K » — (K )¢, it similarly descends
to a continuous map ¢ as in (6.16). Since Ro: = id and toR = id, the continuous maps R
and ¢ are homeomorphisms. Since the action of (K)cC (C*)? on X CC? preserves the sets
{ve A z,=0} with (z,), € X, (6.17) follows from Exercise 6.10. O
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Exercise 6.17. Show that the manifold X determined by a regular Delzant subcollection 2
of (T1T)z xR as in Section 6.1 is simply connected. Hint: use Exercises 6.8 and 6.13, along with
the homotopy exact sequence for fibration.

Exercise 6.18. Let
U= (0, (Ro)ver): Xow — (K)ix i (0) CRYxCH

be the inverse of the diffeomorphism W, of Corollary 6.16. Show that the maps

X%EX%/(ICW)(C — R207 [(Z'U’)'U’e%”] — ‘ﬁy((zul)vleﬂ) 2

, vE I,
are well-defined and smooth.

Exercise 6.19. Suppose n € Z* and 5 = J,,() is the regular minimal Delzant subset of
(T1T")z xR as in Exercise 1.57(b). Show that the inverse of the diffeomorphism W,» of Corol-
lary 6.16 is given by
U =(0,R): Xop=C7—{0} — (Ka)ixu 2 (0)=R*x {2eC”: |2*=1/x},
Vo (2) = (Valal 2/ Vl2]).

6.3 Kahler structure

We now show that the Hamiltonian T-manifold (X, w,1, 1) constructed in Section 6.1 admits a
compatible (integrable) complex structure J, i.e. J is compatible with the symplectic form w and
is preserved by the effective T-action ¢ on X. From now on, we identify the two quotients in (6.16)
via ¢.

Proposition 6.20. The Hamiltonian T-manifold (X,w,, u) determined by 5 as in Section 6.1
admits a unique compatible complex structure Jy so that the quotient projection

q: j(viyf — X:X(yf (6.18)

is a holomorphic submersion. For every #y C A, n~*(24)%) C X is a complex submanifold of
codimension | 74| with respect to this complex structure.

Proof. Let 4 € Ver() and (@ )y, be as in (6.11). Define
U, = {(20)oen €Xow: m#A0VVEH~IRY, U =q(Um).

Since the open subset Uy, C X s 18 K yp-invariant (in fact, T -invariant) the subset U, C X is
also open. By the definition of U, and the first equation in (6.12),
6= (star) ey Urta — (K)c € (€17
2yl if o' € H— A

d)%ﬂ.;v’ ((ZU)UE%) = H z;a““,, if v/ € c%;
Uee%it%
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is a well-defined map to (C*)? with values in (K )c. Since this map is (K )c-equivariant, the
smooth map

U Uty — C% o (20)vesr) = (20 Sotar (20)ver ) ye,) »
is (KCz)c-invariant and thus descends to a continuous map
U : Uy, — T
The inverse of this map is qog 4, Where

1, ifver’—iA;

5%”.5(511)@6%0: ce —>Z/~{%ﬂ_, 5%;U((ZU/)U/G%) = {ZU if ve A

Since this map is continuous (in fact, smooth), qoﬁ is also continuous and thus ¥ is a homeo-
morphism.

The restriction of the map 1,4 og to the slice
Usa = {(20)oer €CT 2y =1 YveH~ K} C Uy,

C7%. Since the image of 2/7%;1 under (K z)c is LNI%O. and the map

is the projection onto
Y0q: Uy, — C*
is (K_z)c-invariant, it follows that this map is a holomorphic submersion. Thus,

¢ Un=q" Un) — Un,

is also a holomorphic submersion with respect to the complex structure J 4 on U, induced from
the standard complex structure on C”* by 14, . Since the standard complex structure Jeoe on c”
is T -invariant and the T-action on I/ 4, is induced by the T -action on C”, it follows that the
complex structure J, is T-invariant.

Let % C . By (6.17),

0, if & Hs;

1 P _
Vor (W (H0)7) U, ) = {{(ZU)UE%;ZU:O Yves), if 6 C .

Thus, u~1(7)%)NU, is a coordinate slice with respect to 1 .

Suppose 74, #5 € Ver(.#) and thus

Vo (U \Uog) = {(20)ver €C: 2, £0 Yo e JA — 5.

The overlap map between the charts 1,4 and 1, as above,

U oV = (Wtatisn) ye gt i (Uos U) — Yo (Uss U © C72,

Vbsta0s (06 (20 )onesm))s i va€ o~

w%,}f;v Zvy)vi€sf) = 7 Q9 i
L PV N B W) N NP
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is a holomorphic function. Thus, the charts ty, : Uy, — C% with 4 € Ver(#) determine a
y-invariant complex structure Jy on X = X so that the quotient projection ¢ in (6.18) is a
holomorphic submersion. Since the standard complex structure Jer on C” is compatible with
the standard symplectic form wy on C* and ¢*w=w %|T#;é (0)’ it follows that Jy is compatible
with w. The map g being a holomorphic submersion implies the uniqueness of J,». By the previous
paragraph, u~'((24)%)C X is a codimension |.7%| complex submanifold with respect to Jy for
every 6 C . O

Exercise 6.21. Let [#]* C []* C[##]~R” be as in Exercise 6.4 and ! € [#]*. Show that

(a) Ver(s#1)=Ver(#) and X ,+ = X -, with the identification induced by a bijection W1, as
in Exercise 6.4;

(b) (K pt)c acts freely on the subspace X 4,1 C C* " and

(Xoets et bt ) = (X, T, o)
with the identification induced by a bijection V¥, as in Exercise 6.4.

Exercise 6.22. Suppose /T C (T3T)z xR is a Delzant subcollection such that T > J# and
(AT = (). Show that

(a) Ver(#) =Ver(#) and X 1 =X p x (C)7' =7,
(b) the T -equivariant holomorphic immersion

s )?yf—))z%f CC%XC%T_%, s(z) = (Z,I%T_‘%ﬁ),
descends to a T-equivariant biholomorphism s: (X, Jyz) — (X pt, Jpt)-

Hint: use Exercise 1.54(a).

Exercise 6.23. Let T=R/Z. The regular Delzant subcollections
I = {(1,0)} and At = {(1,0), (1, —7T)}

of (T4T)z xR satisfy 57 C AT and () =(H#T). Let (X r,wy) and (X pt,w ) be the symplec-
tic manifolds determined by . and 7, respectively, as in Section 6.1, s: X » — X ,+ be the
identification as in Exercise 6.22(b), and

[ 2
. >0 + —
[RE S RY, () = [

a) the Hamiltonian Kéahler T-manifold (X »,wz, Lz, Y, i) determined by 57 is the sym-
1
plectic manifold (C,wc) with the standard complex structure Jg¢, the standard S'-action by
multiplication, and the Hamiltonian given by

Show that

H:C—R, H(z) = 7|z|?;
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(b) the biholomorphism s is the composition of the map
Xor =1 (0)=C — 1} (0)= (21, 22) €C2: a2 = |m[4+1}, = — (F(12D)=,1/£(1=P),
with the quotient projection uj_flf(O) — X 13

(¢) s*wut = (f(2)?+2f(12*) ' (|21})]2]?)we.

Conclude that the Hamiltonian Kéhler T-manifolds determined by % and J#1 are not isomorphic
(there is no T-equivariant identification of X with X -+ which intertwines the symplectic forms
and complex structures at the same time).

Remark 6.24. By Exercises 6.8 and 6.22, the Hamiltonian T-manifold (X, w,, u) and the com-
plex T-manifold (X, J,1) obtained via the constructions of Section 6.1 and Proposition 6.20 do
not depend on the choice of Delzant subcollection J# C (T1T)z xR with () fixed. However, the
identifications of Exercises 6.8 and 6.22 generally do not provide identifications of the Hamilto-
nian Kihler T-manifolds determined by regular Delzant subcollections 2, 1 C (TyT)z xR with
(AT = (A#). By Exercise 6.23, these Hamiltonian Kihler T-manifolds need not be isomorphic
at all.

Exercise 6.25. Suppose % C J, ag € (%), and qa, and H#/# are as in Exercise 1.55.
Show that the identification of the Hamiltonian T/T,,-manifold determined by /7 with the
Hamiltonian T/T ,4;-manifold (M_1(<%>8)7W|M—1(<yﬁ)>6),wﬁﬁ)aﬂao) in Exercise 6.11 intertwines the
complex structure Jy, on the former and the restriction of the complex structure Jy to the
latter.

