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ABsTRACT. We prove that two C" critical circle maps with the same rotation num-
ber of bounded type are C11® conjugate for some a > 0 provided their successive
renormalizations converge together at an exponential rate in the C° sense. The
number « depends only on the rate of convergence. We also give examples of C'*®
critical circle maps with the same rotation number that are not C'*+# conjugate for
any (3 > 0.

1. INTRODUCTION

The purpose of this paper is to study certain rigidity questions concerning cri-
tical circle mappings. This study is continued in [4].

In the qualitative theory of smooth dynamical systems, the notions of rigidity
and flexibility play an important role. The smooth systems are usually classified
according to the equivalence relation given by topological conjugacies: two smooth
maps f and g are topologically equivalent if there exists a homeomorphism A of
the ambient space such that ho f = g o h. Such a homeomorphism maps orbits
of f onto orbits of g. One can also consider a stronger equivalence relation given
by smooth conjugacies. This leads to a quantitative or geometric classification of
smooth dynamical systems, since a smooth conjugacy, being essentially affine at
small scales, preserves the small-scale geometric properties of the dynamics. Hence
each topological equivalence class is “foliated” by the smooth conjugacy classes and
the quotient space is the moduli or deformation space of the dynamics. The moduli
space describes the flexibility of the dynamics. When this space reduces to a single
point, we are in the presence of rigidity.

In general, since eigenvalues at the periodic points are smooth conjugacy invari-
ants, we can hope to find rigidity only in the absence of periodic points. From this
viewpoint, the simplest case to consider is that of circle diffeomorphisms. If f is a
circle diffeomorphism without periodic points then f is combinatorially equivalent
to a rigid rotation R, : © — x + p( mod 1), in the sense that for each IV, the first
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N elements of an orbit of f are ordered in the circle in the same way as the first
N elements of an orbit of R,. From Denjoy’s theorem it follows that if f is at
least C% (or C! and its derivative has bounded variation) then f is topologically
conjugate to R,. By a fundamental result of Herman [10], improved by Yoccoz
[19], we have that if the rotation number p satisfies a Diophantine condition such
as
C
20

p-12

q
for all rationals p/q, with C > 0 and 0 < 8 < 1, and if f is C", r > 3, then
the conjugacy is C! (in fact it is C"~'=A~¢ for every € > 0). On the other hand,
Arnold proved that some such condition on the rotation number is essential: there
exist real analytic circle diffeomorphisms with irrational rotation number such that
the conjugacy with a rigid rotation is not even absolutely continuous with respect
to Lebesgue measure.

Maps with periodic points cannot be rigid, but we can analyze the rigidity of
some relevant invariant set, such as an attractor of the map. This is the situation
studied by Sullivan and McMullen in the context of unimodal maps of the interval.
They considered the so-called infinitely renormalizable maps of bounded combina-
torial type. For such maps, almost all orbits are asymptotic to a Cantor set which
is the closure of the critical orbit. They proved that if two such maps are smooth
enough and have the same combinatorics then there exists a C1T® diffeomorphism
of the real line that conjugates the restriction of the maps to the corresponding
Cantor attractors. The tools they developed have been of fundamental importance
for the proof of our results.

Perhaps the most famous rigidity result in Geometry is the celebrated Mostow
rigidity theorem. A special case of this theorem states that two compact hyperbolic
manifolds of dimension at least 3 which have the same homotopy type are in fact
isometric. Here a hyperbolic manifold is the quotient space H" /T" of the hyperbolic
space H™ by a discrete group I' of isometries. The hypothesis of the theorem
implies the existence of a quasiconformal homeomorphism of the sphere at infinity
that conjugates the actions of the two groups there. Such a-priori step may be
regarded as a pre-rigidity result. The rigidity is then obtained by proving that this
gc-homeomorphism is in fact conformal, i.e. a Moebius transformation.

The situation for critical circle mappings fits perfectly into this framework. A
critical circle mapping is a homeomorphism f : S* — S! that is of class C”, r > 3,
and has a unique critical point ¢ around which, in some C” coordinate system, f
has the form x — zP, where p > 3 is an odd integer called the power law of f.
Yoccoz proved in [20] that a critical circle mapping without periodic points is
topologically conjugate to an irrational rotation. Later, in an unpublished work,
he proved that the conjugacy between two critical circle mappings with the same
rotation number is in fact quasisymmetric, i.e. there exists a constant K > 1 such



that, for all pairs of adjacent intervals Iy, I3 of equal length |I1]| = |I5|, we have

1 [n(I)
K = h(l)]

<K.

This is in contrast with the diffeomorphism case where, without restriction on the
rotation number, the conjugacy may fail to be quasisymmetric (see [15], p. 75).
Yoccoz’s result, whose proof we present in §4 and Appendix B, is the exact ana-
logue of the pre-rigidity step in the proof of Mostow’s theorem.

Rigidity Conjecture If f,g are C? critical circle mappings with the same irra-
tional rotation number of bounded type and the same power-law at the critical
point, then there exists a C'*t% conjugacy h between f and g for some universal
a > 0.

So far we have succeeded in proving this conjecture only when the maps are
real-analytic. Our proof involves real techniques developed in this paper, and
deformation of complex structures, developed in the next paper.

1.1 Summary of results. We now present a quick summary of our results. As
already mentioned, we prove two main new theorems concerning critical circle
homeomorphisms.

The first theorem brings forth the connection between renormalization and
rigidity in the context of circle maps. The proof is given in §4.4.

First Main Theorem Let f and g be topologically conjugate C3 critical circle
maps, and let h be the conjugacy between f and g which maps the critical point
of f to the critical point of g. If the partial quotients of their common rotation
number are bounded, and if their renormalizations converge together exponentially
fast in the C°-topology, then h is C**T® for some o > 0.

The second theorem shows that the bounded type hypothesis in the Rigidity
Conjecture stated above cannot be removed. The proof occupies §5 in its entirety.

Second Main Theorem There exists an uncountable set S of rotation numbers
such that for any p € S there exist C*° critical circle maps f and g with rotation
number p with the property that the conjugacy between f and g sending the
critical point of f to the critical point of g is not C**# for any 8 > 0.

The set S is very small: its Hausdorff dimension is not greater than 1/2. But it
does contain Diophantine numbers, in somewhat remarkable contrast with the case
of circle diffeomorphisms. The saddle-node surgery procedure we develop here is
quite general, and can be used to produce similar counterexamples to the rigidity
of infinitely renormalizable unimodal maps with special unbounded combinatorics.

All estimates performed in this paper rely heavily on the real a-priori bounds of
M. Herman [11] and G. Swiatek [17]. These bounds are revisited in §3. Several



technical consequences of the real bounds needed in this paper, such as the C"~!
boundedness of the renormalizations of a C" critical circle map, are gathered in
Appendix A.
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2. PRELIMINARIES

We have three goals in this section. First, we present some of the basic notations
commonly used when studying circle maps. Second, we present the notions of
commuting pair and renormalization in the context of circle maps, and discuss
their relationship. Third, we state the distortion tools that are necessary for
proving the real bounds in §3.

2.1 Critical circle mappings. Following the tradition in this subject, we iden-
tify the unit circle S with the one-dimensional torus R/Z. The obvious advantage
of such identification is that it allows us to use additive notation when dealing with
circle mappings.

We briefly recall some standard facts concerning circle mappings. Given a
homeomorphism f : S — S, we denote its rotation number by p(f). It can be
expressed as a continued fraction

p(f) = [aﬂvala-"aanv"'] = )

which can be finite or infinite, depending on whether p(f) is rational or irrational,
respectively. The positive integers a,, are the partial quotients of p(f). They give
rise to a sequence of return times for f, recursively defined by qo = 1, ¢1 = ag
and @41 = angn + gn—1 for all n > 1 (for which a,, exists — an assumption that
will be implicit henceforth). Given z € S and n > 1, we denote by J,(x) the



closed interval containing x whose endpoints are fi(x) and f9-'(z). We also
let I,,—1(z) C J,(x) be the closed interval whose endpoints are x and f-*(z).
Observe that J,(z) = I,,(z) U I,,_1(x) for all n > 1.

From the dynamics standpoint, we are not interested in all circle homeomor-
phisms, but only in those that possess a unique critical point in S!, being local
diffeomorphisms everywhere else. These are the so-called critical circle maps.
More precisely, let f: S* — S! be a C" homeomorphism, for some r > 1. We say
that f is a critical circle map if there exists ¢ € S* (the critical point) such that
f'(c) =0 and f'(z) # 0 for all z # ¢. Moreover, we require f to have a power-law
at ¢. This means that in a suitable C" coordinate system around the critical point,
our f is represented by a map of the form z — z|z[P~! + a, for some real number
p > 1 called the power-law exponent of f. The class of all C" critical circle maps
will be denoted by Crit"(S*).

Since the critical point ¢ of a critical circle map is a distinguished point on the
circle, we will write I, and J,, throughout, instead of I,,(¢) and .J,,(c), respectively.

2.2 Commuting pairs. We will study the successive renormalizations of a criti-
cal circle map f. Here, as in many other settings in dynamics, the word renormal-
ization is taken to mean a (suitably normalized) Poincaré first return map of f to
some neighborhood of its critical point. Abstracting the essential features of such
first return maps yields the notion of commuting pair, due to O. Lanford [12] and
D. Rand [16]. We formulate this notion as follows.

Definition. A C" commuting pair consists of two mappings f_ : [A, 0] = R, where

A <0, and fi :[0,1] — R, satisfying the following conditions.

[P1] Both f_ and f are C" orientation-preserving homeomorphisms onto their
images.

[P2] We have f_(0) =1, f+(0) =X and 0 < f_(A\) = f(1) < 1.

[P3] We have Df_(z) >0 forall A\ <z <0,and Dfi(z) >0forall0 <z <1.

[P4] For each 1 < k < r, we have D*(f, o £_)(0) = D*(f_ o £,)(0).

A critical commuting pair is a commuting pair such that Df_(0) = 0= Df,(0).

Although it is more customary to use the symbols ¢ and 7 instead of f_ and
f+, respectively, the present notation will be more convenient for our purposes in
this paper. It can be proved that, in the presence of the other conditions, Py is
equivalent to the following.

[P4] There exist open intervals A_ D [\, 0] and Ay D [0,1], and C" homeomor-
phic extensions F_ : A_ — R and F; : Ay — R of f_ and f, respectively,
satisfying FLoF_(x) = F_oF(x) for allz € A_NA such that Fy (z) € Ax
(the set of such z is an open interval around 0).

This justifies the name commuting pair. The class of all C" critical commut-

ing pairs will be denoted by P". We shall henceforth identify a commuting pair

(f—, f+) with a single map f : [\, 1] — [A, 1], called the shadow of the commuting
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pair, defined as follows,
f-(z), when A<z <0

flx) =
fi(x), when 0 <2 <1.

