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Abstract

Let M denote the Multibrot set of degree d > 2. By quasiconformal surgery, we
will construct homeomorphisms between certain subsets of the Multibrot sets. These
homeomorphisms will be used to find paths in My from the origin to antenna tips
of M. For d = 2, we prove that every dyadic Misiurewicz point can be connected
with the origin. This finishes a program started by B. Branner and A. Douady.
Moreover, we transfer a result for real polynomials of G. Levin and S.v. Strien to
complex polynomials and we prove that the Julia sets of the polynomials on the
paths from above are locally connected.

Zusammenfassung

Mit My wird die Multibrotmenge vom Grad d > 2 bezeichnet. Wir konstruieren
Homoomorphismen zwischen bestimmten Teilmengen von M, mit Hilfe quasikon-
former Chirurgie. Diese werden dazu verwendet, Wege in M, vom Koordinatenur-
sprung zu Antennenspitzen von My zu finden. Im Fall d = 2 wird gezeigt, daf so
jeder dyadische Misiurewicz Punkt mit dem Koordinatenursprung verbunden wer-
den kann. Dies vervollstandigt ein von B. Branner und A. Douady begonnenes Pro-
gramm. Zudem wird ein Ergebnis von G. Levin und S.v. Strien fiir reelle Polynome
auf komplexe Polynome iibertragen und der lokale Zusammenhang der Juliamenge
der Polynome entlang dieser Wege gezeigt.
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1 Introduction

Every holomorphic mapping f : C — C is either a polynomial or a transcendental function
and defines via iteration a discrete complex dynamical system. Iterating f means to
consider the n-fold composition of f by itself (n > 0):

ff=fo...of.
—_—

n

Other complex dynamical systems are given by holomorphic mappings f : P — P; these
are exactly the rational mappings, i.e. f(z) = P(z)/Q(z) with complex polynomials P and
@ # 0. In the following we only discuss the dynamics of polynomials with one exception:
later in the introduction we look at Newton’s method and thus the dynamics of certain
meromorphic functions to demonstrate the universality of the Multibrot sets.

A polynomial P of degree d is described by d+1 complex parameters ag, a1, ..., aq € C
with Qq 7£ 0:

d
P.C—C, ZHZanz”.
n=0

Conjugating f with a linear map ¢ : C — C means to look at the dynamics of f in a
different coordinate system; thus a description of the dynamics of f gives a description of
the dynamics of ¢! o f oy and vice versa. It suffices to consider only normalized (aq = 1)
and centered (ag—1 = 0) polynomials, since every polynomial is conjugated to one of this
type; the set of these polynomials can thus be described by d — 1 complex parameters ay,
ai, ..., ag—s. The objects of interest in the dynamic plane of such polynomials are the
filled-in Julia set K; and the Julia set J;, the boundary of K:

Kj:={z€C : the orbit (f"(2)),s( is bounded } & J;:=0Kj.

Another equivalent definition of the Julia set (which can be used for entire and rational
mappings as well) is the following: a point z € C belongs to the Julia set, iff for every
neighborhood U C C of z, the family of restrictions {f"|y : n € N} is not normal.

In this thesis we will discuss polynomials of degree d > 2 with only one critical point;
these can be parameterized by one complex number ¢ € C:

P.:C—C, z— 244¢

Its Julia set is denoted by J,. (compare Figure 7). For a fixed degree d > 2, the parameter
space of these polynomials is thus the complex plane, i.e. every parameter ¢ € C describes
a polynomial P, and therefore a discrete holomorphic dynamical system. One Question
concerning this parameter space is for example: what is the locus of structural instability?
This locus of structural instability is equal to the boundary of the Multibrot set My of
degree d (Figure 6) which is defined by

My :={ceC : J.is connected}.

This result is due to R. Mané, P. Sad and D. Sullivan [MSS].
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It turns out that the dynamic behavior of the critical points already describe the
dynamics of the whole mapping: for example, the Julia set of a polynomial is connected if
and only if all its critical points are contained in the filled-in Julia set. Thus a parameter
¢ € C belongs to My iff the unique critical point z = 0 of P. is contained in K., i.e. iff it
has bounded orbit.

The Multibrot sets have become projects of research for many people. The reason
for this is that these sets do not only occur in the very special families of unicritical
polynomials of degree d as introduced above but also in many other parameter spaces.
This phenomenon is called the “universality” of the Multibrot sets (compare [McM?2]).
One immediate example for the appearance of small Multibrot sets (i.e. homeomorphic
copies of the Multibrot sets) is My itself: in every neighborhood of any point in 0M, one
finds infinitely many small Multibrot sets (therefore M is called “self-similar”). This can
be explained by the theory of renormalization (Section 4.4) which is based on the theory
of polynomial-like mappings by A. Douady and J.H. Hubbard [DH2].

Another example for the appearance of small Multibrot sets is Newton’s method to find
the zeros of a complex polynomial P. Here we examine the dynamics of the meromorphic
Newton mapping

P(z)

P'(z)
To find a root of P we choose a point z € C and look at the orbit (Np(2)), of z. If this
sequence converges to a point zy € C, then z is a root of P. Thus we are interested in
the set of starting points, for which this sequence converges. That set is an open subset
of C but it need not to be dense. For certain polynomials P, one finds copies of Julia sets
J. in the dynamic plane of Np within the set of starting points not converging to a root
of P. Example: Consider the family

Np(z) ==z

Da (C—>C,z»—>(z—l)(z—(—l/?—l—/\))(Z—(—1/2—)\)>, reC

of polynomials of degree three and the corresponding family N, of Newton mappings. For
the parameter A = —0.901... +0.916...7, we find subsets in the dynamics of N, (Figure 1)
similar to the Julia sets shown in Figure 7. As we have mentioned above, the critical
points of a holomorphic mapping determine the dynamic behavior. Since

PP//

[
PPy

the critical points of Ny are 1, —1/2 — A, —1/2 + X and 0. The first three points are the
roots of py and thus fixed points of Ny. Thus every point A in the parameter space has
one of the following properties:

e N} (0) converges to 1,

(0)
e N}(0) converges to —1/2 — A,
e N (0) converges to —1/2 + X or
(0)

e N7 (0) does not converge to a root of py.



Figure 1: The dynamic plane of the Newton map N, for A = —0.901... + 0.916...i: if the
orbit of the point z € C converges to 1 (—1/2 4+ A, —1/2 — \), then the corresponding
point is marked grey (dark grey, light grey); otherwise, the point is marked black. The
black set contains homeomorphic copies of a Julia set of a quadratic polynomial.

This is visualized in Figure 2. It turns out that the set of parameters A, for which the
orbit of the point 0 does not converge to a root of py, contains infinitely many homeomor-
phic copies of the Mandelbrot set. This is again proven by renormalization theory. The
correspondence of the Mandelbrot sets in the A-space and the Julia sets in the dynamic
spaces is as follows: every parameter A\ in a just mentioned copy of the Mandelbrot set
corresponds to a parameter ¢(\) € Ms; in the dynamics of N there occur homeomorphic
copies of the filled-in Julia set of the polynomial P, (). Thus, thinking about the dynamics
of Newton mappings often leads to the dynamics of the polynomials z — 2%+ ¢ and their
parameter spaces.

One of the main questions in holomorphic dynamics is whether the Multibrot sets are
locally connected. The answer to this question is still open. If My was locally connected,
we would have an abstract model for My homeomorphic to My itself. One knows that,
if a compact connected set is locally connected, then it is path connected. Before trying
to prove local connectivity of My, one can ask which paths (or arcs = injective paths)
in My can be constructed. Using a result of J.C. Yoccoz, D. Schleicher has proved that
every point ¢ € My which is not infinitely renormalizable can be connected by a path
to the center ¢y := 0 of the main cardioid of My. Then B. Branner and A. Douady
have constructed a path from ¢y to the dyadic Misiurewicz point ¢; in the 1/3-limb of
M, of lowest preperiod. They did so by constructing a homeomorphic embedding of the
1/2-Limb of My, into the 1/3-Limb by quasiconformal surgery such that the parameter —2
is mapped to ¢;. The 1/2-Limb contains a natural arc connecting the parameters 0 and —2.
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Figure 2: The parameter space of the Newton mappings V) for the polynomials py: if the
Ny-orbit of the critical point 0 of N, converges to 1 (—1/2+X, —1/2—\) the corresponding
parameter is marked grey (dark grey, light grey); if this orbit does not converge to one of
the roots of py, the parameter is marked black.

Then this homeomorphic embedding yields an arc from ¢y to ¢; which they call a vein of
M, (for the details, see [BD] or Section 5.3 of this paper). They asked for a method to
construct veins from ¢y to any dyadic Misiurewicz point of My. We will solve this problem
by using a composition of three types of homeomorphisms:

Theorem 5.2 (Homeomorphic Trees at general Misiurewicz Points)

For d = 2, let ¢cg € My be a Misiurewicz point with preperiod k and period | such that
q > 3 parameter rays land at c¢o. Then for every integer j € {1,...,q — 2}, there exists a
homeomorphism

X : Tc(g) — Tc(gﬂ).

Theorem 5.17 (Homeomorphic Trees at Hyperbolic Components)

Let H C My be a hyperbolic component of period | and let p1, pa, q be positive integers
with py # pa, ged(pr,q) = 1 = ged(ps, q). Then for every i € {1,...,d — 1}, there exists
a mapping

Y Tl(fl/q)(i) _ T}E}Jz/?)(i)

which 1s continuous on the boundary and analytic on hyperbolic components.
In the case d = 2, the map x is a homeomorphism.



Theorem 5.24 (Homeomorphic Embeddings of 1/¢-Sublimbs)

Let H C My be a hyperbolic component of period | and let ¢ > 2. Then for every
i € {l,...,d — 1}, the 1/q-sublimb in the i-th sector of H can be mapped into the
1/(q+1)-sublimb of the i-th sector of H such that the dyadic Misiurewicz point(s) of lowest
preperiod in the considered 1/q-sublimb is (are) mapped to the dyadic Misiurewicz point(s)
of lowest preperiod in the considered 1/(q + 1)-sublimb. This mapping is continuous on
the boundary and analytic in the hyperbolic components.

In the case d = 2 this mapping is a homeomorphic embedding.

To prove the continuity of the mappings in these theorems we need to discuss Riemann
mappings from the unit disc to Carathéodory discs (compare Definition 2.14) depending
continuously on a parameter. The distance between two Carathéodory discs is measured
by the Hausdorff distance of their boundaries. In Section 2.1 we introduce “uniform local
connectivity” of a family of locally connected sets. This is the key to prove Theorem 2.17
stated below. Its proof is presented in Section 2.3, after discussing the dilatation of
Riemann mappings and sequences of automorphisms of D (Section 2.2).

Theorem 2.17 (Continuous Dependence)

Let A C C be compact, (Ux)aea be a family of open simply connected domains and
fr : D — Uy be biholomorphic mappings for X € A with one of the following proper-
ties:

1) the maps A — C, X — f1(0) and A — S*, X — f1(0) are continuous.
A

(2) the maps A — C, A f,(0) and A — C, X\ — f\(1) are continuous and fy(1) is a
simple boundary point of Uy for all A € A.

(3) there are three points i, (o, (3 € OD such that the maps A — C, X\ — fr(¢?) are
continuous (1 < j < 3), have disjoint graphs and that the image points are simple
boundary points of U,.

Then the mapping
AxD—C, (\z2)— fi(z)

s continuous, if there exists a continuous motion ® : A x OU — C of a locally connected
set OU such that OUy = ®(\,0U) for all X € A. In this case, the mappings

AxD—-C, (\z2)— fik)(z)
are continuous for all k > 1.

As an application we discuss the continuous dependence of moduli of quadrilaterals
and annuli in Section 2.4; the statements there will be needed in the construction of the
homeomorphisms in Section 5.

After giving two equivalent definitions for quasiconformal mappings in Section 3.1
we present some statements on quasiconformal homeomorphisms in Sections 3.2 and 3.3;
they will be needed in the construction of the homeomorphisms in Section 5. In this
context the measurable Riemann mapping theorem (Theorem 3.4) is the most important
ingredient for quasiconformal surgery.
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In Section 4, we give an introduction into the dynamics of complex polynomials and
we make some further preparations for the construction of the homeomorphisms in the
following section. In particular, we state well-known results about unicritical polynomials
in the Sections 4.1, 4.3, 4.4 and 4.6. In Section 4.2, invariant sectors and their open-
ing moduli are treated; this concept was introduced by B. Branner and A. Douady in
[BD]. We introduce the concept of piecewise dynamic homeomorphisms in Section 4.5.
Their existence turns out to determine the existence of the homeomorphisms around
Misiurewicz points. These points are discussed in detail in Section 4.7: we distinguish
between several types of Misiurewicz points and construct certain piecewise dynamic
homeomorphisms. Looking at certain Misiurewicz points these piecewise dynamic home-
omorphisms are not hard to find (compare Lemma 4.43), but the problem is, to show
their existence for an arbitrary Misiurewicz point, the dynamics of which can be arbitrary
complicated. For degree d = 2, we construct these piecewise dynamic homeomorphisms
for every Misiurewicz point in M,. For higher degree d > 2, our construction still works
for the a-type Misiurewicz points; there should be a similar construction for Misiurewicz
points of period [ > 2, but it is not clear yet how to generalize the construction in the
proof of Lemma 4.49 to the case d > 2.

The first theorem in Section 5 describes certain homeomorphisms between parts of
the branches behind a Misiurewicz point. This type of homeomorphisms is completely
new and will be the main part of the thesis. The proof of Theorem 5.17 in Section 5.2
is based on an idea of D. Schleicher and will not be presented in detail. Theorem 5.24
in Section 5.3 is a slight generalization of a statement of B. Branner and A. Douady in
[BD]. Therefore we will only sketch its proof.

Combining these three types of homeomorphisms we can connect the parameter 0 with
any dyadic Misiurewicz point in My by an arc (Section 6.1). The proof of the existence
of such paths does not use the result of Yoccoz that My is locally connected at all finitely
renormalizable parameters ¢ € My. Since the arguments of Yoccoz do not transfer to the
case of higher degree d > 2, one could try to construct veins in M, in the way presented
here. This point is discussed in this section as well. Using the homeomorphisms from
above we prove local connectivity for the Julia sets of many polynomials (Section 6.2); in
particular, for degree d > 2 we prove local connectivity of Julia sets for which this was
not known yet.

ACKNOWLEDGEMENTS. [ want to thank Dierk Schleicher who has introduced me into
the field of holomorphic dynamics. He made it possible for me to meet many interesting
mathematicians at several conferences in this field. Most grateful I am to him for the
numberless discussions on the topics of this thesis and for giving important comments to
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surgery and for his useful comments on earlier versions of this thesis. He will finish his
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Finally, I thank Bodil Branner, Adrian Douady, Adam Epstein, John H. Hubbard,
Mikhail Lyubich, Curtis T. McMullen, John Milnor and Mary Rees for many discussions
on many topics of holomorphic dynamics.



2 Riemann Mappings

For every simply connected, open domain U C C, U # C the Riemann mapping theorem
guarantees the existence of a biholomorphic mapping

f:D—=U

between the unit disc D := {z € C : |z| < 1} and U. Carathéodory has given a
necessary and sufficient condition when this mapping can be extended continuously to
the boundaries:

Theorem 2.1 (Carathéodory)

Let U C C be connected, simply connected, bounded and open. A biholomorphic mapping
f:D — U has a continuous extension to the closure D if and only if the boundary OU of
U is locally connected.

A proof of this theorem is given in [Car] or [Mi]. In [Mi, Lemma 17.13] one finds
an equivalent description of local connectivity for compact sets (Lemma 2.5). Starting
with this view of local connectivity we introduce the concept of uniform local connectivity
(Definition 2.7). This will turn out to be the main ingredient in the discussion of conver-
gence properties for sequences of Riemann mappings which have a continuous extension
to the boundaries.

There have been made many investigations on the behavior of Riemann mappings if
the domain varies analytically with a complex parameter A (compare [Dul, [PR], [Ro],
[Schi]). We are interested in continuous variations of the domains and in the behavior
on the boundaries of the extended Riemann mappings. Roughly spoken we prove in this
section that the extended Riemann mapping varies continuously on ID if the corresponding
image domain varies continuously; this is made precise in Theorem 2.17.

2.1 Local Connectivity

Definition 2.2 (Local Connectivity)
A topological space X is said to be locally connected if for every point x € X, every
neighborhood of x contains a connected neighborhood of this point.

Definition 2.3 (Carathéodory Discs)
A simply connected, bounded open domain U C C will be called a Carathéodory Disc
if the boundary OU of U is locally connected.

Lemma 2.4 (Open Local Connectivity)
A compact topological space X is locally connected if and only if the components of open
sets are always open.

PrROOF. Assume that for every open set its connected components are open. Choose a
neighborhood N of a point © € X. Then the component of int(N) containing x is open
and thus a connected neighborhood of x contained in V.
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0 1

Figure 3: A not locally connected set in the complex plane bounding a simply connected
domain

On the other hand, assume X to be locally connected. For every nonempty open set
V C X consider any connected component V' of V. By assumption we know that every
point z € V’ has a connected neighborhood V" C V. Since V' is the largest connected
subset of V' which contains x, we have V" C V'. In particular, for every point x € V', the
component V' contains a connected neighborhood of x, i.e. the component V' is open. []

Lemma 2.5 (Local Connectivity and the Diameter of Connected Subsets)

Let (X,d) be a compact metric space. Then X is locally connected if and only if for every
e > 0, there exists § > 0 such that for all x € X, the open ball Bs(x) is contained in the
connected x-component of B(x).

PrROOF. Let X be locally connected and € > 0. By Lemma 2.4, there exists for every
x € X an open connected neighborhood V,, C B(x) of z. Since X is compact, there
exists a Lebesgue number § > 0 for the open covering

X =]V

rzeX

i.e. for every x € X, there is a point 2’ € X such that Bs(x) C V.. Then 6 has the
property of the lemma.

On the other hand, if the e-d-condition of Lemma 2.5 holds, then clearly X is locally
connected. ]

The following statement can be found in [Mi, §17, Proof of Lemma 17.17]:

Lemma 2.6 (Locally Connected Sets are Path Connected)

Let (X, d) be a compact, connected and locally connected metric space, € > 0 and 6 > 0 be
chosen as in Lemma 2.5. Then for all x1, xo € X with distance less than &, there exists
a path of diameter less than 8¢ connecting x1 and x,.

Definition 2.7 (Uniform Local Connectivity)

Let (X\)xen be a family of compact, locally connected sets. If for every e > 0 there
exists 0 > 0 such that for all X € A and any x € X the ball Bs(x) is contained in the
xz-component of Bc(x) then the family (X))aen will be called uniformly locally
connected.
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Definition 2.8 (Continuous Motions)
Let A be a topological space and X C C compact. A continuous mapping

P AxX—->C
will be called a continuous motion of X, if the map
Oy: X = C, z+— P\, 2)

1s injective for every A € A.

REMARKS.

This definition of a continuous motion resembles that of a holomorphic motion (see for
example [PR]).
All mappings ®, are homeomorphisms to their images.
Lemma 2.9 (Continuity of the Inverse)
Let X, A C C be compact and ® : A x X — C a continuous motion of X. Then the
mapping

{(N2)€AXC : 2€ X0} — X, (\,2) = (®))71(2)

18 uniformly continuous.

PROOF. Since A and X are compact, A x X is compact as well. Moreover
AxX —={(Nz2)eAxC : ze X}, (\2)— NP\ 2)

is a continuous, bijective mapping on a compact set and thus a homeomorphism. The pro-
jection of its inverse to the second coordinate is continuous and thus uniformly continuous
on the compact set {(A,2) e AxC : z € X, }. ]

Lemma 2.10 (Continuous Motion of Locally Connected Sets)

Let A C C be compact, X C C be compact and locally connected. Then for every contin-
uous motion ® : A x X — C of X, the family of sets X, = ®(X), A € A, is uniformly
locally connected.

PROOF. Let € > 0. Since ® is uniformly continuous on the compact set A x X, there
exists € > 0 such that

[P\, z) — D\, 2)| <€
for all A € A and z, 2’ € X with |z — 2| <& Since X is locally connected, there exists a

positive number ¢ > 0 such that for every z € X, Bj(x) is contained in the z-component
of Be(z) (Lemma 2.5). By Lemma 2.9, there exists 6 > 0 such that

031 (y) — 23 ()] < b

for all A € A and y,y' € ©\(X) with |y — /| <.
Then for every A\ € A, every d-ball in X, is contained in the center component of the
corresponding e-ball: For every A € A and y € X, we have

@5 (Bs(y)) C B5(®5'(v))
and this d-ball is contained in the center component N of B:(®;1(y)). Therefore, ®y(N)
is connected, with

Bs(2) € ®A(N) C B.(2). L
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2.2 Remarks on Riemann Mappings

Lemma 2.11 (Bounds on the Derivative of a Riemann Mapping)
Let G C C be a simply connected domain such that B,(0) C G C Bg(0) and let p : G — D
denote the biholomorphic mapping normalized by ¢(0) = 0 and ¢'(0) > 0. Then

1/R < ¢'(0) <1/r.

PRrROOF. By the proof of the Riemann mapping theorem, we know that

¢'(0) = sup{¢'(0)}

where the supremum is taken over all holomorphic functions ¥ : G — D with ¢(0) = 0
and ¢'(0) > 0. One possible v is the restriction of C - C, z +— z/R:

v:G—D, z— z/R

the derivative of which is equal to 1/R at the point z = 0. Thus we have found a lower
bound for the derivative of ¢ at the origin. To find an upper bound for ¢’(0) we compute
a lower bound for (¢~!)'(0): We apply the same consideration to G := ¢(B,(0)) C D and
the mapping

r-o':G' —-D

instead of ¢ to get the upper bound:

Ur-— = (1r-¢7Y(0) > 1. -

1
¢'(0)

Lemma 2.12 (Sequences of Automorphisms of the Unit Disc)
The limit function f of a pointwise convergent sequence of biholomorphic mappings
fn: D — D is an automorphism of D or a constant mapping f = * € OD.

PROOF. Since the sequence f, is pointwise convergent and bounded on D), it converges
indeed locally uniformly to a holomorphic function f : D — ID. By a theorem of Hurwitz,
this mapping f is either biholomorphic or constant. If the limit function is constant, this
constant is a boundary point of ID: assume that this is not the case. Then the sequence
(f2(0)),, converges to a point w € D. For n € N consider the following automorphism of
D:

M,:D—D, z+— Z_—fnﬂ
1—2£,(0)
Then we have by the Schwarzian Lemma,
d |/2(0)]
l=|—(M,o f)0)| = ———F——

for all n € N and thus (f/(0)), does not converge to 0 in contradiction to the fact that

( falB, 1»(0) ) converges uniformly to a constant mapping. ]
n
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2.3 Continuous Dependence of Riemann Mappings

In this section we prove the main result about Riemann mappings (Theorem 2.17). The
most important preparation is Theorem 2.15. There we discuss the behavior of sequences
of Riemann mappings converging to an injective holomorphic mapping or to a constant
mapping. In both cases we will determine the subset of D on which this sequence converges
locally uniformly.

Lemma 2.13 (Existence of Short Paths)

Let g : D — Bg(0) be an injective holomorphic mapping. For every 9 € R/2nZ, A9 > 0
and Ar € 10,1/2[, there exists p € [V — A, 0+ AV such that the g-image of the straight
line between (1 — Ar)e™ and €'? has length

T
— /A
s B ag Ve
In particular, the right hand side of this inequality tends to 0 for Ar — 0.

PROOF. For Lebesgue almost all angles ¢ € [0 — Ad, ¥ + AV, the length of the
g-image of the straight line between 0 and e is finite. For all these angles, the radial
limit lim,_,; g(pe™?) does exist and the length of the g-image of the straight line between
(1 — Ar)e' and e is denoted by

1
I(Ar, ) = / 19y
1-Ar

Integrating over ¢ and using the Cauchy-Schwarz-inequality we get

9+AY 2
(/ / g’ (pe’ )\dpd<,0> <
9 1—-Ar
I+ANY9 I+ A9
< /19 / "(pe'?)Pdpdp - /9 / dpdep

AN, I+AI
2
(pe®) [P Ledpdp - / / dpdyp
/19 /1 Ar | 1/2 9 1-Ar

< 2-area(Bg(0)) - 2A0 - Ar
= AR*7AY - Ar.

IN

Thus at least for one ¢ € [ — A, + AV one has

<R\/7\/E O

The distance between two nonempty compact sets V', W C C in the Hausdorff metric dg
is defined by
dg(V,W) = max{sup inf |v —w|, sup inf |v —wl|}.
veV weW weW veV
The distance between two open bounded simply connected subsets of C can be defined
as the Hausdorff distance of their boundaries. This leads to the following definition:
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Definition 2.14 (Sequences of simply connected Domains)
A sequence (Uy)n of simply connected, open and uniformly bounded domains U, C C is

called convergent if there exists a simply connected (necessarily bounded) open domain
U such that

dy(0U,,0U) — 0, n — oo.

Such a sequence will be called an admissible sequence of Carathéodory-discs of size
R, if in addition to that the family (OU,), is uniformly locally connected, U, C Bg(0)
and OU s locally connected. The set U =: lim,,_. U, is called the limit of the sequence
(Un)n-

REMARKS.

1. The condition that dg(0U,,0U) — 0 for n — oo is not equivalent to the condition
that dy(U,,U) — 0; this can be easily seen from

dH(]D)\]—l,O],]D)>:O, but dH(a<D\]—1,0]),aD):1.

This example shows that it is not enough to discuss the closure of the Carathéodory
discs.

2. We will often consider Riemann mappings from the unit disc D to another simply
connected, open domain U C C. If 9U is locally connected then by Theorem 2.1
this map can be extended continuously to D. In this case we will use the same
notation for the Riemann mapping and its extension.

Theorem 2.15 (Sequences of Riemann Mappings)

Let (U,), be an admissible sequence of Carathéodory-discs of size R and limit U and let
(fn:D — U,), be a sequence of Riemann mappings which converges locally uniformly to
a holomorphic mapping f.

1. If f is not constant, then

(¢) U= f(D),

(b) (fn)n is equicontinuous at every point zo € 0D, i.e. for every zo € D and for
every € > 0, there exists 6 > 0 such that for all integers n > 1 and for all
z € DN Bs(z)

fn(2) = fu(20)] <,

(c) the sequence (f,), converges uniformly to f on D.

2. If | = w is constant, then there exists zo € D and a subsequence (foi )k, which
converges locally uniformly to f on D\ {z}.
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PRroor.

(1) In the case that f is not constant, we prove U = f(ID). For all n, let
fon 2 Uy — D
be the biholomorphic mapping normalized by the condition

a(fa(0)) =0 and g (£2(0)) > 0.

Then there exists a subsequence of these mappings which converges locally uniformly
to a mapping p : U — D in the following sense: for any z € U, there exists a radius
e > 0 and a bound N € N such that for all n > N, the ball B := B,(z) is contained
in U,, and the sequence of restrictions (ji,|p),cy converges to p|p uniformly in the
usual sense.

To prove this we use an exhaustion (K,,), of U by compact subsets such that

K; C [O{ j+1 for all 7 > 1 and |J°_, K, = U. There exists an increasing sequence
(N )m such that
K, CcU,

if n > n,,. Therefore we find for every N € N a subsequence of (py,)n>n, denoted
by (ftn(n,r))r>1 Which converges uniformly on Ky such that (gn(ni1,)r>1 s a sub-
sequence of it. Thus the sequence

Hn(1,1)s Hn(2,2); Hn(3,3)5 «--

converges locally uniformly to a holomorphic mapping p : U — C which is either
injective or constant. If f was not constant, then p cannot be constant:

Zoo := lim f,(0) = f(0) € U

n—oo

and therefore there exist positive bounds s < S such that

Bs(fn<0>> - Un C BS(fn(O))

for large n. Lemma 2.11 yields

1/8 < i (fu(0)) < 1/s

and thus
1/8 < p'(200) < 1/s;

therefore p cannot be constant. Let k; := n(j,j) for j € N. Then the sequence
('ukj © fkj)j

of automorphisms of I (and thus of rotations about zero) converges to po f because
for fixed z € D we have

[(pk; © fi;)(2) = (po f)(2)] < [(pw; 0 fi;)(2) — (o fi;)(2)]
+ (o fr,)(2) = (mo f)(2)].
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The continuity of y and the convergence of (f,(z)); makes the second term of
the sum arbitrarily small if we choose j sufficiently large. The locally uniform
convergence of (u,,); shows that the first term gets arbitrarily small if j is large
enough.