Exercise 6.26. Suppose T is a torus, 5 C (T1T)z xR is a regular Delzant subcollection, and
(X,w, J, ¢, p) is the Hamiltonian Kéahler T-manifold determined by .7 as above.

(a) Let Aée RT and A\ C (T1T)z xR be as in Exercise 1.56(a). Show that the biholomorphism

' % A

Xow — Xyw CC7, (Z”vc)(v,c)eff - (ﬁzvvc)(v,/\c)e)\ff’

restricts to a diffeomorphism ,u;fl(O) — ,u;}lf(()) and descends to an identification of
(X, Aw, J, ¢, Ap) with the Hamiltonian Kéhler T-manifold determined by A\JZ as above.

(b) Let apeT;T and #+ao C (T1T)zXR be as in Exercise 4.13(b). Show that the biholomorphism

Xy — Xppta, C CHtao — (Zv,c)

) (Z’U,C) (wc)Ejf (’U,C-i-oco(’u))eg%&-fao ?

restricts to a diffeomorphism 1,'(0) — ”;fi ap(0) and descends to an identification of
(X,w, J, 9, p+ap) with the Hamiltonian K&hler T-manifold determined by .7+« as above.

(c) Let © € GLz((TyT)z) and ©* € GLz(T5T)z), Yo, and O~ 12 C(T1T)z xR be as in Exer-
cise 4.13(c). Show that the biholomorphism

(C@71=9f

ji;f — 5(1@71% C — (qu,c)

? (Z’U,C) (v,c)ejf (@71(1}),6)6971% )

restricts to a diffeomorphism p, (0) — ug)]ﬁl%(O) and descends to an identification of
(X, w, J, e, O%op) with the Hamiltonian Kihler T-manifold determined by ©~!.# as above.
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In light of Exercise 6.26, it is sufficient to consider the Hamiltonian Kéahler T-manifolds determined
by representatives for the equivalence classes of regular Delzant subcollections of (T3T)z xR as
defined above Exercise 1.57. In light of Exercises 6.8 and 6.22, it is usually sufficient to consider
the Hamiltonian Ké&hler T-manifolds determined by minimal regular subsets, up to the nuance
pointed out in Remark 6.24. A regular subcollection of (T3T)z xR has at least dim T elements.
Exercise 1.57 provides specific representatives .7 for the equivalence classes of regular minimal
Delzant subsets of (T3T)zxR of small cardinality relative to the dimension. The associated subsets
() CT;T in the dim T=2 case are shown in Figures 1.2 and 1.3.

Exercise 6.27. Suppose n € ZT and s C (TyT")z x R is the regular minimal Delzant sub-
set of Exercise 1.57(a). Show that the Hamiltonian Ké&hler T-manifold determined by . is
(C™, wen, Jen, Yen, Hen ), where wen is the standard symplectic form on C™ as in (1.22), Jen is the
standard complex structure on C", ycn is the standard coordinate-wise T"-action on C", i.e. as
in (6.5) with ¢ =[n], and

Hen: C" — R"=T7T", Hen(z1, ..y z) = 721 |2al?)
Exercise 6.28. Suppose n€Z", k€[n|, ary1,...,a, €Z2°,
%E%L;k(amrl,. . .,an) C (TﬂTn)ZXR

is the regular minimal Delzant subset of Exercise 1.57(b), and (X, w, J, ¢, u) is the Hamiltonian
Kahler T-manifold determined by 7. Let

vy = (—61—...—€k,—1) € (), vl = (—el—...—ek+ak+1ek+1+...—i—anen,—l) € A,

DLy, Yk = {(¢,v) eCPFxCH: vell — CP*, pr,, (6,v) = ¢,
be the tautological holomorphic line bundle.
(a) Show that the projection

2y, fvesfr;

: T
Zits if v=uv;;

Pr=(010) e g X — Xoty0r Pro((2o)ver) = {

is well-defined and descends to a holomorphic vector bundle pr: X — X (.

(b) Construct an identification of (X, w, J, 1, u, pr) with the holomorphic vector bundle

n
prg: E= @ ~®% cp*
j=k+1

with a symplectic form wg such that wg|cpr =wrs.;, with the T"-action g given by

VEi(wicin) ([(zi)ie[kﬂl]v (ZJ'((zi)iE[kH})mj)je[n}—[k]>
= ([((Uizi)ie[k]a Zk+1), (szj ((Uz‘zz‘)ie[k], Zk+1)®aj)j€[n]_[k})7
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and with a Hamiltonian Hg given by

Hg ([(»Zi)ie[k-i-l}] , (2 ((zi)ie[kﬂl)®aj)je[n]—[k])

- (”‘ﬁ(ej,o) ((Zi)(ei,O)E%‘;L*7Zn+l)’2)je[n] e R"=17T",

with 75(%0) denoting the v=(ej,0) component of the inverse of the diffeomorphism W, of
Corollary 6.16 as in Exercise 6.18 and 2,41 denoting the v;"-component of the input #-tuple.

(c) Conclude that the Hamiltonian Kéahler T-manifold (X,w,J, v, u) determined by J%,.,() is
the complex projective space CP™ with the Fubini-Study symplectic form wrs;,, its standard
complex structure, the T"-action given by (1.39) with n replaced by n+1, and the Hamiltonian
given by

Hepn: CP" — R"=T;T",  Hepn([21, .. 20i1]) = (1, - -5 2a?)
C . 1 ) C PRIy | ‘Zl|2+..'+|zn+l‘2‘

Exercise 6.29. Suppose n, k, apy1,...,a, €220, A, (X,w,J,9, ), E, and g are as in Exer-
cise 6.28 and k<n. Let cER™T and

A = {(—eps1—-.—en,—¢)} C (TaT") , xR.
Show that
(a) HUA" is a Delzant subset of (T3T")z xR and thus (X, w, 1, u) is #'-cuttable;
(b) if (X',', J ¢, 1) is the Hamiltonian Kéhler T-manifold determined by 7’11, then
(X" ) = (X w, b, ) e

and there is an identification of (X’,.J’) with the projectivization P(E@®7( ) of the direct
sum of the holomorphic vector bundle E with the trivial complex line bundle T(é pk OVer CP*
so that ¢ is the T"-action on P(E@T(é pr) induced by the trivial extension of the T"-action ¥

to E@T(CP’“7
/ w' =C
CP?

for any CP! CPP(E%r¢ 1, ) linearly embedded in a fiber of the CP" *-bundle P(E® ¢ pr ) — CP¥,
and sjw’ =wpgk, where sq is the section

so: CP¥ — P(E®tip),  so(z) =[0,1] € P(E,&C).

Exercise 6.30. Suppose a€Z=°, ceR", 5.(a;0,c) C (TyT?)z xR is the regular minimal Delzant
subset of Exercise 1.57(c), and (X,w, J, %, u) is the Hamiltonian K&hler T-manifold determined
by #.1(a;0,c). Let 71, T(é p1 —— CP" be the tautological complex line bundle and the trivial com-
plex line bundle, respectively. Construct an identification of (X, w, 1, u, J) with the a-th Hirzebruch
surface,

Fo =P(/{*®7¢p) — CP!,
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with a symplectic form wg. so that Wa;ch?(oesrl ) =WFs;1 and fF Wq;c = ¢ for every fiber F'CIF,, with
cpP

T2-action Ya;e given by
wa;c;(ul,uz) ( [([Zh wl]v 22(21? w1)®a’ wQ)]) = [([U1Z17 w1]7u2z2(u1z17 w1)®a’ w2)] ’

and with a Hamiltonian Hg..: F, —R?,

C)\(Zl,U]l,Zz,wg)ia‘ZQP >

H,. ®a Y 2
aie([([z1, w1], 22 (21, w1)®%, w2)]) <7T (21, w1, 22, w2)| 21 N tn, 22, wa) 2|22t [wal)

where \(z1, w1, 22, ws) ERT is defined by

ac|ws|?

W)‘(Zhwl’22’w2)(‘zl|2+’w1’2) = (1+ac) B A(z1, w1, 22, we) " 292 +|we|?