To each commuting pair f we associate an element a € NU {co} called the height
of f, in the following way. If there exists n > 1 such that f**1(1) < 0 < (1),
then we set a = n; otherwise we set a = oco. It is clear that f has infinite height
if and only if there exists 0 < T < 1 such that f(z) = 7.

2.3 Renormalizing a commuting pair. Every commuting pair f with finite
height a such that f*(1) > 0 can be renormalized, in the following sense. Let
A : R — R be the linear map = — Az, let X' = f4(1)/A <0, and let Rf : [\, 1] —
[, 1] be the map defined by

Ato foA(x), when N <z <0
Rf(x) =
A~to fotloA(z), when 0 <z <1.

This map is (the shadow of) a commuting pair (Rf_, Rf; ), called the first renor-
malization of f. Equivalently,

Rf_(z) = A to fyoA(a), forall ' <z <0

Rfi(z) = Ao fiof oA(x), forall0<z <.
The class of all C" critical commuting pairs which are renormalizable in this sense
will be denoted P7. In this way, we have a well-defined map R : P] — P", the
so-called renormalization operator. More generally, for all n > 1 we write P] =
R~ (P") for the set of all C" critical commuting pairs which can be renormalized
n times. We have P7 ,; C P}, for all n. We are especially interested in the set of
all infinitely renormalizable critical commuting pairs, namely
P, = (P .
n>1

Given f € P, let ap = a be its height, and for each » > 1 such that f € P}, let
an be the height of R™(f). This can be a finite or infinite sequence; in any case,
using the convention 1/00 = 0, we define the rotation number of f to be

1

p(f) = lao,a1,... ,an,...] =
ag +

ay +



In particular, p(Rf) = [a1,as,...], that is, the renormalization operator acts as
the Gaussian shift on continued fractions.

T (@)

Figure 1. Two consecutive renormalizations of f.

2.4 Renormalizing a critical circle map. Let f be a critical circle map with
critical point ¢, and for each k£ > 0 such that f%(c) # ¢, let A : R — R/Z be the
affine covering map such that Ag([0,1]) = Iy, with Ax(0) = c and Ag(1) = f2%*(c).
For each n > 1 such that f%(c) # ¢ for all 0 < k < n, consider the Poincaré first
return map f, : I, Ul,_1 — I, U I,,_1, namely

f%z) when z €I,

fa(z) =
f9x) whenzel, q,

where ¢ = ¢,,_1 and Q = ¢q,,. Define A,, to be the largest negative number such that
An_1(A) = f9(c) (one sees in fact that A\, = —|I,|/|T,_1|). Then A,,_1([A\n,0]) =
I, and A,,_1([0,1]) = I,,—1, and we can consider the map f, : [A,, 1] = [An, 1]
given by f, = A;il o fn o A,_1. Here, it is implicit that A;il is the inverse
branch that maps I, UI,,_1 onto [A,, 1]. This defines (the shadow of) a C" critical
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commuting pair called n-th renormalization of f. It is well-defined provided the
rotation number of f has a continued-fraction development of length at least n+1
(in particular it is well-defined for all n when the rotation number of f is irrational).
It is easy to see in this case that fri+1 = Rfy for all 1 < k < n — 1. Moreover,
if ag,a1,... are the partial quotients of the rotation number of f then, from the
recurrence relations satisfied by the sequence of return times gi, we see at once
that the height of fj is equal to ag, and that p(fx) = [ak, ak+1,-- -]

Remark. Note that the largest interval containing I,, on which f9-1 is a diffeo-
morphism is the [, ¢] where fo»-19—1(q,,) = fI(c). Similarly, the largest inter-
val containing I,,_1 on which f? is a diffeomorphism is [¢, 8,] where fI(f3,) =

a_1(c).

2.5 The C* metrics. The following is only one of several equivalent ways of
defining a C* distance between commuting pairs. We normalize our commuting
pairs to be defined on [0, 1], using for each f a fractional linear transformation
that maps A, 0, 1 respectively to 0, %, 1, and then use the C*¥ norm of the difference
of the normalized pairs. The C* distance between f and g defined in this fashion
is denoted by di(f,g).

Let us be a bit more precise. If a function ¢ : [0,1] — R has a jump dis-
continuity at x = 1/2 but is elsewhere k times continuously differentiable, let
|l = max{||¢~ ||k, [|¢T ||} where ¢~ is the restriction of ¢ to [0, 1] and ¢* is
the restriction of ¢ to [5,1] . Given two elements f : [A\,1] - Rand g : [, 1] > R
of P", and given 0 < k < r, let Ay be the fractional linear transformation which
maps 0, A, 1 to 0, %, 1, respectively, and let A, be similarly defined. Then write

dk(fag) = max{|)\ - //’|7 HA/\.fA)TI - AugA;1||k} .
Lemma 2.1 For each 0 < k < r, di is a metric.

Proof. The only thing not entirely obvious is that di(f,g) = 0 implies f = g.
But if di(f,g) = 0 then on one hand A = p, so that Ay = A,, and on the other
hand AxfAy" — AugA; "t =0, s0 that f = A A,gA T Ay =g. O

Proposition 2.2 Let f : [\,1] — [\ /1] and g : [p, 1] — [p, 1] be elements of
P”_, and suppose there exists a C" diffeomorphism h : [\, 1] — [p, 1] such that

hof =goh. Then for all k <r — 1 the distances di, (R™(f), R"(g)) converge to
0 at an exponential rate.

Proof. Let f, = R"f and g, = R"g. Then f, = h,!o g, o h,, where h, is
obtained from h by restriction and affine rescaling. We will see below (after we
prove the real bounds for critical circle maps, ¢f. Theorem 3.1) that {h,,} converges
exponentially in the C" sense to the space of affine maps. Therefore, we have that
dr—1(fn,gn) — 0 exponentially fast. [J



2.6 Distortion tools. In §3 we will need some distortion tools to get real bounds
for critical circle maps. The most basic is the notion of cross-ratio distortion.
Given intervals M C T on the line or circle, their cross-ratio is defined as

M| |T|
D(M,T) =

where L and R are the left and right components of 7'\ M. The cross-ratio
distortion of a map f (whose domain contains 7') on the pair of intervals (M, T)

is
D(f(M), f(T))

D(M,T) ’

Cross-ratios are always increased by a map with negative Schwarzian derivative.

More precisely, if f is C3 and Sf < 0 then B(f; M,T) > 1.

Lemma 2.3 (Cross-ratio distortion principle)
Given a map f as above, m > 1 and intervals M C T such that f™|T is a
diffeomorphism onto its image, we have

B(f;M,T) =

m—1

B(f™M,T) > exp{—c > _|f/(T)[},

=0
where o > 0 depends on f and maxo<j<m—1 |f7(T)].

For a proof of (a much more general version of) this principle, see [15], p. 287.
This fact will be used in combination with the following classical distortion prin-
ciple. For intervals M C T as above we define the space of M inside T to be the
smallest of the ratios |L|/|M| and |R|/|M]|.

Lemma 2.4 (Koebe distortion principle)
Given ¢, 7 > 0 and a map f as above, there exists K = K({,7, f) > 1 of the form

1\ 2
K = <1+—> expCY ,
T

where C' is a constant depending only on f, with the following property. If T is
an interval such that f™|T is a diffeomorphism and if E;.n:_ol |f7(T)| < ¢, then for
each interval M C T for which the space of f™ (M) inside f™(T) is at least T and
for all x,y € M we have

< K.

K =

Dfm(y)

Once again, see [15], p. 295, for a proof. Used in combination with Lemma 2.3,
the Koebe distortion principle allows one to propagate space around under fairly
general circumstances.

1 ‘Dfm(:c)




3. THE REAL A-PRIORI BOUNDS

In this section we establish real a-priori bounds for critical circle maps, obtain-
ing as a corollary the fact that their renormalizations are pre-compact in the C*
topology. The results are well-known, and the reader will not fail to notice the
overlap with some of the material in [18] and [9].

Let f:S' — S! be a critical circle homeomorphism with critical point c. The
iterates of ¢ are denoted by ¢; = fi(c). Let I, be the interval with endpoints
c and cg4, that contains c,,_ ,, as defined in section 2. For simplicity, we write
I) = fi(I,) for all j and n. The most basic combinatorial fact to be remembered
here is that the collection of intervals

P, = {In_l, L., Ign_;l} U {In, L., Ign—l—l}

constitutes a partition of S' modulo endpoints, called the dynamical partition
of level n associated to f. In order to get an actual partition we exclude from
each interval in P, its right endpoint, say, according to the standard choice of
orientation of S'. Let P, (x) denote the atom of the partition P, that contains =
(in particular, P, (c) is either I,, or I,,_; according to the parity of n).

Theorem 3.1 (Real Bounds) Let f € Crit" (S') be a map with irrational rotation
number. There exist constants Cy > 1 and 0 < pg < 1 < 1 depending only on f
such that
(a) If T and J are any two adjacent atoms of P, then C5*|J| < |I| < CylJ|;
(b) For every x € S, we have |P,(z)| < p1|Pn_1(z)|;
(¢c) If the rotation number of f is of bounded type then |P,(x)| > ug/Co;
(d) If the rotation number of f is of bounded type then |P,(z)| > |Pn_1(x)|/Co;
(e) If 0 < i < j < g, then the distortion of the restriction of fi=% to I' | =
f(I,,_1) is bounded by Cj.
In particular, the critical commuting pairs R" f form a bounded sequence in the
C'* topology.

Later in this section we will see that the bounds in this theorem are eventually
universal.

3.1 Bounding space. In what follows, two positive numbers a and b are said
to be comparable modulo f, or simply comparable, if there exists a constant C' >
1, depending only on our map f, such that C~'b < a < Cb. This relation is
denoted by a =< b. It is also convenient to write a < b to indicate that a < Cb.
Comparability modulo f is reflexive and symmetric, but not transitive since the
constants multiply. Hence, if by < by < --- < by, we can only say that by < by if
N is bounded (by a constant depending only on f).
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Lemma 3.2 For each n > 0 there exist z1, 23, 23, 24, 25 € ST with zj11 = f%(2;)
such that |z — za| X |20 — 23| X |23 — 24| < |24 — 25].

