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Abstract.

It will be shown that the smooth conjugacy class of an S—unimodal map which does not
have a periodic attractor neither a Cantor attractor is determined by the multipliers of the
periodic orbits. This generalizes a result by M.Shub and D.Sullivan for smooth expanding
maps of the circle.
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1. Introduction

Let f and g be topologically equivalent smooth interval maps. That means, there is a
homeomorphism h such that ho f = go h. We will say that f and g have the same
multipliers if for every periodic point x with period n

Dg" (h(z)) = Df" (x).
Let U be the set of unimodal maps f : [—1,1] — [—1, 1] of the form

f = ¢ O (t,
where ¢ : [—1,1] — [—1,1] is an orientation preserving C* diffeomorphism with negative
Schwarzian derivative and ¢; : [—1,1] — [—1, 1] a canonical folding map

qi(x) = =2t|z|*+ 2t — 1

for some t € [0,1] and « > 1. The number « is called the critical exponent of f. The maps
in U are often called S—unimodal maps.

It has been shown in [BL], [Ma] that for every map f € U there exists a unique closed
invariant set Ay C [—1,1] such that

for almost every = € [—1, 1] (in Lebesgue sense). Here w(z) denotes the limit set of z. This
set Ay is the attractor of f as defined by Milnor [Mi].

There are three possibilities: the attractor is a periodic orbit, or it is a Cantor set, or it is
the orbit of a periodic interval. This work will concentrate on maps whose attractor is of
the third type.

Uy = {f € U] the topological dimension of As # 0}.

THEOREM. Let f,g € Uy be conjugated by a homeomorphism h. If f and g have the same
multipliers then they belong to the same C? conjugacy class, that is, h: Ay — A, is a C?
diffeomorphism.

This Theorem is generalization of a result obtained by M.Shub and D.Sullivan. They
proved that two smooth expanding circle maps with the same multipliers are smoothly
conjugated [SS]. In [L1] it has been shown that C? unimodal maps with Fibonnaci combi-
natorics and with the same multipliers are C! conjugated. The proof of the Theorem will
be by joining the methods in [SS] and [Ma).

For S—unimodal maps with critical exponent o = 2 it has been proved in [L2] that a
Cantor attractor only appears for infinitely renormalizable maps (see also [LM]). Hence
for such unimodal maps the multipliers of the periodic orbits form a complete smooth
invariant whenever the map does not have a periodic attractor and only finitely many
renormalization. In [BKNS] examples have been constructed of non-renormalizable uni-
modal maps, with high critical exponent, exhibiting Cantor attractors. A characterization
of the smooth conjugacy classes of such maps is not known.
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CONJECTURE. Let f,g € U be unimodal maps which do not have periodic attractors
neither Cantor attractors. If f and g are C", r > 2, and have the same multipliers then
they are conjugated by a C" diffeomorphism.

In the context of unimodal maps which have a quadratic-like extension, the method pre-
sented here will prove that having the same multipliers implies that the conjugation is even
real analytic. The proof of Lemma 2.6 and 3.3 will have to be changed slightly by using
the Koebe-Lemma for univalent maps.

An appendix is added in which some basic notions are defined.
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2. Markov-Maps

In section 3. the conjugacy problem between unimodal maps will be reduced to the con-
jugacy problem between Markov-maps. Before we define Markov-maps we will discuss
the Banach space Diff", ([—1,1]), r > 2, consisting of C" orientation preserving diffeomor-
phisms of [—1,1]. The Banach space structure is obtained by the following identification.
Let 7 : Diff, ([-1,1]) — C"~2([—1, 1]) defined by

ng = DInDe¢.

This bijection n is called the non-linearity. The usual Banach space structure on
C"%([-1,1]) can be pulled back onto Diff", ([—1,1]). In particular

(@l = > 1ID"ng]lo,

k<r—2

where ||.||o denotes the C” norm on the space of continuous functions.
Furthermore, if f : T — f(T) is an orientation preserving diffeomorphism defined on the

interval T" then
[f|T] € Diff!, ([-1,1])

denotes the orientation preserving diffeomorphism obtained by rescaling range and domain
of f.