Now we can finish the proof for U = f(D). Obviously f(D) C U. Suppose we
have f(D) # U, then the map f : D — U is injective but not surjective and thus
w(U) # po f(D) = D. On the other hand, (s, o fi,); is a sequence of automorphisms
of the unit disc. By Lemma 2.12 and (uy; o fx;)(0) = 0, every accumulation point
of such a sequence is again an automorphism of D), contradiction. This proves

U = f(D).

Let € > 0 and z, € 0D. Since the sequence (9U,), is uniformly locally connected,
there exists by Lemma 2.6 a positive number p € ]0, ¢/2[ such that for all n > 1 any
two points z1, 2o € OU,, with distance less than p can be joined by a path in 90U, of
diameter less than €/2.

Since for 1 < n < oo the sets OU,, are locally connected, the Riemann mappings
fn : D — U, can be extended continuously to the boundary dD. But we do not
know yet whether the sequence f,|op converges to f|sp. By the continuity of f on
D we know however

f(Bs(20) ND) C B,z (f(20))

for some 6 > 0. For suitably chosen Ay, A7 > 0, the neighborhood Bj;(zp) N D of
2o in D contains the circular rectangle

{z € C: |arg(z) —arg(z)| < Ap,1 > |z| > 1 — AF}.

By Lemma 2.13, there exists Ar €]0, Ar[ such that for every injective holomorphic
mapping g : D — Bg(0) and for every ¥ € S?, there exists an injective path joining
the arcs
{z e C:|z] =1, arg(z) — V| < Ap/4}

and

{z€C:|z| =1—- Ar|arg(z) — I < Ap/4}
such that the g-image of that path has a length smaller than p/4. This holds in
particular for

3
v € {arg(z) £ Z—lAgp}.
Now we put
§ :=min{Ap, Ar}/2

and A:= {2 € C:|z| =1 - Ar, |arg(z) — arg(z0)| < Ap}. Then A is compact and
the sequence (f,,), converges uniformly on A. Hence we can find an integer N such
that

[fu(2) = f(2)] < p/6
for all n > N and for all z € A.
The choice of § yields the following inequalities:

diam(f(A)) < diam(f(A)) +2 - p/6 < p/2.
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Figure 4: Construction of z_(n), z,(n) and 7,.

Altogether for every n > N there exist two points z_(n), z,(n) € S' such that
arg(z_(n)) —arg(z0) € [-Dp,—Ap/2],
arg(z4(n)) —arg(z0) € [Ap/2,Ag]
and there exists a Jordan curve
7w ¢ [0,1] =D
which connects the points z_(n) and z;(n) within I\ Bs(zo) such that
diam(f,,(7,)) < p < €/2.
Let D!, D? be the components of D\ 7,,([0, 1]) such that the first one contains
D N Bs(zo).

Moreover let U}, U? be the simply connected components of U, \ f, (7,.([0, 1])) such
that
diam(U}) < .

Then for every n > N ,
either f,,(D})=U} or f.(D!)=U>

n

In any case that f,(0) € U? for all but finitely many n an integer N can be chosen
such that

fa(Dy) = U, (1)
for all n > N and thus
diam (f,(Bs(z0) ND)) <2-¢/2 =.

So far this construction makes even sense in the case that f is holomorphic but not
necessarily biholomorphic. But if f is biholomorphic then Equation (1) is true for
all n if € at the beginning of part (2) of the proof has been chosen small enough.
This proves part (1b).
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(3) For all z € D and n € N, the triangle inequality yields

[fn(20) = f(20)] < [ful20) = fu(2)| + | fn(2) = F ()| + | (2) = f(20)]-

Since f is continuous, we get the third term arbitrarily small by choosing |z — 2|
small enough. By the result of part (2) in this proof, the first term becomes arbi-
trarily small as well, independently of n. Since (f,), is locally uniformly convergent
the second term becomes arbitrarily small, too, if n is sufficiently large. Thus the
left hand side is arbitrarily small if n is large enough. This proves the pointwise
convergence of (f,), against f on ID if f,(0) € U2 for all but finitely many n.
Together with part (2) it follows in this case that (f,), converges locally uniformly
on D and thus uniformly on D to f. Therefore we are done if f was biholomorphic.

More precisely we have proved the following: if for every zg € 9D, there exists € > 0
such that for all but finitely many n
fn(o) S UEL = Uz(z(bdv

then (f,), converges uniformly to f on D.

If f is constant no subsequence (f,, )x converges uniformly on I since
diam( f,,, (0D)) — diam(9U) # 0.

Therefore, by the above considerations, one can find a point zg € JID such that for
all € > 0, there exists a subsequence (f,, )i of (fn)n such that f,, (0) € U, (€) for all
k and thus

Since diam (U, (€)) < € and |w — f,, (0)| < € if k is large enough we know that

|w — fn,(2)] < 2€

whenever k is large enough and z € DN D2 (e). By Cantor’s argument on diagonal
sequences one will find a subsequence of (f,),, which converges locally uniformly to

won D\ {z}. O

Theorem 2.16 (Sequences of Normalized Riemann Mappings)
Let (U,), be an admissible sequence of Carathéodory-discs converging to U and

fn:D—=U,a biholomorphic mapping for alln € N. Then the sequence of the continuous
extensions of f, to D converges uniformly to the continuous extension of a biholomorphic

mapping [ : 1D — U to D if one of the following three conditions holds

(1) The sequence of the images f,(0), n € N converges to an interior point wy € U and

the sequence (f,,(0)),, converges as well.

(2) The sequence of the images f,(0), n € N converges to an interior point wy € U and

the sequence of the images (f,(1)) converges to a simple boundary point of U.

(3) For three pairwise distinct boundary points (i, (o, (3 of D, the sequences (fn(Ck)),

converge to wy (k = 1,2,3) such that wy, wq, ws are pairwise distinct, simple
boundary points of U.
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PROOF. By assumption, (f,), is a bounded and thus normal family of injective holomor-
phic mappings. In each case the limit function of any convergent subsequence cannot be
constant in all three cases. Thus by Theorem 2.15 the limit function f of any convergent
subsequence maps D biholomorphically to U such that

(1) f(0) =wp and f'(0) = lim,, . f/(0),
(2) f(0) =wp and f(1) is a simple boundary point of U,

(3) f(Gk) =wr (L <k <3).
A biholomorphic mapping f between D and U having one of these properties is uniquely
determined. Thus in each case all convergent subsequences of (f,), have the same limit
function. Therefore (f,), converges to f and again by Theorem 2.15 (f,), converges
uniformly to f on D as claimed. ]

Theorem 2.17 (Continuous Dependence)

Let A C C be compact, (Ux)aea be a family of open simply connected domains and
fr : D — Uy be biholomorphic mappings for X € A with one of the following proper-
ties:

(1) the maps A — C, A — f,(0) and A — S*, X — f{(0) are continuous.

(2) the maps A — C, A — f1(0) and A — C, A — fi\(1) are continuous and fy(1) is a
simple boundary point of Uy for all A € A.

(3) there are three points (i, (s, (3 € OD such that the maps A — C, X\ — f\({?) are
continuous (1 < j < 3), have disjoint graphs and that the image points are simple
boundary points of Ul.

Then the mapping _
AxD = C,(\2) - fil2)
15 continuous if there exists a continuous motion ® : A x QU — C of a locally connected
set OU such that OUy = ®(\,0U) for all X € A. In this case the mappings
AxD—-C, (\z)— f)(\k)(z)

are continuous for all k > 1.

PROOF. Assume that there exists a continuous motion
b AxoU —C

of a locally connected set OU such that oU, = ®(\,0U) for all A € A. Then by
Lemma 2.10, the family (OUy)xea is uniformly locally connected. Let (A, z,) — (A, 2).
Then by the definition of a continuous motion the sets U, converge in the sense of Def-
inition 2.14 to U, which is locally connected. By Theorem 2.16, the sequence (fy, )
converges uniformly to fy on D and thus

fAn(Zn) - f,\(z), n — oQ.

This proves the continuity of A x D — C, (), 2) — fr(z). Moreover for every sequence
(fn : D — C), of holomorphic functions which converges locally uniformly to f: D — U
all derivatives of f,, converge locally uniformly to the corresponding derivative of f by a
theorem of Weierstraf3. ]
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2.4 Moduli of Quadrilaterals and Annuli

Let v : S* — C be a closed Jordan curve and @ the bounded component of C \ ~(S1).
Every choice of pairwise distinct points 2y, 29, 23, 24 € Y(S!) defines a quadrilateral
Q(z1, 29, 23, 24) with the vertices 21, ..., z4; in the following we only consider quadrilaterals
such that the sequence of vertices follows the positive orientation of the boundary curve
7(S"). There exists a unique biholomorphic mapping ¢ from @ to the upper half plane,
which can be extended continuously to the boundaries, such that

p(21) 0,
p(z2) = oo,
p(z3) = —1
Defining

Eo= pla) €] - 1,0]
o 1

a = dw,

/ Voot D(w— )
b = dw

F 1
/0 Vww+ 1) (w — k)
we have the biholomorphic mapping

q:H:={2€C : Im(z) >0} — {2€C : 0<Re(z) <a,0<Im(z) < b},

dw.

o 1
- Vatw + Diw - k)

Definition 2.18 (Moduli of Quadrilaterals)
The quotient b/a is called the modulus of the quadrilateral Q(zi, 22, 23, 2z4) and it is
denoted by mod (Q(z1, 22, 23, 24) ).

Let A C C be an annulus, i.e. an open connected subset of C such that the fundamental
group of A is isomorphic to Z. If both connected components of C \ A consist of a single
point, then A can be mapped biholomorphically to the annulus C\{0}; if exactly one of the
components of C\ A consists of a single point, then A can be mapped biholomorphically to
the annulus C\D. In both cases the modulus mod(A) of A is defined to be co. Otherwise,
A can be mapped biholomorphically to a standard annulus

Ar:={z€C : |z] €]1,R[}
with a uniquely determined radius R € |1, 00[ and the modulus of A is defined by

mod(A) :=log(R)/2m.
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Lemma 2.19 (Moduli are Biholomorphically Invariant)
(1) Let Q(z1, 29, 23, 24) and Q'(21, 25, 25, 2}) be quadrilaterals and
[ Q(21, 22, 23, 24) — Q'(2, 25, 25, 2))
biholomorphic such that f(z;) = 2 (1 < j <4). Then

mod (Q(Zh 22, %3, Z4)) = mod (Q/<Zia Zé? Zéa 24/1)) :

(2) Let A and A’ C C be annuli and f: A — A’ biholomorphic. Then
mod(A) = mod(A4’).
ProOOF. The first part follows from the fact that there is no automorphism of the upper

half plane different from the identity which has the three fixed points co, 0 and —1. The
second part follows from the uniqueness of R in the definition of mod(A). ]

REMARK. The reason why we discuss annuli together with quadrilaterals is the following:
consider an annulus A which is bounded by two simple closed curves 7; and .. Then
we can connect every point in 7, with any point in 7, by a simple curve v and A can be
considered as the quadrilateral A\ v with two of its sides identified. Thus a fundamental
domain in the universal covering space of A is mapped biholomorphically to the interior
of a quadrilateral @) describing A. By the definitions above, we have mod(Q)) = mod(A).

Theorem 2.20 (Continuous Dependence of Moduli)
Let A C C be compact, Q(z1, 22, 23, 24) be a quadrilateral and

d:Ax0Q —C
a continuous motion of 0Q). Then the mapping

A= R A > mod(Qa (04, 21), (A, 22), B(A, ), D\, ) )

18 continuous. The analogous statement holds for the modulus of annuli which depend
continuously on a parameter.

PRrROOF. For every A € A, consider the biholomorphic mapping
fr:D—Qx

such that fi(—i) = ®(\ z1), fa(l) = P(N 22) and fr(i) = P(A z3). Then by
Theorem 2.17, the mapping

AxD— C,(\2)— fi(2)

1s continuous.



20 2 RIEMANN MAPPINGS

Using the biholomorphic mapping

1+7 z+4+1

g:D—{z:Im(z) >0}, g(2) == — 2 z2—-1

the map
E:A—]—10[:A— g<(f/\)—1(c1>()\,z4)>>

is continuous and the claim follows from

mod(Q)\(‘I)O\, Zl))cb()\,z2),q)()\,z3),<1>()\,z4))) _

o 1 0 1 -1
dz dz )
</ Valz+ Dz~ k() ></m> V=) D(E = EOY) ) O

Lemma 2.21 (Small Moduli)
For every L > 0, there exists a function

My, 110,00 — Ry
with the following properties:

(1) For z1, z3, z € C with |21 — 22| = L, |21 — z| = € and for every annulus A. C C
disconnecting {z1, z2} from {z, 00} the modulus of A. is smaller than My(e) and

(2) limg_,() ML(E) = 0.

PROOF. Since the modulus of an annulus A and the modulus of ¥(A) are equal for
every biholomorphic mapping ¢ : A — A’, we can assume that z; = 0, 20 = —1 and
|21 — z| = €¢/L. By the considerations in [Ahl, page 35 ff] the modulus of an annulus
A, such that {0, —1} is contained in the bounded component and z in the unbounded
component of C\ A, can be estimated by

1
mod(A) < 2—log(|oz\) =: M (e)
7r
where |a] is chosen such that

4|lale/ L
(1—lal)*’

2
|a|:—2%+1—|—\/(2%—1) _1

In the limit € — 0 the equality above shows that |a| — 1 and therefore

1=

1.e.

lim My (e) = 0. ]

e—0
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3 Quasiconformal Mappings

In this section we give a short introduction into the theory of quasiconformal mappings
and we state some theorems which will be needed in later chapters. A detailed discussion
of quasiconformal mappings can be found for example in [Ahl] or [LV].

3.1 Definitions of Quasiconformal Mappings

Definition 3.1 (Geometric Definition)
Let G C C be a domain in the complex plane, 1 an orientation preserving homeomorphism
from G to its image and K € [1,00[. Then 1) is called K-quasiconformal if

mod <1/1(Q) (2/1(21), V(22),1(23), 2/1(24))>

<K
mod(Q(Z1, 22, 23, 24)) B

for all quadrilaterals Q(z1, zo, 23, 24) the closure of which is contained in G.

Definition 3.2 (Analytic Definition)
Let G C C be a domain in the complex plane, 1 an orientation preserving homeomorphism
form G to its image and K € [1,00[. Then v is called K-quasiconformal if

(1) 1 is absolutely continuous on lines in G and

(2) for almost all z € G, we have

max |0, (2)| < K min|0,9(2)|,
where 0,10 denotes the dilatation of 1 in direction €.

REMARK. Both definitions are equivalent, i.e. if a map is K-quasiconformal in the sense
of Definition 3.1 then it is K-quasiconformal in the sense of Definition 3.2 and vice versa.
A proof can be found in [Ahl, Chapter II.

As indicated in the second definition, a K-quasiconformal homeomorphism
Y G — P(G) is partial differentiable almost everywhere and thus it is differentiable
almost everywhere (compare [Ahl]). Thus the complex dilatation

_ s 1)2(¢s +1ty)

. T 1200, — ity

of 1 is defined almost everywhere and its absolut value is bounded by

|| < <1l

K+1

Every K-quasiconformal homeomorphism defines a field of ellipses and thus an almost
complex structure on G: for almost every x € G the map 1 induces an R-linear map 7,
from the tangent space of G C C at x to the tangent space of ¥)(G) C C at ¥(x) such
that the image of a circle is an ellipse; this ellipse is uniquely determined up to a positive
real factor.
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The ratio of the major and the minor axis is given by

g 1 Dl

] = |z 1 — |y
and the direction of the major axis (respectively minor axis) is given by 1/2 - arg(p,)
(respectively 1/2 - arg(puy,) + 7/2).

This defines an ellipse field on G and thus an almost complex structure o; the standard
complex structure oq is given by a field of circles.

On the other hand every measurable ellipse field on G defines an almost complex
structure o there and in this context it is important to know when there exists a
quasiconformal homeomorphism ¢ : G — ¥(G) which maps o to o, i.e. when there
exists a quasiconformal homeomorphism integrating the almost complex structure . This
answers Theorem 3.4 and Theorem 3.5 below.

D¢ € [1,00[

3.2 Construction of Certain Quasiconformal Mappings

Lemma 3.3 (Quasiconformal Deformation of Triangles)
Let a € ]0,7[, w, 2 € C\ {0} and r, s € R". Then the mapping ¢ between the triangles
A0, w, re"w) and A(0, z, s€**z) given by stretching along radial lines is a quasiconformal
homeomorphism.
PROOF. There exists € > 0 and a differentiable function
k2 [0,0] — [e,1/¢]

such that ¢ can be written in the form

@ : N0, w, re"w) — A(0, z,5¢"2) , z — k(arg(z))z.

Thus ¢ is differentiable as well and using the identity arg(z) = arctan(y/z) we find

Doty K (arg(2)) ;725 + k(arg(2)) K (arg(2)) wn
e(z,y) = ,
K'(arg(z)) =iz K'(arg(z)) #z + k(arg(2))

and
det (D) (D@)(2)) = klarg())",  Tr((Dg) (D) (2)) = 2k(arg(2))*,

Therefore the eigenvalues of (Dg)!(Dy) are bounded from above and from below
independent on z. This proves the claim. ]

For proofs of the following two theorems see [Ahl, Chapter V.B and V.C]:

Theorem 3.4 (Measurable Riemann Mapping Theorem)

Letu : P — D be a measurable function such that ||ul|e < 1, i.e. there exists k € [0, 1] such
that |u(z)| < k for Lebesgue almost all z € P. Then there exists a unique quasiconformal
mapping ¢ fizing the points 0, 1 and oo such that

_ (0p)0z)dz _ dz
He = (0p/02)dz Yz o
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Theorem 3.5 (Dependence on a Parameter)

Let A C C be open and (uy : C — C)yea be a family of measurable functions such that
for every z € C the mapping A — C , X\ — uy(z) is continuous (holomorphic). Assume
moreover that there exists k € [0, 1] such that ||ux||eoc < k. Then there exists a family of

K = %-quasiconformal mappings (@a)aea such that for every z € C, the map X — px(2)

is continuous (holomorphic) and p,, = uy%. ]

3.3 Near Translations

In this section we introduce near translations. These describe in some situations the
boundary behavior of biholomorphic mappings between strips; this concept was investi-
gated by B. Bielefeld in [Bi] and by B. Branner and A. Douady in the errata of [BD].

Definition 3.6 (Near Translations)
Letrg, m € R. A diffeomorphism (3 : | —o00,19] — | —00,71] is said to be near translation
if there are positive constants L, & such that

(a) |B(x) — x| < L and
(b) 6§ <fB'(x)<1/o
for all x € | — 00, 1] .
Lemma 3.7 (About Near Translations)

(1) Let B :]—o0,r] =] —o00,s] and B:]—00,5] — | —o00,t] be near translations. Then
Bo B and 7' are near translations.

(2) Let 3 :]—o0,r] — | —00,s] be a diffecomorphism such that for some constant o > 0,

one has f(x) —o = f(x — o) for all x € | — 0o, r]. Then [ is near translation.

PROOF.
(1) Let L, L, 6, & > 0 such that for all suitable x
|6(z) —z| < L B(z) —z[ < L
5 < fB(z)<1/o 6 < fB(z) < 1/0.
Then i i
B0 B(x) — x| <|B(B(x)) = B(w)| +|8(x) —2| <L+ L and
06 < B'(B(x))B'(x) = (Bo B) () = F(B(x))B (z) < 1/(59)

for all z € ] — co,r]; thus o 3 is also near translation. Similarly one proves that
B~ :] —o00,s] — | —oo,r] is near translation as well.
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]
T

20 0

Figure 5: Straight Strips and Cutting Lines

(2) If the functional equation 3(z) — o = 3(z — o) holds for all x € | — oo, ], then
L:= max |f(z)—=x| € ]0,00] and

z€[r—o,r]
0 := xergggﬂ{ﬁ’(:c), 1/8' ()} € [1,00[

This proves the claim.

REMARK.
By the second part of this lemma, every translation

B:]—o0,r[—]—o00,r+of, z—2x+0
is near translation.

Definition 3.8 (Strips)
Let k > 0. The set
B,:={2z€C : 0<Im(z) < K}
is called straight strip of width x. Every simple curvey : [0,1] — B, withv(]0,1]) C B,

and
2 1= Pn(l)’y(t) e R and  z = PH}’y@) € ik +R

cuts By into two connected components; v is called a cutting line of B, connecting z,
and z;. The connected component of B, \ v(]0, 1) containing | — 0o, 29[ on its boundary
is denoted by B () and the other component is denoted by B ().

Lemma 3.9 (Quasiconformal Continuation of Near Translations)

Letk, Kk >0,g:]—00,7] —]—o00,r] and h:|—00,3] — | — 00, s| be near translations, ¥
a cutting line of Bz connecting T and s 4+ ik and let v be a cutting line of B,, connecting
r and s + ik. Then there exists a quasiconformal homeomorphism

G:B;(7) — B, (7)

such that Glj—oo ) = g and Glizi)-cc5) = ik + h.

Ifk, &, g, ¢, h and I/ depend continuously on a parameter, then G depends also contin-
uwously on the parameter. The complex dilatation of G can be estimated independently on
the parameter on every compact subset of the parameter space.
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PROOF. Since g and h are near translations, there exist §, L > 0 such that
l9(z) —a| < L, [h(z) — 2| < L
d<g(x)<1/d, d<h(x)<1/é.
We choose p € | — oo, min{7, r}[ such that with
Y :10,1[— Bz , t— p+ikt,
Y 10,1[= Bt (1 —=1)g(p) + th(p) + ixt,
we have B: (7,) C B; (7) and B_ (v,) C B, (7). Let

G: By (%) — B, (%), (z,y) — <(1 - %)g(x) + %h(x), y%) .

Then Gj—scp] = 9l]-00,p] a0d Glizt]—c0,p] = ik + h|j—sp); Dy construction, G is a homeo-
morphism. Now we prove that G is quasiconformal:

1
Gz(z,y) = =(G,+1iGy)

_ z{(ugmx@%%w@m<g + Qeg,—% u>+%hu»)}
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9(2) : 2 €[p,7]
G(z) =4 h(z) 1z € p, 3]
137H(=) 2 €3([0,1))
This is proven in [Ahl, Chapter IV]. The continuity statement follows immediately from

the explicit construction above and from the explicit construction of quasiconformal
homeomorphisms with a certain boundary behavior again in [Ahl, Chapter IV]. ]
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Corollary 3.10 (Riemann Mappings between Strips)
Let k > 0 and 7 (respectively v) be a cutting line of B, connecting Zo and Z; (respectively
2o and z ). Moreover, consider the unique homeomorphism

v BI(y) — By ()

with
\IJ<—OO) = —0Q, \P(go) = 20, \If(gl) =21

such that its restriction to B_ (%) yields a biholomorphic mapping to B (). Then there
exists r > 0 such that V is of the form

U(z) =2+ ; log(r) + O <exp <Z£>> (z — 00).

If k, Zo, 20, 21, 21, 7 and v depend continuously on a parameter then r and ¥ depend
continuously on this parameter as well.

ProoF. The mapping
e:B, - H:={2z€C : Im(z) >0}, z»—>exp<zz)
K

is biholomorphic. For U := e (B7(5)) and V := e (B; (7)), the biholomorphic mapping
Ui=coloe™ : U—V
can be extended continuously to the boundaries. Then

J(0)=0 and T <Rﬂ aU)) — RNV,

By the Schwarzian reflection principle, this yields a biholomorphic mapping U between
the Jordan domains

U:=UU Je(s1),e(3)] U{zeC : z€U}
and
V=V U Je(z1),e(z0) U{z€C : Z€V}.

These sets are bounded by the curves

and
e(v(t)) :0<t<1

[0,2]—>C,t|—>{— .
e(v(2—-1) : 1<t<2

Therefore there exists r» > 0 such that
U(z) =rz+0(z%)  (z—0).
Transferring this formula back to B, yields:

U(z) = et ((’1"6(2) + O(€<2)2))

= =+ Zlog(r) + 0 (1 exp <z%>) |

r

The continuity statement follows immediately from Theorem 2.17. ]
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REMARK. By this Corollary
(1) limp oo (W(2) — 2) exists,
(2) limpjmoe ¥'(2) =1

and thus the mappings

| —00,Z[— R |, t— V()

| —00,21 —ik[-> R | t— VY(t+ir) — ik

are near translation.

27
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4 Julia Sets and Multibrot Sets

In this section we first give a short introduction to the dynamics of unicritical complex
polynomials and their parameter spaces. Then we introduce the concept of piecewise
dynamic homeomorphisms and in this context we prove some statements which turn out
to be important in Section 5

4.1 Introduction

For an integer d > 2, a unicritical polynomial P(z) of degree d is a complex polynomial
of degree d which has exactly one critical point. By conjugation with an affine map, this
polynomial can be assumed to have the form P, : z — 2% 4 ¢; the parameter ¢ is uniquely
defined up to multiplication with a (d — 1)-th root of unity. In the following let ¢ := e2mi/d
and ( 1= e2™/(d=1),

Lemma 4.1 (Unicritical Polynomials)
FEvery unicritical polynomial P of degree d > 2 s affinely conjugate to a polynomial P,;
the parameter c is uniquely determined up to multiplication by a (d — 1)-th root of unity.

PrROOF. The existence of such an affine conjugation is easy. To prove uniqueness we
argue as follows: let ¢, ¢ € C be such that P, is affinely conjugate to P.. Then there are
a € C\ {0} and b € C such that

1 b\
24 = a((—z——) —l—c’)—i—b
a a

= a2z =)+ ad +b.

1

Therefore a®™! =1, b= 0 and ac’ = c. Il

Definition 4.2 (Julia Sets and Multibrot Sets)
The filled-in Julia set Kp of a polynomial P is defined as the set of points with bounded
orbit, 1.e.

Kp = {z eC : (P"(z) —Po...o P(z)) is bounded } .

n>1

Its boundary is called the Julia set Jp of P. For every parameter ¢ € C and a fixed
degree d > 2, let
Kc = Kpc and Jc = Jp_.

The Multibrot set M, is defined by
My :={ceC : J.is connected }.
In the case d = 2 this set is also called the Mandelbrot set.

A proof of the following statement for degree d = 2 can be found in [CG] or [McM1];
a proof for the general case is given in [E]:
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Figure 6: The Multibrot sets M, of degree d = 2 (upper left), d = 3 (upper right), d = 4
(lower left) and d = 5 (lower right).

Lemma 4.3 (Properties of M,)
The Multibrot set My is nonempty, compact, full and connected. ]

Definition 4.4 (Period and Preperiod)
For c € My, let z be a preperiodic point of P.. Then the smallest non negative integers k
and [ with

Pi(z) = Pit(z)

are called the preperiod and period of z. In the case k = 0, the point z is said to be
attractive (repelling) if
0 0

—Plz‘<1 ‘_Plz’>1

52 PU) SPU(2)
REMARK. It may be unusual to define the period of strictly preperiodic points. But this
makes the statements in the later sections much easier to talk about.

If the polynomial P, has an attractive periodic point of period [, then the parameter ¢

is contained in the interior of My; the corresponding connected component H of int(My)
is called a hyperbolic component of period /. On the other hand, for every parameter

¢ € H, the polynomial P, has an attractive periodic orbit {z., Pu(z.), ..., P 1(2.)}. Its
multiplier defines a mapping

0
: H—D —PY(z,).
:uH - ?C'_)az C(Z)
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Figure 7: Filled-in Julia sets of the polynomials z +— 2% —1 (upper left), z +— 22+ (upper
right), z — 23 + i (lower left) and z — 2% — 0.5575... + 0.5403. . .4 (lower right).

Theorem 4.5 (The Multiplier Map)
The mapping pg - H — D is a (d —_1) -fold covering map with one branch point. It extends
continuously to a neighborhood of H. ]

The unique branch point of py is called the center ¢y of H; this is the only parameter
¢ € H such that the critical point of P, is periodic. It is conjectured that every component
of int(My) is hyperbolic. This would follow from

Conjecture 4.6 (MLC)
The Multibrot set My is locally connected.