Proof. Let z € St be a point such that |[f(z) — 2| < |f9(z) — z| for all z € St.
From Koebe’s principle applied successively to f~9, =29 and f—39», we have

2= f(2) 7 1f70(2) = 2l = 720 (2) = T (2)] = 1f 720 (2) = f720 (2)]
Moreover, by our choice of z we have |z—f9(2)| < |f 739 (2)— f 292 (2)|. Therefore
we can take z5 = f9(2), z4 = 2,... , z1 = f739(2) as the desired five points. [

Lemma 3.3 Let z1, 22,..., 25 and wy, wy,..., ws be points on the circle such
that zj41 = fI"(z;) and wjy1 = f9(w;), and such that w, lies on the interval of
endpoints z; and zy in the partition of S* determined by the z;’s. If |21 — 22| <
|zo — 23| < |23 — 24| < |24 — 25|, then

lwo — w1| = w1 — w2 X w2 — ws] . (1)

Proof. Let ¢ = min |zj—z;j11|. If thereisa j with 1 < j < 3 such that |w; —wj41| <
¢/2, then we must have |wj_1 — w;| > £/2 and |wjy1 — wjy2| > £/2 also. But
then [w;,w;11] has space on both sides inside [w;_1,w;j s]. Applying f~U—an
to these points and using the Koebe principle, we get (1). If on the other hand
there is no j with that property, then |w; — wa| < |we — w3| < |wz — wy|. Again,
applying f~9 and using Koebe we get (1). O

Lemma 3.4 For alln > 0 and all x € S', we have |fi(z) — z| < |z — f~9(z)].

Proof. To show that |z — f~%(z)| > C7!|fI(z) — x|, let ¢ < g, be such that
fi(z) € [21, 22], where 21, 23, ... are the points given by Lemma 3.2. Then let wg =
fi= (x), wy = f*(x), etc. We know from Lemma 3.3 that |wg —w1| = |w1 —ws| <
|ws — ws|. Applying f~* to these points and using the Koebe distortion principle,
we find a definite space around [z, f9(z)] inside [f~9(z), f?9(z)]. Therefore
|z — f~%(x)| = | f®™(x) — z|. The proof of the opposite inequality is similar. [J

T A e
o o——0 —0 o
f H
é[gn—l
o O
Iy

Figure 2. These six intervals are pairwise comparable.

We arrive at the following fundamental fact first proved by Swiatek [17] and
Herman [11].
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Lemma 3.5 Any two adjacent intervals in the dynamical partition of level n of
f are comparable.

Proof. First we prove that all intervals in Figure 2 are pairwise comparable,
through the following steps.

(a) From Lemma 3.4, we know that |I,,_;| =< |[I"7'| and [I" | < |1 .

(b) Since the dynamical symmetric of I,,, namely the interval I % is contained
in I,_1, we also have |I,,| % [I,,—1]-

(¢) Since the dynamical symmetric of I,,_1, namely I “1~" is contained in I,, U
I we have |I,,_1| < |[I7*7%'|. Moreover, since I!", C I, UI,_1,
items (a) and (b) yield |[I 9| 5 |[I,,_1|. Therefore |I,,_q| < [II" %7

(d) Next, we claim that |I,,| < |I/""'|. To see why, consider the diffeomorphism

T L UL LT U T

By the cross-ratio inequality (Lemma 2.3) applied to M = LI"" and T =
I,_1 U I we have |In""'| < |I3*| < |I,|. Conversely, considering the
diffeomorphism

flrr UL, — I U Tt

and applying the cross-ratio inequality to M = I and T' = IZ”__lq”’l ul,,
we get
I I R I VE

This proves our claim.

(e) Finally, we claim that |I,,_1| < |I,], thereby reversing the inequality in (b).
It is here that we use the critical point in a crucial way. Let 0, = |L,|/|[,_1];
we already know that 6, < 1. Look at the intervals I |, I} and 1% %++

all near the critical value of f. By an argument similar to the one in (c¢), we

have [IX | = |[I%% Y. Moreover, |I1| < @2|I}_,|, where p > 1 is the
power-law of f at the critical point. Hence these three intervals have a cross-
ratio comparable to #2. On the other hand the map f9»-1~1 carries them
diffeomorphically onto I'"7', In"~" and II" |, respectively, whose cross-ratio

is comparable to [Ii"~*|/|I" |, which in turn is comparable to 6,,. Applying

the Koebe distortion principle, we see that 62 >= 0,,, and so 0,, = 1 as claimed.

This proves that all six intervals in Figure 2 are comparable. To derive the
remaining comparability relations, propagate this information using Koebe’s dis-

tortion principle. [J

Y

Proof of Theorem 3.1. Part (a) is Lemma 3.5 above. The remaining statements
are straightforward consequences of (a). O
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3.2 Beau property of renormalization. The bounds obtained in the proof of
Theorem 3.1 depended on f, more precisely on the space that each atom of P,
enjoys relative to its two neighbors in P,,. We now concentrate in proving that
such bounds eventually become universal. It suffices to prove that the space in
question is eventually universal. Bounds of this type are called beau by Sullivan.

Lemma 3.6 There exists ng = ng(f) such that for all n > ng the first return
map fn : J, — J, satisfies Sf,(z) <0 for all x € J,,.

Proof. This is proved in Theorem A.4 of Appendix A. [

Lemma 3.7 Given ¢ > 0, there exists ny = ny(f,e) > no(f) such that the
following holds for all n > ni. Let A € P,, let k > 1 be an integer such that
f7(A) is contained in an element of P,, for all 1 < j < k, and let A* be the union
of A with its left and right neighbors in P,,. Then we have f¥|A* = ¢1 o ¢ 0 3
where ¢1 and ¢3 are diffeomorphisms with distortion bounded by 1 + ¢ and ¢4 is
either the identity or a map with negative Schwarzian derivative. In particular, if
e is small enough and if I,,_y # A # I,, then the distortion of f¥|A is bounded
from below by one-half.

Proof. Let ny > ng be such that py' ~"° << €, where pg is the constant of Theorem
3.1. For n > ny, A and k as in the statement, let J € P,, be such that A C J,
let J* be the union of J with its two neighbors in P, , and note that the space
of A* inside J* is bounded from below by C|J*|/|A*|, for some constant C' > 0.
Let m > 0 be the smallest integer such that f™(J) C .J,,. Then for all j < m the
map f7|J* is a diffeomorphism onto its image and, by Theorem 3.1 (b) and the
Koebe distortion principle, its distortion on A* is bounded by

A*\? A*
<1+C||J*||> exp{C’||J*||} < exp{Cpy* ™} < 1+¢.

Now, there are two possibilities. The first is that m > k; in this case we can take
¢1 = f¥|A* and ¢y = ¢3 = identity map. The second is that m < k. In this case
we consider the first return map fy,, : Jn, = Jn, and let £ > 0 be the largest such
that

fE= ot ot

where k1 > 0 and k3 > 0. We then take ¢ = f¥171, ¢y = fofﬁ0 and g3 = fFs|A*
(if k1 = 0 we take instead ¢o = f;o and ¢; = identity). By Lemma 3.6, S¢o < 0,

and by the above remarks the distortions of both ¢; and ¢3 are bounded by 1+ ¢
in the appropriate domains. [

Proposition 3.8 All bounds in Theorem 3.1 are beau. In other words, there exist
universal constants Ko > 0 and 0 < A\g < A; < 1 and some i = n(f) > 0 such

13



that for all n > n the constants Cy, jg and py in Theorem 3.1 can be replaced by
Ky, Ao and Ay, respectively.

Proof. This is straightforward from Lemma 3.7. [

Remark. From now on, whenever we say that a constant “depends only on the
real bounds”, we mean that the said constant is a universal function of constants
Ky, Ao and A1 given by this proposition.

4. HOwW SMOOTH IS THE CONJUGACY?

Now we turn to the first main result in this paper. The theorem states that if
the successive renormalizations of two critical circle maps with the same rotation
number of bounded type converge together at an exponential rate, then such maps
are C1T® conjugate, for some universal oo > 0. First, in order to get bounds that
do not depend on the maximum of the partial quotients of the rotation number,
we need to perform some “saddle-node” estimates and constructions.

4.1 Saddle-node geometry. Let a be a positive integer and let Ay, Ag, ..., Agyq
be consecutive intervals on the line or circle. By an almost parabolic map of length
a and fundamental domains A;, 1 < j < a, we mean a negative-Schwarzian dif-
feomorphism

f:A1UA2U'-'UAa — AzUAgU"'UAa+1

such that f(A]) = Aj+1.
The basic geometric estimate on almost parabolic maps is due to J.-C. Yoccoz.

Yoccoz’s Lemma Let f : [ — J be an almost parabolic map of length a and
fundamental domains Aj;, 1 < j < a. If |Ay] > o|I| and |A,| > o|I|, then

1 1|
Co min{j,a — j}?

1]
< A < Co' N - - ,
< 18] < min{j, a — j}2

where C, > 1 depends only on o.

For a proof, see Appendix B. We will use Yoccoz’s estimates to compare two
almost parabolic maps.

Proposition 4.1 Let f and g be two almost parabolic maps with the same length
a defined on the same interval. Then for all z € A1(f)NA1(g) and all0 < k < a/2
we have

(@) = g"(@)] < CNIf = gllcok® . (2)
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Proof. First note, using the mean-value theorem, that

k-1

@) = g" @) = D (M (@) = A7 (@)

J=0

IN

k—1
>_ D) (@ (@) 97 ()] -

where ¢; lies between f(g?(z)) and g?*!(z). Hence we have

k—1

¥ (@) = g" @) < I =gllee D IDFEI7HE)] - (3)

J=0

Let us estimate each summand in the right-hand side of (3). Let m = m(y)
be such that &; € Aj4,,, and assume also that j +m < a/2. This last condition
is always satisfied if the central fundamental domain of g lies to the left of the
central fundamental domain of f (if this is not the case, then reverse the roles of
f and ¢ in (3) and throughout). Using Yoccoz’s Lemma, we see that

IDFFI7HE)] =

e s (M) (1

(a—k—m+1)? j+1

Hence, it suffices to estimate m as a function of j. For this purpose, let n = n(j)
be such that ¢/ T1(x) € [f/T" Y(z), f77"(x)]. We claim that m < n+ 1. There are
two possibilities. The first is that f(g7(z)) > ¢’*!(z): in this case we see easily
that

& € lg7H(w), f(g7 (@)] C [F7F" 7 (), f7H ()]

and so m < n + 1. The second is that f(g7(x)) < g?*!(z). In this case we have
& < ¢g?THz) < fI(x) € Ajint1, S0 once again m < n + 1. This proves our
claim.
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i N —

Figure 3. Bounding n as a function of j.

So now we must bound n as a function of 5. Again, there are two cases to
consider.
(a) We have [¢g7T1(z), g/ t2(x)] C [f7T"~L(x), f7T"(x)]. In this case (Figure 3a)
Yoccoz’s Lemma gives us

1 < C

7?7 G+n)?
which implies n < C.

(b) We have ¢g/*2(x) > fi+t7(x). In this case (Figure 3b), f7™"(z) is the first
point in the f-orbit of z that lands inside the interval A = [¢g/T1(x), g7 +2(z)].
Let p be such that fit"*+¢(z) € Afori=0,1,...,p— 1 but fitntP(z) ¢ A.
Then we have A C [f/+"~1(x), f7T"*P(z)], and this time Yoccoz’s Lemma
gives us

i < (C ( 1 + 1 + e+ ;> < % .
2= \G+n)? (+n+1)? G+n+p?) ~ J+n
Therefore n < Cj? in this case.
In either case we see that m < Cj2. Carrying this information back to (4), we
deduce that
IDFFI7HE) < CF7 (5)

Substituting (5) into (3), we arrive at (2), and the proof is complete. O
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4.2 A criterion for smoothness. One key ingredient in the proof of our First
Main Theorem is a slight extension of a result originally due to Carleson [2],
namely Proposition 4.3 below. To formulate it, we need an auxiliary definition.