DEFINITION 2.1. A map F : |JM; — [—1,1] where {M;|i € N} is a countable collection
of closed nondegenerate oriented subintervals in [—1, 1] with the property

sl =o,
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is called a C" Markov-map, r > 3, if

1) F: M; — [—1,1] is an orientation preserving diffeomorphism for every i € N.

2) There exists a > 0 such that for every i € N there exists an interval [-1,1] D T; D
M; and an extension F : T; — [—=1 — a,1+a] of F : M; — [—1,1] which is a C"
diffeomorphism with negative Schwarzian derivative.

3) There exists K < 0 such that |[(F|M;)™ ]|, < K for every M.

Observe, that the maps F'|M; can be orientation reversing when the usual orientation on
M; is used.

Let H be a homeomorphism conjugating the C" Markov-maps F' and G. The conjugacy
H preserves the multipliers iff for every periodic point z of F' with period n

DG™(H(z)) = DF"(z).

Observe that in general there are many conjugating homeomorphisms between two given
Markov-maps. This is the reason why the above definition differs from the one concerning
unimodal maps.

PROPOSITION 2.2. Every conjugation between Markov-maps F' and G which preserves
the multipliers is Lipschitz. In particular, such a conjugation is absolutely continuous with
respect to the Lebesgue measure.

ProrosITION 2.3. For every C" Markov-map, r > 3, there is a C" diffeomorphism H :
[—1,1] — [—1,1] such that
Fo=H 'oFoH

is a C" Markov-map which preserves the Lebesgue measure.

The proofs needs some preparation. Let ¥ be the one-sided symbol sequence over the
alphabet N. Take w € ¥ and consider the finite word w,, consisting of only the first n
symbols of w. There is an unique interval I7? C [—1, 1] such that

1) F™: I — [-1,1] is a diffeomorphism.

2) FI(I7) C My(n—j for j=0,1,--- ,n—1.

The map F™ : I} — [—1,1] is called the branch of F™ with the combinatorics w,. The
collection of intervals {I7|w € ¥} is denoted by Z™. For every w € ¥ and n > 0 let
Yw,ns Pwn € Diff ([—1,1]) be defined by

Yuwn = [(F"I5) "]
and
st,n = [(F|IZ+1)_1]-
Observe that
ww,n+1 - ¢w,n © ww,n-

LEMMA 2.4. The collections Z™ have the following properties.
1) |[-1,1]\U,, 1] = 0 for each n > 0.
2) For every I € I™ there exists a unique interval T" and a unique J € I"~1 such that
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- I CT) CJ and
- F": T — [-1—a,1+ a] is a diffeomorphism.
3) There is a 6 < 1 and C' > 0 such that

1l FUD e
|Mw(n)|, |Mw(n—1)| -

In particular, the distortion of F™|I}} (and ., ) is uniformly bounded (the bound K is
independent of w € ¥ and n > 0). Moreover, F' is ergodic.

PRrROOF: Statement 1) and 2) follow directly from the definition of Markov-maps. State-
ment 3) and the distortion statement is then a direct consequence of the Koebe-Lemma
(see the Appendix). To prove the ergodicity we have to show that any given invariant set
X with positive Lebesgue measure has full measure. Let D C [—1,1] be the biggest set on
which each F™ is defined. This set D has full measure. Take a density point of X with
z € XN D. Then for each n > 0 there is I}, with z € I . Observe
n n n
FLUNX] AT\ X
LA Sabs [F(Ip)] Sessel I ]

Here we used that the distortion of F*|I}} is uniformly bounded by K. The intervals I3,
shrink down to the density point z of X, the last limit has to equal zero. We proved that
X has full measure. B (Lemma 2.4)

As a consequence of Lemma 2.4 we see that the derivatives of 1, ,, are uniformly bounded
by K. In particular, we can define for each n > 0 the density

pula) =5+ S IDiun(a)]- I3

Inezn

These densities are, because of Lemma 2.4, uniformly bounded and uniformly away from
zero. Moreover, observe that p, is the density of p,, = F*(3)), where F, be the Perron-
Frobenius operator and A is the Lebesgue measure on [—1,1]. Let p be a probability

measure on [—1, 1] which is a weak limit of the sequence

1 n—1
n ;M-

This measure p is an invariant measure for F'. The next Lemma will imply that p is abso-
lutely continuous. The ergodicity of F' implies that there is only one absolutely continuous
invariant measure: the above sequence of measures is actually convergent.