6.4 Line bundles and projectivity

As before, let 57 C (T1T)z xR be a regular Delzant subcollection, K C T be the kernel of
the homomorphism ®, in (1.50), and X C C* be the dense open subset given by (6.9). For
c'=(c))) e €77, define

L}fcl = (j(viyf X (C)/N, where

(e ) ~ () ( TI6)¥) ¥ (wdoeor € Krle € (€7

veH

By Exercise 6.31 below, the map

PLyer: L — X)Z”EXJ?”/(’C%”)Ca prjfc’([(zv)vejf7 Z/]) = [(ZU)UE%"]’ (619)

is a holomorphic line bundle with respect to the complex structure Jy on X, provided by
Proposition 6.20. By definition, this holomorphic line bundle depends only on the restriction
V() ETFK ¢ of ¢/ R =TT to TyK .

By Lemma 6.33 below, L is a positive line bundle in the sense of [31, p148] if the subcollection J#”’
obtained from J# by replacing the second input in each element v = (v,c¢) of 7 with ¢, lies
in [J7]*; see Exercise 6.4. In light of the Kodaira Embedding Theorem [31, p181], this implies
that (X ,z, .J») can be holomorphically embedded into a complex projective space CPYN if (J#) is
compact (or equivalently X ,» is compact).

Exercise 6.31. Show that the complex charts on (X, Jy) provided by the proof of Proposi-
tion 6.20 lift to a holomorphic atlas of trivializations of the complex line bundle (6.19).

Exercise 6.32. Let 1} (0) C X be as before. For ¢ =(c,)pen € Z, define
Swe = (1 (0)xSY)/~, where

(z0)vess 2') ~ <(UU ) ven < Hu > ) (uo)vesr € Ky C T, (6.20)

vESH
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(a) Show that the map

Pr pcr - Sy“fc’ — X%ﬂE/J';;ﬂl (0)/16%7 PT e ( [(ZU)U€%7 Z/]) = [(ZU)’UGW]? (621)
is a principal S'-bundle.

(b) Let L', =Sye x51C — X be the associaited complex line bundle as in Appendix B.3.
Show that the map

L,,%"c/ — Lf%ﬂcla H:(Z’U)UE(%‘@ Z/], Z”] — [(ZU)UEE%, Z,Z”]?
is a well-defined identification of smooth complex line bundles over X 4.

Lemma 6.33. Suppose c=(cy)pen €7Z. There exists a connection V in the complex line bundle
Lﬂ(_c/w) — X with curvature Ky = — 21wy, where wp is the symplectic form on X 4 constructed
in Section 6.1.

Proof. By Exercise B.20, it is sufficient to construct a connection 1-form X\ on the principal S'-
bundle (6.21) with ¢/=c/7 so that its curvature k) is —2w». Let

pjf:p;;(()) — X and pjfc/:u;;(())xsl — S

be the quotient projections. With z=x+1iy as usual, let

(c = 27T<_y8+x8> E(GQW”Z)

= I'(C;T
or Oy dt €T(GTC)

t=0

be the vector field generating the standard action of S' on C and
Ac = —ydz+zdy € T'(C; T7C).
With z,=x,+iy,, define

A = (~ypodaytaudy,) €T(CHT*C?)  and
veHN
A= (e—)\%)@)\@ € T(C”%C;T*(C7*xC)).
For r=(74)venr €ER?, define
cr= U;;;rv and G = (ro(c) e p = %(e%mzv)ve %'to er(c”;rc”).
In particular,
{A0,60)} (z0)vesr, #') = 27|27,
(N(Cors (€ 1))} (20)vesrs 21) = 23 (w2 P+ eul 2P (6.22)

veEH

The right-hand side of the last equation above vanishes if (2y)ven, 2') € 5 (0)x St and r € TyK .
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Since the 1-form \ is invariant under the standard action of T#x St on C#'xC by coordinate-wise
multiplication, A is invariant under the action of K, on u;; (0)x St as in (6.20). Along with the

second equation in (6.22) and the following sentence, this implies that A descends to a 1-form A
on Sy, i.e. pyuA=A. Since A is invariant under the S L_action on the second factor in C?*'xC, A
is invariant under the S'-action on the principal S'-bundle (6.21) with ¢’ =c/m. Along with the
first equation in (6.22), this implies that ) is a connection 1-form on this principal S'-bundle. Let
ky be its curvature. Since

p,;;‘c’pr;fc’ Kx = p;fc’d)‘ = _2(“)((:% € F(M;{’I(O) X Sl; A2T* (M;{’I(O) X Sl))v

it follows that p*, k)= —2wcs |Tu;é 0) and so k)= —2w . This establishes the claim. ]

Exercise 6.34. Show that the map

syt Uy (Z7) — Pic(Xop, Jwr), U (U (€)) = [Pyt Lve — X,
where Pic(X ,», Jy) is the Picard group of isomorphism classes of holomorphic line bundles on (X z, J),
is a well-defined group homomorphism.

Exercise 6.35. Let vgp€ 7 and e, €Z” be the corresponding coordinate unit vector. Show that
the map

Svg: Xow — Lj{:”(—evo), Suvo ( [(zv)vejf]) = [(Zv)vejfa Z'UO]’
is a well-defined holomorphic section of the holomorphic line bundle Lyf(,evo), it is transverse to
the zero set, and

S0 (0) = 113 (0) C Xpe .
Exercise 6.36. Suppose /1 € (TyT)z xR is a Delzant subcollection such that T > # and
(ATY= (). Let
Gyt TITY =R? — T3T7 =R”

be the restriction /projection homomorphism as before and ¢’ € R ", Show that the identification of
the complex manifolds (X », J») and (X 4+, Jy»t) provided by Exercise 6.22 lifts to an identification
of the holomorphic line bundles

ng)b;ﬁr%(c/) — Xeyf and L%fcl — Xﬁot .

Exercise 6.37. Suppose S8 C I, ag € (%@a, and ¢, and S/ are as in Exercise 1.55. Let
d);f;,%: TEIC%/% — T]I‘IC%ﬂ
be the isomorphism induced by the isomorphism of Exercise 1.55(c).

(a) Show that ¢%,. ,. restricts to an isomorphism from Vo1t (27178 to 5, (Z77).

(b) Let a€ Vo1t (z7¢17%). Show that the identification of the complex manifolds (Xowpts Iyt

and (u~((24)9), |1 (y0)) provided by Exercises 6.11 and 6.25 lifts to an identification
of the isomorphic classes of holomorphic line bundles

\ij/ﬁﬂo (Oé) € Pic (X%ﬂ/%”o’ ij/%) and
qjjf(¢§’f;.}% (O‘)}#fl«%wa)) € Pic(ﬁ‘_l(<%>a)7 J%’|#71«J«%>a))a
with ¥ as in Exercise 6.34.
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Exercise 6.38. Suppose n€Z", k€[n], ary1,...,a, €220, 7 C(T1T")z xR,
pr, i VE — CP*, and prg: E— CP*

are as in Exercise 6.28. Let c=(c,),c as above.

(a) Show that t%,(Z”)=1%,(Zc) C T K .

(b) Let a€Z. Show that the identification of (X 4, J,) with the total space of the holomorphic
vector bundle F provided by Exercise 6.28 lifts to an identification of the holomorphic line
bundles

Lyp(ac) — X and  pryOcpk(a)=priy&* — CP*.

Exercise 6.39. Suppose a€Z=, ceRT, ' =51(a;0,c) C(TyT?)z xR,
pry, v — CP!, and pry, : Fo = P(yi@a@ﬂépl) — CP!
are as in Exercise 6.30. Let ¢; = (0,0,—1,0), c2=(0,0,0,—1), and
Ly, YR, = {(¢,v) €Fyx (’yi@“@ﬂépl) tvel} — T, pr,, (£,v) = ¢,
be the tautological holomorphic line bundle.
(a) Show that 1%, (Z7)=1%,(Zc1)® 5, (Zes) CTiK .

(b) Let beZ. Show that the identification of (X, J#) with F, provided by Exercise 6.30 lifts to
identifications of the holomorphic line bundles

Ly (ber)s Lw(pes) — Xw and  pri Ocp1(b), Or, (b)) — Fy,

where O¢p1(b) =" and Op, (b) :7§?b‘
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Appendix A

Morse-Bott Theory

A.1 Gradient flows

The second proof of Proposition 3.11 is based on standard properties of gradient flows of Morse-
Bott functions. As these properties are also used in the proof of Theorem 3.2 in Section 3.4, we
collect them in Proposition A.3 below and justify at the end of this section.

Exercise A.1. Let (X,g) be a Riemannian manifold and H : X — R is a smooth function.

