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1. INTRODUCTION

It is known that every finite group acts on some curve, hence on some Jacobian, and
therefore on some principally polarized abelian variety (p.p.a.v.). On the other hand, every
action of a finite group on an abelian variety induces an isogeny decomposition into factors
related to the rational irreducible representations of the given group.

However, the existence of this decomposition is obtained from the theory of group repre-
sentations, and there has been no general geometric interpretation of the factors.

The object of this paper is to prove some general results about rational idempotents for
a finite group GG and deduce from them geometric information about the components that
appear in the decomposition of the Jacobian variety JW of a curve W with G—action.

The simplest case of such a decomposition is when the group G is the group with two
elements G = Z /27 = (j : j°) acting on a curve W. It is clear that then the Jacobian variety
JW of W also has an involution j acting on it and, furthermore, that JW is isogenous
to the product B; X Bs, where B; = Image(1 + j) is the G—invariant part of JW and
Bs; = Image(1 — 7) is the anti-invariant part. This decomposition was already observed by
Wirtinger in [W] and used by Schottky and Jung in [S-J]. Observe that B; is isogenous
to the Jacobian JW¢ of the quotient curve Wi = W/G and that By was later called by
Mumford [Mum]| the Prym variety P(W/W¢) of the given cover.
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The decomposition of Jacobians (or, more generally, abelian varieties) with group actions
has been studied in different settings, with applications to theta functions, to the theory of
integrable systems and to the moduli spaces of principal bundles of curves. For other special
groups, there are the dihedral group D, with p prime in [Ri], the symmetric group S; in
[R-R-1], all the subgroups of S, in [R-R-2], the alternating group As in [SA-1], some Weyl
groups in [K], Sy and WD, in [D-M], the dihedral groups D,, in [C-R-R| and S5 in [SA-2]
and [L-R-2].

For all these cases except the last two, it was shown that the factors appearing in the
decomposition were all of the form of either Jacobians or Prym varieties of intermediate
covers. In the last two some of the factors were not of this type, but they could still
be identified as (connected components of the origin of) intersections of Prym varieties of
intermediate covers.

Meérindol in [Me] (for abelian varieties) and Donagi in [D] (for Jacobians) gave a decompo-
sition in the case when all the irreducible rational representations of the group are absolutely
irreducible: i.e., when they stay irreducible when considered as complex representations. In
[L-R-1], Lange and Recillas have recently given the general decomposition for any abelian
variety admitting a group action.

In the case studied in [Me] and [D], there are formulae giving rational projectors whose
images are the required factors in the decomposition. These formulae are constructed based
on the fact that the condition imposed on the group G implies the existence of an essen-
tially unique G—invariant inner product on each of the vector spaces corresponding to the
irreducible representations, and therefore cannot be generalized.

In this work we find the corresponding rational projectors for the general case, as well as
describe rational projectors invariant under any given subgroup. From them we deduce the
decomposition of any Prym or Jacobian variety of an intermediate cover, in the case of a
Jacobian with group action.

These explicit constructions allow geometric descriptions of the factors appearing in the
decomposition of a Jacobian with group action. For instance, we give a necessary and
sufficient condition for a Prym variety of an intermediate cover to be such a factor.

In Section 2 we recall some basic results on irreducible representations and idempotents
in order to fix the notation.

We then describe two methods for the construction of rational idempotents of a finite
group G: one for primitive idempotents in Section 3 and another for idempotents that are
bilaterally invariant under any given subgroup of GG in Section 4.

In Section 5 we apply our constructions to the decomposition of abelian varieties and
Jacobians with group action.

The paper concludes with two appendices, where we include two examples; both groups
have rational irreducible representations which are not absolutely irreducible and hence could
not have been studied without this general theory. The first one illustrates our constructions
of rational idempotents and the second one exhibits a factor in the decomposition of the
corresponding Jacobians which is not of the previous known types; that it, it is neither a
Jacobian nor a Prym nor an intersection of Prym varieties of intermediate covers.

2. PRELIMINARIES

Let G be a finite group. With relation to representations, we follow the notations in [S]
and [C-R]. The known results quoted in this section may be found there as well.
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We denote by Irrp(G) the set of irreducible representations of G' over the field F.

If Ve Irre(G), we let L denote the field of definition of V' and let K denote the field
obtained by adjoining to the rational numbers QQ the values of the character xy; then K C L
and m = mg(V) = [L : K] is the Schur index of V.

If H is any subgroup of GG, py will denote the representation of G induced by the trivial
representation of H. If we denote by (U, V) the usual inner product of the characters of
the representations U and V, and by V# the subspace of V fixed under H, then it follows
immediately from the Frobenius reciprocity Theorem that

It is known that if Gal(L/Q), Gal(L/K) and Gal(K/Q) denote the respective Galois
groups, then each representation V7 conjugate to V' by an element o in Gal(L/Q) is also
defined over L and both V' and V7 share the same field K. Furthermore, V7 is equivalent
to V if and only if ¢ is in Gal(L/K).

We denote by U the representation

U= @ Vi~mV
r€Gal(L/K)

and remark that it is actually defined over K. The Schur index m of V is minimal with
respect to this property.

It is also known that the irreducible rational representation W of G associated to V is
characterized by its decomposition into irreducible components over the corresponding fields
as follows.