LEMMA 2.5. There is a continuos function k : [0,2) — [1,00) with k(0) = 1 such that for
every interval T C [—1,1] and every measurable A C T
LAl )

KD 7] < iy < FITD

Al
T
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PrOOF: The Koebe-Lemma (see Appendix) implies the existence of a continuous function
k :10,2] — [1,00) with k(0) = 1, such that for every interval 7' C [—1,1], I} € I™ and
x,y € IT with F"(z), F™(y) € T

1 DF™(x)
B(T]) = DE(y) = FITD-
Hence
T < ot <)

E(T1) = Dtpw n(y)

for every x,y € T.
It is enough to prove the Lemma when the set A C T' is an interval. Let A C T' C [—1,1]
be intervals. Then there exist for every I} points a, , € A and ¢y, € T such that

fin(A) o ZI{;@ITL | Dty (G, | @
pin(T) ZI{})eIn | Dtpay (L )| |T|

Using the above distortion estimate we get

< Fn(A)

L 14
E(T]) T ™ pn(T)

14
T

< k(|T))

This bound is independent of n. Hence it will also hold for any weak limit p of % Z?:_Ol [
The Lemma is proved. I (Lemma 2.5)

LEMMA 2.6. The sequence v, , € Diff ([~1,1]) is a Cauchy sequence for every w € 3.
Let vy, = lim1),, ,,. The function ¥ : ¥ — Diff’, ([—1,1]) with

V(w) =

1S continuous.

PROOF: Let w € ¥ and n > 0. Remember that ¢, , € Diff’, ([—1,1]) was constructed
such that

ww,n—{—l = ¢w,n © ww,n-

Observe that
bwn = [(FIR) ™ = [(F|My i) " HEET].

Hence, as an immediate consequence of Lemma 2.4(3) and definition 2.1(3) we get a uniform
C >0and d <1 with
|¢w,n|r S C(Sn

CLAIM. There exists K > 0 such that

|ww,n+1 - 7vbw,n

r S K|¢w,n|r-
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ProoOF: For every k£ > 0 there exists polynomials Pf : RFt1 5 R, j < k such that for
every pair ¢, € Diff’, ([—1, 1]) we have

k
D*(ng (4 () Dip(x)) = ZDjn¢(1/)(w)) - PF(Dy(), D*(x), -+, DE 1y (x)),

for every x € [—1,1]. Using this formula we will inductively prove the Claim. By the chain
rule and the definition

r—2

r — |(77¢wn o ww,n : D¢w,n)|r—2 = Z |DJ (77¢u;,n o ’ll}w,n ' wa,n)|0-

=0

|¢w,n~|—1 - ’ll)w,n

First we will prove the Claim for » = 2. Observe

W}w,n—l—l - wwm|2 = |77¢>w,n o 'll}w,n : wa,n|0
S K|n¢w,n|0'

We used Lemma 2.4: the maps 1, , have uniformly bounded derivative.