Suppose that the negative gradient flow of H, i.e. the smooth family of diffeomorphisms

. d
Y X — X s.t. Yo =idx, —YH:= _VgH|¢H.t )

dt

exists for all t€R (this is necessarily the case if X is compact).
(a) Let r,teR and 2 € X be such that H (¢ g, (x))#0. Show that

d

7H(1/’H;t($))r =

,
o —|VH[, - (A1)

- H(wH;t (.Z'))

(b) Let x€ X and mﬁ € X be an accumulation point of the flow ¢y (z) as t — +oo0. Show that
VIH |w§ =0.

(c) Suppose in addition that X is compact. Show that the limits
LN — 1
HH (@) = | lim H(da() (A2)
exist for every z € X.

Exercise A.2. Let (X, g) be a Riemannian manifold, H: X — R be a smooth function so that
the negative gradient flow of H, ¥ : X — X, exists for all t€R and x € X. Suppose xfl eXis
an accumulation point of the flow ¢ 4(x) as t — £o0.

(a) Show that the limit H*(z) in (A.2) exists and equals H(z7;).
(b) Suppose in addition there exist C € R™ and r € (1,00) so that

[ (Yaa(w) ~ HE ()] < OV, (4.3)
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for £t larger than some a€R™. Show that
/ [VOH oyt <~ ' | H (g4 () — HE(2)| "7 |dJt] < o0
a

Conclude that the limit , liI:Itl Yp(x) exists and equals :L‘fl Hint: use (A.1) with r replaced
—Fo0
by (r—1)/r.

Let (X, g) be a compact Riemannian manifold and H : X — R be a Morse-Bott function. By
Exercise 3.9(b), H satisfies (A.3) with r=2. For Y € my(Crit(H)), we denote by

Py By (H) — Y
the bundle projections and by S(E;:(H)) CE%E(H ) the sphere bundle of E?E(H ). Let
XF(H)={zeX:25,€eY} DY (A.4)
be the H-stable and unstable manifolds of Y. For AC X3 (H), let
AL = {:z:j}} zeA} CY.

Proposition A.3. Suppose (X, g) is a compact Riemannian manifold, H: X — R is a Morse-Bott
function, and Y € my(Crit(H)).

(1) The subspaces Xi£(H)C X are smooth submanifolds with

T(X3(H))|, = TY®EL(H) C TX|y . (A.5)
(2) There exist diffeomorphisms @ﬁ;yz EX(H)— X£(H) such that

+
(®hy (W) = Py (w) YweEL(H), &5, (y) =y Vyey,
dy @y (w) =w V¥ yeY, weEF(H)CT,(Ef (H).

(8) For every ceR, the submanifolds X?E(H) and H=(c)—Crit(H) of X are transverse.

(4) For every e eRY such that H(Y) is the only critical value of H in [H(Y)—e, H(Y)+¢|, there
exist diffeomorphisms

Oy S(BY(H) — Xy (H)NH ' (H(Y)+e) C X
satisfying the first property in (A.6) with ((I)Iﬁ};Y’E)jE(H)) replaced by (d+ HYer S(EL(H)).
(5) The intersection of the closure X%(H) CcX of X%(H) with the level set H-1(H(Y)) is Y.

6) If AC XE(H) and AC X is the closure of A, ANH Y (H(Y C AL, If in addition A is preserved
Y H
by the gradient flow of H, i.e. Yg+(A)=A for all teR, then ZﬂH‘l(H(Y)):AZ.
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Proof. By the Neighborhood Theorem [36, Theorem 4.5.1], there are neighborhoods U C Ey (H)®EY- (H)
and U C X of Y and a diffeomorphism ®: &/ — U such that

P(y)=y VyeY, d,@(w)=w VycY, weEy(H)®E}(H)CT,(Ey(H)®E](H)).

By the statement and proof of [6, Theorem A.9], there are then neighborhoods U’ CU and U’ CU
of Y and smooth embeddings

Oy Uy =UNEL(H) — U

so that @fl;y(lx{iy) =U'NX{(H), the first identity in (A.6) holds whenever w € Uiy, and the
other two identities in (A.6) hold as stated. For all 6 € R sufficiently small, 4’ contains the closed
disk bundle of Ey, (H)®Ey (H) of radius § and

d
i&H(ég;Y(tw))L_l >0 YweEL(H), jw|=0. (A.7)

The smooth maps
W%;Y: E}:E(H)_Y — X, \1127}/('“7) = ¢H;:Fln(\w\/6) ((I)[:;Y((Sw/’wn)v

are then smooth embeddings onto X;-(H)-Y that agree with CIJEY on the sphere bundle Ss(E (H))
in Ef (H) of radius 6, satisfy the first identity in (A.6) whenever w #0, and satisfy (A.7) with @E;Y
replaced by \Ifli{;y. We can thus paste @ﬁ;y and \Ilﬁ;y together on a neighborhood of S(s(E}i/(H))
in ES(H) to obtain smooth embeddings <I>§;Y of EZ(H) into X with image X;-(H) which sat-
isfy (A.6). This establishes (1) and (2).

Let c€R and z € X5 (H)N(H " (c)—Crit(H)). Thus, d,H #0, H(c)—Crit(H) C X is a smooth
submanifold with

T, (H ' (c)—Crit(H)) = kerd, H ,
and Y. () is a curve in X5 (H) with

%H(wH;t(x))‘ = d,H(~VIH) = —g(VIH,VIH) # 0.

This gives (3).
Let ¢, 6 €R™ be as in (4) and above, respectively, with
Uiy (Ss(E5 (H) € H (H(Y)—¢, H(Y)+¢)).

Since the norm of V9 H is bounded below on HY(H(Y)—e, H(Y )—¢')) and H = Y(H(Y )+, H(Y )+¢€))
for every € €(0,€), (A.7) and the smoothness of the negative gradient flow ¢ 5., imply that there
is a smooth function

p: Ss(Ey(H) — R st H(Yp,pg) (Pry (w) = H(Y)+e.
Along with (A.7) again, the map

(I)ﬁ;Y;e : S(E}:E(H)) - X;‘,:(H)HH_l (H(Y):I:E)’ Qﬁ;Y;E = ¢H;p(w) ((I)ﬁ;Y (w))’
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is then a diffeomorphism satisfying the first property in (A.6) with (9%.,, EE(H)) replaced by

Suppose o' € H-1(H(Y))—Y. Choose disjoint neighborhoods U, U’ C X of Y and 2/, respectively.
By (A.7), there exists e€R™ so that

|H(z)-H(Y)|>e VzeXy(H)-U.
By shrinking U’ if necessary, we can assume that
|H(z)-H(Y)|<e VazeU.

It then follows that U’ is disjoint from X?E(H ) and thus from X;t (H). This establishes (5).

Let ACX$(H). By ((5)), ANH~Y(H(Y))=ANY. Suppose y€ ANY and U C X is a neighborhood
of y. By (2), there exists a neighborhood U’ of y in U so that x3; €U’ for every x € U’. Since y€ 4,

U’ contains some z € A and thus xfl € Aljfl. We conclude that yeAi.

Suppose A is preserved by the gradient flow of H and y GE. Let U C X be a neighborhood of y
and z € A a point such that xff[ €U. Thus, Y.+ (x) € ANU for all t€R sufficiently large. Therefore,
ycA. O

A.2 Fiber connectedness

We give two proofs of Proposition 3.11, which are essentially two different formulations of the same
reasoning. The first one is in the style of classical Morse theory, as in [49]. It is based on describing
the changes in the homotopy type of H~1((—oco,¢]) as ¢ passes through critical values as adding
“handles” of various kinds; see (A.8) below. The second proof is in the style of the modern take
on Morse theory originating in [62]. It is based on partitioning X into stable or unstable manifolds
of the negative gradient flow; see (A.9) below. In both cases, we first show that there are unique
connected critical submanifolds Y_,Y, C X with ny (Y_)=0 and n;a (Y;)=0. The function H
reaches its global minimum along Y_ and maximum along Y ; there are no other local minima or
maxima. We then show that H~!(c) is connected whenever ¢ € (min H, max H) is a regular value
of H. The claim for arbitrary c€R then follows from Lemma A.4 below.

Proof 1 of Proposition 3.11 ([3]). For Y € my(Crit(H)), we denote by D(Ey (H)) CEy (H) the
disk bundle of Ej, (H). For ceR, let

X.(H)=H*((-00,d]) C X.