Definition. A fine grid is a sequence {Q,},>o of finite partitions of S! which
satisfies -
(a) Each Q, 1 is a strict refinement of Q,,;
(b) There exists a > 0 such that each I € Q,, is the disjoint union of at most a
atoms of 9, 41;
(¢) There exists ¢ > 0 such that ¢ |I] < |J| < ¢|I| for each pair of adjacent
atoms I,J € Q,,.

For example, the dynamical partitions {P,, } of a critical circle map with rotation
number of bounded type always form a fine grid, by Theorem 3.1. We note the
following easy lemma concerning a fine grid {Q,, }.

Lemma 4.2 IfI € Q,, J € Q,y1 and J C I, then (1+c¢~1H)|J| < |I| < ac®|J|. In
particular, there exist Co > 1 and 0 < A\g < A\; < 1 such that Cy ' A} < |I| < CoA},
forall I € Q,,. 0O

The constants a, ¢, Cy, Ag, A1, are the fine constants of {Q,,}.

Proposition 4.3 Let h : S' — S' be a homeomorphism and let {Qn}n>0 be a
fine grid.
(a) If there exists C' > 0 such that

7 |h(1)|‘
L < o
[ TL (DI

for each pair of adjacent atoms I,.J € Q,,, for all n > 0, then h is quasisym-
metric.
(b) If there exist constants C' >0 and 0 < A\ < 1 such that

11l || .
a1 R S ©)

for each pair of adjacent atoms I,.J € Q,, for all n > 0, then h is a C1T2-
diffeomorphism for some o > 0.

The proof of Proposition 4.3 will depend on the following fact from elementary
real analysis. If ¢ is a real-valued function in an interval or oriented arc on the
circle, let DT ¢(x) = limg o (¢(z +t) — ¢(t))/t be the right derivative of ¢ at z, if
the limit exists.
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Lemma 4.4 Let ¢, : [0,1] — R be a sequence of continuous, right differentiable
mappings such that D ¢,, converges uniformly to an a-Holder continuous function
¢ :[0,1] — R, and such that each D" ¢,, is Riemann-integrable. If ¢,, converges
uniformly to ¢, then ¢ is C**t* and D¢ = . [

Proof of Proposition 4.3. We will prove (b) only, the proof of (a) being somewhat
easier. Let ¢,, be the piecewise affine C-approximations to h determined by the
vertices of Q,,. Then ¢, is differentiable on the right, and DT ¢, is a step function.
First we show that {D%¢,} ., is a uniform Cauchy sequence, and then that the
limit is Holder continuous. Take an atom I of Q,,, and consider the decomposition

I = J1UJyU---UJ,,

with Ji € Q,41 consecutive and pairwise disjoint and p < a. Then D%¢, is
constant on I and D¢, 1 is constant on each Ji, say

Dtgu(t) = o = |¢TI(II)| (tel)

D¥juna(t) = o = ot e )

Thus, we have
P
oIl =Y oulJil
k=1

and in particular ¢/ = minoy < 0 < maxo, = o', Also, 0'/0" < o/op, < 0"/0’
for all k. Since by assumption |1 — (ox41/0%)| < CA*TL an easy telescoping trick
gives us
0_//
p

< (1_|_C)\n+1)a, < 1_|_C)\n+1 )

A similar lower bound holds true for ¢’/o"”. Therefore we have

1-ox" < 2 < 1+0am, (7)

Ok

for all £ = 1,2,...p. This shows that the sequence {D*¢,},, is uniformly
bounded, and moreover that for all m >n > 0 and all t € St, we have

m—1
D*glt) = D 9u()] < OY N < Coxn 8)
j=n

Hence {DT¢,}, o is a uniform Cauchy sequence as claimed. Let ¢ = lim D",
and let o > 0 be such that Ay = X\. We prove ¢ is a-Holder as follows. It suffices
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to consider points z,y € S whose distance is smaller than inf;cg, |I|. Take the
smallest n such that x and y belong to distinct elements of Q,,. Then either n =0
or z and y lie in a common element of Q,, 1. Either way we have by (7)

|DY ¢ (z) — DTy (y)| < CA™. (9)
Combining (8) and (9), we deduce that
lo(z) — o(y)] < |@(x) = DT (z)| + [ DT pn () — DT (y)| + | DT b (y) — 0(v)]

C C
< ——— \" n —— \" < no
S TN ON T < ON

< C1|':lj_y|a )

and so ¢ is a-Holder as claimed. [

Remark. In the language of conditional expectations, the sequence {D% ¢, },>0
satisfies E(D% ¢y, | B,) = DV¢,11, where B, is the o-algebra generated by Q,,,
and therefore constitutes a martingale. Thus, the existence of a pointwise a.e.
limit ¢, merely as an integrable function, is a special case of J. Doob’s martingale
convergence theorem, see [1], p. 490.

4.3 A suitable fine grid. The dynamical partitions P,, of a critical circle map f
do not determine a fine grid, unless the rotation number of f is of bounded type.
We will however use these dynamical partitions to build a fine grid {Q,,} for our
map f. The construction requires some preliminary definitions.

An element I € P, is a saddle-node atom if it is the disjoint union of some
number a > 1000 of atoms of Py, 4.

Given two atoms P41 2 J C I € P, the order of J inside I is one plus the
smallest number of atoms of P,, ;1 on the right and left components of I\ J.

Note that inside a saddle-node atom I € P,, there are exactly two atoms of
Ppi1 of order k for each k < a/2. Let N > 0 be such that 2V¥+! < q/2. For
each 0 < i < N, we define M;, the i-th central interval of I, to be the convex-hull
[J, J*] C I of the union of both atoms .J, J* of order 2°. Note that these central
intervals are nested (see Figure 4). The left and right components of M; \ M1,
respectively L; and R;, are the lateral intervals of I. The central interval My
is also called the final interval of I. The lateral intervals together with the final
interval form a special partition of I, the balanced partition of I.

Remark. It follows from Yoccoz’s lemma that |L;| < |M;41| < |R;| for all i.
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My

Figure 4. Central and lateral intervals of a saddle-node atom.

Now we define an auxiliary partition 75n, for each n > 1. The atoms of ﬁ
are all atoms of P, which are not saddle-node, together with the atoms of the
balanced partitions of all saddle-node atoms of P,. The partition 9, that we
want is constructed from 73n and P,, as follows.

Proposition 4.5 There exists a fine grid {Q,,} in S* with the following properties.
(a) Every atom of Q,, is the union of at most 3 atoms of Q1.
(b) Every atom A of Q,, is a union of atoms of Py, for some m < n, and there are

four possibilities:

(b1) A is a single atom of P,;

(by) A is a central interval of P,

(bs) A is the union of at least two atoms of Py,11 contained in a single atom of

P

(by) A is a union of intervals which are simultaneously atoms of P,, and Prn.-

Proof. The proof is by induction on n. The first partition Q; consists of all atoms
of P; which are not saddle-node atoms together with the intervals Lg, M7 and Ry
of each saddle-node interval I € Py (I = LoUM; U Ry). It is clear that each atom
of Q; falls within one of the categories (b1)-(bs4) above.
Assuming Q,, defined, define Q,; as follows. Take an atom I € Q, and
consider the four cases below.
(1) If I is a single atom of Py, then one of two things can happen:
(i) I is a saddle-node atom: In this case write I = Lo U My U Ry as above and
take Lo, Ry and M; as atoms of Q, 1. Note that the lateral intervals Lg
and Ry are atoms of type (b1), while the central interval M; is of type (b2).
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(2)

(ii) I is not a saddle-node atom: In this case write I = LUM UR where L and R

are the atoms of P, 41 adjacent to the endpoints of I and M is the union of
the other atoms of P,, 11 inside I. Add these three intervals to Q,, 1, noting
that L and R are of type (b1), while M is of type (bs4).
If T is a central interval of ﬁm which is not the final interval, consider the
next central interval of ﬁm inside I, say M, and the two corresponding lateral
intervals L and R such that I = LU M U R, and declare L, R and M members
of Q,+1. Note that L and R are of type (b3), while M is of type (bs).
If I is a union of p > 2 consecutive atoms Aj,..., A, of ﬁm_i_l inside a single
atom of P,,, divide it up into three approximately equal parts. More precisely,
write p = 3¢ + r and, when » =0 or 1, consider [ = L UM U R where

q p—q p
L=Ja,, M= |Ja, . k= |J 4.
Jj=p—q+l

When r = 2, consider I = L U M U R where

q+1 p—q—1 P
L=Ja . Mm= |J A, rR= ] 4.
Jj=1 Jj=q+2 j=p—q

Note that M is empty when p = 2. In any case, we obtain two or three new
atoms of Q, 1 which are either single atoms of P,,+1, and therefore of type
(b1), or once again intervals of type (b3).

If I is a union of intervals which are simultaneously atoms of P,,, and ﬁm, divide
it up exactly as in (3), obtaining either two or three new atoms of Q,,11 which
are either single atoms of P,,, and therefore of type (by), or once again intervals
of type (by).

This completes the induction. That {Qy},>0 constitutes a fine grid follows

easily from the real bounds and the remark preceding this proposition. [

An immediate consequence of the mere existence of such a fine grid is the fact

that any two critical circle maps with the same rotation number are quasisymme-
trically conjugate.

Corollary 4.6 Let f and g be critical circle maps with the same irrational rotation
number, and let h be the conjugacy between f and g that maps the critical point
of f to the critical point of g. Then h is quasisymmetric.

Proof. Apply Proposition 4.3 (a) to the fine grid constructed above. [
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4.4 Proof of the First Main Theorem. The strategy for the proof of our
First Main Theorem is as follows. Given two critical circle maps f and g with
the same rotation number, consider the special partitions Q, = Q,,(f) and Q,, =
Q. (g) given by Proposition 4.5. The conjugacy h is an isomorphism between the
corresponding fine grids, and we want to show that the coherence property (6)
holds for h and {Q,}. To do this, we use the fact that the renormalizations f,
and g, are exponentially close to prove that the vertices of Q,,, are exponentially
close to the corresponding vertices of én+p7 provided p is a small fraction of n.
This property is proved in two steps: first for those vertices of Q,, that lie in
the domain of f,, a step that works for arbitrary rotation numbers, and then
propagated via Koebe’s distortion principle to the other vertices. The first step
holds without restriction on the rotation number, but the second does not. And
it could not, indeed, as the counterexamples of section 5 will show.

In what follows we use the notation z,, = z,(f) = fI (z). If the renormaliza-
tions f, and g, converge together exponentially fast then z,(f)/x,(g) — 1 and
|z (f) — 20 (9)|/|zn(f)| = O exponentially fast as well.