For every parameter ¢ € My, the Bottcher mapping
o, :P\ K. —-P\D
is the unique biholomorphic mapping P\ K. — P\ D conjugating P. to
P\D - P\D, z~ 2¢
such that lim, o, ®.(z)/z = 1. The Green’s function G. : P — R{ is defined by

log |®.(2 c ze P\ K,
G*”*‘{og|()|: zeks ‘
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Figure 8: Parameter rays and equipotentials for the Mandelbrot set.

For n > 0, let
X!:={2z€C : G.(2) <n}.

The polar coordinates in the complement of the closed unit disc are transferred by @' to
the complement of K.; we thus get dynamically defined coordinates P\ K.: the dynamic
ray with angle 9 € S* := R/Z is given by

Ry :={® ! (re*™) : 1 <r < o0}
and the equipotential with potential p > 0 is given by
B, = {0 (') 9 e 8} = G (p).
From the conjugation property of ®. we conclude that
P.(Ry) =Rgy and P.(E,) = Eg,.
Since every rational angle in S' is periodic or preperiodic under the map
St — S ¥ — dv,

every dynamic ray with rational angle is periodic or preperiodic in the dynamics of P..

Often it is important to know whether or not a dynamic ray lands, i.e. whether the limit
lim ® ! (re?™™)
r—1

exists or not.
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Figure 9: Dynamic rays and equipotentials for the Julia set of a quadratic polynomial.

If the filled-in Julia set of P. is locally connected, then the theorem of Carathéodory
(Theorem 2.1) tells us that the Bottcher map has a continuous extension to 0K, = J,.
and thus all dynamic rays land. If K, is not locally connected not all the dynamic rays
must land; but the rays with rational angles land in any case (Lemma 4.7). Of course,
two different dynamic rays do not intersect but they can land at the same point. Later
we will often look for pinching points, i.e. landing points of at least two dynamic rays.
For every point z € J., we denote by

©(z) and rays(z)

the angles of the dynamic rays landing at z and the union of all dynamic rays landing
at z together with z itself. It is important to know which dynamic rays land and which
points are the landing points of dynamic rays (see for example [Mi, §18]):

Lemma 4.7 (Landing Properties of Dynamic Rays)
Let c € My. Then

(1) every periodic (preperiodic) dynamic ray lands at a periodic (preperiodic) point in

Je;

(2) every periodic (preperiodic) point in J. is the landing point of finitely many dynamic
rays. ]
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REMARK. For a repelling periodic point z of period [ disconnecting K. we denote its
periodic orbit by zg, ..., z;_1 such that

N Zj41 ot jG{O,,l—l}
(2) z is the characteristical point, i.e. the connected component of K.\ {21} con-
taining the critical value contains none of the points 2y, 23, ..., 2,_1. The point z
is called the pre-characteristical point of this orbit.

The dynamic rays landing at z; divide the complex plane into several connected
components; the one containing the critical value is called the characteristic sector
at Z1.

Even for ¢ € C\ M, an injective holomorphic mapping ®, exists in a simply connected
neighborhood Uy, of infinity, which conjugates P. to z — 2¢ such that lim, o, ®.(z)/z = 1.
Using the conjugation property

we can extend the map @, inductively to P, (Uy) aslong as 0 € P, (Us). In particular,
it turns out that ®.(c) is defined. This yields a mapping

d:P\My; —P\D

which indeed is biholomorphic (for a proof see for example [DHI1|, [CG]). Considering
® instead of @, one can define parameter rays and equipotentials in the complement of
the Multibrot set analogously as in the dynamic plane. Some landing properties of the
parameter rays can be found in Lemma 4.12.

Now we give a short description of the structure of the Multibrot sets using parameter
rays at rational angles. The details in the case d = 2 can be found in [Schl4] and the
general case d > 2 is treated in [E]. Consider a hyperbolic component H of period [ and
a parameter ¢ € OH such that pug(c) = 1. If ¢ is the landing point of two parameter rays,
then it is called essential root of H; if ¢ is the landing point of exactly one parameter
ray, then it is called a non-essential root of H. The following lemma is proved in [E]:

Lemma 4.8 (Roots of Hyperbolic Components)
FEvery hyperbolic component of period | > 1 has exactly one essential root and d — 2
non-essential roots. ]

For every hyperbolic component H, the parameter rays landing at all its roots together
with the d—1 paths ' ([0, 1]) from the center to the roots of H divide the parameter plane
into d connected components. One of them contains the parameter 0; the intersections
of My with one of the d — 1 other components are called the sectors of H. Thus every
hyperbolic component defines d — 1 sectors. The restriction of the multiplier map u to
the intersection of H with any sector defines natural coordinates there; these are called
the internal coordinates of the intersection of H with the considered sector of H.
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The points ¢ € 0H with multiplier

pp(c) = e¥™Pl plq e Q/Z

are called parabolic parameters. Every parabolic parameter ¢ with p/q # 0 is the
essential root of a hyperbolic component H of a period m € IN. Then c¢ is the landing
point of exactly two periodic parameter rays. These rays together with their landing point
c split the parameter plane into two connected components. The one not containing the
parameter 0 is called a p/g-wake of H. The intersection of a p/g-wake with My is said
to be a p/g-sublimb of H; every sector of H contains exactly one p/g-wake and thus one
p/g-sublimb.

Definition 4.9 (Misiurewicz Points)

A parameter ¢ € My is called a Misiurewicz point if the critical value z = ¢ of P.
18 strictly preperiodic. In this case the preperiod and period of ¢ are defined to be the
preperiod and period of the critical value ¢ = P.(0) of P.. A Misiurewicz point is called

a dyadic Misiurewicz point if it is the landing point of a parameter ray with angle

a 1
d=nan €S ( a, neN )

Every Misiurewicz point c is contained in the boundary of M, and the Misiurewicz
points are dense in OM,. Then M, \ {c} may or may not be connected (it is iff ¢ sits
on an antenna tip of My). See Section 4.7 for a more detailed discussion of Misiurewicz
points.

The landing properties of the rational parameter rays can be described as follows
(for details and the proof we refer to [E]):

Theorem 4.10 (Structure Theorem for Multibrot Sets)
(1) Every periodic parameter ray lands at a parabolic parameter of M.

(2) Every parabolic parameter is the landing point of exactly one or exactly two periodic
parameter rays.

(8) Every strictly preperiodic parameter ray lands at a Misiurewicz point of M.

(4) Every Misiurewicz point is the landing point of at least one but finitely many prepe-
riodic parameter rays. L]

Later we need to know for which parameters certain rational dynamic rays land together.
The proofs of the following two statements can be found in [Schl4]:

Lemma 4.11 (Dynamic Rays with a Common Endpoint)

Let ¢co € My and V1, V9 € Q/Z such that in the dynamic plane of P, the dynamic rays
with angles Y1 and ¥4 land together at a repelling periodic point z. Assume that the orbit
of z does not contain the critical point. Then the considered dynamic rays land together
for all parameters ¢ in a small neighborhood of ¢y and the landing point z = z(c) depends
continuously on the parameter. ]
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Lemma 4.12 (Dynamic Rays and Parameter Rays)

(1) Let ¢ € My be the landing point of two periodic parameter rays with angles 91 and
Uy of period l. Then the parameters in the wake bounded by the parameter rays with
angles ¥ and Yy are exactly the ones for which the dynamic rays with these angles
land together.

(2) For ¢ € My, consider a point z € K. of period | such that ¢ > 2 dynamic rays
land at z. Let vy and 95 denote the angles of the two dynamic rays bounding the
characteristic sector at the characteristic point of the orbit {2z, P.(2), ..., PI71(2)}.
Then the parameter rays with angles ¥, and Y9 land at a common parameter cg,
which separates the parameter ¢ from 0.

(3) Let ¢ € My be the landing point of ¢ > 2 strictly preperiodic parameter rays with
angles V1, ..., ¥Uy. Then the set of parameters for which the dynamic rays with
angles V1, ..., ¥, land at a common point is bounded by two parameter rays with
angles in {d"9; : i >1,1<j < q}. The Misiurewicz point ¢ is contained in the
interior of this wake. u

For every parameter ¢ € My, the dynamic rays with angles

0 1 d—2

d—1" d—1" "7 d—1

land at distinct fixed points of P. denoted by Sy, ..., B4_2 (compare [GM]; if d = 2, then
we simply omit the index and write 3 for the corresponding fixed point). Since the fixed
points of the polynomial P, are the solutions of the equation

24— 24 e=0,

we have found d — 1 of the d fixed points and there is exactly one fixed point remaining;:
it is called the a-fixed point of P.. Assuming that ¢ is not contained in the main cardioid
of My, this fixed point is the landing point of at least two dynamic rays.

A combinatorial description of the Multibrot sets is given by the internal addresses
which have been investigated by D. Schleicher (compare [LS]). The internal address of a
parameter ¢ € M, is an increasing sequence of integers which starts with entry n) =1
and may be finite or infinite. This sequence is constructed as follows: consider all pairs
of parameter rays which separate the parameter 0 from the parameter c. Then there is
one ray pair of minimal period n(® with this property; let ¢® be their common landing
point. Then there exists a pair of parameter rays with minimal period n®® such that
¢@ is separated from ¢ by this ray pair; denote their common landing point by ¢®) . ...
If ¢ is contained in the closure of a hyperbolic component of M, then this procedure ends
after finitely many steps. Altogether the internal address of c is

2)
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The angled internal address of a parameter c is constructed as follows: for every j > 2,
the parameter ¢\ is the essential root of a hyperbolic component H). Let

s;e{l,...,d—1} and p;/q; € Q/Z
such that c is contained in the p;/¢;-sublimb of the s;-th sector of H© . Then the angled
internal address of ¢ is defined by the sequence

1 2 3
nlfh)/th (81) - niyz)/qQ (52) - n;3)/q3 (33) — ..

Definition 4.13 (Stars and Regions)
Forc e My, let z, z1, ..., z, € J. be landing points of at least two dynamic rays each
and w € K..

(a) We say that z separates z; from z, if these points are contained in two different
connected components of J. \ {z}.

(b) Moreover,
|21, 20[ := {2’ € J.; 2 separates z, from z};

The sets [z1, zo[, |21, 22|, [21, 22] are defined analogously.
(¢c) A point z € K. is called a pinching point if K.\ {z} is not connected.

(d) The connected component of C\ (rays(z) U...Urays((*"'z)) containing the critical
point is called the z-star; we denote it by star(z).

(e) The region before z is the connected component of C \ rays(z) containing the
critical point; it is denoted by Ro(2).

(f) The set C\ Ro(z) is called the region behind z; it is denoted by Ry(2).

(9) For w € C\ rays(z), the connected component of C\ rays(z) containing w is called
the region behind z pointing to w. It is denoted by R, (z).

(h) The connected component of

C\ (rays(zl) U...u rays(zn)>

which contains all points z1, ..., z, on the boundary is called the region between
the points 21, ..., z,. We denote this set by R(z1,. .., 2n).

REMARK. Later we will consider mappings between two regions R(z1, z2) and R(Z1, 22);
these mappings will map these regions to each other such that z; is mapped to z; and 29
is mapped to 2.

Definition 4.14 (Branches)

(a) Let c € My and z € K.\ {0} be the landing point of at least two dynamic rays. Then
the connected components of K.\ {z} not containing the critical point are called the
branches of K. behind z. The connected component containing the critical point
1s called the branch of K, before z.

(b) For every parameter ¢ € My, which is the landing point of at least two parameter
rays the connected components of Mg\ {c} not containing the parameter 0 are called
the branches of My behind c. The component containing the parameter 0 is called
the branch of M, before c.
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4.2 Sectors and Their Opening Moduli

In this section we introduce invariant sectors and their opening moduli as a slight gener-
alization of the sectors around the a-fixed point for quadratic polynomials in [BD]. In the
examples below we define some types of sectors. Some of them contain parts of the filled-
in Julia set and these are more difficult to handle than the sectors which are completely
contained in C\ K..

For ¢ € My, consider a preperiodic point zy € K, of preperiod k£ and period [ which
does not contain the critical point in its orbit such that P¥(z) is repelling. Then for
every n > 1, the iterate P™ maps a small neighborhood of P¥(z;) biholomorphically to a
small neighborhood of P¥(z;). In other words, the n-th iterate of

Q:=P " oP oPt

C

maps a neighborhood Uy of 2y biholomorphically to a neighborhood Vi D Uy of zy if we
choose the branch of P * correctly. We assume that OUy and 0V are Jordan curves
and that they do not intersect (for example by using discs in linearizing coordinates).
Obviously,

v~y & 3JkeZ : x=Qy)

defines an equivalence relation on V. The quotient V;/. is an annulus and we consider
certain parts of this annulus now:

Definition 4.15 (Opening Modulus)
Let wy, w, € OVy be two distinct points and

Y, Vot [071} _>VO
be two stmple curves such that

(0) =%(0) = 20, w(1) =w;, (1) =w,

and
%(]0,1[), ’77"(]071[) C Vb

which intersect only in z. Then these two curves disconnect Vi into two sectors at z.
Let S be the one to the left of .. The curves v, and ~y, will be called the left and right
boundary curves and the points zy, w; and w, will be called the vertices of S. The
sector S is called a Q"-invariant sector if

QT"(S) =5NnQR™" (V).

In this case S/ is a (Q™-invariant) annulus. If n has been chosen minimal, its modulus
is called the opening modulus of S and is denoted by

mod(S5).

REMARK. This modulus is independent on the choice of Uy. Later we will often talk about
Riemann mappings between sectors S and S at the same point z;. Then we always have
in mind the unique Riemann mapping which maps the vertices 2y, w;, w, of S to the
vertices zg, wj, w!. of S":

20 — 20, Wy W), W W
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An easy consequence of Theorem 2.20 is the following:

Lemma 4.16 (Continuous Dependence of Opening Moduli)
Let A C C and for everyc € A, let z. € K, be a point of preperiod k and period | depending
continuously on the parameter ¢ such that P¥(z.) is repelling. Suppose that (Se)een is a

family of Q" := (P:% o P™ o P*)-invariant sectors at z, for an integer n > 1 such that
(0S¢)cen is a continuous motion of a locally connected set 0S. Then mod(S,) depends
continuously on the parameter c. ]
Examples:

For ¢ € My, let 25 be a point of preperiod k and period [ such that P¥(z) is repelling
and 0 & {z0, P.(20), ...}

(1) Let ¢ € S' be the angle of a dynamic ray landing at zy. Then for every width w > 0
and for every potential n > 0 with wn < 7, let

S7(9) = {cb;l (exp(z)) € C : |Im(z) — 2719‘ < w(Re(z)(, 0 < Re(2) < n}.

There exists n > 1 such that the dynamic ray with angle 9 is preperiodic with
preperiod k and period nl. The sector S!(9) is Q"-invariant: this sector is one of
the two connected components of

XZ’\( {d7 (exp(x +i(2m9 —wx))) : O0<z<n} U
{1 (exp(z + (279 + wx))) : 0 < x < n} )

Since the angle ¥ has period nl under the mapping S' — S', ¢ — dt, we conclude
from ®.0 P, o ®1(z) = 24

Qn ({@gl (exp(at + 2(27'('19 + U).Z'))) T 0<x< 77/dnl})

={@." (exp(z +i(2mY — wz))) : 0 <z <n}.
This proves that the sector S/ (9) is Q™-invariant.

For a small perturbation of the parameter ¢ the dynamic ray with angle v still
lands at a point z(c) of preperiod k and period [ (compare Lemma 4.11) such that
z = z(c) depends continuously on the parameter. If w = w(c) and n = n(c) also
depend continuously on ¢, then

mod (SZ((CC)) (ﬁ))

depends continuously on ¢ (Lemma 4.16). Since the opening modulus of such a
sector does not depend on the choice of 7, the continuity condition on 7 is no
longer necessary to assure that the opening modulus depends continuously on the
parameter. Thus we simply omit the upper index n and for every w > 0, we can
choose for example the potential 7/2w to define the opening modulus of S, (¥).
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(2) If ¢ > 2 dynamic rays with angles ¥; < ... < ¥, land at z, then the connected
components of C \ rays(z) will be denoted by

S(01,0), ... S(0_1,9,), E(J,.0).

There are a smallest integer n > 1 and neighborhoods U, V C C of z such that for
every j € {1,...,q},

Q" UNZ(Y,9541) = VN X, 01)
is bijective; here ¥, := ;. Thus every sector X(¥;,9;41) is Q"-invariant and has
a well defined opening modulus which does not depend on j by Lemma 2.19.
By the same arguments as in Example (1), the opening modulus of the sector

¥(0;,9;41) depends continuously on the parameter c.

(3) If ¢ > 2 dynamic rays with angles ¥; < ... < 9, land at z(c), then

A\ (b

has exactly ¢ connected components. The component between the sectors S} (v;)
and S} (¥;41) will be denoted by

X0 (05, V441).

There are a smallest integer n > 1 and neighborhoods U, V' C C of z such that for
every j € {1,...,q},

Q" UNXl(9;,9541) — VNXL(0;,9541))

is bijective. Thus every sector X7 (1);,9;4+1) has a well defined opening modulus
which does not depend on j by Lemma 2.19.

By the same arguments as in Example (1), the opening modulus of the sector
EZ]((?)(@]-,Q%H) depends continuously on the parameter ¢ if w = w(c) depends
continuously on ¢; again the opening modulus of these sectors does not depend
on the equipotential boundary and thus we can omit index  when we are interested

only in the opening modulus of these sectors.

Lemma 4.17 (Maps between invariant Sectors)
Let S and S" be two Q™-invariant sectors around a preperiodic point zy. Then there exists
a quasiconformal map ¢ : S — S" such that

gp_l oQ"op(z) =Q"(2) foral zeQ"(S)NS.
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Figure 10: There are shown the three types of P3-invariant sectors around a point of
preperiod 3 and period 1 considered in the examples. The sectors are marked in grey.

Proor. Choose a quasiconformal homeomorphism between the following quadrilaterals

p:S\QTS) — S\ QT(S)

such that
P oQ"op(z) =Q"(2)

for all z € @7(0S) N S. Then we use the repulsive dynamics of Q™ at 2z, to define ¢ on
the whole sector S: for every point z € S, there exists a unique integer m > 0 such that

Q(z) € S\ Q7 (S); let
o(2) = Q7 (p(Q™(2))).

Then
p: S —9

defines a homeomorphism with the above conjugation property. Since we started with a
quasiconformal mapping and since the complex dilatation of ¢ on S is bounded by the
complex dilatation of ¢ on Q™" (2) € S\ Q7"(S5), the map ¢ : S — S’ is a quasiconformal
homeomorphism. 0
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Lemma 4.18 (Limits of Opening Moduli)
Let ¢ € My and zy € K. be a point of preperiod k and period | such that ¢ > 2 dynamic
rays with angles V1 < ... <Y, land at zy. Then for every j € {1,...,q}, the function

10, 00 — 10, 00[ , w +— mod (S, (9;))
is increasing, the function
10, 00[ — 10,00, w +— mod(X,,(V;,7j11))

15 decreasing and

lim mod(S,(¥;)) = 0.

w—0
If there exists a sequence of pinching points in |z, 0] converging to zy, then

lim mod(Ew("ﬁj, §j+1>> =0.

w—00

PROOF. Since
Sw(95) C Sp(¥;)

and
20 (05, 0541) D X (05, 9541),
for w < w" and n < w'/7, the function w +— mod(S,,(¥;)) is increasing and the function
w — mod(X,(V;,V,41)) is decreasing. To prove 113% mod (S, (?;)) = 0 we proceed as
follows: by
o+ 2 log(®,(2)e )

Y

the sector SJ(¥) is mapped to the straight sector S7 :={z +iy : 0 <z <7, |y| < wzx}
with vertices 0, n + twn and n — iwn. Denote by m the period of the rays with angles
d*9y, ..., d*9, (if ¢ > 3, then m = ¢l; in the case ¢ = 2 we have m € {I,2l}). Moreover,

ST G 2 po QMo (2) = d™z.

By Lemma 2.19, the opening modulus of S,(?) is equal to the opening modulus of S”
considering the dynamics z — d™z in S". Consider the quadrilateral

Q:={ze€8" : d"np<|z| <n}

with vertices at d~"n - exp(iarctan(w)), n - exp(i arctan(w)), n - exp(—i arctan(w)) and
d~™n - exp(—iarctan(w)). Then

2 arctan(w)

mod(57(¢)) = mod(Q) = m - log(d)

— 0 for w— 0;

the second equality follows from the fact that ) is mapped by
C\R, = C : z+ log(z)

to a rectangle with edges of length 2 arctan(w) and m - log(d).
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It is a little bit more difficult to argue that lim X,(¥;,9,41) = 0, since there is no
w—00

dynamically defined mapping between a fundamental domain of ¥,,(9;,9,41)/ ~ and a
rectangle; thus we cannot simply calculate the opening modulus of the considered sector
as before. But by increasing the width w, the sector X,,(¢;,¥,41) gets thinner, at least at
all positions where pinching points occur. This can be made precise as follows: let z be a
pinching point of ¥,,(9;,7;11) N K, near zy. Then the distance of the points of potential
w on the dynamic rays landing at z converges to zero for w — oo. Thus the euclidean
distance of the boundary components of the annulus A,, := ¥,,(9;,9;41)/~ tends to zero
for w — oo. Since the multiplier of Q™ at zy is strictly bigger than one, the bounded
component of C\ A, has an euclidean diameter bounded away from zero independent on
w. By Lemma 2.21, we have

lim mod (4,) = 0. []

w—00

Lemma 4.19 (Quasiconformal Continuations)
Let ¢ € My, z9 € K¢, n > 1 and Q. be as before and assume that PE(20) is repelling.
Moreover, let S, S, Sy C S and Sy C S be Q! -invariant sectors around zy such that

(1) the zo-component of P\ (SUS) contains oo,

(2) S\ Sy is the disjoint union of two Q™-invariant sectors S, and Sj,

(3) S\ Sy is the disjoint union of two Q"-invariant sectors S, and S,

(4) mod(Sy) = mod(Sy),

(5) the right and left boundary curves of the sectors S, S, Sy and Sy are analytic curves.

Denote by =, (respectively 7,) the right boundary curve of S (respectively S) and by v,
(respectively 7;) the left boundary curve of S (respectively S). Consider a mapping

g:mUSoUy — 7 USoUA,,  with g(z) = 2
which 1s defined by
(1) the Riemann mapping Sy — Sy sending the vertices of Sy to the vertices of Sy and

(2) a composition of the mappings P., certain branches of P71 and z — (z on both
curves v, and ;.

Then there exists a homeomorphic extension

g:§—>§

such that its restriction g : S — S is a quasiconformal homeomorphism.

If the boundaries of the sectors above depend continuously on the parameter ¢ (in the
sense of Definition 2.8), then this extension g depends continuously on ¢ as well and the
mazimal complex dilatation 0g/dg of g is locally uniformly bounded away from 1.
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PRrROOF. Let u # 0 be the multiplier of Q7 at z;. There exist a neighborhood U of 2z, and
a biholomorphic mapping (the linearizing map of Q. at z)

AN:U—D

such that
AoQro A"t By(0) = D, y— py.
We can assume that S and S are contained in U (otherwise we pull S and S back by the

dynamics of QF to get smaller Q7-invariant sectors Q;™"(S), Q™" (S) C U and continue

with these smaller sectors instead of S and S). Thus the images

A(S) and A(S)
are sectors in D which are invariant under the map

D—D,y—y/pu
Since the 0-component of P\ (A(S)UA(S)) contains oo by the first assumption, there exists

a holomorphic branch of the logarithm in a connected subset of C containing A(S)UA(S).
It maps A(S) and A(S) to strips B and B which are both invariant under y — y — log(u):

B = log(A(S)) U log(A(Sh)) U log(A(S)))

::\‘rBl :?%0 ZT%T
B = log(A(5) U log\(Sy)) U log(A(S,))
::Bl =: F 0 = F r

Conjugating g with log o) yields a mapping

g :log(A(m)) U Bo U log(A()) — log(A(F1)) U By U log(A(,))-

Since g is conjugated to itself by an iterate of Q7 on both curves v; and 7, there are

o1, 0, € log(p)Z\ {0}
with

Gy —0,)=9) — 0, forall yclog(A(m)) and

gly—o)) =gly) —or  forall y € log(A(mn)).
We have to find a homeomorphic extension

G:B— B

such that its restriction g : int(B) — int(B) is a quasiconformal homeomorphism. We
will construct such an extension

B, — B,;

the extension B, — B, can be constructed analogously. The map z — 2z + log(p) is an
automorphism of both strips

Broo = {y € C : there exists n € N such that y — nlog(u) € B,} D B, and

Broo = {y€C : there exists n € N such that y — nlog(y) € B,} > B,.
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Therefore there are k, £ > 0 and biholomorphic mappings

Y 1 Bro — By
15 : @T,MHBR

such that o
YW N y)—o) =y—1 and P (y)—0,) =y —1

where B, and Bj are the straight strips of width x and & from Definition 3.8. Since
the boundaries of the considered regions are locally connected, ¢ and 1 can be extended
continuously to the closure of the strips and the equations above also hold if y is contained
in one of the boundary curves. It remains to prove the existence of a quasiconformal
homeomorphism

ho: 9(B,) — $(B)
such that
h(y) = ogoy(y)
for all y € ¥(0B,) with Im(y) € {0,x}. There exist a,b € R such that
RNy(0B,) = ]—o0,a] and
(R+ik)NY(0B,) = |—o00,b] +ik.

By Lemma 3.9, it remains to prove that
hh_ooﬂ] and h‘]—oo,me o (id]_oo,b} + iH) — ik
are near translations. This can be seen as follows: for all y € | — 00, al,

hiy—1) = dogoy'(y—1)
= Yog(¥(y) — o)

= (G (y) —or)
= Yogoy(y) —1

Thus by Lemma 3.7, the map hlj_« 4 is near translation. To check that the second map
is near translation as well, let

Booo = {yeC : there exists n € N such that y — nlog(n) € B} D By and
Booo = {y€C : there exists n € N such that y — nlog(n) € By} D By.

Since mod(Sy) = mod(Sy), there exist # > 0 and biholomorphic mappings

Yo : By — Bz and
1/;0 : @O,OOHBE

such that for all y € Bxz,

oy '(y) —or) =y —1 and Yo(thy ' (y) —0,) =y — 1.
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Both of them can be extended continuously to the boundaries. By Corollary 3.10, the
map
]—OO,C] _>R7 tHwoo/g\O@Do_l

is near translation for a real number ¢. By Lemma 3.7, the maps

| —o00,d] =R : ogyl(t)—ik and
| —o00,e] =R : ahgotp (t+ik)

are also near translation for suitable d, e € R; then this is also true for
J 00,8 = R, t= (Yoiiyt)o(gogoryt)o (oo™t +ir) — ik

= h(t +ik) — iR,

which proves the claim.

It remains to prove the continuity statement: since the multiplier of () at the point
z = z(c) and the linearizing map depend analytically on the parameter c, it is sufficient
to examine the dependence of the map g : B — B on the parameter ¢. By Theorem 2.17,
the maps 1; and ¢ depend continuously on ¢, and by Lemma 3.9, the map h depends
continuously on ¢ as well. ]

4.3 Polynomial-like mappings

The theory of polynomial-like mappings has been investigated by A. Douady and
J. Hubbard in [DH2|. This theory is the basic ingredient for the renormalization
theory of C.T. McMullen (compare Section 4.4) to prove the universality of the Multibrot
sets. This concept of polynomial-like mappings (or more generally: quasi-polynomial-like
mappings) will be necessary to construct homeomorphisms between certain subsets of
the Multibrot sets (compare [BD], [EY]). One of the most important statements in this
context is the Straightening Theorem (Theorem 4.24) which shows the connection between
polynomials and (quasi-)polynomial-like mappings. In this section we will introduce this
concept of polynomial-like mappings and state some important theorems.

Definition 4.20 (Polynomial-like and Quasi-Polynomial-like Mappings)
Let U, V. C C be bounded, simply connected open domains. A mapping f : U — V of
degree d is called a

(1) polynomial-like mapping of degree d if U C V and f : U — V is holomorphic.

(2) quasi-polynomial-like mapping of degree d if U C V and if there exists an
almost complez f-invariant structure o on V', i.e. if there exists a quasiconformal
homeomorphism ) : V. — V' such that 1o fop™ : (U) — V' is a polynomial-like
mapping of degree d.