If ¢ is a regular value of H, i.e. c¢Z H(Crit(H)), then X (H) is a smooth manifold with boundary
OX.(H)=H"(c). If c_,cy €R are regular values of H with c_ <c,, then

Y emo(Crit(H))

H(Y)€e(c—,cy)
with ~ denoting homotopy equivalence; see [10, Section 1]. The boundaries of the disk bundles
on the right-hand side above are attached to 0X._(H); the right-hand side is then a deformation
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retract of the left-hand side.

If Y e mo(Crit(H)) and ny, (H)=0 (i.e. H has a local minimum along Y'), then adding D(Ey, (H)) as
in (A.8) adds a topological component to X._ (H). If Y € mo(Crit(H)) and ny (H)>2, then attach-
ing D(Ey (H)) as in (A.8) has no impact on the topological components of X. (H) vs X., (H).
Since ny (H)#1 for any Y € mo(Crit(H)) and X is connected, it follows that there is a unique
Y_ € mo(Crit(H)) with ny, (H)=0; thus, H(Y_)=min H. Since ny (—H)=n;,(H), the same rea-
soning shows that there is a unique Y} € mo(Crit(H)) with n;a (H) =0; thus, H(Y}) = max H.
Furthermore, X .(H) is connected for every c€R.

We can assume that H is not a constant function. Let ¢ € (min H, max H) be a regular value.
By (A.8), X.(H) is a homotopy equivalent to a CW complex with cells of dimension at most the
maximum of the numbers

dim D (Ey (H)) = n{(H)+ny(H) = dim X —n{ (H) < dim X —1 = dim 0X.(H)

taken over Y € mo(Crit(H)) with H(Y) < c. The inequality above holds because ny.(H) # 0 for
Y#Y, and ny.(H)#1 for any Y € mo(Crit(H)). Thus, Hy(Xc(H);Z2)=0 for k>dim dX.(H) and
the boundary homomorphism

0: Haim x (Xe(H); Zo) — Haimox, (i) (0Xc(H); Za)

in the homology exact sequence for (X.(H),0X.(H)) is surjective. Since X.(H) is connected, the
domain of this homomorphism is isomorphic to Zs. It follows that 0X.(H)=H!(c) is connected.

Thus, H~!(¢) C X is connected for every c€ R—H (Crit(H)). Since H(Crit(H)) CR is a finite subset,
Lemma A.4 below implies that H~!(c) C X is connected for every c€R. O

Proof 2 of Proposition 3.11 (modification of [45, pp233,4]). By definition,

X = | | x3H) = | | x5 (H). (A.9)
Y emo(Crit(H)) Y emo(Crit(H))

Since ny, (H)#1 for any Y € mo(Crit(H)),

U xdmE) =x - U x ).
Y emg(Crit(H)) Y emg(Crit(H))
ny (H)=0 ny (H)>2

Since X is connected and each submanifold X{f(H ) C X on the right-hand side above is of codi-
mension ny (H) > 2 by Proposition A.3(1), the union on the left-hand side is connected. Since
each submanifold X;’ (H) C X on the left-hand side is open, it follows that there is a unique
Y_ e mo(Crit(H)) with ny, (H)=0; thus, H(Y_) =min H. By the same reasoning with the second

partition in (A.9), there is a unique Y, € 7o(Crit(H)) with n;a(H) =0; thus, H(Y})=max H.
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We can assume that H is not a constant function. Let € be as in Proposition A.3(4) with Y =Y_
and c€ (min H, max H) be a regular value. By (A.9),

H Yo~ X5 (H) = H (onX; (H)
YEWE(Crit(H))
(it (A.10)
~H (minH+e) — | JH (min H+e)NXy (H):;

Yeno(Crit(H))

H(Y)€(min H,c)
the diffeomorphism ~ above is obtained via the gradient flow. Since H~!(min H +e¢) is transverse
to each X, (H), the codimension of the last intersection above in H~!(min H+e¢) is the codimen-
sion of X, (H) in X, i.e. n?}(H) >2. The last inequality holds because n?(H) #0 for Y#Y, and
ny-(H)#1 for any Y € mo(Crit(H)). Since H~!(min H +¢) is diffeomorphic to the connected man-
ifold S(E{. (H)) by Proposition A.3(2), the right-hand side in (A.10) is connected as well. Since
the codimension of H~(c)N X5 (H) in H !(c) is ny (H) and ny(H) >0 whenever Y #Y_, it then
follows from (A.10) that H~1(c) is also connected.

By the above H~!(c) C X is connected for every ¢ € R— H(Crit(H)). Since H(Crit(H))CR is a
finite subset, Lemma A.4 below implies that H~!(¢) C X is connected for every c€R. O

Lemma A.4. Let X be a compact connected manifold (or more generally a topological space which
is sequentially compact, connected, locally connected, and normal). Suppose f: X — R is a
continuous function and P* CR is a dense subset. If f~'(c) C X is connected for every c€ P*, then
f~1(c)C X is connected for every ccR.

Proof. Suppose ¢ € R—P* and f~!(c) = AUB for some disjoint nonempty subsets A, B that are
closed in f~!(c) and thus in X. Let Us,Up C X be disjoint open subsets such that A C U4 and
B CUpg. Let W CR be a neighborhood of ¢ such that f~'(W) c UsUUg (its existence follows
from the first countability of R, sequential compactness of X, and the continuity of f). For each
€ AUB, choose a connected neighborhood V. of z in f~(W). The subsets

Vy = UV}c and Vg = UV;
T€EA r€B

of X are then open disjoint neighborhoods of A and B, respectively, in X. If f~!(ca)NVa#0 for
some cg <c, then
FHNVA#£D YV e(ea o).
If in addition f(z)<c for some z € Vp, then there exists ¢* € (¢4, c¢) such that
c* e P, FH)NUs #0, and  fH(c)NUp # 0.

Since f~!(c*) C UsNUg, this would contradict the assumption that f~!(c*) C M is connected for
every c* € P*. We can thus assume that f(z)<c for all x€Vy and f(x)>c for all x€Vp. Then

ﬁA =f! ((—oo,c))UVA and fIB =f! ((c, oo))UVB

are disjoint nonempty open subsets of X that cover X. However, this contradicts the assumption
that X is connected. O
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Appendix B

Bundle Connections

B.1 Connections and splittings

Suppose X is a smooth manifold and prj: E— X is a (smooth) real vector bundle. We identify X
with the zero section of E. Denote by

a: FOF — F and Prpgp: FOE — X

the associated addition map and the induced projection map, respectively. For feC*(X;R),
define
my: B — F by mys(v) = f(prp(v)) v VveE. (B.1)
In particular,
Prper = Prpoa, prp =prgomy V feC™(X;R).

The total spaces of the vector bundles
Prepgr: FOE — X and prgE—FE
consist of the pairs (v, w) in Ex E such that prg(v)=prg(w).

Define a smooth bundle homomorphism

d
g prSE — TE,  ip(v,w) = a(v—i—tw)‘t_o. (B.2)

Since the restriction of tg to the fiber over v€ E is the composition of the isomorphism

E

prg(v)

d
— Ty B (0)s w— a(v—i—tw)’ ,

with the differential of the embedding of the fiber £, () into F, tg is an injective bundle homo-
morphism. Furthermore,

dprgoip=0: prgE — prgTX, mjipoprymy =dmyoip: prgl — m}TE,

B.3
a*LEoprE@Ea =daotggg: prg@E(E@E) — a'TE, (B3)
TE|x :TX@LE(pr*EE|X) =TXPup(E). (B.4)
Let
(e e '(E;TE), Ce(w) =tg(v,v) € TLE, (B.5)

be the canonical vertical vector field on E.
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Exercise B.1. Suppose p € Z", prp : £ — X is a real vector bundle, Y C E is a tubular
neighborhood of X in E, i.e. tv €U whenever v €U and t € [0, 1], and w is a closed p-form on U.
Show that the family (m;w);c(o,1) of p-forms on U satisfies

d * * *
@ = my (Li-1c,@) = d(my (y-10,@)) Vtelo,1],

where L is the Lie derivative.

By the first statement in (B.3), the injectivity of ¢g, and surjectivity of dprg,

0— priyE 25 TE P2 X 0 (B.6)

is an exact sequence of real vector bundles over E. By the second statement in (B.3), the diagram

d
00— priyB —= TE b TX ——0
J{pr*Emf idmf ipr*EidTX (B7)
miLE m%dprg
0 ——prpk m}TE prgl’X ——0

of real vector bundle homomorphisms over E commutes. By the third statement in (B.3), the
diagram

2 d
0> prpgp(EGE) — 2~ T(EeE) — 2 o pry ,TX ——0
\Lprg@Ea ida \Lpr;é@EidTX (BS)
a*iLg a*dprg

a*TFE

0 ———prgepkl Prpgpl X —0

of real vector bundle homomorphisms over E® FE commutes.