Definition. Let f,, : J,, — Jn be the m-th renormalization of f and let k be
an integer such that |k| < a,,/2. The restricted domain of fk . denoted D,, g, is
defined as follows.

(Lo U[f 5 (2m1), Tm_1], when £ > 0

am
2

Dm,k = (Im \ [;Um, fm(a:m—i—l)]) U [C, m (xm—l)], when k = —1

am

N U \ [Zms frn(Tmr1)]) Ule, fr °

k(a:m_|_1)], when k£ < —1.

Lemma 4.7 For all & € Dy, s, we have |DfF (z)| < C, where C > 0 depends only
on the real bounds.

Proof. Use Theorem 3.1 and Yoccoz’s Lemma. [
Lemma 4.8 Let vy be a vertex of Py, such that vo € J,. Then there exist
n<m<n+pandl <N <psuch that vy can be represented in the form

Vo = ¢pr10¢20---0 PN (Tm,) ,

where ¢; = fff{J for some n < mj; < n+p and |kj| < a,, /2, and where the point
$jt1 00 ¢pn(xy,) belongs to the restricted domain of ¢; for each j. Moreover,
if vy is also a vertex of Qpp, then |k;| < 2P for all j.

Proof. Let n < mj < n + p be largest with the property that vo € Jn, \ Jm,+1,
and let 0 < i < ap, be such that f} (vo) € Jm,41. If i < am,/2 then let
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k1 = —i; otherwise let k1 = ¢ — any,. We get ¢1 = ffflll and a new vertex v; =
fl(vo) € Jpmyy1. I v1 € Jnyp then vy = frqp(@pyp—1) necessarily, and we can
stop. On the other hand, if v; ¢ J,,4,, then once again there exists my in the range
my < mg < n + p such that vy € Jp,, \ Jm,+1, and we can proceed inductively.
At the end of this process we get sequences m; < mg < -+ < my < n+p (so
N < p) and vy,v2,... o5 With v; € Jp; \ Jm, 41, and for each j an integer k;
with |k;| < @, /2 such that vy, = fn_lf" (vj). The last vertex vy is necessarily
Ty, for some m < n + p. Hence it suffices to take ¢; = fﬁ{J to get the desired
representation. The last statement of the Lemma is immediate from the way the
partitions Q,, were constructed. []

Now we want to estimate |vg —wg|, where vy € J,(f) is a vertex of Q,,1,(f) and
wy is the corresponding vertex of Q,4,(g). Here we assume p < on for some small
o > 0 to be chosen later. By Lemma 4.8 above, there exist points x,, = z.,,(f),
Ym = Tm(g) and a number N < p such that

[vo —wo| = |prodao--0dN(Tm) —Proao-0PN(Ym)| ,

where ¢; = fjn,ijJ and 1; = gf,{j, with n <mj; <n+pand |k;| <27,

For all n, the return map f, is an almost parabolic map on J,_; \ J,, and
similarly for g,. Our hypothesis is that ||f, — gnllo < CA™ for all n, for some
0 <A< If zisapoint in the first fundamental domain of both f,,; and gp,,,
then by Proposition 4.1 we have

pi(x) — pj(z)] < CAmfk;’.’ < CO\"2°P

< c(\2%)" = com

where § = A\237 < 1 if ¢ is small enough.
Using this, and since |z, — ym| < CA", we see that

< CO" + [|[DYnllo[wm —ym| < CO"+A") < CO™,
because ||Dyn||o is bounded, by Lemma 4.7. Proceeding inductively, we get

pro-- 0 dn(wm) = 1o 0o Pn(ym)| < (C+C*+---+CN) 0"

< CPot < (C70)"
so making o still smaller, |vg — wy| is exponentially small as desired.
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5. COUNTEREXAMPLES TO C11t® RiGgIDITY

Our purpose now is to construct C™ counterexamples to the conjectured C'1+*
rigidity of critical circle maps. We will consider critical circle maps whose rotation

number p(f) = [ao, a1, ... ,an,-..] satisfies
) 1
limsup — loga, = oo
! (10)
n > 2 for all n,

The class of all rotation numbers satisfying (10) will be denoted by S. It can
be shown that the Hausdorff dimension of S is less than or equal to 1/2, see [6].
On the other hand, S contains Diophantine numbers: for example, the number p
whose partial quotients are a,, = 22" is Diophantine and satisfies (10).

Theorem 5.1 For every p € S there exist C°° critical circle maps f, g with
p(f) = p(g) = p such that f and g are not C**P conjugate for any 3 > 0.

The proof will make use of a C'>° surgery procedure that we explain next. These
counterexamples have one additional feature: their successive renormalizations do
converge together at an exponential rate. This will be clear from the construction.

5.1 Saddle-node surgery. Given f as above and a fixed n > 1, let J,, = J,,(f) =
[f2(c), fa=1(c)] C St be the n-th renormalization interval of f. When a,, is very
large, the first return map f, : J, — J, is an almost parabolic map of length a,,.

Let A; be the fundamental domain of this almost parabolic map which is adja-
cent to x,—1 = fi=1(c), and let A; = fi71(Ay), j < an. Let z € Ay be the point
such that fin(z) = 42 = fI*2(c), that is, z = fI»+27% I (¢). Note that since
ap > 2, Tpio is not an endpoint of f2»(A;), and so by the real bounds it splits
fin (A1) into two intervals of comparable lengths. Hence the same holds for z.
Namely, z splits A into two intervals L, R with |L| < |R|. In particular we have
T|A1| < |L] < (1 —7)|A1] (and similarly for R) for some constant 7 depending on
the real bounds; we use this fact in the proof of Proposition 5.2 below.

Consider now another critical circle map f with the same rotation number

as f, the interval J, = Ju(f), the first return map f, : J, — J,, the point
Z = fq+27%4n (&) and the corresponding intervals L, R. Also, let N = [a,/2].

Definition. The number

PRI Ao
NI ®R)

is called the n-th order discrepancy between f and f .
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Proposition 5.2 Given a C* critical circle map f with p(f) € S, consider a
function o(n) — oo such that

lim sup loga, = oo .

no(n)

Then for all n > 1, there exists a critical circle map f = F(n; f) with the same
rotation number and critical point as f and having the following properties.
(a) We have fi(c) = f7(c) for 0 < j < qnq1; in particular, J,(f) = Jn = J,(f).
(b) We have f = ® o f, where ® is a C™ diffeo such that

|®F! —idgi ||gx < By Jp |7 ™ F+1

for all k, where By, > 0 is constant depending only on k.
(c) The n-th order discrepancy between f and f is > C|J, |27,
(d) We have Jpy1(f) = Jus1(f) and fn41 = fny1; in particular, m-th order

discrepancy between f and f is equal to zero for all m > n.

Proof. We modify f inside f~!(A;) using a C* bump function so as to move z
by a distance > C|A;|*t7(™ inside A;. This we do as follows.

Let ¢ : [0,1] — [0, 1] be a C*° perturbation of the identity such that |¢(z)—z| >
A1) for all 7 < & < 1 — 7 (and 7 as above), and such that |DFp(z)| <
Bk|A1|"(") forall0 <z <landallk> 2. Define¢:A; — A by ¢p=AopoA!
where A is the affine orientation-preserving map that carries [0, 1] onto A;. Note
that |p(z) — z| > |A1|17(™), Moreover, since D*¢ = |A{|*"¥D¥*p, we have

o+ —ida, llor < BrlAy 7t 7F+

for all k. Define ¢ : A,, — A,, as the conjugate of =1 by the diffeo fan=1! .
A; — A,,, namely

b= [T rtegT o (frnTh) T (11)
Using the C™ Approximation Lemma (see Appendix A), we see from (11) that

lp** —ida,, llor1 < Cll¢™ —ida,llox < BilAy 7™+

Define ® : S1 — S! to be equal to ¢ on Ay, to ¢ on A, and to the identity
everywhere else. The critical circle map we look for is f = ® o f. Note that
|®* —idgt||or < Br|A1|7™=F+1 for all k; since |A;| < |.J,| by the real bounds,
this proves (b). It is also clear from the construction that property (a) holds too.
It follows in particular that the first n+ 1 partial quotients of the rotation number

25



of f agree with those of f. More remarkable is that, because what ¢ does is undone
by v, we have

fqn |In+1 — f(In |In+1

an+1 |In — an+1 |In

In other terms, fn = fn, the n-th renormalizations agree. Therefore all subsequent

renormalizations agree as well. This shows that p(f) = p(f) and also proves (d).
It remains to prove (c), so we estimate the n-th order discrepancy between f
and f from below. Since |z — Z| > |A{|'*7(™) a simple calculation yields

L] L]

> ClALI"™ = O T, ™) (12)
IRl R

provided n is sufficiently large. Since, by the real bounds, the map fN=1:A; —
Ay has bounded distortion, and since f,, = f,, (12) gives us

@) TN
0| VAR 9]

and this proves (¢). O

> C|Jn|2cr(n) 7

5.2 The counterexamples. We now iterate the procedure given by Proposition
5.2 to prove our Second Main Theorem (that is, Theorem 5.1). We start with a
C> map f with p(f) € S as before and select ny < ny < --- such that

1;

loga,, = oo, (13)

where o(n) is as in Proposition 5.2. Now we generate a sequence go, g1, .- . , Gi, - - -
recursively, starting with go = f, and taking, for all ¢ > 0, ¢g;+1 = F(n;+1,9i),
where F'(-,-) is as given in Proposition 5.2. Each g; is a C°° critical circle map
with p(g;) = p(f), and g;11 = ®;41 © g;, where ®;, 1 is a C*° diffeo with

+1 _ 3 ni(cr(ni)—k—{—l)
S > )
||(I)k+1 id 1||Ck < B0 (14)

for all k£, where 0 < § < 1 is a constant depending only on the real bounds. From
(14) it follows that ® = lim®; o --- o @y exists as a C*° diffeo, and therefore so
does g =limg; = ® o f as a critical circle map.

Using properties (c¢) and (d) of Proposition 5.2 for each g;, we deduce that the
n;-th order discrepancy between f and g satisfies

lgn; (L,

lgn ™ (B)

'~ (Ln,)
[far ™ (Bn,)

> O, |2 (15)
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where N; = [a,, /2], etc.

Now, let h : St — S! be the conjugacy between f and g mapping the critical
point ¢ to itself. Suppose h were C'*# for some B > 0. Then the left-hand side
of (15) would be < C’|f,]L\fi_1(A§m))|ﬁ, where A™) = L, UR,.. But by Yoccoz’s
Lemma, we have

s 1 1
AT = Sl =l (16)
Combining the above with (15) and (16), we would get the inequality

ai? 20(n;)—p < C.