The filled-in Julia set K of a (quasi-)polynomial-like mapping f is defined as the set
of all points z € U which do not leave U iterating f.
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Lemma and Definition 4.21 (Critical Points)

Let f: U — V be a (quasi-)polynomial-like mapping of degree d. A point z € U s called
critical point of f if the restriction of f to any neighborhood of z is not injective. Then
f has d — 1 critical points (counted with multiplicity). If f has only one critical point of
multiplicity d — 1, then f is called unicritical. ]

Definition 4.22 (Hybrid Equivalence)

A (quasi-)polynomial-like mapping f : U — V is said to be hybrid equivalent to a poly-
nomial P if there exists a quasiconformal homeomorphism ¢ from an open neighborhood
of K¢ to an open neighborhood of Kp such that

(1) oo fop (z)=P(z) forall z in a neighborhood of Kp and
(2) 0p(z) =0  for Lebesgue almost all z € K.

Definition 4.23 (Fixed Points)

Let f : U — V be a unicritical (quasi- )polynomial-like mapping of degree d with connected
filled-in Julia set; let f be hybrid equivalent to the polynomial P.. Then the a-fized point
of P, corresponds to a fized point ay € U of f; then ay is called the a-fixed point of f.

The (B-fized points of P. correspond to fized points B(O), el ﬁ}d_” of f; these are called
the p-fixed points of f.

Theorem 4.24 (Straightening Theorem)

(a) Every polynomial-like mapping f : U — V of degree d is hybrid equivalent to a
polynomial P of the same degree.

(b) If Ky is connected then P is unique up to conjugation by an affine map.

This theorem and the following corollary were first stated and proved in [DH2, Theorem I
and Corollary 1.2].

Corollary 4.25
Let P and @ be two polynomials with connected filled-in Julia sets Kp and Kq. If P and
Q are hybrid equivalent, then they are conjugate by an affine map.

From this corollary together with Lemma 4.1 one can conclude

Corollary 4.26 3
Let ¢1, co € My and ¢ = €2™/(4=D " [f the polynomials z — 2% 4+ ¢; and z — 2% + ¢y are
hybrid equivalent, then there is an integer j € {0,...,d — 2} such that

Cy = 5j01
Consider the set Polyy of polynomial-like mappings of degree d > 2. Then
fi~mw fo &= fi and fy are hybrid equivalent

defines an equivalence relation on Poly,. By the Straightening Theorem, every equivalence
class contains at least one polynomial. Now we restrict to unicritical polynomial-like
mappings with connected Julia set.
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Corollary 4.27

Let f be a unicritical polynomual-like mapping of degree d with connected Julia set. Then
f s hybrid equivalent to one of the polynomials P. and the parameter c¢ is uniquely
determined up to multiplication with a (d — 1)-th root of unity.

PrROOF. By the Straightening Theorem, there exists a polynomial P which is hybrid
equivalent to f. Since the critical points of f correspond to the critical points of P and
vice versa, the polynomial P is unicritical. Then the claim follows from Lemma 4.1. []

It turns out to be useful to discuss not only hybrid equivalence but also quasiconformal
equivalence: this will for example be important in the proof of continuity of our mapping
X in Lemma 5.10. A proof of the following corollary is given in [DH2, Proposition 1.7]:

Corollary 4.28 (Quasiconformal Conjugation)
Let ¢y € OMy, ca € My such that the polynomials P., and P., are quasiconformally
equivalent. Then there is an integer j € {0,...,d — 2} such that co = (Ycs.

Lemma 4.29 (Rigidity)
Let c € My and K C K. be compact and connected such that

P.(K)C K and {0, P.(0), P?(0),...} C K.

Moreover, let ¢ : V — V be a quasiconformal homeomorphism from a neighborhood V' of
K. to itself such that

(2) the complex dilatation O of ¢ vanishes a.e. on K,

(3) there exists a parameter ¢ and a quasiconformal homeomorphism ¢ : V — V from

V' to a neighborhood V' of Kz such that

Yo (poPe) oy yw) = Peluw),
defining U := P71(V).

Then the angled internal addresses of the parameters ¢ and ¢ are equal except possibly the
iformation about the sectors.

PrROOF. The angled internal address of a parameter ¢ can be described in the dynam-
ics of a polynomial P, as follows (compare the definition of an angled internal address,
Lemma 4.11 and Lemma 4.12):

(1) The first entry in the internal address is n; = 1.

(2) Let ny > 1 be the smallest integer such that there exists a point zy of period nsy in
K. separating a from the critical value ¢; we can choose 2, so that there is no other
point with this property separating zs and c¢. Then ns is the second entry in the
internal address of ¢ and the combinatorial rotation number of P'? at 2, is equal to
the angle placed at this second entry.
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(3) Let ng be the smallest integer ns3 > ny such that there exists a point z3 of period
ng in K, separating 2z, from the critical value; we can choose z3 so that there is no
other point separating z3 and the critical value with this property. Then nj is the
third entry in the internal address of ¢ and the combinatorial rotation number of

P at z3 is equal to the angle placed at the third entry.

C

4) ...

By this procedure, we have constructed the angled internal address of ¢. Applying the
same procedure to ¢ we reach the angled internal address of ¢. By the assumptions, the
periodic points in K, separating « from ¢ correspond exactly to the periodic points in
K; separating a from ¢. Moreover, the combinatorial rotation numbers are in both cases
determined by the iterates of P.. Therefore the angled internal addresses are equal.  []

REMARK. If the information about the sectors in the angled internal address happens
to be equal for the parameters ¢ and ¢, then the polynomials P, and P:; have the same
combinatorics, i.e. the parameters ¢ and ¢ are contained in the same fiber of My (for the

definition of fibers of My see [Schll] and [Schl2]).

4.4 Renormalization
4.4.1 Definition and Types of Renormalization

Definition 4.30 (Renormalization)
Let ¢ € My and | > 2. The polynomial P, is called [-renormalizable if there exist
netghborhoods U, V' of the critical point such that

(a) P':U — V is polynomial-like of degree d and
(b) the Julia set K; of this polynomial-like mapping is connected.

Definition 4.31 (Simple and Crossed Renormalization)

Let ¢ € My such that P, is l-renormalizable and denote by K; the small filled-in Julia set
of the corresponding polynomial-like mapping PL. If the images K;, P.(K;), ..., P/7Y(K))
of the small filled-in Julia set

(a) are pairwise disjoint, then the l-renormalization of P, is said to be of disjoint type.

(b) touch at the orbit of a periodic point but do not disconnect each other, then the
l-renormalization of P, is said to be of § type.

(c) cross at the orbit of a periodic point, then the l-renormalization of P. is said to be
of crossed type.

In the first two cases the l-renormalization of P, is called simple.

This definition distinguishes between three types of renormalizations. It is not obvious
that every renormalization is of one of these types. This is shown in [McM1, Chapter 7]:

Lemma 4.32 (No Other Types of Renormalization)
Every renormalization of a polynomial P, is either simple or crossed. ]
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4.4.2 A Dynamic Description of Simple Renormalization

Let c € My and [ > 2 such that P. is [-renormalizable of simple type. Then there exist U
and V as described in Definition 4.30; we want to construct other neighborhoods U and
V of the critical point such that
P UV

is a proper mapping of degree d. This proper map will not be polynomial-like, since the
closure of U will not be contained in V but these neighborhoods of the critical point can
be enlarged slightly to get a polynomial-like mapping (we will not make this precise here,
see [Mi] for the details). The reason why we reconstruct the proper mapping is that U
and V can be described easily by an equipotential and by finitely many preperiodic and
periodic dynamic rays. For every connected component of the simple [-renormalization
locus, the angles of these rays will be the same for the parameter ¢ in such a component.
Conversely, one can determine every connected component of the simple [-renormalization
locus by looking at the boundary rays of V and their preimages.

Denote by 3 the (-fixed point of the polynomial-like mapping P! : U — V which
separates the points a, ..., (*"'a; this fixed point is uniquely determined and will be
called the essential J-fixed point of the /[-renormalization. Using the renormaliza-
tion theory of C.T. McMullen in [McM1] one knows that

(1) the P.-period of 3, divides [;
(2) this period is exactly equal to [ if and only if the considered renormalization is of
disjoint type.
Let ¢ > 2 be the number of dynamic rays landing at §; and let

Vi=R(B,CB,- .., 3.

Then V can be pulled back along the orbit of 3, homeomorphically exactly [ — 1 times to
get a certain region R behind P.(/3) containing the critical value. The preimage of R is
bounded by 2d? dynamic rays and it is denoted by U. By construction,

PCI:U—ﬂN/

is a proper map of degree d and the Pl-orbit of the critical point is contained in U. As
mentioned above we can construct a polynomial-like mapping P! : U — V of degree d
from this proper map by extending U slightly around the boundary.

This construction can be used to describe the connected components of the locus of
simple [-renormalization (compare [RS]).

Lemma 4.33 (Injective Iteration)

Let ¢ € My be l-renormalizable of simple type and U, V as described in Section /.J.2.
Denote by oy the a-fived point of the polynomial-like map P! : U — V and by 3 its
essential B-fixed point. Then for every two points wy, we with at least two dynamic rays
landing at each of them and with 0 & R(wy,ws) C U, the map P! is injective on R (w1, w,).

Proor. This statement follows easily from the fact that
P P(U) =V
is biholomorphic. ]
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Figure 11: Construction of U and V for a polynomial P. of degree four. The white set is
U and the union of the white and the light grey set is V. The set V is bounded by the
dynamic rays with angles 12/252, 16/252, 76/252, 79/252, 139/252, 142/252, 202/252,
205/252 and the set U is in addition to that bounded by the dynamic rays with angles
835/16128, 895/16128, 898/16128, 958/16128, 961/16128, 1021/16128, ....



4.4  Renormalization 51

4.4.3 Non-Renormalizable Polynomials

Lemma 4.34 (Preimages of «)

Let ¢ € My be a Misiurewicz point of preperiod k and period | such that ¢ > 2 parameter
rays land at c. If the polynomial P. is not renormalizable, then for every periodic point
z € |a, 0], there exists a preimage of o separating z from the critical point.

PROOF. Assume that there is no preimage of a separating the critical point from z.
Then the polynomial P. is I’-renormalizable for an integer I’ > 1: choose n > 0 and let
XI:={2 € C : G.z) < n}; for every integer n > 1, let P, be the closure of the
connected component of

X7\ U rays(w)

weP; " ()

containing the critical point. This yields a nested sequence (P,), of connected and
compact sets; thus

Poc:= () Pn

n>1

is connected and compact as well. By assumption,
{0, 2} C Pw.

Now we argue that

a & Poo.

Denoting by ¢ the number of dynamic rays which land at «, the map
PI : star(a) — Rola)

is proper of degree d and by thickening the considered regions slightly along the boundary
rays as usual, we get a unicritical polynomial-like mapping.  Since P, is not
g-renormalizable, the Pi-orbit of the critical point cannot be contained completely in
star(a) and there exists n > 1 such that P?(0) & star(c). Since c is a Misiurewicz point,
the filled-in Julia set K. is locally connected and thus path connected. Then every path
in star(a) N K, connecting a with the critical point is mapped by P (not necessarily
injective) to a path in K, containing one of the points Cc, ..., (¢"'a. Thus the image
path contains a preimage of . Pulling this preimage back by the dynamics of P"? we
find a preimage a_,; of a separating a from the critical point. Since the sets P, are
symmetric w.r.t. the origin, we have

Poo C star(a_ng) # a.

Since the point z is periodic and « € P, there exists a minimal integer I" > 1 such that

P"(Ps) NPs # (). Then the sets
Pocs Pe(Poc)s -y Pl (Pao)
are pairwise disjoint by construction and

Pcll(POO) = Peo-
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More precisely, P, is mapped d to one to itself by Pg. Thus there exists an integer N > [’
such that

PN>PC(PN)7 SR Pcl,(/PN)

are pairwise distinct and
’
Pcl . PN — PN*I’

is a proper mapping of degree d and the Pcl'—orbit of the critical point is contained within
Ps C Pn. By the usual thickening procedure along the dynamic rays bounding Py, we
get a unicritical polynomial-like mapping P! in a neighborhood of the critical point the
small filled-in Julia set of which is connected, i.e. P, is I"-renormalizable. Contradiction.
Therefore z is disconnected from the critical point by a preimage of a. ]

4.5 Piecewise Dynamic Homeomorphisms

In this section we introduce the concept of piecewise dynamic homeomorphisms. These are
piecewise holomorphic mappings and will be used to change the dynamics of a polynomial
P. to get a new unicritical mapping which is defined outside a finite number of dynamic
rays. To finally construct a unicritical quasi-polynomial-like mapping one has to smoothen
the mapping as it is shown in Lemma 4.37.

Definition 4.35 (Piecewise Dynamic Homeomorphisms)

Let ¢ € My and consider finitely many dynamic rays landing on the Julia set. These
rays together with their landing points divide the complex plane into several open con-
nected components. Two such components Ry and Ry are called piecewise dynamically
homeomorphic if

(1) there exists a finite collection of dynamic rays dividing Ry and Rs into open com-
ponents (jo))je‘] and (Réj))jeJ such that every jo) is mapped biholomorphically to
jo) by a composition f; of the mappings P., certain branches of P.' and z — (z
(every mapping f; extends homeomorphically to the closure of jo));

(2) every dynamic ray within Ry which is part of the boundaries of jol) and joQ) is
mapped as a set to the same ray by the extensions of f;, and f;, (but a point on this
ray may be mapped to two points of different potentials by these two mappings).

In this case we say that f : Ry — Ry defined by f; on jo) 1S a piecewise dynamic
homeomorphism.

For every point z € UjeJ jo) we denote by iter(f, z) the number of used maps P. minus
the number of used maps P! to define f(z) (here the number of used maps z — (z does
not matter). The function iter(f,.) is constant on every component jo) and we denote
this number by iter(f, jo)). Moreover let

itera:(f) = max{iter(f, jo)) €l : je J}

iter,,in(f) = min {iter(f, RN ez : je J}.
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A piecewise dynamic homeomorphism f : Ry — Ry is called a piecewise dynamic
homeomorphism with expansion relative to the set £ C C if

(3) for every boundary ray p of jo), we have |J PM(p)NE =0 and

n>0

(4) every point z € |J RY with P"(f(2)) € E has iter(f, z) +n > 0.
jeJ

REMARKS.
By this definition, every piecewise dynamic homeomorphism maps the filled-in Julia set
within R; to the filled-in Julia set within Ry, since P,, P;! and 2z +— (2 have this property.
The mapping

j€J j€J
cannot be extended to a homeomorphism between R; and R, in general; but its restriction
to Ry N K. gives a homeomorphism to Ry N K.
Since P.(Cz) = P.(z) and since (P, !(z) can be written as P, ' with a suitably chosen
branch of the inverse, for every j € J, there exist e, my, my € Ny such that the restriction
of f to R} can be written in the form

f(z) = P (P (2)).

Corollary 4.36 (Composition and Inverse)
Let f : Ri — Ry and g : Ry — R3 be piecewise dynamic homeomorphisms. Then
gof: Ry — Rsand f~': Ry — Ry are piecewise dynamic homeomorphisms as well.

Lemma 4.37 (Quasiconformal Gluing)

Let c € My, f: Ry — Ry be a piecewise dynamic homeomorphism between two regions Ry
and Ry in the dynamic plane of P., N := iter,,..(f) and © C R/Z the finite set of angles of
all rays in By \U,c, jo). For every potentialn > 0, let U" := RyN{z € C : G.(z) < n}.
Then there ezists a width wy = wo(n) > 0 such that for every w € ]0,wy)], there is a
quasiconformal homeomorphism

f:U"—VCRyN{zeC;Guz) <dn}

such that f(z) = f(z) for all z € U\ Uyeo S ().

PROOF. Let n := iter,,;,(f) and n > 0. We choose wy > 0 such that the sectors

SE(0))
(si7@),
are pairwise disjoint. Let w € ]0,wo[ , ¥ € © and Y be the angle of the f-image of the

dynamic ray with angle ©). Then there are exactly two components jol) and joz) such
that the dynamic ray with angle ¥ is part of their boundaries.
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i = | T

27i)

Figure 12: The triangles Ty, Tgl) and T1§2)

One of them is on the right side of the dynamic ray with angle ¥/ and the other one on the
left side (this orientation is defined by the parametrization of the ray). Assume that R&j 1)
is on the left side and Rgh) on the right side. Every point z € jo ) \ K. with potential v
is mapped by f to a point with potential di*€f(/2) . 1 Let

ny = iter(f, RV"Y), ny = iter(f, RV)

and
Ty = 2mid+{y€C : Re(y) €]0,n], Im(y) € | —wRe(y), wRe(y)[ },
TV = 21+ {y € C : Re(y) €0,d™ [, Im(y) € |0, wRe(y)| }.
T = 2rid +{y € C : Re(y) €]0,d"n[, Im(y) € ] — wRe(y),0[ }.

Conjugating f with log o®. on S/ (¥}) yields
g9 Ty \ (R4 2mid)) — Tgl) U Tg) ,

_ —2mi))d™ + 2mi) : Im(y) > 270
log o®, log o®,) ' (y) = 4 ¥ - .
y = (logode) o fo (log o) (y) { (y —2mid)d™ + 2mid : Im(y) < 270
Conjugating

Ty — 2rmit) — (TS UTSY) — 2mid, y > go(y + 2mi09) — 2mid)
with 2z — log(z) yields a restriction of the map

z+nilog(d) : Im(z)>0

9o SHS’xH{x—l—nglog(d) . Im(x) <0
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where S is the straight strip
S:={x € C : Im(x) € | — arctan(w), arctan(w)[ } \ R.

Then

o 1 Im(z) Im(x)
go + SUR—=SUR, 2 {5(711 +na) (1 - arctan(w)> * nlarctan(w) )

is a quasiconformal homeomorphism which coincides with gy on iarctan(w) + R and on
—iarctan(w) + R. Transferring this map back into the dynamic plane of P, we get the
required quasiconformal homeomorphism

f|53(19)(z) = (logo®,)~* ((log_1 ogy o log)(log o®.(2) — 2mi) + 27?2'5‘)) :

Repeating this procedure for every angle 1 € © proves the claim. ]

Lemma 4.38 (Pullback of Non-Critical Regions)

Let ¢ € My be a Misiurewicz point of preperiod k and period | such that ¢ > 3 parameter
rays land at c. Denote by zy, ..., zi_1 the periodic orbit of P¥(c). Then there exists a
sequence (Wy)n>1 C |20, 0] such that

P4 Rz, wy,) — R(20,0)

18 biholomorphic forn > 1.

PROOF. The region R(z,0) is bounded by two dynamic rays with angles 9" < 9 landing
at zg and two dynamic rays with angles ¢’ < ¢ landing at 0. Therefore the critical value
is the landing point of the two dynamic rays with angles dy and dy’. The region R(z,0)
can be pulled back along the orbit of zy as long as the preimage does not contain the
critical value. The m-th pull back is a region bounded by two ray pairs: one ray pair with
angles ¥/ < 4, landing at a point of the orbit of 2, and another ray pair with angles
¢! <, landing at a preimage of the critical point:

|19m_90m| = (19_90)/dm and
o — Ol = (¢ =) /d™,

Thus the critical value is never contained in these preimages of R(zp,0). Considering the
pull backs of order nlg for n > 1 we have constructed regions R(zy, w, ) which are mapped
biholomorphically to R(zg,0) by P"4; for n > 1, the point w, is the landing point of the
dynamic rays with angles ¢y, and ;.. This defines a sequence (wp)n; it remains to
prove that the points w, separate zg from the critical point. Since the number of used
pull backs is a multiple of lg, the points w, are contained in R(z,0). If w, & |z, 0], then
0 € R(20,w,), in contradiction to the injectivity of P™ on R(zp, wy). ]
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Figure 13: The dynamic plane of the quadratic polynomial which corresponds to the
center of the hyperbolic component with internal address 1 — 3 — 5 — 6. The iterate P?
maps the region bounded by the dynamic rays with angles 43/448, 11/112, 65/112 and
261/448 (marked in light grey) biholomorphically to the region bounded by the dynamic
rays with angles 1/14, 1/7, 4/7 and 9/14 (union of the regions marked in light and dark
grey). Lemma 4.39 proves the existence of a fixed point; in this example, the fixed point
is the common landing point of the dynamic rays with angles 3/31 and 18/31 within the
region marked in light grey.

Lemma 4.39 (Finding Fixed Points)
Let ¢ € My be a parameter such that the Julia set of P. is locally connected and let
21, 21, 22, 25 € J. be landing points of at least two dynamic rays each such that
2y €z, 2| and 2 €21, 2.
Then for every piecewise dynamic homeomorphism

f : 'R,(Zi, Zé) - R(Zh Z2)

there exists a fized point z € |z, 25 of f in J.. In particular, z is the landing point of at
least two dynamic rays.
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PROOF. For every integer n > 0 let
A= () and 2 = 7 (z).

Then

(n+1) (n+1) _(n)

R R 0T B = P

21 €lz 2

and all the mappings
FiRE"Y ) — R, ),

are piecewise dynamic homeomorphisms.

By definition, a piecewise dynamic homeomorphism maps dynamic rays to dynamic
rays. Since the sequence of angles of the external rays landing at zfn) from above (below) is
strictly decreasing (increasing) and the sequence of angles of the rays landing at zén) from
above (below) is strictly increasing (decreasing), all these sequences of angles converge.
By the Theorem of Carathéodory, the inverse Bottcher mapping ®.' : P\ D — P\ K,
extends continuously to the boundaries. Thus the landing points z%n) (respectively zé”))
of these rays converge to points 2{° € J; (respectively 25° € J;). In any case these are
fixed points of f (it may happen that z{° = 25°) and every dynamic ray landing at z%n)

(25 yields in the limit n — oo a dynamic ray landing at 23 (25°). ]

4.6 Periodic Points

Lemma 4.40 (Regions behind Periodic Points)

Let ¢ € My and {zg,...,z1-1} be a repelling periodic orbit of P.. Then all the regions
behind the characteristic point zy of this orbit are pairwise piecewise dynamically home-
omorphic with expansion relative to star(zp). In particular, at most two of the regions
around each point z; contain some of the points 2o, ..., z_1.

PROOF. Let g be the number of dynamic rays landing at z;. If ¢ < 2 then there is nothing
to prove and we can assume ¢ > 3. If [ = 1, then the dynamic rays landing at zg = «
disconnect the dynamic plane into ¢ connected components around «. Since

0 ¢ P"(Re(@))

for m € {0,...,q — 2}, the maps P., P?, ..., P?% are injective on R () and the images
are the regions behind a. Thus for every region R; behind «, there exists a piecewise
dynamic homeomorphism f; : R; — Ro(a) and

f;l ij : Rj — R;

is a piecewise dynamic homeomorphism between R; and R; with expansion relative to
star(«): by construction, none of the considered regions is subdivided to define the piece-
wise dynamic homeomorphisms; this makes condition three in Definition 4.35 obvious.
The expansion property follows immediately from the fact that

PM(z) ¢ star(a)

for every z € R; and for every m € {0, ..., iter,,..(f;) — 1}.



o8 4 JULIA SETS AND MULTIBROT SETS

If [ > 1, we prove
0 ¢ P"(Re(z1))

for all m € {0, ..., (¢ — 2)l}; then we continue as before to find piecewise dynamic home-
omorphisms with extension relative to star(zg) between each pair of regions behind z;.

Assuming that there exists m € {0,..., (¢ — 2)l} such that 0 € P"(R.(21)), we yield
a contradiction as follows: let

me=Il(m/l|+1) € {l,2,..., (¢—1)l}.

Since there land at least three dynamic rays at z;, these dynamic rays are permuted
transitively by the dynamics of P!. Thus

P (1) # 20

(otherwise P™ would map each of the two rays bounding R.(z;) to itself and the
dynamic rays landing at z; are not permuted transitively by the dynamics). Therefore,
one of the points zg, (2o, ..., (¢ "1z separates P™(z;) from the critical point and defining

my := m + 1, there exists a neighborhood U; of z; such that
P™M U NRe(z1) = R(P™(21), 21)
is biholomorphic. Then
o cither PX™/UHY s injective on U NR.(21)

e or there exists my € {my + 1, ..., [([m/l] + 1)} such that 0 € P"2(U; N R(z1)).
But the first case cannot occur, since P "™ () € {z, ..., Z4—1} cannot be contained
in a region behind the characteristic point z;. In the second case,

P (21) # 20

by the same reason as above. Then we find a neighborhood Us of z; such that P™2*! is
injective on Uy N R.(z1) and the P™"1image of this region contains at least two points
of the orbit zg, 21, ..., 2z;_1. By similar arguments as before, P cannot be injective on
UsNR.(z1) and we find mg € {mo+1, mo+2, ..., m—1} such that 0 € P73 (UyNR.(21)).
Continuing with these arguments, we construct an infinite strictly increasing sequence of
integers m; < m; this is of course impossible and proves the injectivity of the mappings

P, P2 ..., Pl on R(). n

4.7 Misiurewicz Points

Now we start to discuss Misiurewicz points and prove some statements which will be
needed in Section 5.1 to construct many homeomorphisms between certain subsets of M.
There are Misiurewicz points for which the branches behind them are of similar shape and
size; these narrow Misiurewicz points are the preperiodic analogs to the narrow hyperbolic
components as defined in [LS] and they are much easier to treat than other Misiurewicz
points.
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4.7.1 Misiurewicz Points of a-type

Definition 4.41 (Narrow Points of a-type)

(1) Let ¢ € My be a parameter such that the a-fived point of P. is repelling and let
z € K. be a point of preperiod k > 1 with P*(2) = a. If P*~* maps every region
behind z one to one to a region behind one of the points o, ..., (*la then z is
called a narrow preperiodic point of a-type.

(2) A parameter ¢ € My is called a narrow Misiurewicz point of a-type if the
critical value of P, is a narrow preperiodic point of a-type. In this case let g denote
the number of dynamic rays landing at «; then My \ {c} has exactly q connected
components. These components are labeled by Mgy(c,0) (the one which contains the
parameter 0) and counterclockwise My(c, 1), ..., My(c,q — 1).

REMARK. The fact that a Misiurewicz point ¢ of a-type is narrow of preperiod k is
determined by the angles ¥; < ... < 9, of the parameter rays landing at this point: c is
narrow of preperiod £ > 1 if and only if

(1) all angles 9J; have preperiod k (i.e. the parameter ¢ is a Misiurewicz point of preperiod

k),

(2) ¢ > 2 and two of the parameter rays with angles in {d"¥; : n > 1} land on the
boundary of the main cardioid of M, (i.e. the Misiurewicz point is of a-type) and

(3) d*1(9, — 1) <1 (i.e. the a-type Misiurewicz point is narrow).

Lemma 4.42 (Existence of Narrow Misiurewicz Points)

Let ¢ € My be the landing point of ¢ > 2 parameter rays. Then every branch of My behind
¢ contains exactly one or exactly d — 1 narrow Misiurewicz points of a-type and minimal
preperiod. These preperiods are different on different branches behind c.

PrOOF. Let K.(c,0), ..., K.(c,qg — 1) denote the connected components of K. \ {c}
ordered counterclockwise around ¢ such that 0 € K.(¢,0). For j € {1,...,q — 1}, denote
the angles of the dynamic rays disconnecting K.(c, j) from the rest of K, by ¥; < 9,44
and the angles of the rays landing at o by ¢4, ..., ¢,. There is a minimal integer 7 > 1
such that

0 € P (Kc(e,j))-
Thus P is injective on K.(c, j) and
{a,....¢"la} N PH(Ke(e, ) # 0.
Since a € K.(c, ), there is a minimal integer n € {n — 1,71} such that

{Ca,....¢"ay N P (K.(c,j) #0 and o ¢ P*(K.(c,j)).
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Therefore,
P™(c) € o, 0[U... U0, af

and no angle in [¥;,v,44] is mapped to one of the angles ¢, ..., ¢, by
S' — S!, 9 4™,

Transferring this to the parameter space M, there is no a-type Misiurewicz point of
preperiod less than n + 1 within M(c, 7).

(1) If P*(c) € Ja,0[, then {Ca,...,(* 'a} C P*(K.(c,j)) and for every integer
s € {1,...,q}, there are exactly d — 1 angles

@gl)v <. 790<(9d_1) € [ﬁﬁ 19j+1]
which are mapped to the angle ¢ by

St — SY ¥ — d"H.