A connection in E is an R-linear map

V:I'(X;E) —T(X;T"X®rFE) s.t.
V(fs)=df®s+ fVs V feC>®(X), sel'(X;E). (B.9)

The Leibnitz property (B.9) implies that any two connections in F differ by a 1-form on X. In other
words, if V and V’ are connections in F there exists

0 € I'(X;T*X @rHomg(E, E)) s.t.
Vis = Vs + {0(v)} (s(2)) Vsel(X;E), veT, X, veX. (B.10)
If U is a neighborhood of z € X and f is a smooth function on X supported in U such that f(z)=1,

then
Vs‘x :V(fs)’x—dxf@)s(x) (B.11)

by (B.9). The right-hand side of (B.11) depends only on s|y. Thus, a connection V in FE is
a local operator, i.e. the value of V¢ at a point z € X depends only on the restriction of s to any
neighborhood U of z.
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Example B.2. Let pry,pry: E = X xRF — X, R* be the component projections. The trivial
connection in the trivial vector bundle pr;: F— X is the map

V:T(X;E) — T'(X;T*X®rE), Vs= (prjos,d(pryos)).

Exercise B.3. Suppose V,V’ are connections in real vector bundles E, E’ — X, respectively.
Show that the map

VoV : T(X;EaE) — I(X;T*X@r(EQE'), VaV(ss)= (Vs V'),
is a connection in the real vector bundle F®E — X.

Exercise B.4. Suppose V is a connection in a real vector bundle prp: E— X, E' C E is a vector
subbundle, and p: E— E’ is a linear bundle projection, i.e. p is a bundle homomorphism so that
p(v)=w for all ve E’. Show that the map

V:I(X;E) —T(X;T*Xor E'), V's = poVs,
is a connection in E’.
Exercise B.5. Suppose V is a connection in a real vector bundle prp: EF—> X. Show that
(a) the linear map V extends to a linear map on the E-valued p-forms by

V:D(X;AP(T*X)®rE) — T(X; AP (T*X)®RE), V(®s) = (dn)@s+(—1)'ne(Vs);

(b) there exists ky € T(X; A2(T*X)®gr Endg (E)) so that

V(VR) = kyAi] Ve (X;AP(T*X)orE), pe Z=°.

Note: the bundle section kv above is called the curvature of V.

Suppose U is an open subset of X and s1,...,$, €T (U; E) is a frame for E on U, i.e.
si(x),...,sn(x) € Ey

is a basis for F, for all z€U. By definition of V, there exist

k=n k=n
0f eT(U;T*U)  st. Vsg=» spff = 0j®sp VI=1,...,n.
k=1 k=1

We call

0 = (6) _€T'(U; T*U®rMat,R)

k0=1,...,

the connection 1-form of V with respect to the frame (si)x; the entry in the k-th row and ¢-th column
of the matrix 0 is 95.

For an arbitrary section



by (B.9) we have
k=n {=n
Vs=Y se(dff +306f7),  ie V(s-ff) =s-{d+e}f, (B.12)
k=1 =1
where s=(81,....80), f=(f" i f"). (B.13)
This implies that
Vs| =prolsodes: T, X — E,  VzeX,sel(X;E)s.t. s(z)=0, (B.14)
where pry|,: T E— E, is the projection to the second component in (B.4).
Exercise B.6. With the notation as above, show that
ky®s=Vis=s- (d0+0A0)- f',
where ONO= ((0/\0)23)&56[”] is the matrix given by

(OA0); = 08 NOF".

m=1
Lemma B.7. Suppose X is a smooth manifold and prg : E — X is a real vector bundle. A
connection V in E induces a splitting

TE ~pryTX @ prpE (B.15)
of the exact sequence (B.6) extending the splitting (B.4) such that
Vs| =pryodes: T,X — E,  Vsel(X;E), z€X, (B.16)
where pry: TE— priyE is the projection onto the second component in (B.15). Furthermore,
dm; = prgid @ prym; VteR and da = prggpid ® prigga, (B.17)

with respect to the splitting (B.15) and the corresponding splitting for the connection V&V in the real
vector bundle E®E — X, i.e. these splittings are consistent with the commutative diagrams (B.7)
and (B.8).

Proof. Given z€ X and v € E,, choose s€I'(X; E) such that s(z)=v and let
T,EB" = {dss(w)—1p(Vws): weT, X} C T,E.
Since pryos=idyx and dprgotgy =0,
dyprgo{ds—igoVsl| =idr,x =  TE~TE"@E ~T,X&E,.
This splitting of T}, F satisfies (B.16) at v=s(x).

With the notation as in (B.12),
{=n l=n
{ds—1poVs)| = (dxidx, = @b = fﬁ(m)eﬂm) T, X — T, XOR"  (B.18)
=1 =1

with respect to the identification E|y ~ U x R" determined by the frame (sj),. Thus, T,E" is
independent of the choice of s. Since T, E® =T, X for every z € X, the resulting splitting (B.15)
of (B.6) extends (B.4). By (B.18), it also satisfies (B.17). O
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Exercise B.8. Suppose peZ™, pry: E— X is a real vector bundle, € is a fiberwise p-form on E,
and V is a connection in E with the associated projection pry: TE —prpF as in Lemma B.7.
Thus, Qv =pry is a p-form on the total space of E. Let (g €I'(E;TE) be the canonical vertical
vector field on E as in (B.5). Show that

i (d (e, Qv)) = pQ and (d(LCEQV))’TIX =0 VerelX. (B.19)

Exercise B.9. Suppose prp: E— X is a real vector bundle, 2 is a fiberwise linear symplectic
(nondegenerate) form on E, V is a connection in F, E' C E is a vector subbundle so that Q| is a
nondegenerate 2-form on the fibers of E’,

E = {veE: Qv,v)=0Vv eE'}

is the Q-orthogonal complement of E’, p: E— E’ is the linear bundle projection induced by the
decomposition F = E'® E"?, and V' = poV is the connection in E’ induced by V and p as in
Exercise B.4. With the notation as in Exercise B.8, show that

LCE’(Q|E/)V’ - (LCEQV)’TE” d(LCE’(Q’EI)V/) = (d(LCEQV))‘TE/'
Suppose g is a metric on a real vector bundle £ — X, i.e.
g e F(X;E*@RE*) st. g(v,w) =g(w,v), gv,v)>0 Yov,wéeE,, v#0, r€X.
A connection V in E is g-compatible if
d(g(s,s")) = g(Vs,s') +g(s,Vs) e D(X;T*X)  Vs,s eT(X;E).

Exercise B.10. Suppose £ — X is a vector bundle of rank n, V is a connection in F, g is a metric
on F, U C X is an open subset, and si,...,s,€'(U; E) is a frame for E on U. Let 95(95);6756[”}
be the connection 1-form of V with respect to the frame (si)x. For i, j € [n], define

Gij = g(si,sj) € COO(U)

Show that V is g-compatible on U if and only if

i

n

(k0% + gjiF) =dgi; Vi, j=1,2,...,n. (B.20)

b
Il
—

Exercise B.11. For a smooth vector bundle £ — X and a smooth map f: Y — X, let
f:f*E—F

be the restriction to f*E CY XFE of the projection Y xE — E. Show that there exists an assignment
of a connection V/ in the vector bundle f*E—Y to every pair consisting of a connection V in a
smooth vector bundle £ — X and a smooth map f: Y — X so that

(1y) Vidx =V for every smooth manifold X and (V/)9=V/°9 whenever f: Y — X and g: Z—Y
are smooth maps;

(2v) df maps the horizontal subspace of T(f*E) determined by V/ as in Lemma B.7 to the
horizontal subspace of TE determined by V.
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Hint: describe V/ by using the last property, either directly or via (B.12).

If E— X is a smooth vector bundle and f: Y — X is a smooth map, a section of the smooth
vector bundle f*E — Y is often called a section of E along f, even if f is not injective. If
v: (a,b) — X is a smooth curve and V is a connection in a vector bundle F — X, the covariant
derivative of a section s along v with respect to V is defined by

DV

S= Vg/ats IS F((a, b);v*E),

where 0/0¢t is the standard coordinate vector on R; this covariant derivative is again a section of £
along .