In,;

But by the real bounds |J,,| > Cpu™ for all n, where 0 < p < 1. Therefore, taking
logarithms, we would have

but this clearly contradicts (13). O

APPENDIX A. COMPACTNESS OF RENORMALIZATIONS

The real a-priori bounds proved in the section 3 have produced a very important
corollary, namely, that the renormalizations of an arbitrary C® critical circle map
are uniformly bounded in the C! topology. In this appendix we will use further a-
priori estimates, this time involving the Schwarzian derivative, to prove that such
renormalizations are uniformly bounded in the C"~! topology when the critical
circle map is C". Some technical tools are necessary.

A.1 The C™-Approximation Lemma. In what follows, m > 1 will be a fixed
integer and I, J C R fixed closed intervals. We denote by C™(I) the Banach space
of C™-mappings f : I — R with the norm || f||,, = max{||D*f|lo: 0 < i < m},
where ||¢|lo = sup,er |¢(x)]. Sometimes, when we need to emphasize the domain
of f, we write || f||1,mm instead of || f||m,. We consider also the closed, convex subset
C™(1,J) C C™(I) consisting of those f’s such that f(I) C J.

Recall Leibnitz’s formula for the k-th derivative of a product of two functions,

k

AN :

DF(uv) = (_)D”uDk_Jv ,

=3}
J_

from which it is clear that

[wvllm < 2" [Jullm[0]lm (17)
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whenever u,v € C"™(I). Something similar holds for the composition of two C™
mappings. Namely, we have Faa-di-Bruno’s formula (cf. [10], p. 42)

k
D¥(fog) = Y Bjr(D'g,D%,... Dig) D"t foyg,

i=1

where each Bj is a homogeneous polynomial of degree j on j variables whose
coefficients are non-negative numbers depending only on k£ and j. It readily follows
from this formula that if ¢y € C™(I,J) and ¢ € C™(J) then

Ig 0 Pllm < Am)1$llm Y 101l (18)
k=1

where A(m) = maXi<kp<m MaXi< i<k Bj’k(l, 1, ey 1).

Another well-known fact we will need below is the following (cf. [5], Th. 3.1).
Suppose m > 1 and consider the composition operator (f,g) — f o g as a map
©:C™(J)x C™L(1,J) — C™ 1(I) . Then © is C! and its Fréchet derivative is
given by

DO(f,g) (u,v) = uog+vDfog. (19)

Note that C™(J) x C™~1(I,J) C C™(J) x C™~1(I); we consider this last product
endowed with the norm

(f,9) |1 g = max{[|f

Lemma A.1 For each M > 0, there exists ¢c(M) > 0 such that, if f1,g; € C™(.J)
and f2,92 € Cm_l(I, J) and 1f|(f1, f2)|17J7m < M and |(gl,gz)|I,J,m < M, then

lfiofa—g1og2llm-1 < C(M)\(f1—91,f2—92)\1,J,m-

| 7m0 9l 1m—1} -

Proof. By the mean value theorem,

|fiofa—g1092]lm—1 < (ZUE) |1DO(o, )| |(f1 — 91, f2 — 92)

I,Jm

where the supremum is taken over all (¢, ) in the line segment joining (f1, f2) to
(g1, g2) inside C™(J) x C™~1(I,.J), and where

IDO($, ¥)|| = sup {[[DO($, %) (u, v)|lm—1 : [(u,0)]1,5m < 1
is the operator-norm of DO(¢,1)). Using (19), and then (17) and (18), we have

1DO(¢, ) (, v)lm—1 < [Jt0 l[m—1 + [[v D 0 |1

m—1
< (lullmr + 2" Hvlm-1 | Dllm—1) Alm—=1) > |9l -
k=1
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From this, and taking into account that ||u||m—1 < ||u||m < [(w,v)|1,7m as well as
0|lm=1 < |(u,0)|1,7,m, we deduce that

m—1
DO, )| < A(m—1) (1+2" 7 [Dllm-1) D [IWlkos -
k=1

Finally, since | Dgllm-1 < [|fllm and |(¢,9)]1.1m < M, we get

-1
sup |[DO(¢, )| < A(m—1) (142 ' M) MF = ¢(M). O
(¢,9) k=1

3

Let us denote by B™ (I; M) the ball of radius M centered at the origin in C™(I).

Lemma A.2 (The C™-Approximation Lemma)
For each M > 0, there exist constants ep; > 0 and Cpy > 0 such that the following
holds for all e < epr. Let A1, Ao, ..., Ap11 be closed intervals on the line or on
the circle, and for each 1 < i <n let f;, g; € C™(A;, A;11) be such that

(a) Foralll <j<k<mn, wehave fyo fr_10---0f; € B"(Aj; M);

(b) We have S |1 — gillm < c.
Then for all k < n we have g, o gx_10---0g1 € B" 1 (Ay;2M), and moreover

k
Ifro fero 0 fi—groge—1°-0gillmet < Cur Y_Ifi = gillm -
j=1

Proof. In the notation of Lemma A.1, let us write
Cy = max{l, ¢(2M), c(2M)c(3M)}

and ey = M/Chyr. We proceed by induction on k. When k = 1, we have || f1—g1]|m
< ¢ and there is nothing to prove. Suppose the assertion is valid for all j < k, and
write

| frfr—1 fimgkgr—1"""91llm—1 <

i (20)
Z | fi- - fi+1959i-1--91 — [ fir1figi—1- - g1llm—1 -
j=1

Since |(fj, gj—10°-091)[a;,A;,;m < 2M and also [(g;, gj—1°---091)[A,,A;,m < 2M,
it follows from Lemma A.1 that

1fig5-1-+-91 — 959j—1" " g1llm—1 < c@M)||f; — gjllm
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for j = 1,...,k. In particular, by the induction hypothesis, we have for all
1<j<k-1

N figi=1---91llm=1 < |l9595-1--91llm—1 +emc(2M) < 3M .

Taking this back to (20) and applying Lemma A.1l again, we get

||fkfk—1 o f1— GrGr—1 - '91||m—1
k—1
< c2M)|| fr = gllm + c2M)e(3M) Y |1 f5 = gjllm

j=1
k
< C’M ZHfj_ngm y
j=1

and this shows also that ||grgr—1-"-91|lm—1 < M +epnCy < 2M, thereby com-
pleting the induction. [

A.2 Koebe principle revisited. We present a generalization of the classical
Koebe non-linearity principle. This principle states that if a C? diffeomorphism
has non-negative Schwarzian derivative on an open interval, then its non-linearity
on any smaller closed subinterval with space on both sides is bounded. The gener-
alized version below seems to be new. We denote by S¢ the Schwarzian derivative
of ¢.

Lemma A.3 Given positive constants B and T, there exists K; p > 0 such that
the following holds. If ¢ is a C3-diffeomorphism of an interval I O [—7,1+ 7] into
the reals and if S¢p(t) > —B for allt € I, then for all t € [0,1] we have

¢// (t)
¢'(t)

‘S B

Proof. Writingy = ¢” /¢, so that S¢p = y'— %y2, we have the differential inequality

y >-y*—B. (21)

(NN

Let 0 <ty < 1 be a point where |y(t)| attains its maximum in [0, 1] and suppose
yo = y(to) is such that |yo| > V2B = (. If 2(t) is the solution of the differential
equation corresponding to (21) with initial condition z(ty) = yo, then by a well-
known comparison theorem we must have y(t) > z(¢) for all ¢t > to and y(t) < z(t)
for all t < ty. Now, if yo > (3 then integration of the ODE leads to

(yo + B) + (yo — B)eti=to)
(yo + B) — (yo — B)efli=to) ~
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Since this solution explodes at time

1 yo+ﬂ>
ti =1ty + =1o ( ,
TR ROy =

so does y(t). Hence t1 ¢ I, i.e. t; — tp > 7, which gives us

" BT 1
Z/((tt;))) =yo<p eﬂ ha

ePr —1°
If instead yg < —(, then we get

(B+yo) — (B — yo)eltto)
(B +yo) + (B — yo)ePlt—to) ’

and arguing as before for ¢ < ¢( gives us

2(t) =B

12 t 6,87' + 1
¢/(0) R L
QS (t()) G'BT -1
Therefore the lemma is proved if we take
BT
e’T +1
K: B _ﬂeﬂT—l .0

Remark. As B — 0, K; p — 2/7 and we recover the classical Koebe principle.

A.3 Bounding the C? norms. As before, let f € Crit"(S!), r > 3, be a critical
circle map with critical point ¢ of power-law p > 1. Conjugating f by a suitable
C"-diffeomorphism, we may assume that there exists a neighborhood U C R/Z of
¢ such that

flx) = (@)~ +a

for all z € U, where a is a constant. This will be our standing hypothesis on f,
and we will sometimes say that f is a canonical circle map. Note in this case that
for all z € U\ {c}, the Schwarzian derivative of f equals

Sfa) = — 2L (22)

2(x — )2
We are interested in the maps fo-1=1: [l — [I*~* and fo&~L: 1! | — I,
for a fixed n > 1. They extend as diffeomorphisms to maximal open intervals
I 2 Il and J;L': L D I} respectively. When linearly rescaled to unit size, these
diffeomorphisms are called the coefficients of the n-th renormalization of f.
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Let us be more precise. Consider the n-th renormalization of f, namely the
commuting pair f,, : [A, 1] = R defined in section 3. We write J,, ; = f*~*(J ;)
foreach 1 <i<q=¢q,_1 and J:’j = fj_l(J;r,l) foreach 1 < j7 <@ = ¢,. We also
write J; o = f~1(J, ;) and J g = fTH(JF)). Foreach 0 < j < Q,let Aj:R — R/Z
be the affine (orientation-preserving) covering map such that A;([0,1]) = I . Let
A, be the component of Al_l(Jn_,l) that contains the interval [A,,0], and let A}
be the component of Al_l(J;r,l) that contains the interval [0,1]. Then define

Fro=A [ A A, 5 R

FF=A'f 1A :AF =R

These are the n-th renormalization coefficients of f. Consider also the so-called
folding factors of f,,, namely the maps

on =AT fAg: Agl(J,;O) — R

@izAl_lon:Aal(JJO)%R

Each of these maps is a homeomorphism with a unique critical point at zero. One
verifies at once that the maps F = F oy, and F,” = F ol are C" extensions
of £ and f,I, respectively.

It will be useful to express the coefficients F* as long compositions of rescaled
diffeomorphisms in the following way. We will give the explicit decomposition for
F. A similar decomposition can be worked out for F,,;. Let us denote by A:{, j

the component of Aj_l(J;: j) containing the unit interval. Note in particular that
At = A;:,r For each j in the range 0 < j < Q — 1, let

fi = Aj_-l}l fA;: A;t,j - Ajz_,j-i-l .