Assume the Claim is proved for » > 2 (to do the induction step we have to assume that
the Markov-map is at least C"T1). The induction assumption implies that the sequence
Y ,n is a Cauchy sequence: 1, ,, — 1, € Diff’, ([—1,1]). In particular

DFapyy p — DFpuy, ke <7

in the C° topology. Now use this convergence and above the expression for derivatives
D¥(ny(¢p(z))Dep(x)) to get a bound

D=2 (5 (4 (2)) Dipy () < K Z 1D*ng 0 = K|bw,nlrt1-

s<(r+1)—2
The constant K depends on the coefficients of the polynomials PJ.(TH)_2 and the norms of
the derivatives of 1y, n. I (Claim)

The main consequence of the Claim is that every sequence 1, , is a Cauchy sequence in
the C" topology. Moreover, the constants obtained in the induction steps depend only
on the initial distortion bound obtained from Lemma 2.4 and the exponential decay of
| n|r, which is also uniform. In particular, there is a uniform constant K > 0 such that
for every pair w’, w € ¥ with w], = w,, for some n > 0 we have

|7,wa - 7vbw|1" S K"

The function ¥V is continuous.
I (Lemma 2.6)



The Borel o—algebra on Y is generated by the cylinders:

[wln = {v € Elo(j) = w(j),j < n}.

The collection of cylinders is denoted by C. Define the function v : C — [0, 1] by

v([wln) = p(ly)-

LEMMA 2.7. The function v extends to a measure on the Borel oc—algebra of X..

PRrOOF: Observe [w], = |J,[wni®]n+1. To prove that v can be extended to a Borel
measure it is enough to show that v([w],) = D, ¥([wni*]n41). The measure p is invariant
under F'. Hence

v([wla) = w(I}) = W(F~H(I}})) = M(U Iy ri) Zu (Tfie) = Z v([wni™]n1)-

B (Lemma 2.7)
Because U : ¥ — Diff", ([—1,1]) is continuous the function p : [-1,1] — (0, 00) defined by

= [1Dvu(@)lar

is C"~1. Now we get the rather peculiar
LEMMA 2.8. The C™! function p is the density of the invariant measure y of F.

PRrOOF: The ergodicity of F' implies that it is enough to show that p is the density of some
absolutely continuous invariant measure: it has to be the density of u. First observe

_ / D (@)l = lim 3" Dy ()| (13):

Ly n €I"

Denote the Perron-Frobenius operator acting on the space of densities also by F,. Let
€ [~1,1] and let y; € I} be such that F(y;) = z. Then

n+1

[zw n
_nlir{oloz Z |Dw1,w n+1 )| |I"| M(Iw)7

v IneIn



where sw is the word obtained by concatenating w after . Now we will use Lemma 2.5:

p(In) It

F(p)@)= lim 3 3" Dy ()] - (1) -

= W(Ih)
T ] . n+1
_nli)n;oz Z | Diw na1(2)] - p(13,)
i IneIn
T . n+1
= Jim 3T 1Dy (@)]
ILL+1EIn+1
= p().

I (Lemma 2.8)
PrROOF OF PROPOSITION 2.2: Let H be a multiplier preserving conjugacy between the
Markov-maps F' and G. Lemma 2.4 states that each branch F™ : I — [—1,1] and
G™ : H(I})) — [—1,1] has uniformly bounded distortion, say bounded by K. Lemma
2.4(3) implies that each branch F™ : I7" — [—1,1] has an unique fixed point pl’. Now we
can estimate the length of I}:
1 2/15

— < —* _ <K.
K~ [DF™(py)| —

And
1 2E)
K = |DG*(H(p}}))| ~

Because DG™(H (pl)) = DF™(pl) we get

K= G T

for each branch I, € Z".
To prove that H is Lipschitz choose x,y € [—1,1]. Let

2, = {1 €T C [5,y)}.
By using that |I7|, |H(I2)]| — 0 for n — oo we get
H) ~ @) = T 3 HDI< tw K- Y 1= Kly—al,
Iezr eIy,

B (Proposition 2.2)

PROOF OF PROPOSITION 2.3: Let H : [—1,1] — [—1, 1] be the C" diffeomorphism defined
by

Indeed, H is a diffeomorphism because p is bounded and away from zero (see Lemma 2.5).
By construction we have H, () = 3. In particular, the C” Markov-map Fy = H 'oFo H
preserves the Lebesgue measure. B (Proposition 2.3)



COROLLARY 2.9. Every conjugacy between two C" Markov-maps which preserves multi-
pliers is a C" diffeomorphism.