)

In the dynamic plane of P, the dynamic rays with angles gpgt), ey gpét land together

at an (n + 1)-th preimage a(t)(nH) of a for t € {1,...,d — 1}. The points

M NC)

O (ny1)r e A (ng1)

are pairwise disjoint. Since there exists no preimage of o with preperiod less than

n+1in P*(K.(c, 7)), the parameter rays with angles gpgt), oW land for every
considered integer ¢ at a Misiurewicz point of a-type (Lemma 4.12). By construction,

all these Misiurewicz points are narrow and of minimal preperiod m; :=n + 1.
(2) If P*(c) €10,¢a[U...U]0,¢% tal, then there is t € {1,...,d — 1} such that
PI(Kc(c,5)) N {Ca,....¢" la} = {C'a}.
Thus there are exactly ¢ angles
el e 195,95
which are mapped to the angles ¢y, ..., ¢, by
S' - St ¥ — d"Hy.

Thus the parameter rays with these angles land at a narrow Misiurewicz point of
a-type and has minimal preperiod m; = n + 1.

It remains to prove that the minimal preperiods are different for different branches:
As we have seen above the preperiod m; is exactly the number of iterations needed to
map the j-th region behind the critical value ¢ biholomorphically to a region containing
one of the points Ca, ..., (" !'a. Obviously, it cannot happen that two such regions are
mapped at the same time to regions containing one of the points Ca, ..., (¢ 'a. This
proves the claim. ]
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% L . . .
/ g T —> narrow Misiurewicz points
i ~p  mot narrow Misiurewicz points

Figure 14: Some narrow and not narrow Misiurewicz points are marked in the 1/3-Limb
of the Mandelbrot Set by different types of arrows.

Lemma 4.43 (Regions behind Narrow Preperiodic Points are Nice)

Let ¢ € M, such that all fixed points of P, are repelling and let z_; be a narrow preperiodic
point of a-type and preperiod k. Then the regions Rq, ..., Rq—1 behind z_j, are pairwise
piecewnse dynamically homeomorphic.

ProOOF. By assumption,
Pz € {Car. .. ¢

and P*~1 is injective on R, for 1 < j < g—1. Thus for every j, there exists m; € {1,..., ¢}
such that

PMoP !l Ry — Ro(a)
is biholomorphic. For ¢ € {1,...,q — 1}, the mapping

Pc—(k—1+mj) o Pf—1+mi LR, — Rj

is a piecewise dynamic homeomorphism if the branch of the inverse is chosen correctly. ]



62 4 JULIA SETS AND MULTIBROT SETS

Lemma 4.44 (Pullback of Critical Regions for a-Type)
Let ¢ € My be an a-type Misiurewicz point of preperiod k such that ¢ > 3 parameter rays
land at c. Then there exists a sequence of points (w,), C |a,0] converging to o and a
point

w €10,¢a] U...U]0,¢" ]

such that PM(w,) = w and
P R, wy,) — R, w)

18 btholomorphic for alln > 1.

Proor. Consider the biholomorphic mapping
P!:R(a,0) — R(a, P1(0)).

Since no point of the critical orbit is contained in a region behind the critical value, we
have

P1(0) € Rea(0) U ... URca-1,(0).
(1) If P9(0) € R(0,Ca)U...UR(0,(* ta), then
(Yo €10, PI(0)]
for a unique integer j € {1,...,d — 1}. Then there exists w; € |a, 0] such that
Po(¢a) N]a, 0] = {wi };
Defining w := (v, the map
P! R(a,wy) — R(a,w)

is biholomorphic.

(2) If PI0) € R(0,¢a) U ... U R(0,¢(% ), then there exists a unique integer
j € {1,...,d— 1} and a unique point w; € ]a, 0] such that

(a) w:= Pi(w;) € ]0,¢’af and

(b) for every point w’ € Jwi,0], the image point P?(w’) does not separate the
points a, (e, ..., (“la.

Then the map
P! R(a,wy) — Ra,w)

is biholomorphic.
To find the whole sequence (w,,),>1 we pull wy back by PZ: if w, is already defined then
fni =P R(a,w,) — R(a,w,_1)
is biholomorphic (wy := w) and w,, € R(«, w,_1). Let
Wni1 = fr ' (wn).

Since the a-fixed point is repelling, the sequence (w,), converges to a. ]



4.7 Misiurewicz Points 63

4.7.2 Misiurewicz Points in General

Lemma 4.45 (Misiurewicz Points are contained in Certain Wakes)

Let ¢ be a Misiurewicz point of preperiod k and period | such that ¢ > 3 parameter rays
land at c. Let ¥, < ... < U, denote the angles of these rays. Then two parameter rays
with angles in

{d**79,, : j€{0,...,ql —1}}

land at the essential root of a hyperbolic component Hy of period ql; this component
bifurcates immediately from a hyperbolic component H; of period l. Thus the Misiurewicz
point ¢ is contained in the p/q-sublimb of a sector of H;, where p/q # 1/2.

Proor. All parameter rays with angles ¥, ..., ¥, have the same preperiod k£ and the
same period gl. Since the orbit of the critical value does not contain the critical point, for
every integer n > k, the dynamic rays with angles d"y, ..., d"J, are pairwise distinct,
periodic and they land at a common periodic point of period [. Denote the orbit of this
periodic point by ag, ..., a;_1 such that a; is the characteristical point of this orbit.

Since at least three dynamic rays land at every point of this orbit, they are permuted
transitively by the dynamics. The characteristic sector behind a; (this is the region behind
a; containing the critical value) is bounded by two dynamic rays with angles in

{d**79,, + j€{0,...,ql —1}}.

By Lemma 4.12 the parameter rays with these two angles land together at the essential
root of a hyperbolic component H,; of period ¢l. Since the period of a; is equal to [, that
component Hy is attached to a hyperbolic component H; of period [. The parameter c
is then contained in the p/g-sublimb of a sector of H; where p € {1,...,q — 1} such that
ged(p, q) = 1. Since ¢ > 3, p/q # 1/2. O

The following statement generalizes Lemma 4.44:

Lemma 4.46 (Pullback of Critical Regions in General)

Let ¢ € My be a Misiurewicz point of preperiod k and period | such that ¢ > 3 parameter
rays land at c. Denote the orbit of P(c) by 2o, ..., 211 such that z, is the characteristic
point of this orbit. Then there exists a sequence of points (wy,), C |z0,0] converging to zo
and a point

€10,Cz) U...U]0,¢% 2]
such that P™4(w,) = w and

Pc”lq : R(20, wy) — R(z0,w)

18 btholomorphic for alln > 1.

Proor. By Lemma 4.45, the parameter ¢ is contained in the wake of a hyperbolic
component H; of period [. Since at least three parameter rays land at ¢, this parameter
cannot be contained in the 1/2-sublimb of any sector of H; and we can construct simply
connected neighborhoods U, V of the critical point as shown in Section 4.4.2 to get a
proper mapping
P.U—-V

of degree d. Using Lemma 4.33 we can proceed as in the proof of Lemma 4.44 to find the
sequence (w,), replacing P? by Pl4. ]
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4.7.3 Construction of Piecewise Dynamic Homeomorphisms

Lemma 4.47 (Piecewise Dynamic Homeomorphisms of a-type)
Let cg € My be an a-type Misiurewicz point of preperiod k such that ¢ > 3 parameter rays
with angles V1, ..., U, land at cy. Let

E., := P (Ry(co)).

Then the regions behind the critical value are pairwise piecewise dynamically homeo-
morphic with expansion relative to E.,. Every such piecewise dynamic homeomorphism
R1 — Ry is described by

(1) a set of (pre-)periodic angles of dynamic rays cutting Ry into finitely many pieces
and

(2) a composition of the maps P,,, certain branches of chl and z — (z defined on every
such piece.

For every parameter ¢ behind co, we denote the landing point of the dynamic rays with
angles V1, ..., Uy by a_y. The same sets of angles as used for the parameter cy, cut the
regions behind a_y, in the dynamic plane of P. into certain pieces; the relative positions of
these pieces do not change for all parameters behind the Misiurewicz point co. Then for
all parameters ¢ behind cy, the piecewise dynamic homeomorphisms between the regions
behind cy yield piecewise dynamic homeomorphisms between the regions behind a_y with
expansion relative to E, := P71 (Ry(a_y)).

PRrROOF. In the following we will make use of the fact that the Julia set of a Misiurewicz
polynomial is locally connected so that all dynamic rays land and Lemma 4.39 applies.
Then the dynamic rays needed to define the piecewise dynamic homeomorphism in the
dynamic plane of P,, will not change their landing properties if we replace the parameter
co by a parameter ¢ behind c¢y. This will be made precise later.

Step 1: FEvery region R behind the critical value ¢y can be mapped biholomorphically to
a region R’ containing exactly one or exactly d — 1 of the points o, ..., (¥ la
Since 0 € R and none of the points «, ..., (¢l is contained in R, there exists a
largest integer m’ > 1 such that

PR R, (ng’(co))

is biholomorphic. At least one of the immediate preimages of « is contained in this
region and we can find m” € {m’,m’ — 1} such that

R’ == P™(R)
contains at least one of the points Ca, ..., (¢ 'a but not « itself. Therefore there
is j € {0,...,d — 1} such that
PC’(’;‘”(CO) €10,¢a].

Applying a rotation it is sufficient to treat the case

Oy 1= Pm//(co) € [a,0],

€0

where m := k — m”; then the preperiod of a_,, is max{m,0}.
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Step 2: The region Ro(a_y,) is piecewise dynamically homeomorphic to the region Ro(c).
The case a_,, € {a,...,(? ta} is trivial. Otherwise by Lemma 4.38, there is a
sequence of points (wy,), C |a, 0] converging to « such that

P27 : R(a,w,) — R(a,0)

is biholomorphic. Since P}’ maps a small neighborhood of a_,, biholomorphically
to a small neighborhood of o and since the dynamic rays landing at o are permuted
transitively by P, there exist integers ¢ € {0,...,¢q — 1}, N > 1 and a point

Wy € |a_m,, 0] such that
P R, why) — Re, wy)

and thus

PIHNG Ram,, wy) — R(a,0)

are biholomorphic. Since the closure of R(a_,,, wy) is contained in R(«,0), by
Lemma 4.39, we find a fixed point w € Ja_p,, wi[ of P *+N¢ Then

Pm+i+Nq

s (z) z e R(Oé—mvw)
'RO(Oé_m) — RO(O‘)’ z = { P Tz € Ro(ﬁ—m) \m

is a piecewise dynamic homeomorphism (compare Figure 15).

We argue now that this piecewise dynamic homeomorphism for the parameter ¢
also yields a piecewise dynamic homeomorphism for the parameters ¢ behind cy.

e In the dynamic plane of F,, the dynamic rays with angles in
{d™"0y,...,d""9,} C S!

land at a_,,(co) := Pc’g‘”(co). By Lemma 4.12, the dynamic rays with angles
Y1, ..., U, land together at an k-th preimage a_j(c) of a for all parameters
¢ behind ¢y. Thus for all these parameters, the dynamic rays with angles in
O(a—_m(co)) land at an m-th preimage a_,,(c) of «; this preimage depends

continuously on c.

e By Lemma 4.12, the dynamic rays with angles in ©(w) land for all parameters
¢ behind ¢y at a common repelling periodic point w = w(c) which depends
continuously on c.

Thus the dynamic rays with angles in ©(a_,,) UO(w) have the same landing proper-
ties for all parameters ¢ behind ¢qg. This proves the existence of a piecewise dynamic
homeomorphism

Ro(a-m(c)) = Ro(a)

for all parameters ¢ behind cy.
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Figure 15: The Construction of a piecewise dynamic homeomorphism Ro(a_,,) — Ro(«)
in the case a_p, € Ja,0]. The region between a_,, and w (marked by the short arrow) is
mapped to the region between o and w (marked by the long arrow) by an iterate of the
polynomial F,,.

Step 3: The region Ro(a—p,) is piecewise dynamically homeomorphic to the region Ro(c).
By Lemma 4.44, there exists a sequence of points (wy,), C |a, a_,,[ converging to o
such that

(1) for all n > 1, the map
P2 R, w,) — R, w)
is biholomorphic and
(2) w:= Pl (wy) €]0,(a] for some j € {1,...,d—1}.

Since P’ maps a small neighborhood of &, biholomorphically to a small neighbor-
hood of a and since P, permutes the dynamic rays landing at o transitively, there

exist integers N > 1, s € {0,...,¢ — 1} and a point w)y € Py ™ (wy) N o, a_p
such that the mappings

oy P Py’
R, wy) — R(a,wn) — R, w)

is biholomorphic; this yields the piecewise dynamic homeomorphism

iR, wy) — R, (w) 2+ C’jPCTgL“*Nq(z).
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Figure 16: The first step to construct a piecewise dynamic homeomorphism from R, (a_,)
to Ro(a): f maps R(a_,,,wy) biholomorphically to R({?a,(/w) (again both regions
are marked by arrows).

Similarly, since @ = Pc’f)“(()), there exists an integer N’ > k 4+ 1 and a point
w' € (7w, 0 such that

PY : R(w',0) — R(w,a)
is biholomorphic. Let
O (minv) € Jw',0[ such that Pg/(a_(erN/)) =Q_p.

Similarly, since a = PN (a_(y4 7)), there exists an integer N” > m + N’ and a
point

w” € ]a—(m+N’)7 0[

such that
PCJ(Y” D R(a—menry, ") — R(a,w)

is biholomorphic. By Lemma 4.39, there exists a fixed point v" € |a_ (), w"[ of
PC]X ", This yields the piecewise dynamic homeomorphism

g: R(fil(a—(m—i-N’))’ a—m) — Ra, CijO‘) )

L { PY'(§(2) 2 € RUF N asmenn), f(0)
1(z) - 2 € RUH O i) @) \ RUTH@ ) f 1))
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Figure 17: The second step to construct a piecewise dynamic homeomorphism between
Ra(a_m) and Ro(a): PY" maps R(a_(n, w”) biholomorphically to R(a,w) (again
these regions are marked by arrows).

By Lemma 4.39, there exists a fixed point v € |f~'(a_(min)), | of g. This
defines the piecewise dynamic homeomorphism

Cgz) + z2e€ R, a_m)

h': Ra(a—m) — Ro(a), z — { Pz 0 2€Ra(asm) \ R, a )

Now we have to prove that this construction gives a piecewise dynamic homeomor-
phism R, (a_,) — Ro(a) not only for the parameter ¢y but also for all parameters
¢ behind ¢y. To do so we have to assure that the dynamic rays with angles in
O(a_nm), ©(v) and O(f~(v')) have the same landing properties for all parameters
behind ¢y, i.e. for all these parameters, the dynamic rays

(1) with angles in ©(a_,,) land together at a point a_,,(c),

(2) with angles in ©(v) land together at a point v(c),
(3) with angles in ©(f~(v')) land together at a point f~1(v')(c).

We use Lemma 4.12 and Lemma 4.11 as follows:

(1) By Lemma 4.12 part (3), the dynamic rays with angles ¥y, ..., ¥, land at a
k-th preimage a_x(c) of a for all parameters ¢ behind ¢y. By the continuity of
P., the dynamic rays with angles d"4, ..., d"J, land together at P"*(ca_y) for
all n > 0; in particular, the dynamic rays with angles in ©(a_,,) land at an
m-th preimage a_,,(c) of a.
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Figure 18:

Ca

o) Ca

The third step to construct a piecewise dynamic homeomorphism be-

tween R,(a_,,) and Ro(a): ¢ maps R(a_g,a) biholomorphically to R(«a,( Ya);
here a == fHa_(minn)-

(2)

(3)

By construction, either v or (v is a P, -periodic point. Thus for all parameters
¢ behind ¢, the dynamic rays with angles in O(v) land together (compare
Lemma 4.12 part (1) and (2)).

Since v’ is P,,-periodic, the dynamic rays with angles in ©(v') land together
for all parameters ¢ behind ¢y. By symmetry, this is true also for the dynamic
rays with angles in ©(¢/v’). The map f~! is defined by a certain branch of
2 ch(m+S+Nq)(Cjz). By construction, no point of the P, -orbit of f~1(v)
is contained in F.,: we never continue iterating F., when we reach £, in
the construction of the piecewise dynamic homeomorphism. This is also true
for the parameters ¢ behind ¢y. Thus for all parameters ¢ behind c¢j, the
landing point of the dynamic rays with angles in ©(f~!(v’)) is never contained
in the backward orbit of the critical point and this proves that the dynamic
rays with angles in ©(f~!(v')) land together for all these parameters (compare
Lemma 4.11).

Step 4: Construction of a piecewise dynamic homeomorphism between two regions Ry
and Ry behind the critical value cg
In the last three steps we have proved that there are piecewise dynamic homeomor-
phisms

fi + Ri— Rola)
f2 : R2—>R0(Oé>.
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By Lemma 4.36,
fotofi:Ri— Ry

is a piecewise dynamic homeomorphism and it remains to prove that it is expanding
relative to E.,. We have shown in Step 2 and Step 3 before that condition three
in Definition 4.35 is satisfied. Thus it remains to check condition four: in the
construction of f; and f; we use a composition of certain iterates of P, and z — (z
but we have never used some branches of chl, i.e. for every w € R{UR, there exist
integers ny(w), na(w) € Ny and j;(w), jo(w) € {0,...,d — 1} such that

fi(w) = M PR (w) and  fo(w) = ¢ PEO) (w).
Moreover we never continue iterating when we have reached £, i.e.
Pl (w) € B, for we Ry me{0,... ,ny(w)—1}.
Thus we have
{PE((f 0 1)) 2 € R, 0<m<m((fs 0 fi)(2) =1} N E, = 0.
We conclude

na(w) = iter(fo, w) > iter(fo, w) — iter(f1, z) = —iter(f; ' o f1,2)

for all z € Ry and w := (f;' o fi)(z). This proves the expansion property
relative to E,, for the parameter cy. Since the piecewise dynamic homeomor-
phism for every parameter ¢ behind ¢, is simply given by replacing P, by P., the
constructed piecewise dynamic homeomorphisms are expanding relative to E.,.

[]

Lemma 4.48 (Piecewise Dynamic Homeomorphisms in General I)

Let cg € My be a Misiurewicz point of preperiod k and period | such that ¢ > 3 parameter
rays with angles V1, ..., Vg land at co. Let E, := P, ' (Ry(co)) and denote by zo, ..., 21
the repelling periodic orbit of Pé‘f)(O) such that z1 is the characteristic point of this orbit.

Then for every integer m > 0 and for every m-th preimage
Z_m € ]20,0]
of zg with Pg;)(z,m) ¢ E., (j € N), there exist piecewise dynamic homeomorphisms
Ro(z—m) — Ro(z0) and R.,(z2—m) — Ro(z0)

with expansion relative to E,.

For every parameter ¢ behind cy, we denote the landing point of the dynamic rays with
angles in O(z_,,) by z_,(c). The same sets of angles used for the parameter ¢y cut the
regions Ro(2—m(c)) and Ry (2-m(c)) in the dynamic plane of P, into certain pieces; the
relative positions of these pieces do not change for all parameters behind the Misiurewicz
point cg. Then for all these parameters ¢, we find piecewise dynamic homeomorphisms

Ro(z-m(¢)) — Ro(z0(c))  and Ry (2-m(c)) — Ro(20(c))

with expansion relatwve to E, := P71 (Ry(2_x)) replacing P., by P. in the definition of the
piecewise dynamic homeomorphisms for cg.
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PROOF. By Lemma 4.45, the parameter ¢ is contained in the p/g-sublimb of a certain
hyperbolic component H;: two parameter rays with angles

9,0 € {d"Y, : j€{0,...,ql —1}}

land at the essential root of a hyperbolic component H, of period gl which bifurcates
from the hyperbolic component H,; at an internal angle p/q # 1/2. Denote the angles of
the parameter rays landing at the essential root of H; by ¢ < ¢. In the dynamic plane
of P, the dynamic rays with angles ¢ and ¢’ land at a point y; of period I’ dividing [.
Its P -orbit is denoted by %o, ..., yr_1. The number of dynamic rays landing at the
orbit of Yo is either [ or 2[, depending on whether H; is primitive or not. Since ql > 3l
dynamic rays land at the orbit of 2o, yo # 20. As described in Section 4.4.2 we find simply
connected neighborhoods U and V of the critical point such that

P :U—-V
is a proper mapping of degree d; the domain 1% is bounded by the dynamic rays landing at
the points o, ..., (¢"1yo. The regions U and V can be extended to get a polynomial-like
mapping

Pl :U—V

of degree d. If ¢ is contained in the small Multibrot set centered at H; then zy is the
a-fixed point of the polynomial-like mapping Pl : U — V and yy is one of its [-fixed
points. In any case the dynamic rays landing at the critical point separate the points g
and zo from each other (compare [McM1, Theorem 7.9]).

We have to transfer the construction of Lemma 4.47 for the case [ = 1 to the general
case [ > 1. To do so we use Lemma 4.33. This lemma guarantees that for any two pinching
points wy, wa € R(yo, Yo, - - - yo) N K, the mapping P is injective on R(wy, ws) if
this region contains neither the critical point nor one of the points v, ..., (¥ 'y in its
interior.

Step 1: Construction of a piecewise dynamic homeomorphism Rg(2—.,) — Ro(20)
By Lemma 4.38, there exist a point w’ € |z_,,,0[ and an integer n > m such that

Pl R(2—m,w’) = R(2,0)

is biholomorphic. By Lemma 4.39, we find a fixed point w € ]Jz_,,,w'[ of P} and a
piecewise dynamic homeomorphism is given by

| P'(z) : 2€R(z_mw)
fo: Bafeon) = Rate, 2 T8 R

Step 2: Construction of a piecewise dynamic homeomorphism R (z_,) — Ro(z0)
By Lemma 4.33, the analogous construction can be used as in the case of an a-type
Misiurewicz point; we simply have to replace the map P, by Pl in Lemma 4.47
and we have to use Lemma 4.46 instead of Lemma 4.44.
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Similarly as in Lemma 4.47, one can see from the construction and from the assumption
{z—m, Pey(2—m), - . .} N E,, = 0 that the dynamic rays used in the construction of f,., have
the same landing property for all parameters ¢ behind ¢y. Thus for all these parameters,
we have piecewise dynamic homeomorphisms

Ro(z-m(c)) = Ro(z0(c)) and  Reye)(z-m(c)) = Ro(z0(c))

with expansion relative to FE.. Il

The following Lemma is only stated for quadratic polynomials. We would be interested
in such a statement for degree d > 2 as well to construct homeomorphisms between the
trees behind all Misiurewicz points in M. The reason why our proof does not work in
general is the following: for a simple r-renormalizable quadratic polynomial and a region
R behind a pinching point z of the small Julia set with RN{a, ..., % ta} =0, let n(z,R)
denote the number of iterates needed to map R to a region which contains one of the
points (o, ..., (" 'a. Then

n(z,R) mod r

does not depend on z; this is in general not true for d > 2. We will mark the places in
the proof of the next lemma where the assumption d = 2 is needed.

Lemma 4.49 (Piecewise Dynamic Homeomorphisms in General II)
Let d =2 and ¢y € My be a Misiurewicz point of preperiod k and period | such that ¢ > 3
parameter rays with angles ¥4, ..., U4 land at cy. Denote by 2o, ..., 21 the orbit of the
repelling periodic orbit of Péz(c()) such that zy is its characteristic point. Let

Ee, = P (Ry(co)).

Then the regions behind the critical value are pairwise piecewise dynamically homeomor-
phic with expansion relative to E.,.

For every parameter ¢ behind co we denote by z_x(c) the landing point of the dynamic rays
with angles ¥y, ..., ¥,. The same sets of angles as used in the construction of the piecewise
dynamic homeomorphisms for the parameter ¢y give a piecewise dynamic homeomorphism
between the regions behind z_j(c) with expansion relative to E, := P (Ry(z_x(c))) for all
parameters ¢ behind cy.

PROOF. Since the critical value is eventually mapped to a point of period [, the polynomial
P., is n-renormalizable of simple type for only finitely many integers n > 1 and these
integers are ordered by division (compare [McM1, Section 7]). The polynomial P,, can
be n-renormalizable of simple type only if n divides [ or n = ql. Let » <[ be the largest
integer such that P, is r-renormalizable of simple type. As described in Section 4.4.2 we
construct simply connected neighborhoods U, and V, of the critical point such that

f:U. =V, z— Pr(z)

o

is a proper mapping of degree 2.
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By the usual thickening procedure along rays and around repelling (pre-)periodic points,
we can extend U, and V, slightly to get a polynomial-like mapping P} : U, — V;; its
filled-in Julia set is denoted by K. Denote by ., (,) the a- (3-) fixed point of f. The
region V, is bounded by the dynamic rays landing at 3, and —/,. For j € {0,...,r — 1}
let

K, (j) = PA(K,)

be the j-th small filled-in Julia set; for j € {1,...,r — 1} let

Br(4)s By (5), ar(d), e, (4)
be the points in K,.(j) which are mapped to 3., —f,, o, and —a, by P/ .

o
Step 1: Every region R behind the critical value cy is piecewise dynamically homeomor-
phic to Rﬂ;(l)(zl,(r,l))
The point z_(—1 is the point in K, (1) which maps under P;~' to the point zy in
K,(0); thus z_(,—1) is the pullback of the precharacteristic point 2, to K,(1) by
ch(rq). Since 3.(1) separates K, (1) from the critical point, we have

p(1) € R.

Part 1: The region R can be mapped biholomorphically by an iterate of P, to a
region R’ which contains (. (1) but neither (3,(1) nor o, (1)
Let 7 be the first number in 1,2,...,r — 1,0 such that K, (7) separates « from

—a. Since R(ﬁT(f), B (f)) contains neither « nor —c,

B:(r), B, (7) € Ja, —al.

There exists a unique integer m > 0 such that P.' is injective on R and that
P'(R) contains —a but not a. Therefore P'(co) € |o, —af; since

. g Jo Coje{l,... -1}
)N e, [‘{momxw[:jzf

and since P, is r-renormalizable, the integer m — (7 — 1) is a multiple of 7 (this
cannot be transferred to the case d > 2) and

Piy(co) €16,(7), B, (F)[ C Jev, —al.

Moreover P(co) ¢ [Br(7),a; (7)] since otherwise the point P'""(cy) has
separated (3,(7) from (. (7) and thus a from —« in contradiction to the choice
of m. Therefore

Py(co) € oy (7), 6, (P = P~ V() €la; (1), 6, (1)

and R’ := ngf(hl)(R) contains (3 (1) but neither 3,.(1) nor . (1).

Part 2: Finding a preimage z_z € [ (1), (1) of zo such that the region R’ is
piecewise dynamically homeomorphic to Rﬁg(l)(z_fh)
If
2 = BT (eg) € Jay (1), (1)),
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then we are done; otherwise z_z € Ja,(1), 3, (1)[ and there is a minimal integer
j > 0 such that

2= B (<P (B (o)) € oy (1) 00(1)]

co o

Since we want to map the whole region R(3, (1), 5,(1)) biholomorphically to
R(—p,, Br) we need to know that d = 2 for this construction. By Lemma 4.33,
the mapping

Ry (z-m) = Ry (2-m),

o PV (RE(PN) 2 € Rz B (1)
z : 2 € R\ R(z—m, 5 (1))

is a piecewise dynamic homeomorphism.

Part 3: Construction of a piecewise dynamic homeomorphism from RB;(l)(z_ﬁl) to

Rﬁ;(l)(*zlf(Tfl)))
Obviously, it is enough to construct a piecewise dynamic homeomorphism

R(57(1),25) = R(B7 (1), 2.

Since

PR (67 (1,5,(D) = R(=5,.5,)

is biholomorphic, we can find this piecewise dynamic homeomorphism by
constructing a piecewise dynamic homeomorphism

R(_ﬁra me’) - R(_ﬁm ZO)

where

2o =PI N 2lm).

To find this piecewise dynamic homeomorphism we have to distinguish between
r=10land r <lI:

Case 1: r=1
Since either [ or 2/ dynamic rays land at (;, we have z5 = .
If z_,, = o, = 2y then there is nothing to prove.
If z_,» = —a, then the inverse of the biholomorphic mapping

~PL : R(=B,a1) — R(—B, —av)

gives the piecewise dynamic homeomorphism we are looking for.