We call such maps the elementary factors of F;f. Each f; is a C" diffeomorphism
such that f;([0,1]) = [0,1] (see Figure 5). We have of course ¢} = fo, but more
importantly

Fi = (AgtoAg)o(fg-1o---ofjo--fi) . (23)
We note also that for all ¢ € A:{,j

Sfi(t) = Sf(A;(1) [DA;(O] = SF (A1) [T, (24)
by the chain rule for the Schwarzian derivative.
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Notation. Given J = [a,b] C R and 7 > 0, we denote by J” the interval [c,d] D J
such that (a —¢)/(b—a) = (d —b)/(b—a) = 7. Note that J has space equal to T
inside J7.

R/Z

+
An,j

Figure 5. The elementary factors of F, .

Theorem A.4 (The C? bounds)
Let f € Crit®(S) be a critical circle map with arbitrary irrational rotation num-
ber, let f, : [\n,1] — R be the n-th renorma]jzation of f, and let Ff : Af - R
be the coefficients of f,. Also, let f; : i A:JH be the elementary factors
of F;f. There exist positive constants B and T depending only on the real bounds
for f such that the following statements hold for all n > 1.

(a) We have A, D [\,,0]" and A D [0,1]" =[-7,1+ 7]

(b) For all 0 < j < Q, we have A:’j D [0,1].

(c) We have |SF, (t)| < B for allt € A;; and |SF;F(t)]

(d) More generally, for all 1 < j < k < Q, we have |S(f

allt € ATJ{, i

(e) The C? norms of the restrictions F |[An,0]7/? and F.F|[0,1]7/? are bounded
by B.

(f) More generally, for all 1 < j < k < @Q, the C? norm of the restriction of
fro---of; to the interval f;_q 0---o f1(]0, 1]7/2) is bounded by B.

(9) The C? norms of f; and f;I are bounded by B.

< B for allt € A},
k © 'ij)(t)| < B for
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Moreover, if n is sufficiently large then both coefficients have negative Schwarzian
derivatives at all points of their respective domains.

The proof will use the following lemma concerning the dynamical partitions P,,.
Let us denote by d(c,I) the distance between an interval I C S and the critical
point c. For each n > 1, let

Sn= 2 <d(|cl,|r>>2' (25)

Iepn\{InflaIn}

Lemma A.5 The sequence S, is bounded (by a constant depending only on f).

Proof. Recall that P,, 4o is a strict refinement of P,. From the real bounds, we
know that there exists a constant 0 < A < 1 depending only on f such that, if T
is in Py, and J C I is in P42, then [J| < A|I]. Hence

S WP < (ma 11) 1)< P
IDJEPn 42
IDJEPp42
Since we also have d(c, J) > d(c,I) whenever J C I, it follows that

Swre S ASwt ) <al<|cj,|J>>2+ 2 <%>

Pn+29JgIn—1\In+1 Pn+29JgIn\In+2

2 2
I, I,
< as,ea () A (el )
|In+1| |In+2|
From this and the facts that |I,,_1| < |I41] and |I,| < |I42| , we get Spp2 <
AS,, + p, where p is a constant depending only on f. But then, by induction,

Son, < )\n_152+$ y Sont1r < A"S1+

_B
1—x"7

and therefore S,, is bounded as claimed. O

Proof of Theorem A.J. 1t is enough to prove this theorem under the assumption
that f is canonical. The existence of 7 > 0 such that (a) and (b) hold is a
consequence of the real bounds. Hence we proceed to prove (c) for F,I, the proof
for F,  being completely similar. Making 7 smaller if necessary and using the
classical Koebe non-linearity principle, we can assume that there exists C' > 0
depending only on the real bounds for f such that

ID(f;--- fO@O)] <C, (26)
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forallt € [-r,14+7]andall j=1,...,Q — 1.

Let ¥V C S! be an open set whose closure does not contain ¢ and such that
UUY = St Also, let M = sup,ey, |Sf(z)]. We assume that n is so large that
the largest interval in P, has length smaller than the Lebesgue number of the
covering {U,V}. Together with (23) and (24), iterated use of the chain rule for
the Schwarzian yields

SFYX(t) = S(foo1---fi f1)(b)
Q-1
= XS AO) DU I OF

Q-1
= 3 ST T SO T DUy O

We split this last sum into ¥ (t) + Xo(t), where X1 (¢) is the sum over all j’s such

that I7_, C U and y(t) is the sum over the remaining terms (i.e. those with

I?_, C V). Then we have on one hand

Yo(t) < C2M i 12 < o2 I
Xa(t)] < C Z 1 7 < C°M lggnsag_llfn_ll (27)
r_ cy

On the other hand, since d(c, JT ) < d(c,I7_,) for all j, we have by (22)

'Y n,jg yin—1

2 |1yl
Zi(t)] < C Z ldle, I <C'S, , (28)
»nj

I, cu

where C' is another constant depending only on f and S, is given by (25). From
(27) and (28) it follows that |SF;(¢)| is uniformly bounded, and this proves (c).
Moreover, since by (27) X2(t) goes to zero with n while 34(¢) is always negative
and bounded away from zero, we deduce that SF;F(t) < 0 for all n sufficiently
large. The proof of (d) is entirely analogous.

To prove (e), let By be the upper-bound that we have just obtained for [SF,F|.
Applying Lemma A.3 to F;, we get for all ¢ € [0,1]7/2

‘ D2FF(t)

< Krypo s
D}“,?f(t)‘ = “70.Bo

where 15 = 7/2(1 +7) is the space of [0,1]7/2 inside [0, 1]7. Therefore ||[D2F}||y <
K., B lIDFF|lo < CK4, By, by (26) above. This shows that the C? norm of F,I is
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bounded as claimed. A similar argument proves (f). Finally, (¢g) follows from (e)
and the fact that the folding factors ¢ are linear blow-ups of a fixed power-law
map. The theorem is therefore proved if we take B to be the largest of all the
upper-bounds obtained in the argument. [

Remark. We can go a bit further in (e), (f) and (g) and bound also the C® norms.
For this purpose, it suffices to note for instance that

D*F(t) = DFL(t) (m(mg {%] ) |

and then use (¢) and (e). However, this argument does not generalize to get bounds
for higher derivatives. Our bootstrap argument in the next section will follow a
different route, based on the C™ Approximation Lemma.

A.4 Bounding the C"~! norms. We will show that the sequence of renormal-
izations of a C" critical circle map is bounded in the C"~! sense. The limits fall
into (a compact subset of) a special family of analytic critical commuting pairs
known as the Epstein class. Moreover, we will prove that such limits are attained
at an exponential rate in the C"~! topology. The rate of convergence turns out to
depend only on the rotation number of the given critical circle map.

An FEpstein map is a homeomorphism ¢ : I — J between closed intervals
on the real line such that ¢~! is the restriction of an analytic univalent map
®: C(J') = C(I"), where I' O I and J' O J are open intervals. Here we use the
notation C(A) = (C\ R) UA. For example, every fractional linear transformation
in PSLy(R) is an Epstein map when restricted to an interval on the line which
does not contain any of its poles. Further examples include polynomial or rational
diffeomorphisms with real coefficients.

Definition. A commuting pair f is said to be an Epstein commuting pair if f+ =
ptoQ and f~ = ¢~ oQ, where ¢, p~ are Epstein maps and ) is the power-law
map x — zP (for some p > 1).

Theorem A.6 Let r > 3 and let f be a C" critical circle map with arbitrary
irrational rotation number. Then the sequence of renormalizations {R™(f)} is
bounded in the C"~! metric and converges C"~' exponentially fast to the Epstein
class.

The idea behind the proof of Theorem A.6 is quite simple. In the long com-
position defining the n-th renormalization of a critical circle map, we replace the
factors away from the critical point by suitable fractional linear approximations,
which are all Epstein maps. The factors which are close to the critical point are
already Epstein because the map is assumed to be a power-law there. Therefore
the entire new composition is an Epstein map. The Moebius approximations have
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to be carefully chosen, however, so that the total error involved, estimated with
the help of the C™ Approximation Lemma, be exponentially small in n (the step
of renormalization). We now present the technical result which is needed.

Lemma A.7 Given r > 3 and an orientation preserving C"-diffeomorphism ¢ :
I — R of a closed interval I onto its image, there exist constants £4 > 0 and K4 > 0
with the following property. For each closed interval A C I of length |A| < £y,
there exists a fractional linear transformation Ta € PSLy(R) with Ta(A) = ¢(A)
such that,

(a) supyen |DF¢(z) — D*TA(z)| < Ky|APP7F for k=0,1,2.

(b) supyen |DFTA(z)| < Ky forall1 <k <r.

Proof. Let £4 be the constant

soll

Take any closed interval A C I with [A] < /4, and let 2 be the left endpoint of
A. Let T be the unique fractional linear transformation with the same 2-jet as ¢
at xg. Thus, if T'(z) = (a(x — zo) + b)/(c(z — xo) + d) with ad — bc = 1, then the
coefficients are uniquely determined by the conditions

by = min{l, inf
zel

b

T(z) = = = Blao) |
1

T'(a0) = 5 = ¢/(a0) | (29)
—2c

T"(x0) = —5 = ¢"(20)

Moreover, for all £ > 1,
i B (—1)k+1Elck—1
DT (xz) = T (30)

[e(x — @) + d]
Since |z — zo| < |A] < Ly < |’ (x0)|/|¢" (x0)| = |d|/2]c| for all z € A, we have
1 3
§|d| < le(z —wo) +d| < §|d| (31)

for each such z. Combining (30) with the lower bound in (31), we get

PRl ARl (o)
]+ @ o)l

|D*T(z)] <

37



for all x € A and all £ > 1, and consequently
Ak!¢" (z)|* "
DT < Cy = e 32
sup IPT(e)] < Co = s s {4770 &

when 1 < k < r. In particular, from
D2p(x) — D*T(x) = / D3¢(t) di — / D3T(1) d |
o Zo

we deduce that

24¢" (o) |*

|D2¢(x) — D*T(x)| < [|ID*¢llo |z — ol + & (20)|

|z — xo
< (ID%¢llo + Co) 1A],
for all x € A. Integrating this inequality twice, using (29), we get

sug ‘Dkqb(a:) - DkT(ZE)‘ < CAPTF, (33)
TE

for k =0,1,2, where C; = Cy + || D36||o-
Looking at (32) and (33), we see that T is almost what we want, but not quite
because in general it does not map A onto ¢(A). To correct this flaw, we replace

T by Tao = AoT, where A is the unique affine, orientation-preserving map that
carries T(A) onto ¢(A). We have

A(t) —t = {||i¢;((i))|| — 1} (t —T(xp)) , (34)

for all t € T(A), because ¢(xg) = T'(zg). Let p = [p(A)|/|T(A)|. Since by (33) we
have ||p(A)| — |T(A)|| < 2C1|A[3, and since by the upper-bound in (31) we have

T(A)] . 1 4 4.,
> f > = =
AN mlgA [c(x —xo) +d]? — 9d? 9 ¢ (o) ,
it follows that o
1 2
p—1 < 5= |A
=1 gy 1A
Thus we see that, for all ¢ € T'(I),
9C
|A'(t) = 1] = |p— ! A2 = Co|AP?,