PrROOF: There exist C" Markov-maps Fy and Gy which preserve the Lebesgue measure
and are C" conjugated to respectively F' and G. The homeomorphism H which preserves
the multipliers of F' and G induces an exponent preserving conjugacy Hy between Fj and
G- This conjugacy is absolutely continuous, by Proposition 2.2. The ergodicity of both
maps Fy and Gy, see Lemma 2.4, imply that the conjugacy Hy has to map the invariant
absolutely continuous measure of Fj to the absolutely continuous invariant measure of Gy.
However, both measure are the Lebesgue measure. Consequently, Hy is the identity.

B (Corollary 2.9)

The proof of Corollary 2.9 summarizes the arguments in [SS].

3. Proof of the Theorem

In this section we will prove the Theorem. Fix two non-renormalizable unimodal map f, g €
U which does not have periodic attractors neither a Cantor attractor. Assume that they
have the same exponents. In particular they are conjugated, say by the homeomorphism
h. In this case the attractor of f and g will be an interval, respectively Ay = [£%(0), f(0)]

and Ay = [9%(0), 9(0)].
LEMMA 3.1. For every interval T C Ay there exist n > 0 and an interval M C T such
that f™: M — Ay is monotone and onto.

PROOF: The map f|A; is not renormalizable. Hence it is topologically conjugated to
a continuous expanding piecewise affine map fo : [c2, 1] — [ca, 1] with critical point 0
and ca = f2(0), ¢ = f(0). In [GMT] (Lemma 2.6) it has been shown that for each
interval T there exists an interval M C T and m > 0 such that f™ : M — [co,cq] is
monotone and f"™(M) = [c2,0] or f™(M) = [0,c¢1]. The Lemma follows immediately
because [fo(c2), fo(0)] contains the expanding fixed point of fo € [0,¢1]. B (Lemma 3.1)

Take x € int(Ay), the interior of Ay. We will describe an induced map on a neighborhood
of  and obtain a topologically defined C? Markov-map. The periodic orbits of f are dense
in A¢. This allows us to choose an interval U = [a, b] with 2 € int(U) and a, b are periodic
points whose orbit do not intersect int(U).

An interval I C Ay is called good if there exist ny > 0 and an interval 7" O I such that
f™ (1, T) — (U, Ay) is monotone and onto. Clearly, the number n; is uniquely defined.
The interval 7" is called the extension of I. As a consequence of Lemma 3.1 we get that in
every open set there are good intervals.

The fact that the boundary points of U do not return into int(U) imply that good intervals
are nested: if I; and I> are good intervals then

int(Il) ﬂint(Ig) =0 or I Cclyor I, CI4.

We say that a good interval [ is of first generation if there does not exist a good interval J
which strictly contains I. The density of good intervals imply that also the first generation
good intervals are dense.
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Let Z be the collection of first generation good intervals which are part of U. Observe that
there are no good intervals which intersect the boundary of U in their interior. In general
Z will be a countable collection and | JZ = U. Define M : |JZ - Uby M : I = f", I e€T.

LemMma 3.2. [U\UZ|=0.

PRrOOF: We will use some notation from [Ma]. Let n > 0 and # € Ay. The maximal

interval on which f™ is monotone is denoted by T™(x). The components of f™(T,(x)) —
{f™(z)} are denoted by L, (z) and R, (z). Define r,, : Ay — R by

rn(@) = min{| Ly ()], |[Rn(2)]}-
Furthermore define r : Ay — R by

r(z) = limsupry,(z).
n— 00

It has been proved in [Ma] that there exists some r¢ > 0 such that

r(r) =ry¢

for almost every x € Ay. Here we used that f does not have a Cantor attractor.

Now we will describe an extra condition on the periodic boundary points a and b of U.
The two periodic orbits define a partition of Af: P = {P;|i =1,2,---,s} is formed by the
intervals between the points of the two periodic orbits. Assume that the maximal length
of the intervals in this partition is smaller that l—lorf. But also that the intervals in the
partition A(P) have length smaller than <5rg.