Suppose now that V is a connection in the tangent bundle 7: T X — X of a smooth manifold X.
Let T(TX)" C T(TX) be the horizontal subspace determined by V as in Lemma B.7. For each
veT X, define

(v(v) € T,(TX)" C TW(TX)  and dym(Co(v)) =0 € Tr(p)X -

A curve v: (a,b) — X is a V-geodesic in X if

DV
— 4 =0¢ F((a, b);’y*E).
dt
By (B.16), this condition is equivalent to the image of
d’ylt TR|(a,b) — T(TX)

lying in T(TX)". In particular, every constant map v: R— X is a V-geodesic. For each v€TX,
let I, CR be the largest open interval containing 0 so that there is a geodesic v, : I, — X with
v,(0)=v. By Exercise B.12 below and [60, Theorem 1.48],

W= {veTX:1el,}
is a neighborhood of X in T'X, the map
expy: W-— X, expy(v) =mnw(l),
is smooth, and its restriction to WNT, X is an open map for every x € X.

Exercise B.12. Let V be a connection in the tangent bundle 7w: T'X — X of a smooth manifold X .
Show that

(1y) (v is a smooth section of the vector bundle T(TX) —TX;

(2v) v: (a,b) — X is a V-geodesic in X if and only if there exists a smooth curve 7: (a,b) —TX
such that
£~—C oy and TOoN =";
37 = vod 3=
(3y) if veTX and t€ 1, then 1€ Iy, and v, (1) =7, (t);
(4y) if re X CTX, then expy(z) == and dy expy: T(TX) — T, X is given by
dz expy (v, w) = v+w vV (v,w)eT, XoT, X=T,(TX)

under the canonical identification of T, (T X) with T, X®T, X.
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B.2 Complex vector bundles

Suppose X is a smooth manifold and prg : £ — X is a complex vector bundle. Similarly to
Section B.1, there is an exact sequence

0 pryE B TE PP, T g (B.21)

of complex vector bundles over E. The homomorphism ¢ is now C-linear. If f € C*(X;C) and
mys: E— E is defined as in (B.1), there is a commutative diagram

dpr
0 —>priyE e TE 2 P TX ——0

J/pr’;sz idmf lpr%idTX (B22)
miLg m}dPrE

m}TE

0 ——=prpk prz7X ——0
of complex vector bundle maps over FE.
Suppose V is a (C-linear) connection in the complex vector bundle pry: E— X, i.e.

Vou(is) = i(Vys) Vse'(X;E),veTX.

If U is an open subset of X and sq,...,s,€T(U; E) is a C-frame for E on U, then there exist

k=n k=n
0 eT(U;T*UxgC)  st.  Vsp=» spff => 0/®@s, VI=1,...,n.
k=1 k=1
For an arbitrary section
{=n
s=> flss eT(U;E),
=1
by (B.9) and C-linearity of V we have
k=n {=n
ve=Y si(arf Y06, e V(s f) =¢-{d+ 0}/, (B.23)
k=1 =1

where s and f are as (B.13).

Exercise B.13. Suppose X is a smooth manifold and prg: £F— X is a complex vector bundle.
Show that a connection V in E induces a splitting of the exact sequence (B.21) of complex bundles
as in (B.15) and (B.16) which extends the splitting (B.4) so that

dmy = prgid @ prym; VteC and da =~ prgg pid ® prigpa,

with respect to the splitting (B.15) and the corresponding splitting for the connection V@&V in the
real vector bundle F&F — X.
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Exercise B.14. Suppose p € ZT, pry : E — X is a complex vector bundle, Q is a fiberwise
p-form on F, and V is a connection in £ with the associated projection pry: TE—prpF as in
Lemma B.7. Let (g €T'(F;TE) be the canonical vertical vector field on E as in (B.5). Show that

ticy (A(tepv)) = —d(tics (tcs V)
Hint: use Cartan’s formula for the Lie derivative and Exercise B.13.

Let g be a Hermitian metric on F, i.e.

g € I'(X;Home(E®cE,C)) st. g(v,w) =g(w,v), g(v,v) >0 Yo,we B, v£0, zeX.
A (C-linear) connection V in E is g-compatible if
d(g(s,s)) = g(Vs,s') +g(s,Vs') e N(X; T X®rC)  Vs,s € [(X;E).
With the notation as in the previous paragraph, let
gij = 9(si,85) € C(U;C) Vi,j=1,...,n.

Then V is g-compatible on U if and only if

e
Il

n

(glkﬁf + gjkéf) = dgij Vi,j=1,2,...,n. (B.24)

>
Il
—

Exercise B.15. Suppose V is a connection in a complex vector bundle prp : £ — X. Let
wy €0(X; A%(T* X)®r Endr (E)) be the curvature of V as in Exercise B.5 and TE" CTE be the
complement of v (prj£) CTE determined by V as in the proof of Lemma B.7.

(a) Show that the splitting (B.15) satisfies the first property in (B.17) for all ¢ € C and that
ky €D(X; A2(T*X)@r Endc(E));

(b) Suppose V is compatible with a Hermitian metric g on E and
vE Spg={weE: g(w,w)=1}.
Show that T, E™ CT,SE,q-
(¢) Suppose in addition that rkcE=1. Show that kv is a 2-form on X with values in iR.

Exercise B.16. Show that the analogues of Exercises B.3 and B.4 hold for connections in complex
vector bundles and that the assignment of Exercise B.11 restricts to an assignment for connections
in complex vector bundles.

Exercise B.17. Suppose prg: E— X is a complex vector bundle, w is a symplectic form on X, (2
is a fiberwise linear symplectic (nondegenerate) form on E compatible with the complex structure i
in E so that

is an i-invariant metric on the fibers of E, and V is a (C-linear) connection in £ compatible with giQ.
With the notation as in Exercise B.8, show that the closed 2-form

1
w=priw+ id(LCEQV)
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on (the total space of) E is nondegenerate. Hint. By choosing a unitary frame for E over an open
subset U C E, it can be assumed that £=X xC", giQ is the standard metric on C", and 2 is the
standard symplectic form on C™. Show that

Q(U,H(w)v) =0 VoeC", weTX,

where 6 is the connection 1-form with respect to the canonical frame for F, and then use [60,
Proposition 2.25(f)].

B.3 Principal S'-bundles

Suppose X is a smooth manifold and prg: S — X is a (smooth) principal S-bundle. Let

G5 ED(STS),  Golo) = S(e)| (B.25)
t=0

be the vector field generating the S'-action. This vector field generates the vertical tangent bundle
of prg, i.e.
TS =kerdprg = {t(s(v): vES, teR} — S.

A connection 1-form on S is an S'-invariant 1-form \ on (the total space of) S such that A((s)=27.
Such a form determines an S'-equivariant splitting of the exact sequence

0— TS™ — T8 P, X —5 0
of real vector bundles over S with
TS =TS @(ker \).
Exercise B.18. Suppose prg: S — X is a principal S'-bundle.

(a) Show that the S!-invariance condition on 1-form A being a connection 1-form can be equiva-
lently replaced by the condition ¢¢,dA=0;

(b) Let A be a connection 1-form on S. Show that there exists a 2-form ) on X so that dA=prgs,.

Note: the 2-form k) above is called the curvature of \.

A principal S'-bundle prg: S— X determines a complex line bundle

pr,: Ls=SxsC — X,
(v, 2) ~ (u-’u,u_l-z) Y (v,2)€eSxC, ueS?, prLS([v,z]) = prg(v),

with a Hermitian metric specified by
9s([v, 2], [v,2]) = 22" .

Conversely, a complex line bundle pr; : L — X with a Hermitian metric g determines a principal
S1-bundle, the unit circle bundle of L,

prs, . Spg={veli gv,0)=1} — X, pr, (v) = pry(v).
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With S and (L, g) as above, the maps
S— SLS)QS’ v— [Uv 1]7 and LSLSvgs — L, [’U,Z] — 2, (B26)

are isomorphism of principal S'-bundles over X and of complex line bundles with Hermitian metrics
over X . Thus, we have constructed a bijective correspondence between the isomorphism classes of
principal S'-bundles over X and the isomorphism classes of complex line bundles with Hermitian
metrics over X.