If 2, € ] —ap,a,.], then by Lemma 4.48, the region R(—/0;, z_) is
piecewise dynamically homeomorphic to R(/;, ;) which again is piecewise
dynamically homeomorphic to R(—/0;, ;) = —R(5}, —ay) as we have seen
shortly before.
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Case 2: r <
Similarly to the definition of the proper mapping f at the beginning of our
proof we construct a proper mapping

g:Ul—ﬂ;Z, z»—>PClO(Z)

of degree d: let oy := zp. By Lemma 4.45, the parameter ¢y is contained
in the p/g-sublimb of a certain hyperbolic component H, of period [ where
p/q # 1/2. Denote by ¢, ¢’ the angles of the parameter rays landing
at the essential root of H;. Then the dynamic rays with angles ¢, ¢’
land together at a point of period ' dividing [ (I = !’ if and only if H,
is primitive). Denote the precharacteristic point of this repelling periodic
orbit by ; and let

Bi(j) = cho(ﬁz) for j€{0,...,01—1}.

Then we pull back the region

‘;2 = R(ﬁla _Bl)

along the orbit of 3 to get the region U; which defines the proper mapping
g of degree 2 as above. Both sets U, and V; are simply connected neighbor-
hoods of the critical point. Since P, is not [-renormalizable, the g-orbit
of the critical point eventually leaves U, Forice {0,...,01— 1}, let

(i), a; (1), Ai(i) and G (i)

be the points in PS(UZ) mapped by P/ to 2, —z, 3 and — 0.

We argue now that the critical point separates the a-fixed point «; of ¢
(compare Definition 4.23) from its §-fixed point (;: by Lemma 4.46, there
exists a sequence of points (wy,),>1 C |G, 0], wy = 0, converging to ; such
that Pcl0 : R(By, wny1) — R(B;, wy) is biholomorphic for n > 1. If there
was a fixed point z € R(f;,0) of P!, then

co?

2 (Phlr@o)” (2), = (Phlr@n)” (2)

would be three distinct g-preimages of z in U, in contradiction to the fact
that ¢g has degree 2.

Thus there are only two possibilities for the relative positions of the small
a- and (-fixed points of f and g (see Figure 19). In the following we
will describe how to find a piecewise dynamic homeomorphism between
R(=Br, z_m) and R(—p,, 29) only in the situation given on the upper part
of Figure 19. The construction of the corresponding piecewise dynamic
homeomorphisms in the other case is completely analogous.

We have to distinguish between the following four subcases (remember
2o €] =, ap)):



76 4 JULIA SETS AND MULTIBROT SETS

% %
G o B oy 0 o =5 o =0

1 1
T T
ﬁr —Oy _ﬂl (87 0 —Oq ﬁl Q. _ﬁr

Figure 19: The two possibilities for the relative positions of
the small a- and (-fixed points. In both cases the point z_,,
separates (3, from —/f, and the region we have to consider
points to the right.

Case 2.1: z_, € [y, oy
The piecewise dynamic homeomorphism can be constructed analogous
to Case 1.

Case 2.2: z_,, € }Oél, —ﬁl]
By Lemma 4.33, the mapping

R(ay, =) — R(—ay, =), z — —Pclo(z)

is biholomorphic. Then there exists an integer j > 1 such that
(—=PL) = —P?' is injective on R(2_,y, —3) and

—PMz_p) €] — g, v).
This yields the piecewise dynamic homeomorphism
Rs.(zom) = Reg, (~ PP (zm))

{ —Pilz) : z€R(zm,—0)

Z

z : z2€R_p.(2om) \ R(z—mr, — 1)
By Case 1, there is a piecewise dynamic homeomorphism

Rop, (=P (=) — Rp, ().

The composition of both gives the piecewise dynamic homeomorphism
we are looking for.
Case 2.3: z_,y €] — a,, —qy
Here we can reduce the problem to Case 1 as well: by Lemma 4.34,
there exists a preimage w € | — «ay, 0] of .. By the same arguments as
used in the proof of Lemma 4.46, there exists n > 1 and a preimage
w' € Jw,0[ of the critical point such that we have the biholomorphic
mapping
—P! : R(w,w') — R(—0,,0).
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Therefore by Lemma 4.39, we find a fixed point w” € |w,w'[ of =P}
which yields the piecewise dynamic homeomorphism

. —Pi(z) 2 €R(ww")
f:Ro(w) = Ro(—a,), z+— { . .z € Ro(w) \W

Then Ro(z—p) C Ro(—cy) and

I (Rolz-m)) = Ro (F7 ()

Moreover,
f_l(z—m’) € ]wvw”[ C ] - al7al[
and we can continue as in Case 1 to find a piecewise dynamic homeo-
morphism g between f~! (Ro(z_,)) and R_g,(cy). Then the compo-
sition
go f_l : R(Z—m’a _ﬁr) - R(Oll, _ﬁr)
defines a piecewise dynamic homeomorphism.
M Zom € ] - Blva/r[

In this case we repeat essentially the arguments of the proof of Step 2 in
Lemma 4.47. By Lemma 4.34 and Lemma 4.38, there exists a sequence

(Wn)nz1 C oy, o]

of preimages of a, converging to a;. Since an iterate of P, maps a

small neighborhood of z_,, injectively to a neighborhood of «; and
since the dynamic rays landing at a; are permuted transitively, there
exists an integer N > 1 and a sequence

(wq,1>nzN C ]Z—M’7 ar[

converging to z_,, such that
P Rz wy,) — Rag, wy,)

is biholomorphic for n > N and some s,, € N. By a similar argument
as in the proof of Lemma 4.46 there exists a preimage w € |ay, wy|[ of
the critical point and an integer ¢t € N such that

P! : R(w,wy) — R(0, )

is biholomorphic. By Lemma 4.38, there is a fixed point v’ € |w,wy]|
of P! which yields the piecewise dynamic homeomorphism

fRlag,wy) — Ry, o),

e { z z € Ry, wy) \ R(w', wy)
P! (z) : ze R, wy)
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Figure 20: The construction of a piecewise dynamic homeomor-
phism R(z_,., @) — R(ay, ) as described in Case 2.4 .

Thus the piecewise dynamic homeomorphism
fo PNt R(zop,wy) — Ry, ay)
has a fixed point w” € |z_,,, wi[ such that
R(z—mr, ) — Ry, ),

f(PN(2) :+ z€R(z—p,w")
= { z t 2 € R(zemr, o) \ Rz, W)

is a piecewise dynamic homeomorphism as well and we are done.

Step 2: Any two regions R1, Ra behind the critical value are piecewise dynamically home-

omorphic with expansion relative to L., .
In Step 1 we have constructed piecewise dynamic homeomorphisms

f1 . Rl — Rﬁ;(l)(zl—(r—l)) and
fo @ Ra— Rg;(l)(zz—(r—l))-
Thus we get the piecewise dynamic homeomorphism
f=flofi:Ri—=Ry

which we have to prove to be expanding relative to E.,. This can be checked in the
same way as for an a-type Misiurewicz point (compare proof of Lemma 4.47).

Step 3: For all parameters ¢ behind co, we can transfer the piecewise dynamic homeo-

morphisms from above to get one between the regions Ri(c) and Ra(c) behind z_x(c)
Denote by © the set of angles such that the corresponding dynamic rays are used
to cut R in several pieces in the construction of the piecewise dynamic homeomor-
phism in Step 1. Similarly as in the proof of Lemma 4.47, we can check that the
landing properties of the dynamic rays with angles in © do not change for all param-
eters ¢ behind ¢y (Lemma 4.11 and Lemma 4.12). Then the constructed piecewise
dynamic homeomorphism R; — R, easily gives a piecewise dynamic homeomor-
phism R;(c) — Ra(c) replacing P., by P.. ]
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4.7.4 Partial Trees behind Misiurewicz Points

Definition 4.50 (Partial Trees)
Let ¢g € My be a Misiurewicz point which is the landing point of ¢ > 3 parameter rays
with angles ¥4 < ... <v,. The j-th partial tree Tc(g) at cq is the j-th branch My(co, j)
behind co between the rays with angles ¥; and U1 together with the Misiurewicz point ¢
itself with the following sub-branches removed:

Let c € Md(co, j)~be a Misiurewicz point which is the landing point of q¢ parameter rays

with angles 0y, ..., U4 such that there is an integer m > 0 such that for alln € {1,...,q},
we have d™v,, = ¥, mod 1 . Then we remove all branches behind ¢ between one of the
following parameter ray pairs: (91,93), ..., (0;.1,9;), (D541,0,12), -, (Dg_1,7,) .

Lemma 4.51 (Properties of Partial Trees)
/)

Fvery partial tree Tc(g is a connected compact subset of Mgy(co, j)-

PrOOF. Since M, has countably many Misiurewicz points, the partial tree Tc(g ) can be
written as a countable nested intersection of compact connected subsets of Mgy(co, 7). []

REMARKS. The j-th partial tree at ¢y is by construction exactly the set of parameters c
within Mg(co, j) for which the critical orbit of P. does never visit the sectors (v, v,_1)
and (9,41, 9,).

We will see in Lemma 5.14 that every partial tree contains the dyadic Misiurewicz
point of lowest preperiod within My(co, 7).

Lemma 4.52 (Subtrees)
Let ¢ € My be a Misiurewicz point and ¢ € Tc(g) another Misiurewicz point at which
we had to cut off certain sub-branches during the construction of T§3). Then for all
me{l,...,q—1},

Ma(e,m) N TV < T,

PROOF. Denote the angles of the parameter rays landing at ¢y by ¥; < ... < 9,. Let

¥ < ¢ be the angles of the parameter rays landing at ¢ such that T
between these parameter rays. Then there exists an integer n > 0 such that

is contained

(@ =9, and d9=9;) or (AW =49, and d"9=0V).

In the first case let 9, ¥ be the angles of the parameter rays landing at ¢ such that
dmy = Y, and d™) = ¥Y;; in the second case let ¥, ¥’ be the angles of the parameter rays
landing at ¢ such that d™0’ = ¥; and d" 0= Vi1

If 7™ belongs to a branch behlnd c which has to be cut off during the construction of
T, then My(c,m)NTY = {c} € T{™. Otherwise, for every Misiurewicz point & behind
¢ where we have to cut off all but one branches to construct T.™ ), ¢ is a Misiurewicz
point behind ¢y where we have to cut off all but one branches to construct Tc(g ) as well.
It remains to argue that in both cases the same branches behind ¢ are removed: let ¢/,
v, @' and ¢ denote the angles of the parameter rays landing at ¢ such that for an integer
i> 1,

o =9, do=9, d'¢ =7, d'p=71.
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Figure 21: Two partial Trees in My behind the Misiurewicz point ¢q are marked in black
and dark grey.

To construct Tc(m) we have to remove all branches around ¢ but not the one between the
rays with angles ¢’ and ¢ and not the one between the rays with angles ¢’ and ¢. Since

{dn+ﬁ90/7 dn+ﬁ90’ dn+ﬁ¢la dn+ﬁ95} = {'1917 19j7 ﬁj-ﬁ-la ﬁq}7
the partial tree Tc(g ) is constructed in the same way near the parameter ¢. This proves
Ma(e,m) N Tc(g) c 1™

in any case. ]
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5 Homeomorphisms within the Multibrot Sets

In this section we will construct three different types of homeomorphisms between certain
subsets of My (Theorem 5.1, Theorem 5.17 and Theorem 5.24).

The homeomorphisms between parts of the branches behind Misiurewicz points (which we
will call partial trees, Definition 4.50) are new and therefore we will describe these home-
omorphisms and their properties in much more detail than the other homeomorphisms;
this is done in Section 5.1. The most important ingredients for the proofs are given in
[DH2] and [BD].

In Section 5.2 we construct homeomorphisms between a part of the p/g- and a part of the
p'/g-sublimb in every sector of a hyperbolic component of M,. Homeomorphisms of this
type have been investigated by D. Schleicher (unpublished) and B. Branner/N. Fagella
[BF]: they proved that there is a homeomorphism between the p/g- and the p’/g-limb of
My with different methods. B. Branner and N. Fagella construct a homeomorphism from
every p/g-limb (1 < p < g —1, ged(p,q) = 1) of My to a certain part of the parameter
space of a family of degree ¢ polynomials. Our construction will work for arbitrary map-
ping degree d > 2 and for the sublimbs in a sector of every hyperbolic component; it is
based on an idea of D. Schleicher.

In Section 5.3 we present a proof for the existence of a homeomorphic embedding of the
1/g-sublimb into the 1/(g+1)-sublimb within any sector of a hyperbolic component of M.
The corresponding homeomorphic embedding of the 1/2-limb into the 1/3-limb of M, has
been found by B. Branner and A. Douady. In the general case the proof is essentially the
same as in the special case discussed in [BD].

5.1 Homeomorphic Trees at Misiurewicz Points

Theorem 5.1 (Homeomorphic Trees at a-type Misiurewicz Points)
Let ¢y € My be an a-type Misiurewicz point with preperiod k such that ¢ > 3 parameter
rays land at c¢o. Then for every integer j € {1,...,q — 2}, there exists a mapping

y : TV — TU+)

co co
which 1s continuous on the boundary and analytic on hyperbolic components.
In the case d = 2 the map x is a homeomorphism.

Theorem 5.2 (Homeomorphic Trees at general Misiurewicz Points)
For d = 2, let cg € My be a Misiurewicz point with preperiod k and period | such that
q > 3 parameter rays land at c¢o. Then for every integer j € {1,...,q — 2}, there exists a
homeomorphism

X : Tc(g) — Tc(g+1).
In the general case, i.e. if ¢y is a Misiurewicz point but not of a-type, we have to restrict
our statement to degree d = 2. The reason why we do not have such a continuous mapping
for arbitrary degree and Misiurewicz points of arbitrary period is described shortly before
Lemma 4.49.

The second theorem can be treated by using Lemma 4.49 instead of Lemma 4.47
and repeating the arguments below. Altogether we prove that the partial trees behind all
Misiurewicz points of the Mandelbrot set are pairwise homeomorphic. Moreover for d > 2,
the partial trees behind all a-type Misiurewicz points in My can be mapped continuously
onto each other. We will prove now Theorem 5.1 in several steps:
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5.1.1 Construction
In the following we will use sectors at preperiodic points as introduced in Section 4.2.

Lemma 5.3 (Changing the Dynamics)

Let cg € My be an a-type Misiurewicz point with preperiod k such that ¢ > 3 parameter
rays with angles 91 < ... <Y, land at ¢y. Then for every integer j € {1,...,q — 2} and
for every parameter ¢ € My(co, J), one can find a potential n > 0, a width w > 0 and a
quasiconformal homeomorphism ¢ : X — X7 such that

(a) o(33, (95, 0j51) N Ke) = X (9541, Fj42) N K,

(b) o(z) = z for all
z e XD\ (53(193') U E0(05,9541) U Sih(9541) U B (941, Uj42) U Sg(ﬁjw)),
here and in the following the closure is considered relative to X].

(¢c) dp =0 a.e. on K,op, UK.,

(d) every orbit of (po P.) : D, G X7 contains at most one point at which the complex
dilatation of ¢ o P, does not vanish.

The map ¢ o P, is quasi-polynomial-like with connected filled-in Julia set if ¢ € Tc(g). In
this case @ o P, is hybrid equivalent to a unique polynomial P. with ¢ € Tc(g+1). This
defines a mapping
v TY) — U+,
co co

REMARK. It is stated in this lemma that for ¢ € My(co, j), the filled-in Julia set of ¢ o P.

is connected if ¢ € Tc(g ). In the case q > 4 these are not the only parameters in My(co, j)
for which this filled-in Julia set is connected. But for the statement that all partial trees
behind ¢y are pairwise homeomorphic we need to restrict to the partial trees as considered
in Definition 4.50.

PROOF. Choose ¢ € My(co, j); the following construction will be done in the dynamic
plane of P.. By Lemma 4.11, all dynamic rays with angles 94, ..., ¥, land at a common
point. Let a_j denote this landing point and let a_( 41y, ..., Cd_loz_(kﬂ) denote its
immediate preimages. These points are mapped to o by P**!. By Lemma 4.38, there
exists a sequence of pinching points (z,), C |a, 0] converging to « for the parameter cy;
the dynamic rays with angles in ©(z,) give such a sequence of pinching points for the
parameter ¢ as well. According to Lemma 4.18, a width w > 0 can be chosen such that

mod(Sy/2(7;)) = mod(Xw (U5, 7j41)).
The potential n will be defined within Step 1.

Step 1: X7,(95,041) — X0, (9541, 0j42)
By Lemma 4.47, there exists a piecewise dynamic homeomorphism

¢ (0, 0541) = V41, Vj42)
with expansion relative to F.. Let
N := max{iter,,..(®),0}

and © C S' be the set of angles used in the construction of ¢.
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We choose the potential 7 > 0 to be small enough that

(1) the closures of the sectors
PRSI (9;)), PISET (950)) and PI(SET (950))

do not intersect for m € {0,...,k + q},

(2) all the dynamic rays with angles ¢ € © do not intersect the boundaries of
¥21(9;,9,41) and X27(9,41,7,42) at a potential less than 27.

Using Lemma 4.37 with the potential 7 just defined, we can redefine ¢ in a
sectorial neighborhood of every dynamic ray with angle in © to get a quasicon-
formal homeomorphism

S0(95,0541) — £ C SE0;00,040).

Obviously, we can assume that these sectorial neighborhoods are chosen so small
that these sectors and all their P.-orbits are pairwise disjoint (since every ¢ € © is
preperiodic, we only have to care about finitely many such sectors). Let v > 0 be
as large as possible such that

oW1, 0542) C X
Then there is a quasiconformal homeomorphism () between the quadrilaterals
Q: X\ 2;/1'5("‘9%17"‘9%2) — 0 (0541, 0j42) \ 2;/1'5("‘9%1779%2)

such that @ is tangent to the identity at the equipotential v/1.5 and

. v . v .
D (exp (—1.5 +i(2mY41 + w—1'5)>> is fixed by Q
_ v v ,
P! <6Xp (1—5 +i(2m0 49 — w1—5)>> is fixed by @
~ _ . Q _ .
(pod.t) ( exp (n + (279,41 + wn)) > — ¢! ( exp (n + (279,41 + wn)) >

(po @) (expln+i2mdyua —wn)) <5 @7 (exply+i(2nd12 —wn))).

Then the restriction of ¢ to X7 (¥;,9,41) is defined by
@+ X505, 9541) — T (0541, 0j42)
oz)  : @l2) € S (95, 950)
QE() : ) € S\SH (W, 0500)

Z =

Step 2:

On the closure of

X2\ (SE0;) Uy, 05:41) U Sa(051) U Sh(Vj51, U42) U Sh(0552) )

we define ¢(z) = 2.
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Step 3: S} (V;) — SI(9;) U Ei(V;,95401) U SP(0j41)
Let

¥ S (05) — (0, 9541)

be the Riemann mapping (extended to the boundary) such that a_j is fixed and
that the other two vertices of S /2 (¥;) are mapped to the corresponding two vertices

of X7,(9;, Jj11):

(I)C_1<6Xp(77 + (27, — nw/?))) 2, ! <exp(n +1i(2mY; + nw))),
o (expln+i(2md; +mw/2)) 5 @7 (exply+i2mdy — qw)) ).
For z € m, we define
e(2) = ¥(2).

It remains to define ¢ in the two sectors S} (v,) \ SZ)/Q(’(%). By Lemma 4.19, on
both sectors the map ¢ as defined so far can be extended to a quasiconformal
homeomorphism

Su(V;) — Su(V;) U Lip(0;,9541) U Si()41)

and this ends Step 3.

Step 4: S} (Vj41) U Bh(j41,0j42) U SL(0j42) — ST(T42)
Since the modulus of an annulus does not change under a biholomorphic mapping,
we have

m0d<SZ/2(79j+2>> = m0d<52;/2(79j)>

= mod(X (95, %541))

= mod (X (Jj11,Uj12)).
Therefore the same construction as in Step 2 can be used to define ¢ on the remaining
two sectors S (¥;42) U X% (Y41, Oj42) U ST (D511):

¢ E (U541, 9542) — S o (42)

is defined by the Riemann mapping between these two sectors such that vertices
are again mapped to vertices. Using Lemma 4.19 again, we have constructed a
quasiconformal homeomorphism

p: X — X

Now we have to prove that the properties (a) to (d) of the claim (Lemma 5.3) hold for .
The properties (a) and (b) are certainly true by construction. To prove (¢) and (d) we
first prove an expanding property for

foXP = X1, 2 (po P)(2).

Let H ¢ X" be the closure of the set on which f is defined by a composition of the
maps P,, certain branches of P;' and z — (z. In particular, (K. N K;) N E. C H. For
every z € H, the following cases occur:
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(1) either there is a smallest integer n > 1 such that f"(z) € E,,
(2) or {f™(z) : m>1} c X"\ E,,
(3) or there is a smallest integer n > 1 such that

{fM(z) :1<m<n-1} ¢ X"\ E, and  f(z) e X7\ X",

In the first case (and this is the one of interest) there is a positive integer 7 > 0 such that
f"(2) = P™(2): if 2 € E, then n = n and if z € E, then, by the expansion property of ¢,

n=n-+iter(f,z) =1+n—1+iter(f,z) > 0.

-~

>0

Connectivity of Kj:

The only critical point of f is 2 = 0 and its P.-orbit is contained in K, C x4, Moreover,

F(EN P S 0501,0542)) ) © K

Therefore the critical point of f can only escape from K, if there is an integer m > 1 such
that
f™(0) € P2 (941, 9442)) C E.

If m was chosen as small as possible, the region P (X7 (9;41,7;42)) can be pulled back
by f exactly (m—1) - times along the orbit of the critical value. We get a region R o f(0)
such that

frt=Prm s R — POH(EL (054, 040))
is biholomorphic. Therefore there is a point a_ (44, mapped by P! to one of the d
points in P *({a_x}) such that f(0) is contained in a region behind a_ (k). Thus the
critical value

¢ = P.(0) = ¢7'(f(0))
of P, is contained between two dynamic rays with angles 1§j+1 < 1§j+2 landing at

O (k+m—+m/) *= 90_1 (Oéf(k+m))

for an integer m’ > —m + 1 (this inequality follows from the expansion property of ¢).
Since m +m’ > 1, the point a_(44m4ms) is mapped to a_; by an iterate of P, and the
two dynamic rays with angles 1§j+1 and @j+2 land at a_(x4mm) but they are not mapped
to the dynamic rays with angles ¥; and ;1. Therefore there is a Misiurewicz point
¢o € My(co, ) such that ¢ is contained between the parameter rays with angles 1§j+1 and
@jﬂ landing at ¢y. Then

cé Tc(g ),

This proves that Ky is connected if ¢ € Tc(g ),

d(poP.)=0ae. on Kp, UK.
For z € X/*\ E., we have

d(po P)(z) = 9F:(2) = 0.

If z € E. then there are the following possibilities:
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(].) either PC(Z> € Sg;(??j_,_Q) U 22;(’19j+1,79j+2) U ng(ﬁjﬂ) and
(po Fe)(2) € 55 (0;42).
By assumption, there exist m > 1 and ¥ € ©(«) with

™ ((po P)(2)) = P"((po P.)(2) € SI(W)\ SMV);

this means

M) ¢ Ky and z ¢ K.

Moreover,

NpoP)(z) =0
for all z € Ezj/d<19j+1, ¥j42) by definition.

(2) or P.(z) € Zg/d(/ﬁj,ﬁj_i_l). If z is contained in the region where ¢ is defined by a
composition of the maps P., certain branches of P! and z +— (z, then

df(z) = 0.

If P.(z) is contained in a sector around a dynamic ray where ¢ is not holomorphic,
then f(z) € K. and by the expansion property and the choice of the potential 7, we
have

™(f(2)) = PM(f(2))

for all suitable m > 0 and there exists an integer m > 0 such that
fM(f(2)) € X2\ X

thus
< g Kf.

(3) or Pe(z) € S 5(V;). Then ¢ is holomorphic at F.(z) and thus

d(po P.)(z) =0.
(4) or Pe(z) € S(U;) \ S, 5(7;). Then by the choice of the potential 7,
f(f(2) = P (f(2))
for all suitable m > 0. Therefore there exists an integer m > 0 such that
F(f(2)) € X2\ X

and thus
4 Q’ Kf.

(5) or z € Ec\ (S} (Vj12) U X (9541, Vj12) U SE(T1) U B, (941, 95) U S (D). Then
p(Pe(2)) = Pe(2)

and



5.1 Homeomorphic Trees at Misiurewicz Points 87

Figure 22: Left: The 1/5-Limb of the Mandelbrot Set My. Right: The filled-in Julia set
of the biggest a-type Misiurewicz point in this Limb.

This shows that either z is contained in X7/ \ (Ky U K,.) and the f-orbit of z passes a
point of not vanishing complex dilatation of f at most once, or z € Ky and the f-orbit
of z never passes a point of not vanishing complex dilatation of f. This proves (c).

Definition of an f-invariant almost complex structure o on X
On K, we define the complex structure o to be the standard complex structure oy. On the

annulus X \Xé’/ ¢ we define o = oy as well and pull this structure back by the dynamics
of f. Since every f-orbit passes the non-holomorphy region at most once and since the

complex dilatation of ¢ is bounded, we get an f-invariant almost complex structure o on
X7,

The hybrid conjugation:

By the measurable Riemann mapping theorem (Theorem 3.4), there is a quasiconformal
homeomorphism ¢ integrating o. Conjugating f with this quasiconformal map we get
a polynomial-like mapping of degree d which itself is hybrid equivalent to a unicritical
polynomial P.. Since the parameter ¢’ is uniquely determined up to multiplication by a
(d — 1)-th root of unity, we can choose ¢ so that it is contained in the same sector of M,
as the parameter ¢y. Then by construction,

¢ e TUth,

co

Thus we really have constructed a mapping

co

Y TG T§g+1)- ]

5.1.2 Continuity and Bijectivity

Corollary 5.4 (Periodic Points remain Periodic Points)
Suppose we are in the situation of Lemma 5.5. Then every P.-periodic point
€ KyNK.NE, s f-periodic as well.
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Figure 23: The Construction of ¢ for the parameter ¢y shown in Figure 22 for j = 2: the
thick lines are the dynamic rays with angles 33/992, 35/992, 39/992, 47/992 and 63/992
landing at the critical value z = cy; ¢ is constructed in a way such that the regions with
the colors in the upper picture are mapped to the regions with the same colors in the
lower one.
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PROOF. The statement follows from the expanding property of the piecewise dynamic
homeomorphism used in the construction of ¢: let

O=n1<ng<ng<...

such that f"(z), f*2(z),... are the only points of the f-orbit of z which are contained
in E.. Then for all j > 1, the expansion property of ¢ assures

iter(p o Fe, f"(2)) + (nj41 —ny) > 1.
Denoting the P.-period of z by m, this shows that

{2, Pe(2),-. ., PP (&)} € {f(2), f2(2), - f ™ ()}

Therefore z is f-periodic with period < n,,. ]

REMARK.  This lemma remains also true, if we replace “periodic” by “strictly
preperiodic”. But the assumption “z € K.NK;NE,” cannot be reduced to “z € K.NK;":
a P.-periodic point outside E. may be an f-preperiodic point.

Lemma 5.5 (Boundary maps to Boundary)
Let x be constructed as in Lemma 5.5. Then x maps

(a) hyperbolic components to hyperbolic components,
(b) non-hyperbolic components to non-hyperbolic components and

(¢) boundary points to boundary points.

ProOF. Let c € T, c(g ). Assume that x(c) is contained in a hyperbolic component of M,.
Then the critical point z = 0 of f = ¢ o P, is contained in the immediate basin By of an
attractive f-periodic point 29 € K. Since 0 € K. N Ky and since no dynamic ray pair
can separate the critical point from any point in By, By C K.. Thus the critical point
and the point 2, are contained in the interior of K; since zy is an attractive f-periodic
point, it is also an attractive P.-periodic point and therefore the parameter ¢ is contained
in a hyperbolic component of My. The same argument shows that for every parameter ¢
in a hyperbolic component, x(c¢) is also contained in a hyperbolic component.