In each interval P;, i = 1,2,---s there exists a good interval G; C P;. The partition P is
finite hence there exists an € > 0 such that

G|
| Pi|

Zﬁ,i:1,2,"',8.

We will prove the Lemma by contradiction. Assume that there is a density point y € U
of U\ JZ| =0 with r¢(y) = r. The point y being a density point implies that for good
intervals I close to y

I
lim | |

— =0.
I—>y diSt(y,I)

We will construct big good intervals arbitrarily close to y and obtain a contradiction to
the above statement.

Because r¢(y) = r there exists a sequence k, — oo such that rg, (y) > irs. For each
n > 0 there exists P; € P such that f(y) € P, . Moreover, there exists an interval
M, C Ty, (y) with y € M,, and f¥» : M,, — P; monotone and onto. Because |P; | < 1—101"f
and 7y, (y) > 3ry we get from the Koebe-Lemma that f*» : M,, — P; has uniformly
bounded distortion.
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Let G!, C M, be such that f¥(G’) = G; . The uniformly bounded distortion of F'*»|M,,
implies
|Gl :
Ml 0
dist (v, G4) = 7

for some uniform €’ > 0. Because |Tk, (y)| — 0 we get a contradiction.
B (Lemma 3.2)

Let V D U be the maximal interval which contains only the points a and b of the periodic
orbits of a and b. Clearly, for every I € T there exists F; D I with E; C U such that

nt:EI—>V

is monotone onto.

LEMMA 3.3. There exists K > 0 such that
(M)~ < K

for every I € T.

ProOF: We have to show that for some K > 0
|77[(M|I)—1]|0 <K,I el
Observe, that all the [(M|I)] have, by construction, a monotone extension with negative

Schwarzian derivative up to a fixed interval strictly bigger than [—1,1]. The Koebe-Lemma
implies that for some K > 0

|DM(;U)| e
for any x,y € [—1,1]. Hence,
[(M|I)~Y](=) e —

for any x,y € [—1,1]. Consequently,

[( H ) 1](5'3)

for any x,y € [~1,1]. This implies that |9 asr)-1jlo < K. I (Lemma 3.3)

The previous Lemmas allow us to construct, by rescaling range and domain of M, a C?
Markov-map. The definition is essentially topological: we get a corresponding C? Markov-
map on the domain A(U) which is induced by g. The restriction h|U of the multipliers
preserving conjugacy h between f and g becomes after rescaling a multiplier preserving
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conjugacy between the Markov-maps. Corollary 2.9 states that h is a C? diffeomorphism.
We proved that the conjugacy between f and g is C? when restricted to int(Ay).
Observe that f(f2(0)) € int(Af). Now pull back the conjugation around f(f2(0)) two time
to show that h is also smooth in f(0) and f2(0). We showed that f and g are smoothly
conjugated on a neighborhood of their attractors.

Observe that in general these smooth conjugacy between the attractors can not be smoothly
extended to the whole domain of the maps.

Appendix

The Schwarzian derivative of a C® map f:[—1,1] — [-1,1] is

D?f(x)

Sf() = i)

(

Df(z) 3
Df(x) 2

where D' f(x) stands for the i*" derivative of f in z € [-1,1].

KOEBE-DISTORTION-LEMMA. There exist continuous functions K : (0,00) — (0,00) and
d : (0,00) — (0,00) with the following properties. Let f™ : T — f™(T) be monotone and
Sf(x) <O0forallz € [-1,1]. IfI C T is an interval such that both component L, R C T\ I

satisfy
L) AR
(D] (D)
then f™|I has bounded distortion:
|IDf" ()] |z —y|
<14 K(7) ,
[Df*(y)] ~ 1|
for all z,y € I and
LU IR 5
1 =

Moreover, lim, o, K(7) =1 and lim,_,o, §(7) = o0.

A detailed discussion of the Koebe-Lemma can be found in [MS].

The Lebesgue measure on [—1, 1] is denoted by |.|. A smooth map on the interval is called
ergodic if the only measurable forward invariant sets have Lebesgue measure zero of full
measure.
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