Exercise B.19. Suppose prg: S — X is a principal S'-bundle and ) is a connection 1-form
on S. Let p: SxC— Lg be the quotient projection and ¢4 pry Ls—TLg be as in (B.2) with
E=Lg. Show that

(a) there is a unique 1-form A\g on Lg so that
p*)\s}(v )= \2\2/\v+%(zd2—3dz) V (v,2) € LxC;

(b) ¢7,(dAs)=2Regs(i-,-) and ¢y(dAg)=0 for all v€T, X CT;Lg, € X;

(c) there is a unique (C-linear) connection V* in the complex line bundle prg: Lg— X com-
patible with the Hermitian metric gg so that the 1-form Ag vanishes on the complement
TL% CTLs of v, (przsLS) CTLg determined by V* as in the proof of Lemma B.7.

Thus, a connection 1-form X in a principal S'-bundle prg: S — X determines a connection vA
in the associated complex line bundle pry : Ls—> X compatible with the Hermitian metric gg
on Lg. Suppose pr;: L— X is a complex line bundle with a Hermitian metric g and V is a (C-
linear) connection in L compatible with g. Let {;, €T'(L;TL) be the canonical vertical vector field
as in (B.5) and TL® CTL be the complement of ¢, (pr; L) C TL determined by V as in the proof
of Lemma B.7. In particular, 27i¢; € T'(L; TL) is the vector field generating the S!-action on L
by scalar multiplication. By Exercise B.15, the S'-action on L preserves the subbundle T'L"| Si.
of 'Sy, 4. Thus, the 1-form Ay on Sy, 4 defined by

Av (27iCL(v)) =27, Av|p =0 VwveSi,

is a connection 1-form on the principal S'-bundle Sz, — X. By Exercise B.20 below, we have
constructed a bijective correspondence between the isomorphism classes of principal S'-bundles
over X with connection 1-forms and the isomorphism classes of complex line bundles with Hermitian
metrics over X and compatible connections.

Exercise B.20. Suppose \ is a connection 1-form on a principal S'-bundle prg: S — X and V is
a connection in a complex line bundle pr;: L — X compatible with a Hermitian metric g. Show
that
A=Apx and VW=V
under the isomorphisms (B.26) and that kg =iky.
Remark B.21. By a Cech cohomology computation [31, p141] and Exercise B.20,
i

L) = 5[] = —5- ] € Hm(X),

if V is a connection in a complex line bundle L — X and A is a connection 1-form in an associated
principal S'-bundle.
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B.4 Generalized J-operators

Let (X, J) be an almost complex manifold. Denote by

XY = {nel"X@rCinoJ =in}  and  T"X% = {neT"X®rC:noJ = ~in}

the bundles of C-linear and C-antilinear 1-forms on X. If (E, J) is another almost complex manifold
and s: X — F is a smooth function, define

_ " N 1 ~
0545 V(ST XM @cs'TE) by J7,5=(ds+Jodso ). (B.27)

A smooth map s: (X,.J) — (Y, J) is (J, J)-holomorphic if d7 ;5s=0. A -operator operator on a
complex vector bundle prg: F— X is a C-linear map

9:T(X;E) — I'(X;T* X" ®cE)
such that - ~ -
9(f€) = (0f)@E+ f(9§) ¥V feCP(X), (eT(X; E), (B.28)
where 0 f :517 7 is the usual d-operator on complex-valued functions. A (C-linear) connection V
in E is O-compatible if

= = 1
O0s = Ov€ = i(Vs +iVsoj) Vsel'(X;Y). (B.29)

Exercise B.22 ([31, p70]). Suppose (X,J) is an almost complex manifold and pry: E — X
is a J-holomorphic vector bundle, i.e. a complex vector bundle with a collection of trivializations
covering X so that the associated transition maps goo € C*°(UsNUy; GL,C) are J-holomorphic.
Show that such a collection determines a O-operator on E.

Exercise B.23 ([65, Lemmas 2.2,2.3]). Suppose (X, J) is an almost complex manifold, pry: F— X
is a complex vector bundle, and

9:T(X;E) — T'(X;T" X% @cE)
is a O-operator on E. Show that

(a) there exists an almost complex structure J = J, 5 on (the total space of) E natural with respect
to pullbacks by J-holomorphic maps such that pris a (J, J)-holomorphic map, the restriction
of J to the vertical tangent bundle TEY~pr, X CTFE agrees with i, and

07 ,5=0€T(X;T* X" @cs"TE) <«  0s=0eT(X;T" X" @cE)
for every seT'(U; E);

(b) a C-linear connection V in E is d-compatible if and only if the splitting (B.15) determined
by V respects the complex structures.

Hint for (a): assume that E is a trivial complex vector bundle and thus 0 corresponds to a (0, 1)-
form on X with values in Mat,,C.
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Exercise B.24 ([31, p73]). Suppose (X,J) is an almost complex manifold, prp: E— X is a

complex vector bundle, B
9:T(X;E) — I'(X; T* X" ®&cE)

is a d-operator on F, and g is a Hermitian metric on E. Show that there exists a unique connec-
tion V on E compatible with 9 and g.

Exercise B.25 ([31, p142]). Suppose (X, J) is a complex manifold, prj: L — X is a holomorphic
line bundle, g is a Hermitian metric on L, and V is the connection on L compatible with 9 and g
as in Exercise B.24. Show that the curvature kv of V satisfies

Ky ‘U = 00log g(s, s)

for every open subset U C X and a nowhere zero holomorphic section s of L over U. Hint: show
that
Vs = (Ologg(s, s))®s € F(U; T*U®CL).
i
Note: along with Exercise 1.32, this implies that wrs.,—1 = —Z—ﬁv, where V is the connection in
0
the tautological holomorphic line bundle +y,,_; — CP™~! compatible with its holomorphic structure
and the Hermitian metric induced from C”, and thus this line bundle is negative, as defined in [31,
p148].
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closed manifold, 1
closed submanifold, 1
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torus, 60

torus action, 60
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connection, 151

C-linear, 156

1-form, 158
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convex hull, 26
convex map, 74
covariant derivative, 155
critical point of a function, 13
curvature, 152, 158
cutting data, 105

Darboux Theorem, 43

energy of map, 24
exceptional divisor, 110
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symplectic, 109

family of vector fields
complete, 32
flow of, 32
integral curve of, 31
finite subcollection, 26
cardinality, 26
complement, 26
disjoint, 26
element, 26
equivalent, 29
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subset, 26
flow of vector field, 32
Fubini-Study symplectic form, 18
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for R*-action, 14
for T*-action, 15
geodesic, 155
gradient of a function, 13

Hamiltonian, 14
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for T*-action, 15
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Hamiltonian manifold, 3
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F¢-cut manifold, 89
¢ -cuttable manifold, 88
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integral co-vector, 7
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J-anti-invariant, 9 facet, 26

J-holomorphic map, 24 full tuple of edge vectors, 26
J-invariant, 9 interior, 26
Jacobi identity, 4 open face, 26
vertex, 26
Kahler manifold, 12 polypolyhedron
Delzant, 27

Lagrangian (submanifold), 22 polytope, 26
Lagrangian Neighborhood Thm, 43 Delzant. 26
left-invariant vector field, 4 ’

primitive co-vector, 7
length of path, 80

LFC, 75 rational line segment, 7
Lie algebra, 4 Reeb space of a map, 78
of Lie group, 5 Riemann surface, 9
locally convex map, 75
locally fiber connected map, 75 smooth group action
locally open map, 75 almost periodic, 3
cone-open, 75 effective, 2
convexly open, 75 fixed locus, 2
locally polyhedral, 74 Hamiltonian, 3
irreducible, 2
moment map, 3 on smooth manifold, 2
moment polytope, 59 on symplectic manifold, 2
Morse-Bott function, 62 reducible, 2
Moser’s Stability, 54 stabilizer, 2
Moser’s Trick, 52 weakly Hamiltonian, 3
symplectic divisor, 105
negative gradient flow, 144 symplectic form, 1
neighborhood identification, 36 symplectic manifold, 1
Nijenhuis tensor, 9 Symplectic Neighborhood Thm, 42
nondegenerate 2-form, 1 symplectic toric manifold, 101

ohod symplectomorphism, 1
polyhedron, 25

dimension, 25 tautological line bundle
edge, 26 complex, 19

edge vector, 26 torus, 7

face, 25 complexification, 60
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Lffv 27
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oy 3, 14
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VIH, 13
nQ(H),nz (H), 61
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wen, 10
WFSin, 18
wg, 10
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wr, 22
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P°, 26
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