1] < -
S e P )
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On the other hand, since |T(A)| < [[Dg¢||o|A| + 2C1|AJ3, and since |A| < 1, it
follows from (34) that

|A(t) —t| < Ca (IIDgllo +2C1) |AP = C3]A]P.
Therefore
|6(x) = Talz)] < [p(x) = T(x)| + |T(z) — A(T(x))] < (Ci+Cs)|A[P, (35)

and moreover, using the fact that D*Ta(z) = uD*T(x) for all k,

IN

|D*¢(x) = D*Ta(2)| < |D*¢(x) — D*T(x)| + | — 1| [D*T ()]
C1|AP™F + CoCy| A2 (36)

< (C1 4 CoCy) |A|3_k )

IN

for all x € A and k£ = 1,2. Finally, for all £ > 1 we have
ID*Ta(z)| < (14 Co|A]?) |DFT(z)] < (1+C2)Co . (37)

Part (a) now follows from (35) and (36), while part (b) follows from (37), provided
we take K¢ = max{C’l + 03, Cl + C()Cz, (1 + 02)00} O

Proof of Theorem A.6. We now expand the outline given above and present a
complete proof of Theorem A.6. In the proof, we will denote by Cy, Cy, ... positive
constants depending only on the real bounds for f. As before, we may assume from
the start that f is canonical, and accordingly we consider the covering {U, V} of St
defined in the proof of Theorem A.4. Since the folding factors of f,, are power-law
maps, and therefore already Epstein, it suffices to prove that the coefficients of f,
can be approximated by Epstein maps, up to an error exponentially small in n in
the C"~! topology. We will do this for .7, the proof for F,, being the same.

As in the previous section, let f; : A:{,j — A;'L"jH, 1 <7< @Q-—1, be the
elementary factors of FI. For each 1 < j < @ we define

A;j = fi_10--0fs0fi ([0, 1]T/4) C A,

where 7 is the constant of Theorem A.4. Note that f;(A;) = Ajyq. Let A} =
A;(A;), and observe also that I | C Al C J;:j.

We introduce individual Epstein approximations g; to each f;. There are two
cases to consider. It may happen that A;- C U, in which case we simply take
g; = fj- Otherwise, we have A’ C V. In this case, we let T : A7 — A%, be the

J+1
Moebius approximation to f|A’ that we get applying Lemma A.7 to the restriction

of f to V, and then take g; = Aj_jl oTjoAj. Note that g;(A;) = Ajqg.
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Cramv 1. We have ||f; — gjllr < ColIZ_,|? for all j.

This is obvious when IZ_, C Y. When I’_, C V, we have |IZ_,| < |[I’1]],
because the derivative of f on V is bounded away from zero, and we also have
|A%L| < |I,_|. Moreover, for all 1 <s <r and all z € Ay,

Lol

D*fj(x) — D°gj(z) = Veaay

(D*f(Aj(2)) = D°T;(Aj(x))) -

Therefore the claim follows from Lemma A.7 (treat the cases s = 1,2 separately).
Now, recall from Theorem A.4 that forall 1 < j <k < Q — 1 we have

[feo---ofilla<B.
CrLAM 2. Ifn is sufficiently large then for all 1 < j <k < Q — 1 we have

Ifwo---ofi=gro--ogilh < C1 max I 4| (38)

Take ng so large that C max| no— 1| < ep, where ep is the constant given by
Lemma A.2 when we take M = B. Then from Claim 1 and (38), the hypotheses
of Lemma A.2 are satisfied, and we get for all n > ng

IN

|fro---ofj—gro---ogjlh

k k
Cp Y _|lfi—gilla < CoCrY I} _4|?
i=j i=j

(2
< CoCp max I, 4 ,
where Cp is the constant of Lemma A.2 for M = B. This proves the claim.

In order to bootstrap these C! estimates up to C™~! estimates, we apply the
C™ Approximation Lemma once more, this time reversing the roles of f; and g;,
and with m = r. Thus, we need to verify the hypotheses of that lemma in this
new situation.

CLAIM 3. Forall1 <j <k <Q—1, we have ||gio---ogj|l, < Cs.

For brevity, write G, = g o---0g;. Then Gj_k1 is univalent on C(Ajy ), where
Ajj is an interval containing G (A;) with definite space on both sides, by our
choice of 7. Using Koebe’s one-quarter theorem, it is not difficult to see that the
domain Qj, = Gj_kl((C(Ajk)) contains a rectangle W; = A% x [, ], and that
d(OW;,08;1) > v where «, # and v are positive constants depending only on 7
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and the real bounds for f. Hence, from the complex Koebe’s distortion theorem,

we get,

G;k(w)
for all z,w € W;. This together with the mean-value theorem gives us |G’ (2)| <
Cy, and therefore also |G (2)| < Cs, for all z € W;. Now we use Cauchy’s integral

formula to bound all higher derivatives of Gj;. We have for all z € A; and all
s>1

2
< exp{;diam(Wj)} < Cjy,

B Gi(2) Css! el
peue) = 5| [ ] < SR 0w
where 6; = infyen, d(z,0W;) = min{a|A;|,8} > 6 = min{a,b}. Therefore
|D*Gji, ()] < Cgs!6—*~1. This shows that |G, is bounded as claimed.

From Claims 1 and 3, the hypotheses of Lemma A.2 are therefore satisfied, and
we have

k k
Ifxo---ofi—gro--ogil— < Co, > Ifi—gill: < CoCo, Y I
=7 =7

< Gole, max |1, 4|,

this time for all n large enough so that Comax |I? _,| < e¢,, where Cg, and e¢, are

the constants of Lemma A.2 for M = C5. Since max |I_, | decreases exponentially
with n, we are done. [

APPENDIX B. ProOOF OF Yoccoz’s LEMMA

The main geometric idea behind the proof of Yoccoz’s Lemma is to use the
negative Schwarzian property of f to squeeze the graph of f between the graphs of
two Moebius transformations. The required estimate for f will then follow from
the corresponding estimate for Moebius transformations, which we now state and
prove.

Consider the fractional linear transformation T'(x) = z/(1+x), and given € > 0,
let To(x) = T'(z) —e. We are interested in certain quantitative aspects of the orbit
xy, =TI (x0) for zp = 1. Observe that this sequence is strictly decreasing.

Lemma B.1 Let N > 0 be such that xnxy1 < 0 < xxn. Then we have N < 1/\/e
and moreover x,, — T,1 < 1/n? forn=0,1,... ,N.

Proof. Writing d,, = T™(z¢) — T2 (xo), we have
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foralln=1,2,... , N+ 1. We claim that

% < 0, < ne. (40)

The last inequality is clear. To prove the first, we note from (39) that

2
n

Op > Op—1 -

_6+<n+1> 1

By induction, this gives us

£ e nn+1)2n+1) ne
> —— (12422 +...4n?) = > —
= (n+1)2( T2 (n+1)2 6 =6

n

which proves the claim. Now, from the fact that znx11 < 0 < zx we have the
inequalities

VP SN N
N N +1 ) N+1 Z N + 2
Then, using (40), we get
1 6
<e < —, 41
(N+1)(N+2) — N(N +1) (41)
which proves the first assertion.
Next, note that since [zn41,zn] C [T-(0),T-4(0)] = [—¢,¢/(1 —€)], we have
€ <IN —TN4+1 < 3¢ (42)

Hence, by (41), we get znx — xnx41 < 1/N? and the second assertion is proved
when n = N. To prove it in general using this information, observe that

Tp—1 — Tn Tp—1 —Tnp

I T A e ) (4 #) (14 L0, )1+ 27 — 60)

implies
n
Tp — Tp+41 2 n+2 («Tn—l _ajn) .
By induction, this gives on one hand
2 1

Ty — xn—i—l Z

)(370—351) > (

(n+1)(n+2 n+1)(n+2)’
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and on the other hand, using (41) and (42),

N
Ty — Tpy1 < (SEN—SEN~|—1) H n+j ) < (n+1)(n+2).

- <n+j+2 54
7=1

This proves the second assertion in all cases. [

Now recall that f: Ay UAy U---UA, — R satisfies f(A;) = A1 for all j.
Without loss of generality, we can assume that f(z) < x for all z. Thus, if we
call o the right endpoint of Ay and write x; = f7(zp), we have A; = [z, 7;-1]
for all 5. Since our map f is a negative-Schwarzian diffeomorphism, there exists a
unique z in the domain of f such that e = |f(z) — z| < |f(x) — z| for all z. Since
the statement we want to prove is invariant under affine changes of coordinates,
we may assume also that z = 0 and zo = 1. In this setting, we want to prove that
|Aj| < 1/42 for all j such that A; C [0,1]. Note that f'(0) = 1.

Next, let A be the Moebius transformation on the line such that A(xg) = f(z0)
and A(0) = f(0) and A’(0) = f'(0) = 1. This determines A uniquely, and in fact

T

Alz) = 1+)\x_€’

for some A > 0. Since Sf < 0, we see that A(z) < f(z) for all z € [0, 1].
Likewise, let B be the Moebius transformation such that B(x,) = f(z,), B(0) =
f(0) and B’(0) = f’(0) = 1. This determines B uniquely, and in fact

T
B(z) = 1+M37_6

for some p > 0. This time, since z, < 0 and Sf < 0, we have f(z) < B(z) for all
z € [0,1]. In particular, A > p. It is easy to see that A\/u < ¢,, where ¢, depends
only on the constant ¢ in the statement.

Lemma B.2 Let x € [0,1] and k > 0 be such that A(x) < B¥(z). Then k <
L4+ A/ p.

Proof. By induction we have

Bfz) < ————— —¢.
(z) < 1+ (k—1)px ¢
Therefore A(z) < B*(x) implies (k — 1)pz < Az. O

Now, let us write a,, = A™(x¢) and (3, = B(z). By Lemma B.2, the number
of 3;’s inside each interval of the form [ap41, o] is bounded independently of n.
Moreover, since a,, < z, < 3, for all n, the number of x;’s inside each [, 11, @y
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is also bounded independently of n. To prove that |A;| < 1/j2, we proceed as
follows. Let £ > 0 be such that 3yy1 < z; < B¢ < ;1. Then Lemma B.2 says
that £ < C'j, and we have also

1Bes1 — Bel < |B(wj—1) —xj_1| < |zj —zj_q] .

Since by Lemma B.1 we have

1

|Bes1 — Be] = 7

S 1
iy Cj2 )
it follows that |A;| = |z; — zj_1] > 1/Cj>.

To prove an inequality in the opposite direction, let m be the largest integer
such that o, > zj_;. Then, again by Lemma B.2, we have j < Cm. Since
A(z) < f(z) < z for all z, we also have A; C [ayy42, ). Using Lemma B.1 once
more, we deduce that

C C
|Aj|<W§j_2'

This completes the proof of Yoccoz’s Lemma. [
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