Assume that y(c) is contained in a non-hyperbolic component (a so-called queer com-

ponent) of My. Then there exists a P, -invariant linefield s, () on K. This can be
transferred to an invariant linefield p of f = ¢ o P, on Kjy.
Then the support of p restricted to K. N Ky has positive Lebesgue measure: we can
reconstruct Ky from K. N K; by pulling back the branch of K. N Ky before a by the
dynamics of the quasi-regular mapping f, i.e. Ky is the countable union of f-preimages of
K.N K;. Pulling the restriction |k ,;nx, back on these preimages as well, we reconstruct
(o on the whole set Ky and thus its support has Lebesgue measure zero if the support
of the restriction of ;1 to K. N K; has Lebesgue measure zero, in contradiction to the
assumption. Therefore the support of |k nx, has positive Lebesgue measure.
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Since f is defined on K.N K by a composition of the maps P, certain branches of P,
and z — (z, this restriction of  to K.N Ky is not only f-invariant but also P.-invariant.
Pulling this restricted p back by the dynamics of P. we get a P.-invariant linefield p. on
K. and the parameter c is contained in a non-hyperbolic component of M.

Again the same argument shows that every parameter ¢ in a non-hyperbolic component
of M is mapped to a parameter y(c) in a non-hyperbolic component.

We have shown above that for every point ¢ € 0Tc(g )= oM, N Tc(g ), the image x(c) is
neither contained in a hyperbolic nor in a non-hyperbolic component of M,. Thus x(c)
has to be contained in 8Tc(g+l). On the other hand, if x(c) € aTc(g'“), then ¢ € GTC(g) by
the same reason. ]

Lemma 5.6 (Preservation of the Multiplier)

Let H C Tc(g) be a hyperbolic component. Then for every parameter ¢ € H the mapping x
preserves the multiplier p of the attractive periodic orbit, i.e.

PrROOF. By Lemma 5.5, the image x(c) is contained in a hyperbolic component of M,.
Therefore the immediate attractive basin of the corresponding f-periodic orbit is mapped
d : 1 over itself by an iterate f™. Denote the attractive periodic point within this basin by
zo. By the expansion property of the piecewise dynamic homeomorphism in the definition
of p, there exists an integer m > 0 such that 2o = f™(29) = P™(20) and therefore m has
to be a multiple of the P.-period m’ of zy:

~ /

m=am.

Obviously, the integer a > 1 does not depend on the parameter ¢ within H and
0, .m 0, = (O, “
S0 = 5P = (P ) )

Thus x can be written in terms of the multiplier map. To prove a = 1 we argue as follows:
f™ maps the immediate basin By of attraction of z5 as a d : 1 covering onto itself. By
the Remark after Definition 4.35, the restriction of f™ to this basin can be written in the
form

f™(2) = B (TR (2)).

Since mg > 1 and since P,|p, has degree d, the map
B7™M(¢OPM™ ™) ¢ Po(By) — By
is biholomorphic and thus equal to Pcm/_l. This proves

e=0,m =0 and m=me=m=m. O
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Lemma 5.7 (Compatibility with Simple Renormalization)

Let H,, C T§3) be a hyperbolic component of period n, H; := x(H,), T the tuning map
sending the main cardioid of Mg to H,, and T the tuning map sending the main cardioid
of My to Hy. Then 7(My4) C Tc(g) and there holds on My

7:710XOTIid.

In particular,

X|7’(Md) :7~'O7'_1 : T(Md) — %(Md)

is bijective. Moreover, x maps 7(int(My)) biholomorphically to 7(int(My)).

PROOF. As usual we denote the angles of the parameter rays landing at ¢y by ¥4, ..., 9.
For every parameter of the small Multibrot set 7(My), the corresponding small filled-in
Julia set is not disconnected by a preimage of . If a parameter c is separated from H,, by
a pair of parameter rays the angles of which are mapped into {¢,...,9,} by an iterate
of ¥ — dd, then the corresponding dynamic rays land at a preimage of o and these never
disconnect the small filled-in Julia set. Thus 7(H,) C T

For every parameter ¢ € 7(My), the small filled-in Julia set is separated from the rest
of K. by countably many dynamic ray pairs the angles of which do not depend on the
parameter c. In particular, the small filled-in Julia set corresponding to the center ¢ € H,
is a disc D, centered at the critical point z = 0. By Lemma 5.6, we have for all z € D,,

This transfers to the other parameters ¢ € 7(My) as well: we can construct a proper
mapping P’ : Uc — VC of degree d such that the regions Uc and ‘7(: are bounded by certain
dynamic rays and equipotentials and that f7(z) = P7(z) for all z € U, (by the usual
thickening procedure, we get polynomial-like mappings from the proper mappings). This
proves the claim. ]

Corollary 5.8 (Analyticity on Non-Hyperbolic Components)
For d =2, the map x is analytic on every non-hyperbolic component in Tc(g).

PRrROOF. By a theorem of Yoccoz, every non-hyperbolic component of M, is contained in
a tuned copy of the Mandelbrot set My. Since by Lemma 5.7 the map x is biholomorphic
on the interior of every small Mandelbrot set, we are done. ]

Lemma 5.9 (Independence of x on the Details)

Let c € Tc(g) and 1, o be two mappings which have the properties of Lemma 5.5. Denote
by ¢1 (c2) the parameter such that @1 o P. (py 0 P.) is quasiconformally equivalent to P,
(P.,). Then the parameters ¢ and co have the same angled internal addresses.
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PRroOOF. Let ¥; and vy be quasiconformal homeomorphisms such that
Pcl :1/)1080103:077/11_17

P, =130py0 P, oy
Then
el o o Py oty = P.=py  o1hy ' o P, 0ty
and
Po =11 0%5" o (Yo 091 05" 00y ) 0Py 0 thy 0ty

=:p

By the definition of ¢y and s,

p(z) = 2
for all 2 € X7\ (smj) UUyo S2(0) U SB(0;21) U St (0541, U;42) U sg(qaj+2)); here
© C S is the set of angles such that the corresponding dynamic rays are used to define
the piecewise dynamic homeomorphism 3(9;,¥;41) — X(¥;41,7,4+2) in the construction
of ¢1 and ¢o. By Lemma 4.29, the internal addresses of ¢; and ¢y with the information

about the sectors removed are equal, since the P,,-orbit of the critical point is disjoint to
the region X7 (¥,41,7;42). By Lemma 5.7, the i-th sector of every hyperbolic component

H of Tc(g ) is mapped to the i-th sector of X(H) by x. Thus the complete angled internal
addresses of ¢; and ¢, coincide. ]

Lemma 5.10 (Continuity on the boundary)
The mapping X : Tc(g) — c(gH) is continuous on 8Tc(g) = 0My(co,j) N Tc(g).

PROOF. Let c € aTc(g) and (¢p)n>0 C Tc(g) such that
¢, —c¢ for n— oo.

We have to prove that the sequence (¢}, := x(¢,)), converges to ¢ := x(c), i.e. that every
accumulation point ¢’ of (c,), is equal to ¢. By Lemma 5.5, ¢ € M, and thus by
Corollary 4.28, it remains to prove that P. is quasiconformally conjugated to P... Of
course, we can assume ¢, — ¢’. The following diagram reflects the construction of x:

Pcnvfn:SOnoPcn“”Pcil:d}nofnowrglwpc”

and
Pcf\»f:gpoPCMPC/:@Dofolp*l,

By Lemma 4.19, the sequence (¢, ),, converges pointwise to ¢ and the complex dilatation
of the quasiconformal homeomorphisms (¢,,),>0 is bounded by a constant independent
on n. Thus the sequence (¢,), is an equicontinuous family and by the theorem of
Arcela-Ascoli, we find a subsequence which converges locally uniformly to a quasicon-
formal homeomorphism . To simplify the notation we assume that t,, — v for n — oo.
Then the equality

wnogpnopcnOw;l:PC%



5.1 Homeomorphic Trees at Misiurewicz Points 93

yields in the limit n — oo 3 5
¢O¢OPCO¢_1 = Per.

Using P, =1~ topo P, o1, we get
1; o 77/) o P, OQb_l 077[}_1 = P..

Thus there exists a quasiconformal conjugation between P and F.r. This proves the
continuity of x on 7. ]

Lemma 5.11 (Bijectivity of )

For d =2, the mapping x : Tc(g) — Tc(gﬂ) 18 bijective.

PROOF. Analogous to the definition of y : C(g ) Tc(g 1) we can construct a continuous
mapping
v Tuth Tc(g')'

co

For every degree d > 2, we prove that

(1) for every c € T, ¢ and X(x(c)) have the same angled internal addresses;
(2) for every ¢ € TS, & and X(X(€)) have the same angled internal addresses.

Let ¥; < ... < v, be the angles of the parameter rays landing at cy. For ¢ € Tc(g), the
dynamic rays with angles 94, ..., J, land at a common point a_;(x(c)) in the dynamics
of P(¢). Then x(c) is given by the unique parameter such that

wogpopcowflsz(c)

and that ¢ and x(c) are contained in the same sector of the main cardioid of My ;
here ¢ is the quasiconformal homeomorphism given in Lemma 5.3 and v is a hybrid
conjugation between the quasi-polynomial-like mapping ¢ o P, and the polynomial P, ).
To determine y(x(c)) we have to construct a piecewise dynamic homeomorphism between
the (j + 1)-th and the j-th region behind a_j(x(c)): we have constructed a piecewise
dynamic homeomorphism from the j-th region R; to the (j + 1)-th region R,y behind
a_(c) for all parameters ¢ behind ¢y. The inverse of this mapping then gives in the case
" = x(c) the piecewise dynamic homeomorphism we are looking for and we construct a
mapping

= . n n
P X X

as done in Lemma 5.3. By construction,

poopoyx =idk

for the connected set K := K, N (K,) which contains the whole orbit of the critical
point. Denote by ¢ the hybrid conjugation between the quasi-polynomial-like mapping
¢ o Py and the polynomial Py(y (), i.e.

0@ 0 Py o b = Pyy(e)-
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Then we conclude from Lemma 4.29 that the angled internal addresses of ¢ and x(x(c))
are equal.

Similarly, one proves that ¢ and x(x(¢)) have the same angled internal address for all
parameters ¢ € Tc(g ),

To assure the bijectivity of y it remains to prove that the parameters in Tc(g ) with a
certain angled internal address are mapped bijectively by x to the parameters in Tc(g 1)
of another fixed angled internal address. To do so we need to restrict to the case d = 2:
in this case any two parameters with the same angled internal address are contained in
a tuned copy of the Mandelbrot set. By Lemma 5.7, the restriction of x to every tuned

copy of My bijective. This proves the bijectivity of . Il

5.1.3 Description of the Homeomorphism y

Corollary 5.12 (Images of Hyperbolic Components)
The map x preserves hyperbolicity and internal coordinates. ]

Corollary 5.13 (Images of Misiurewicz points)

Let cy € My be a Misiurewicz point and x : Tc(g) — TC(gH) as in Theorem 5.1.

(1) x maps narrow Misiurewicz points of a-type to narrow Misiurewicz points of a-type
and not narrow Misiurewicz points to not narrow ones.

(2) Let co be a narrow a-type Misiurewicz point of preperiod k and let N denote the num-
ber of iterates needed to map PY (E(ﬁj, 19j+1)) to PY (E(ﬁj+1,19j+2)) (this number

may be negative).

(a) For a Misiurewicz point ¢ € Tc(g), assume that the P.-orbit of the critical point
passes the region star(a_(x41)) ezactly n > 1 times before it is mapped to a
periodic point. Then the preperiod of x(c) is equal to the preperiod of ¢ minus
niN.

(b) For the center ¢ of a hyperbolic component H C Tc(g), assume that the P.-orbit
of the critical point passes the region star(a_(x+1)) exactly n > 1 times before
it is mapped to the critical point again. Then the period of x(c) is equal to the
period of ¢ minus nN.

REMARK. If ¢y is an arbitrary Misiurewicz point, but not a narrow one of a-type, the
preperiod of the y-image of Misiurewicz points and the period of the y-image of hyperbolic
components are harder to calculate. The piecewise dynamic homeomorphism being used
to map X(0;,0,41) to X(V,41,7V42) can no longer be defined in the same way on the
whole sectors. Thus we have to examine not only the number how often the P.-orbit of
the critical point passes star(o_(x11y) but also which regions are these points contained
in. But we do not make this precise here.
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PROOF.
(1) Let c € T9 and ' € K, be mapped to a by an iterate of P..

e By definition, the P.-image of a narrow preperiodic point is also narrow.

e A preimage z’ of a narrow preperiodic point z = P.(2’) is not narrow if and
only if 2’ disconnects the points ¢, ..., (" ta:
Suppose that 2’ disconnects the points a, ..., (*"'a; then one region around
Z' contains the critical point and another region contains one of the points
a, ..., (“la. The P.-image of the last one contains the critical point but
P.(?') # —a, since ¢ is not contained in the main cardioid of My. Thus 2’ is
not narrow.
On the other hand, assume that 2’ is not narrow but z := P.(z) is a narrow
preperiodic point. Then there is a region behind 2’ which is mapped to Ro(z).
Therefore P, does not map the regions behind 2z’ to the regions behind z. This
can only happen if 2’ disconnects the points a, ..., (*'a.

Let ¢ € Tc(oj) be a narrow Misiurewicz point of a-type. Since the critical value
c € X7 (V;,0;41) is a narrow preperiodic point, we have to verify that ¢(c) is narrow
as well: but this follows immediately from the construction of ¢ and the considera-
tions at the beginning of this proof. Moreover if there was a not narrow Misiurewicz
point mapped to a narrow one, the image under the inverse map would be narrow
as well, which is a contradiction.

(2) If ¢p is a narrow Misiurewicz point of a-type, then for ¢ € Tc(g ) the piecewise dynamic
homeomorphism ¢ can be written in the form:

o(z) = Pc_k o PCN o Pck(z).

This clearly proves the claim.

Lemma 5.14 (Images of Dyadic Misiurewicz Points)

Let ¢o € My be a Misiurewicz point such that ¢ > 3 parameter rays land at co. Then for
every j € {1,...,q— 1} the dyadic Misiurewicz point(s) with lowest preperiod in My(co, 7)
is (are) contained in T§3) and it is (they are) mapped by x to the dyadic Misiurewicz
point(s) in the (j + 1)-th branch with lowest preperiod.

PROOF. Let 9, and 9,41 be the angles of the parameter rays separating Mg(co, j) from
the rest of M,;. Behind the parameter cq either there is exactly one dyadic Misiurewicz
point with lowest preperiod or there are exactly d—1 of them: all these Misiurewicz points
are the landing points of parameter rays with angles a/d"(d — 1) in the j-th region behind
co such that n is as small as possible. In the dynamics of P, there is either exactly one
or there are exactly d — 1 points which are mapped to the (-fixed point(s) with minimal
preperiod: we have to iterate P,, on the region behind ¢y as long as there is no g-fixed
point in the image.
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After finitely many iterations we will have a (-fixed point in the image: when the
image of the critical point disconnects «, ..., (“"'a. By the construction of our piecewise
dynamic homeomorphisms used in the proof of Theorem 5.1, these points are fixed by the
further construction of the considered piecewise dynamic homeomorphism. In particular,
every such point belongs to the filled-in Julia set of f.

Moreover the (-fixed points of P, remain the (-fixed points of f and therefore the
points which are mapped to them in the dynamics of P,, with lowest preperiod correspond
to the points with the lowest preperiod and period one in the dynamics of Py ().

If we repeat our construction with a parameter ¢ behind ¢y, in particular, if ¢ is a
dyadic Misiurewicz point with lowest possible preperiod, then the f-orbit of the critical
point will be contained within K. and thus the parameter c is contained in Tc(g ), Moreover,
fe(c) is (as described above) a point with period one and lowest possible preperiod in the
dynamics of f. compared with all parameters behind ¢g. This means that ¢ is mapped to
a dyadic Misiurewicz point of lowest possible preperiod. ]

5.1.4 Extension of the Homeomorphisms to more Branches

In Sections 5.1.1 and 5.1.2 we have shown that all partial trees behind every Misiurewicz
point ¢q are homeomorphic for d = 2 (Theorem 5.1 and 5.2). The partial trees are the
branches of My behind ¢y with countably many subbranches removed. Now we want to
explain, how these homeomorphisms can be extended to “larger” trees.

For a Misiurewicz pomt co € My, which is the landing point of ¢ > 3 parameter rays,
and for a partial tree Tc(0 behind ¢y we consider the homeomorphism

X : Tc(g) — Tc(gﬂ).

Let ¢; € 0T, c(g ) be a Misiurewicz point at which we had to cut off certain branches of M,
to construct the partial tree Tc(g ) (compare Definition 4.50). By Lemma 4.52,

Tc(g) N Mz(Cl,m> C Tc(lm)

form € {1, ..., q}; in particular this is true for the integer m with |Tc(g) N My(cy,m)| > 1.
Since Ky, \ {x(c1)} has exactly ¢ connected components (this follows directly from the
construction), exactly ¢ parameter rays land at the Misiurewicz point x(¢;) and there
exists an integer m € {1,...,¢} such that

T 0 Ma(x(ar),m)| > 1.

Applying the Theorems 5.1 and 5.2 to the partial trees around ¢; and x(c;) we find
homeomorphisms
— T(

Yot T S T and Y T x@) for all m" € {1,...,q}.

c1 c1 x(e1)
Using Lemma 4.52, this gives the following extension of the homeomorphism y:

q q

T U U (X (T N Ma(cr,m))) — TUH U U (X (TG N Ma(x(c1), m))

m/=1 m/=1
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ot x(c) coceTd
Xoeem (X;;, oxo Xm/)(c) :c€ X;}(Tc(g) N Ma(ep,m”))

here we have to choose m”(m’) such that this really is a surjection and thus a homeomor-
phism. This homeomorphism does no longer preserve the orientation of the branches of
M, around the Misiurewicz point ¢;. The “tree” where we have defined x*** can be de-
scribed as before but we must not remove any branches of M, at the Misiurewicz point ¢;.
This procedure can be used again to extend our homeomorphism to the branches behind
a Misiurewicz point ¢y and so on. The constructed mapping will be a homeomorphism
as long as this extension procedure is done only finitely many times. The aim of doing
this procedure again and again could be to have a continuous mapping from Ms(c, j) to
Ma(cg, 7 + 1) and thus a homeomorphism between these branches; but it is not clear yet
that we reach a continuous mapping in the limit.

5.2 Homeomorphic Trees at Hyperbolic Components

Definition 5.15 (Partial Trees behind Hyperbolic Components)

Let H C My be a hyperbolic component of period l. Forie€ {1,...,d—1} andq>p>1
with ged(p,q) = 1, the partial p/g-tree Tl(f/q)(i) in the i-th sector of H is the
p/q-sublimb in the i-th sector of H with the following branches removed:

Let 97 < 9 denote the angles of the parameter rays landing at the root of the p/q-sublimb
in the i-th sector of H. Let © C S' be the set of angles eventually mapped to ¥, by
¥ +— d¥. For every Misiurewicz point ¢ which is the landing point of a parameter ray with
angle in ©, consider a branch behind c. Let ¥, denote the angles of the parameter rays
separating the considered branch from the rest and let m be the smallest integer such that

{d™0,d™9"} 0 {0y, d"0y, d*0q, ..., d 9V} # 0.
Then we remove this branch, if
{d™0,d™9'} # {01,952}

Lemma 5.16 (Properties of Partial Trees)
Every partial tree Tg) /9) (i) is connected and compact. ]

REMARK. For every partial tree Tc(j ) behind a Misiurewicz point ¢, we have proved that
T contains the dyadic Misiurewicz Point(s) of smallest preperiod. This is also true for
the partial p/g-trees of hyperbolic components (Lemma 5.23).

Theorem 5.17 (Homeomorphic Trees at Hyperbolic Components)
Let H C My be a hyperbolic component of period | and let py, ps, q be positive integers
with p1 # p2, ged(p1,q) = 1 = ged(pa, q). Then for every i € {1,...,d — 1}, there exists
a mapping

Y Tgl/q)(i) _ ng/Q)(w

which is continuous on the boundary and analytic on hyperbolic components.
In the case d = 2, the map x is a homeomorphism.
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REMARK. In the case [ = 1, the map y can indeed be defined as a homeomorphism from
the whole p; /¢g-limb to the whole py/g-limb; this is a consequence of the construction of x
below. For [ > 2, the homeomorphism y can only be defined on part of the p; /g-sublimb.
This part contains the partial p;/g-tree in the i-th sector of H; but analogous as for the
homeomorphisms between the partial trees behind Misiurewicz points, the map y could
be defined on a slightly larger part of the considered sublimb. For simplicity of notation,
we will not take care about this.

In the case d = 2 it is obviously sufficient to prove

Theorem 5.18 (Homeomorphic Trees at Hyperbolic Components II)
Let H C My be a hyperbolic component of period | and let ¢ > 3, p < q be positive integers
with ged(p, q) = 1. Then for every i € {1,...,d — 1}, there ezists a mapping

X : T — TP (i)

which 1s continuous on the boundary and analytic on the hyperbolic components.
In the case d = 2, this is a homeomorphism.

Since for d > 2, the map x from Theorem 5.18 is not known to be a homeomorphism,
the equivalence of Theorem 5.17 and Theorem 5.18 is not obvious. In this section we
will only prove Theorem 5.18; with a little bit more notation one could construct the
map x in Theorem 5.17 directly. For the applications in Section 6 it is enough to have
Theorem 5.18.

5.2.1 Construction

The proof of this theorem will again be presented in several steps. We first give a short
outline of the proof.

Denote the angles of the two parameter rays landing at the root of the 1/g-sublimb
Ly,4 of the i-th sector of H by 1; < 1. Then the dynamic rays with angles ¢, and 1,
land at a point z; of period [ for all parameters ¢ € Ly/, (compare Lemma 4.12). Let

20y Rly - vy Rl—1

be the corresponding periodic orbit with P.(z;) = 241, j € {0,1,...,1 — 1}. Exactly
g dynamic rays land at every z;; the angles of the rays landing at z; are denoted by
Y1, ..., U, such that d'¥, = ¥,,11 mod 1 (1<n<1-1). Since ¢ € Ly, we have

U < ... <Y,
Starting with a parameter ¢ € L/, we will construct simply connected Riemann surfaces
X, cc X.
and a quasi-polynomial-like mapping
fer X — X,

of degree d. For every parameter ¢ € TI({l / q)(i), the Julia set of f. will be connected and
fo: X — X, will be hybrid equivalent to a unique polynomial P. such that ¢’ and c are
contained in the same sector of M,. That defines a mapping

X Ty’ (@) — T ).
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Precisely: first we construct Riemann surfaces X, and X.. Let n > 0 be an arbitrary
potential. During the construction of f, we will consider finitely many sectors S (¢) of a
certain width w around preperiodic rays. For every width w > 0, we can choose 7 so small
that all these sectors and all their images are pairwise disjoint. It may be necessary to
reduce the potential during the construction to assure that this non-intersection property
holds for all these sectors. This is needed to assure that every f.-orbit passes a region at
most once in which f, is not holomorphic (Lemma 5.19).

The dynamic rays landing at the periodic orbit zy, z1, ..., 2,1 divide the region
XI'={2€C : Gz) <n}into g+ (¢ —1)(l = 1) = ¢l — 1+ 1 connected components.
For j € {0,...,l — 1}, the closures of the components centered at z; are denoted by

Yo'(2), Yi'(25), -y YLi(2))
in a counterclockwise order such that
P(0) € Yy (2m)

for m € {0,...,1 —1}.
With this definition some of the components are labeled twice in the case [ > 2, since
the exact number of connected components is g/ — [+ 1 < ¢l.
By Lemma 4.40, at most two of the components around a point z; contain further
points of the orbit
20y R1y ==y <l—1

on their boundaries. Since ged(p,q) = 1, there is a unique p’ € {1,...,qg — 1} such that

pp = 1 mod q.

In Step 1 to Step [ we change the relative order of the components around every point z;
and glue these components equipotentially together:

Step 1: The components around z; are glued together equipotentially as follows:

Y5 (20) = Yyi(20) = Yo (20) «— .. = Yy, (20) — ¥i'(20);

(a=1)p'
here the index of the components has to be read modulo q. More precisely, the identifi-
cation of the points on the boundaries is done as follows: let

D, ..., 0,

denote the angles of the dynamic rays landing at zy such that for every r € {0,...,q— 1},
the component Y,(zy) is bounded by part of the two dynamic rays with angles O, &7’-‘!—1
(D := 9,) and part of the equipotential of potential 7. Since 0 € Yy/(2y) and since the
components Y?(z) are ordered counterclockwise around zj, every angle ¥, is uniquely
determined. Then

Y (z0) — Y{(20)

means that zg € 9Y7(z) is identified with zy € dY/(2); denoting by @, : P\ K, — P\ D
the Bottcher mapping for P., for every p € ]0, 7], we identify the points

ot <exp(p + 2m‘1§r+1)> € 9Y,"(z) and P! (exp(p+ 27m'1§s)> € Y. (z).
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Step 2: We continue with a point z;, # 2, on the boundary of one of the components glued
together so far, say on the boundary of Y,’(z). Then we glue together the components
around z;, equipotentially as follows

Y(;Z (Zh) — Y;;i-yp’(zh) — Y]

o (E) e Y]

q1+(q71)p’(zjl> — Y:I?<2j1)
This gluing procedure is analogous to that of Step 1: we have to replace z by z;,.
Step 3: We continue with a point z;, & {20, 2;, } on the boundary of one of the components

glued together so far, say
YIJZ(ZJ'Q) S {}/’177(20)’ s 7}/;177(20% }qn(zjl)’ s >Y:1n(zj1)} :
Then we glue together the components around z;, equipotentially as follows

Y, (ij) — Y]

a2 QQ+p/(Zj2) 7 }/qz+2p’<zj2) — ... }/:12+(q—1)p’(2j2> — }fqz (ng)-

Step 1: We continue with a point z;,_, & {z0, 2j,,--.,2j,_,} (which is unique in this last
step) on the boundary of one of the components glued together so far, say

}/qTZ,l(Zjlfl) S {1/177(20)7 s 71/?(20)7 Y?(%i)v B a}/;]n(ZJi)? SRR len(zjzfz)v s 7}/:177(2]'172)} :
Then we glue together the components around zj, | equipotentially as follows

Y/ (Zjl—l) — Y/

Q-1 !1171+p’(zjl—1) ce Y (zjz—1) — Y] (ij-1)'

qi—1+(g—1)p’ qr-1

We have constructed a set X. which turns out to be a Riemann surface: for a precise
description, we have to distinguish between the sector Y}’(2) C C and the corresponding
sector in X.; but there is a natural bijective mapping between them. For simplicity of
notation, we will not consider this bijection any longer and in both situations (C and X,)
we will denote the corresponding sector by Y]"(z) To assure that X. is a Riemann surface
we have to construct complex coordinates locally on X.:

(1) In the interior of any sector Y;'(z) C X. the complex coordinates are given naturally.

(2) In a small neighborhood U of a point z € <8Y737(zj) N 8Y'S”(zj)> \ {20,521}
complex coordinates can be defined as follows: assume that the identification at
the point z is done in the order Y;?(z;) «— Y(2;). For suitable chosen U, the set
U\ 0Y,"(z;) has exactly two connected components which are mapped by @, to open

sets in C\ D. A part of the boundary of <I>C(U N int(Y;ﬁ(zj))> is contained in the

radial line {pe*™r+1 : p > 1} and a part of the boundary of ®, (U N int(Y;”(zj))>

2w

is contained in the radial line {pe p > 1}. By the identification property

above, the map

d.(2) o zeUnint(Y,)"(z;))

e { exp (2mi(Vr1 —05)) - Pe(2) = 2z €UNY](2)

is continuous and it maps U to a connected open set in C. This yields complex
coordinates on U.
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Yo(z2) Yi(z2) Yo(z2) Y3(z1) Y2 (z1) Yi(z1) Yo(z1)
Y3(z2)

)

zZ9

Yo(z0) = Ya(z1) = Ya(z2)

z3

Y3(z3)

Yo(23) Y1(23) Ya(z3)

Figure 24: The definition of the sets Y;(z;) for a parameter ¢ € M, belonging to the
1/5-sublimb of the hyperbolic component with internal address 11,3 — 312 — 4 (here we
have omitted the upper index 7, since the line of potential 7 is not drawn in the picture).
They are used to construct the homeomorphism from the partial 1/5-tree Tg /") to the
partial p/5-trees Tl(f /%) Thick lines mark the Julia set, and thin lines mark the dynamic
rays landing at the orbit zp, ..., 2z3.
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Yo(z2) Ya(z2) Yi(z1) Y3(z1)

Yo(z1)

21

Ya(z1)

Yo(20) = Ya(21) = Ya(z22)

20

Y3(z0) Y2 (20)

Z3

Yi(z0) = Ya(z3)
Y1(z0)

Y1(z3)

Ya(z3) Yo(23) Y3(23)

Figure 25: Reorganisation of the parts Y;(z;) in the construction of the homeomorphism
between part of the 1/5-sublimb and part of the 2/5-sublimb of the hyperbolic component
with internal address 1y/3 — 31,2 — 4 (again we have omitted the equipotentials). The
straight lines in the picture represent the dynamic rays landing at the points z, ... z3.

(3) In a small neighborhood U of z € {zy,...,2_1} we again get complex coordinates
by using the natural complex coordinates in each of the ¢ sets U Nint(Y;"(z)) and
putting them together continuously.

Repeating this procedure but now starting with potential n/d instead of n we construct
the Riemann surface X'; by construction,

X, cC X..
Let A :={z20,...,21} and A" := P71 (A) \ A, i.e.
‘A/ = {CZOJ s 7Cd71207 Czlv s 7<—d71Z17 SR Czl—lv EIR) Cdilzl—l}-

In particular, A = {a} and A" = {—a} in the case d = 2, | = 1. We define a degree
d-mapping
fo: XL — X,

in the following three steps:
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Step 1: For every component Y := Y"/d(zj) with Y N A" = 0, we have

)

rocten = () 0

For these components, let
fc|Y = Pc|Y-

(The precise definition of f. on Y C X/ is given by

where ¢t : X, DY — Y c Cand 7 : X, D P(Y) — P.(Y) C C are the
natural embeddings. As we have mentioned before we will ignore the embeddings
for simplicity of notation.)

Step2: Thus it remains to define f. on every component Y = Y;"/ Y(z;) with Y nA" # 0.

7

Exactly ¢ dynamic rays land at every point in A’ N Y; these dynamic rays divide
Y into 1 4+ m(q — 1) connected components, where

m:=A" NYl|.

The closures of these components are denoted by Z1, ..., Ziymg-1)-

For all components Z € {Z1, ..., Zi1mg-1)} with [0Z N (AUA")| > 2, we define

fC|Z = PC|Z;

here, the set Z is the component Z with certain sectors of a certain width w (which
is specified in Case 2 below) around some dynamic rays removed: for every point
a' € 0Z N A’ which disconnects the points in (AUA")\ {a'}, we remove the sectors
of width w around all dynamic rays landing at a’. On these removed sectors we
define the map f,. as in Case 2 below.

For all components Z € {Z1, ..., Zi1mg-1)} with [0Z N (AUA")| = 1, there exists
a unique integer j € {1,...,] — 1} and a unique point z; € 9Z with

Denote the closure of the components of Z'\rays(z}) around z} in a counterclockwise
order by Zy, Z1, ..., Z,_; such that P.(Z)) = Y'(2;). Then

o P.:Z — Y/ (z;) is biholomorphic if j # 1 or m # 0;

e the map f, is already defined at least on Z; ;.

To continue the construction of f. we have to distinguish between two cases:
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Case 1: The map f. is defined yet on only one component around 2.
Then

(AUA) Nz, = {2} forme{l,...,.q—2}

Now we define f.on Z] U ... U Z,_,. For a sufficient small width w > 0, let

AST) = | ) Sn) and AS'(z):= ] Sp@

9eO(2}) 9€0(2;)

O(2;) C S' (respectively ©(z;) C S') is the set of angles describing the dynamic
rays landing at 2 (respectively z;). Since we have changed the order of the

components Y,/ d(zj) around z; to define X,, we have to assure that

f0< Ciam \ DSz )) =Y, iy (2) \AS(25) (0<m <q—1)

to get in the end a continuous mapping f. (the m-th sector around z’ e X,
starting from Z;_; has to be mapped to the m-th sector around z; € X. startmg
from ¥, ().

This can be done as follows: let m € {1,...,¢ — 1}. By Lemma 4.40, there
exists 7 > 0 and a biholomorphic mapping

P Y Lim(z) — Yn —14+mp (25)

which is defined by a certain composition of backward and forward iterates of
P.. If we have chosen w small enough, then

PoP.: Z/ “1gm \ Asn/d( ) - Yn —1+mp/ (2) \ AS"/(zj)

is biholomorphic. As in the proof of Lemma 5.3, we find a quasiconformal
homeomorphism

VY () N AST () — YL (2) \ AST ()

such that
Y(z) =z for 2 e VL2 () \ AS ().

1+mp’

Then we define
fe(2) = (poPoP.)(z) forzeZ, .\ AS”/d(z;).

For every integer m € {1,...,q — 1}, we find P and v as described above to
define f, on Z . \ ASV4(z)). To finish the definition of f. in
Z1U...UZ, | we have to care about NS\ Z | which has to be mapped
to AS"(ZJ) \ Y",(z;): this is done by Choosmg a quasmonformal homeomor-
phism between these sets such that f. is continuous (in logarithmic Bottcher
coordinates the considered sectors are triangles in the right half plane and
Lemma 3.3 can be applied).
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Case 2: The map f. is already defined in two components around z;.
Then

(AUA) N (Zyu...Z,_3) =0,
(AUA) N Z,_,#0,
(AUA) N Z, #0
and since Ry(z1) N (AUA') =0, j # 1 and 2} & {Cz0, ..., (4%}, Let ¥

denote the angle of the dynamic ray landing at 2} and containing Z; , N Z;_,.
For any width w > 0, we define the P%-invariant sectors

Yi(zw) =Y2(z)\ ([ Si@)  (1<m<q).
9€0(z;)

By Lemma 4.18, there is a unique w > 0 such that
mod (S/(9)) = (2p — 1) - mod (V' (21, w))

moreover, we shrink the potential 7 if necessary. Since the annuli ¥,7(z;, w)/ ~
are permuted biholomorphically by the dynamics (where the equivalence rela-
tion ~ is defined as introduced in Section 4.2), all these annuli have the same

opening modulus. We will redefine f. on sn/ d(tg) now. To do so, we subdivide
this sector into 2p —1 sectors with the same opening modulus mod (Y()"(zl, w));

they are denoted counterclockwise by (compare Figure 26)
Sl, ce Sgp_l.
Then we define the mapping f. on the sectors

Sopp—1y — Y, (2 w)

Sap-1)-2 — }/:;77—1—273'(23‘7@”)

Sz — Yl uyy(2w)

by the unique Riemann mappings such that vertices are mapped to vertices as
usual. By Lemma 3.9, this map can be extended to a quasiconformal homeo-
morphism

p—1
SH0) — U Yiliomp (29)-
m=1
Analogously as in Case 1, we find quasiconformal homeomorphisms

Zy g\ DS — Y, (z,w)
Z¢/174\Asn/d(zé‘) - }2777272;;/(21':“))

ZIN\NASTI(Z) — Y

q—2—(q—(p+2))p’ (2, w)
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Figure 26: Left: the definition of the sectors Z/ and S, in X.; Right: the components
Y, (z;) around z;.

which are holomorphic except possibly for the points with potential greater
than 7/(1.5d). To the remaining sectors around 2} we extend f. quasiconfor-
mally; in particular, the sectors 77, ..., Z) ; disappear in the complement of
K. and this is the point where the difference of the Julia sets of P. and f.
comes from. The existence of such a quasiconformal extension is guaranteed

by Lemma 3.9.

This finishes the definition of f, : X, — X, and we have to assure that it is quasi-
polynomial-like of degree d.

Lemma 5.19 (The map f, is Quasi-Polynomial-Like)

Every f.-orbit passes the non-holomorphy region of f. at most once. For c € TI(}/Q) (1), the
filled-in Julia set of f. is connected and f. is hybrid equivalent to a unique polynomial P.
such that ¢ and ¢ are contained in the same sector of My; more precisely, ¢ € Tl(f/q) (1)

PrOOF. By the definition of TJ(LI1 /4) (i), the filled-in Julia set of f. is connected. By
construction, every f.-orbit passes the regions where df, does not vanish at most once
(compare Lemma 5.3). Putting the standard complex structure oy into the annulus X..\ X/,
and pulling this structure back by the dynamics of f. we get an f.-invariant almost
complex structure o which can be integrated by a quasiconformal homeomorphism .
Thus
g lofoop

yields a polynomial-like mapping of degree d which is hybrid equivalent to a polynomial
P.. By Theorem 4.24, the parameter ¢’ is uniquely determined up to multiplication by a
(d —1)-th root of unity and we can assume that ¢ and ¢’ are contained in the same sector
of M. The point zq is f.-periodic with period [ and the combinatorial rotation number
at this point is equal to p/q. Since a quasiconformal conjugation does neither destroy
the existence of a periodic point nor the corresponding combinatorial rotation number,
c € L,/ In particular, by construction, ¢’ € Tl(f / q)(z’) and we are done. ]
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5.2.2 Continuity and Bijectivity

Using the same arguments as in Lemma 5.5, Lemma 5.7, Lemma 5.10 and Lemma 5.11
we get

Lemma 5.20 (Behavior of x)

(/‘D()

The mapping x : T Tg/‘n (1) , c+— ¢ maps

(1) TV'V(i) n oMy to TP (i) N oMy,
(2) hyperbolic components to hyperbolic components,

(8) non-hyperbolic components to non-hyperbolic ones. ]

Lemma 5.21 (Compatibility with Simple Renormalization)

Let H; C T(p/Q)( ) be a hyperbolic component of period I, H; := x(H,), T the tuning map
which sends the main cardioid of My to H; and 7T the tuning map which sends the main
cardioid to H;. Then 7(Mg) C Ty (1/4) (1) and there holds on My

Floyor=id.

In particular,
Forl=x: 7(My) — 7(My)

is bijective. Moreover x maps T(int(My)) biholomorphically to 7(int(My)). ]

Lemma 5.22 (Continuity and Bijectivity of )

The map x is continuous except possibly at parameters in non-hyperbolic components; the
restriction of x to the parameters ¢ € My where the Multibrot set is locally connected is
mjective.

If d = 2, then the mapping x : T](Jl/q) — TI(f/Q) , c— c is a homeomorphism. n

Lemma 5.23 (Images of Dyadic Misiurewicz Points)
The dyadic Misiurewicz point(s) of lowest preperiod in Ly 4 is (are) contained in T /q)( )

and it is (they are) mapped by x to the dyadic Misiurewicz point(s) with lowest preperiod
in T(p/q)(i)
H : ]

5.3 Homeomorphic Embeddings of Sublimbs into Sublimbs

Theorem 5.24 (Homeomorphic Embeddings of 1/¢-Sublimbs)

Let H C My be a hyperbolic component of period | and let ¢ > 2. Then for every
i € {l,...,d — 1}, the 1/q-sublimb in the i-th sector of H can be mapped into the
1/(q+1)-sublimb of the i-th sector of H such that the dyadic Misiurewicz point(s) of lowest
preperiod in the considered 1/q-sublimb is (are) mapped to the dyadic Misiurewicz point(s)
of lowest preperiod in the considered 1/(q + 1)-sublimb. This mapping is continuous on
the boundary and analytic in the hyperbolic components.

In the case d = 2 this mapping is a homeomorphic embedding.
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REMARK. This statement has been proved by B. Branner and A. Douady if d = 2,
q = 2 and [ = 1. Their proof generalizes to the case ¢ > 2 and an arbitrary hyperbolic
component H C Mjy; this has been remarked by A. Douady in [D]. Since the statement
above is needed in this general form, we will sketch its proof in the following; we do not
restrict to degree d = 2.

One could try to generalize this statement and construct a homeomorphic embedding of
the p/g-sublimb into the p’/(q + 1)-sublimb (ged(p,q) = 1 = ged(p', ¢ + 1)). But this
is not possible in general, at least if the homeomorphism is orientation preserving. The
reason is that for p’ € {p—1, p, p+ 1} this homeomorphism cannot be defined in the whole
p/g-sublimb (compare Theorem 5.1 and Theorem 5.17).

5.3.1 Construction

For every parameter ¢ in the 1/g-sublimb L, ,, of the i-th sector of H we will construct
Riemann surfaces X, CC X, and a unicritical quasi-polynomial-like mapping f. : X, — X,
of degree d. This mapping yields a polynomial within the 1/(q + 1)-sublimb L1y of
the i-th sector of H.

Fix a parameter ¢ in the 1/g-sublimb L;,, of the i-th sector of H. Exactly two
parameter rays land at the root of this sublimb, and the period of their angles ¥, < 1,
is equal to gl. Let n,v > 0 (it may be necessary to modify 7 and v during the proof).
In the dynamic plane of P, the dynamic rays with angles ¥; and 9, land at a point z; of
exact period [; z; is the characteristic point of its orbit {z1, P.(z1),..., P71 (1)}, i.e. it

disconnects the critical value from the rest of the orbit. Considering the notation of the

sectors in Section 4.2, let
EZ = 22(191,192)

and

S1 = P7U(ED).

For [ copies
WO; ) VVl—l
of X7, let
L8l — W, je{0,...,0—1}
be the canonical bijection.
A Riemann surface X, is now defined by the disjoint union

-1

X = X7\ (U s:}(dml)> UWoU...UW_

J=0

identifying the boundary points of S7(d’1;) with the boundary points of W; as follows:
the boundary of every W; consists of three curves:
(1) the “upper” curve %Sj ) describing all points in 0W; with potential 7,
(2) the “left” curve vl(j ) describing all points in OW; with external argument bigger than
d?9, and
(3) the “right” curve v
than d7.

) describing all points in W, with external argument smaller
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For 0 <5 <1 —1, the point on ’y,(,j) with potential p < n/d’ is identified with the point
O, (exp(d’p) - exp (i(2rd’¥1 — vp)))
and the point on 71 ) with potential p < n/d'~7 is identified with
ot (exp(d_(l_j)p) ~exp (i(2rd’V; + vp))).

Define a subset X, C X. by repeating this construction but now starting with potential
n/d instead of . We define the unicritical quasi-polynomial-like mapping f, as follows:

I—1d-1
x/\UUsn/d(“ld“f)wa

7=0k=0
( I-1d-1
A+ k<
P : X714\ n(— 1
C(Z) z € c (U U S d )U v)
" 7=0 k=0
z— < 19(P(2))  zeXl

it (z) 1 o zeW;, 0<j<1—2

\ Lﬁll(Z) RS I/‘/l—l

By the identification properties above, this deﬁnes a continuous mapping which has to
be extended continuously to the sectors U 0 Z (1)57’(‘1“91“f ). And here is where the
opening modulus of these sectors plays an 1mportant role: to get a quasi-polynomial-like
mapping

fc : xlc - xca

the sector S/ d(djﬁffrk) have to be mapped quasiconformally to W; such that the com-
plex dilatation vanishes on the preimage of K. N W;: to do so we have to restrict to
the parameters ¢ which are not contained in the hyperbolic component H; immediately
bifurcating from H,;. For all these parameters, there exists a sequence of pinching points
in K. converging to z; and Lemma 4.18 applies. Thus there are P-invariant sectors

W; C W,
centered at the orbit points zg, ..., z,_; such that
mod (WZ) = mod(Sy/2(V1));

it may be necessary to enlarge v. After shrinking the potential 7, we can assume that
all the considered sectors do not intersect; we will have to modify n and v later again.

Then Sg//; (£0%k) s 4 (P71 o P4 o P.)-invariant sector; on this sector f, is defined by the

unique biholomorphic mapping to the P%-invariant sector Wj sending vertices to vertices.
By Lemma 4.19, there is a quasiconformal extension

o UU (s (P2 vt (P25)) — U w1,

7=0k=0
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By construction, the mapping degree of f. is d but it is not quasi-polynomial-like,
since X \ X/ is not an annulus. So we have to modify these Riemann surfaces slightly
(which means to shrink X, and thus X as well): to do so we first change the potential
(with respect to the dynamics of P.) bounding W; for 0 < j <1 —1 from n to n(1 — je)
for € > 0 such that

d(1—1le) > 1.

But there has to be made one more modification: near all vertices where we have made

our identifications we have to smoothen the Riemann surfaces. For simplicity of notation,

we denote in the following the modified Riemann surfaces again by X, and X..
Moreover, every f.-orbit passes the non-holomorphy region of f. at most once: this

region is contained in
-1 d—1

U U Sg/d(w)

=0 k=0 d
and it is mapped to the union of certain sectors around the points zg, ..., z_1. By
construction, the map f. is holomorphic on the orbit of all points within these sectors.

As usual one finds an f.-invariant almost complex structure o which is equal to the

standard complex structure on X.\ X, and on the filled-in Julia set of f.. By Theo-
rem 3.4, this almost complex structure is mapped to the standard complex structure by
a quasiconformal homeomorphism and conjugating f. with this quasiconformal homeo-
morphism yields a unicritical polynomial-like mapping of degree d; by construction, the
critical orbit is contained in X, and thus the small filled-in Julia set of f,. is connected.
By Theorem 4.24, the polynomial-like mapping found before is hybrid equivalent to a
uniquely determined polynomial P. such that ¢ and ¢’ are contained in the same sector
of My. This defines a mapping

Lijg\ Hyg — Lijg+1) \ Hgriy-

For the parameters ¢ € Hy, i.e. if ¢ is contained in the closure of the hyperbolic
component bifurcating immediately from H;, the multiplier mapping defines a map

T7 T7 /
Hg — Hgyiy, ¢ —c.

Altogether, this yields a mapping x from the 1/g-sublimb to part of the
1/(q + 1)-sublimb. It remains to prove that x is actually continuous and injective. We
denote by L, ,+1 the subset of the parameters in the 1/(¢ + 1)-sublimb which is reached
by the construction above.

5.3.2 Continuity and Bijectivity
Using arguments which are quite standard (compare Section 5.1 and [BD]) we get:
Lemma 5.25 (Continuity of x on the Boundary)

The mapping X : Lijq — Lggqq1 18 continuous on the boundary and analytic on the
hyperbolic components of M. ]
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Lemma 5.26 (Bijectivity of x)
For d = 2, the mapping X : Li/q — Lqq41 @5 a homeomorphism.

ProoF. To prove the bijectivity of y we construct the inverse y of this mapping as it is
done in [BD]. We will see that it is much less difficult to remove a sector at a periodic
point than to add one, since we do not have to consider any opening moduli.

Let ¢ € Ly 441. Starting from X we again construct new Riemann surfaces by cutting
out certain sectors: let ©J; and 5 be the angles of the parameter rays landing at the root
of the 1/(q + 1)-sublimb in the i-th sector of H;. For j € {0,...,l — 1}, we remove from

XV and X 7 the region between the dynamic rays with angles dv; and d/ds:

-1
X2\ Si(d0y,d79,)  and

Jj=0

-1
XPN | EUd9y, d7y).
j=0
Identifying in both cases the boundaries equipotentially, we construct new Riemann
surfaces

X, C X..
Let
for Xo— Xe
with
fe(z) = Pu(2)
for
zeX)\ U U (sg/d <%T+k) U s/ (dj791d+ i dj792d+ k) U g/ (‘”‘%TJF’“»

§=0 k=1

On the remaining sectors we have to find a quasiconformal continuation; since the consid-
ered sectors do not contain points of the Julia set of the new mapping, it is not necessary
to have vanishing complex dilatation anywhere in these sectors. Moreover these sectors
are only centered at strictly preperiodic points and thus Shishikura’s principle holds, in-
dependently on the choice of the quasiconformal continuation. After changing the complex
structure we get a polynomial-like mapping which itself is hybrid equivalent to a
polynomial P, such that ¢ is contained in the 1/g-sublimb of the i-th sector of H;.
Then x(c) := ¢. By construction, P,og() and P, are hybrid equivalent for ¢ € Lg 441; thus
xox =id|g,,,,. Similarly, x o x =1id|,. ]

Lemma 5.27 (Images of Dyadic Misiurewicz Points)
The dyadic Misiurewicz point(s) of lowest preperiod in Li,q is (are) mapped by x to the
dyadic Misiurewicz point(s) with lowest preperiod in Ly g41)- ]
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6 Applications

In this section we present two applications of the homeomorphisms from Section 5. The
first one is to construct veins of the Mandelbrot set; these are injective paths in My
connecting the origin with certain antenna tips of M;. We will prove in Section 6.1 that
every antenna tip of My can be connected by such an injective path in M, with the origin.

One could try to generalize this result from the Mandelbrot set to the Multibrot sets.
But there occur mainly two problems. The first one is that Theorem 5.2 is not known yet
to be true for degree d > 2. The second problem, and this is much harder, is that we do
not have a surgery for sectors: we need a homeomorphic embedding of every sector of a
hyperbolic component (or part of it) into every other sector of this hyperbolic component
(or part of it) such that the dyadic Misiurewicz point(s) of lowest preperiod is (are)
mapped to the dyadic Misiurewicz point(s) of lowest preperiod.

In the introduction of this thesis we claimed that we will not use Yoccoz results on
local connectivity to prove the existence of the veins in My. But in the proof of continuity
on non-hyperbolic components and in the proof of bijectivity of our mappings we have
used his results. How does this fit together?

First we argue that we do not need to know anything about non-hyperbolic components:
by Theorem 6.6 there is no parameter ¢ € R which belongs to a non-hyperbolic com-
ponent of My. Since all the mappings from Section 5 map the boundary of My to the
boundary, hyperbolic components to hyperbolic ones and non-hyperbolic components to
non-hyperbolic ones, we get independently on the result of Yoccoz (not necessary injec-
tive) paths in My between the origin and every dyadic Misiurewicz point; the continuity
statement on queer components is thus not important for the existence of the veins.
Secondly, we do not really have to know that the constructed mappings are bijective: In
[Mi, §17] one finds the following theorem:

Theorem 6.1 (Paths and Arcs)

Let X be a compact connected metric space and x1,xo € X. If there exists a path in X
connecting x1 and x4, then there also exists an injective path (= “arc”) connecting these
two points.

Thus every path in M, connecting two points of the Mandelbrot set can be used to find
an arc in My between these two points.

6.1 Veins in the Mandelbrot Set

Theorem 6.2 (Veins to Dyadic Misiurewicz Points)
For every dyadic Misiurewicz point ¢ € My, there exists a path in My from 0 to c.

PRroOOF. For the proof we use the following three statements:

(1) Let H C My be a hyperbolic component and let p, ¢, p' ¢’ be positive integers
such that p < ¢, p’ < ¢’ and ged(p,q) = 1 = ged(p/, ¢'). Moreover, denote by ¢/,
(respectively ¢, /) the unique dyadic Misiurewicz point in the p/g- (respectively
p'/q-) sublimb with smallest preperiod. Then there exists a connected set L in
M, containing the center of H and ¢,/ such that we have a bijective continuous
mapping from L to a connected set in M, containing the center of H and ¢y /q.
(Theorem 5.17 and Theorem 5.24).
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(2) Consider a Misiurewicz point ¢y € My which is the landing point of ¢ > 3 param-
eter rays. Then the partial trees behind ¢y are pairwise dynamically homeomor-
phic; in particular, for j € {1,...,q} the j-th partial tree behind ¢y contains the
unique dyadic Misiurewicz point with smallest preperiod of the j-th branch behind ¢
(Theorem 5.2).

(3) Let ¢, ¢ € My be two different dyadic Misiurewicz points. Then either there exists
a hyperbolic component H or a Misiurewicz point ¢’ € M, such that 0, ¢ and ¢
are contained in different components of My \ H or M, \ {¢"} (this follows from
[Schl2, Theorem 2.2]).

Using these statements we now construct an arc v C My from the parameter 0 to any
dyadic Misiurewicz point:

Step 1: We start with the path
Yo : [0, 1] — My, t — —2t.

Denote by ¢; the dyadic Misiurewicz point which is contained in the same limb as
¢ such that the preperiod of ¢; is as small as possible. Using statement (1) from
above, there is an arc 7; connecting 0 with ¢;. We are done if ¢; = ¢, otherwise we
continue with Step 2.

Step 2: Using Statement (3), there exists either a hyperbolic component H or a Misiure-
wicz point ¢ such that 0, ¢; and ¢ are contained in different components of My \ H
(respectively My \ {¢'}). Denote by ¢, the dyadic Misiurewicz point of smallest
preperiod behind H (respectively ¢).

If a hyperbolic component H separates 0, ¢; and ¢, we use Statement (1) to con-
struct a new arc vy, from 0 to cs.

If a Misiurewicz point ¢ separates 0, ¢; and ¢ we use Statement (2) to construct a
new arc -, connecting 0 with c,.

In the case ¢ = ¢, we are done; otherwise we repeat Step 2 with ¢, instead of ¢;.

By construction of the sequence ¢y, s, ... of dyadic Misiurewicz points, the preperiod
of ¢j41 is not smaller than the preperiod of ¢;. Thus the preperiods of the Misiurewicz
points cj, co, ...form a not necessarily strictly increasing sequence of integers which is
bounded by the preperiod of c. Since all the points ¢; are pairwise distinct by construction
and since the number of dyadic Misiurewicz points of a fixed preperiod is finite, the
sequence above is finite, i.e. there exists an integer n such that ¢, = c¢. This proves the
theorem. ]

Corollary 6.3 (Veins through Hyperbolic Components)
For every hyperbolic component H C My, there exists an arc in My from O to the center

of H.
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PRrROOF. The root of H is the landing point of two periodic parameter rays with angles
Y1 < ¥9. Let O be the set of angles such that the corresponding parameter rays land at
the dyadic Misiurewicz points in M. Since © is dense in S', there exists ¥ € |01, 92[ N O.
Thus there exist dyadic Misiurewicz points behind H. By Theorem 6.2, every dyadic
Misiurewicz point behind H can be connected with 0 by an arc in Ms; every such arc
yields an arc in My connecting 0 with the center of H. ]

By the last two statements, dyadic Misiurewicz points and hyperbolic components can
be connected with the parameter 0 by an arc in My. In [Schll] and [Schl2] D. Schleicher
has introduced the theory of fibers leading to another description of local connectivity of
Julia sets and Multibrot sets. Using this concept we find more veins in the Mandelbrot
set:

Corollary 6.4 (Veins to Parameters with Trivial Fiber)
For every parameter ¢ € My with trivial fiber, there exists an arc in My from 0 to c.

PROOF. By definition of the fibers [Schl2, Definition 3.1, Definition 3.2], for every
parameter ¢ € OMy with trivial fiber, there exists a sequence ¢, ¢o, ... of parameters in
M such that

(1) every point ¢; is the landing point of at least two periodic or preperiodic parameter
rays and

(2) limj oo cj =c.

Thus every point ¢; is either a Misiurewicz point which disconnects the Mandelbrot set
or it is the root of a hyperbolic component. Since {a/2" : n € NJ1 <a < 2" — 1} is
dense in S, there exists a dyadic Misiurewicz point c; behind ¢;. By Theorem 6.2, there
exists an arc connecting 0 and ¢}. Since ¢; separates 0 from ¢ and since the Mandelbrot
set is full, the points c¢;_; and ¢; are contained in that arc; this yields an arc connecting
cj—1 and ¢;. Since lim;_, ¢; = ¢, connecting all the points ¢y := 0, c1, ¢2, ... gives an arc
from 0 to c. ]

6.2 Local Connectivity of Julia Sets

In the context of fibers one can see that all the homeomorphisms we have considered
above preserve triviality of fibers and thus local connectivity of the Julia set (compare
[Schl2, Corollary 5.1]):

Corollary 6.5 The homeomorphisms x from Theorem 5.1, Theorem 5.2, Theorem 5.17
and Theorem 5.2/ preserve local connectivity of the Julia sets, i.e. for every parameter c
in the domain of definition of x the Julia set of the polynomial P, is locally connected if
and only if the Julia set of the polynomial Py is locally connected. ]

This can be used to prove that the Julia sets of all polynomials on the arcs connecting
0 with any point of trivial fiber are locally connected. For the proof, we need the following
statement from [LvS]:
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Theorem 6.6 (Locally Connected Julia Sets)
If d > 2 is even and ¢ € R such that the Julia set J, of z — 2% + ¢ is connected, then J.
18 locally connected.

Since this theorem does not restrict to the case d = 2, we have found many veins within
every Multibrot set M, of even degree such that the Julia set of every polynomial on such
a vein is locally connected: starting with the canonical vein on RNMj as in the quadratic
case we find new veins by applying Theorem 5.2, Theorem 5.17 and Theorem 5.24. But
for d > 4, we do not get veins to all the dyadic Misiurewicz points of M, as discussed
before. But for all the veins which can be constructed within the Multibrot sets by the
method above, the parameters ¢ on these arcs correspond to polynomials with locally
connected Julia sets.
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