(2.1) K@oW= (P U7, and
peGal(K/Q)
(2.2) L®gW ~ @ V7~ @ (mV)?
o€Gal(L/Q) 0eGal(K/Q)

The (unique) central idempotent ey of L[G] that generates the simple subalgebra as-
sociated to V and the (unique) central idempotent ey, of Q[G] that generates the simple
subalgebra associated to W are given as follows.

dim V'
A ATeT > xvlg g, and
geG
dim V' _
(2.3) ey = ] ZTraceK/Q(XV(g Mg .
geG

Note that ey is in fact an element of K[G] and that it coincides with the (unique) cen-
tral idempotent ey of K[G] that generates the simple subalgebra associated to U = mV;
furthermore, the following relations hold.

ey = eyr forall 7 € Gal(L/K)

and
evepe =0 for all p € Gal(K/Q) .
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It is also known that the simple algebras L|G]ey, K[G]ey and Q[G] ey may be decom-
posed into the direct sum of n, * and  minimal left ideals, respectively. In other words,
there exist primitive idempotents {(1,..., €, }, {ki ..., ko }and {f1,..., fn } in the respective
subalgebras, orthogonal among themselves, such that the following relations hold.

(2.4) ey =0+ ...+ 4, in L[G]ey
ev =k +...+kr in K[G]ey

ew=fi+...+ fr inQ[G]ew

These primitive idempotents are far from being unique, and except for special cases, there
are no general formulas for writing down neither the %&; nor the f;.

A known case ([Me]) is the following. Suppose that the rational irreducible representa-
tion W is absolutely irreducible; that is, it stays irreducible when considered as a complex
representation. Then L = K =Q, m=1and n = =dimV =dimW.

In this case one can find the ¢; = k; = f;’s as follows. The hypothesis on WV implies that
there is a unique (up to multiplication by a positive scalar) G—invariant inner product on
W, denoted by (, ). Let {wy,...,w,} denote an orthogonal basis on W and define

2 =

= W Z(wj, g(w;)) g -

geG

To show that these ¢;’s satisfy the required properties, they are rewritten as follows

dim V
2.5 b; = ——

> rilg g, forje{l,...,n},

geG

where (r;(g)) are the (rational) coefficients of the matrix of the element g with respect to
the given basis. Then (2.4) is clear and that these ¢;’s are orthogonal idempotents is a
consequence of the orthogonality relations for characters (see [S]).

For the general case of any complex irreducible representation V' of G, of dimension n,
one may define {;'s by the right hand side of (2.5), where the r;;’s are now the coefficients
of the given L-representation of . The same orthogonality relations show that these ¢;’s
are primitive orthogonal idempotents in L[G] whose sum is ey .

In this paper we give a general construction for k;’s and f;’s.

3. THE CONSTRUCTION OF PRIMITIVE RATIONAL IDEMPOTENTS

Let V be a complex irreducible representation of a finite group G, with associated fields
L and K as in Section 2.

Proposition 3.1. Let V' be in Irrc G.

Denote by n = dimV, by e = ey the corresponding central idempotent in L|G|, and by
Gal(L/K)={mn =1,..., 7}, with m the Schur indezx of V.

Consider any n primitive orthogonal idempotents £y, ... L, in the simple algebra L|G|ey
satisfying (2.4). For instance, the {; given by (2.5).

Let M; =>"7" | LIG] m,(¢;) be the sum of the corresponding left ideals.
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Then the stabilizer in Gal(L/K) of each left ideal L|G]{; is trivial and the sum in M; is
direct for each j in {1,...,n}.

Furthermore, the left ideals L|G) m,(¢;) in each M; are permuted among themselves by the
action of Gal(L/K) and for each pair j, k in {1,...,n}, either M; = My, or M; N M, = {0}.

Proof. 1t is clear that 7(¢;) is a primitive idempotent in L[G] ey for each 7 in Gal(L/K).
Let H denote the stabilizer of ¢; in Gal(L/K), and let {1y = 1,7,....,7} be a right
transversal of H in Gal(L/K).
Consider

M = LIG|t; + ...+ LIG] 7.(¢;) .
Then M is a left K[G]-module contained in L[G]ey with 0 < dim(M) < m dim(V) =
But the minimality of m then implies that dim(M) = m dim(V') and therefore H = {1},
r =m and
The other results are now clear, since M; N M, is a left K[G]-module contained in L|G] ey
with dimension at most m dim(V). O

Remark 3.2. At this point one could consider the elements of K[G]ey given by k; =
Yo on(l;) as possible candidates to be the sought k;. However, these elements are not
necessarily idempotents, since 0,(¢;) and oy(¢;) may be non orthogonal to each other (e.g.,
see the example in Appendix A). Furthermore, even if the k; are generating idempotents
for Mj for each j in {1,...,n}, there would still remain the question of choosing * among
them in such a way that they add up to ey .

Our next result gives an explicit way of finding k;’s with all the required properties.

Theorem 3.3. Let V be in Irre G and denote n = dim(V') and m = mg(V).

Consider any n primitive orthogonal idempotents £y, ..., L, in the simple algebra L|G|ey
satisfying (2.4).

Then there exist * primitive orthogonal idempotents {ul}:Z, in different left ideals J, =

L|G){;, such that the following results hold.

(1) The element u" = m,(ul) is a primitive generating idempotent for the left ideal

T(Js) = LIG] m(45,), for each 1, in Gal(L/K) and for each s in {1,..., %}
(2) The {u} satisfy

b1 ul, if I=h and t=s;
Ug Uy = .
0, otherwise.

(3) The algebra L|G] ey decomposes as the direct orthogonal sum of the left ideals gener-
ated by {on(ul)} and furthermore we have

mom ™
h 1
ey = E E uy = E E o(uy) .
s=1 h=1 s=1 g€Gal(L/K)

Proof. 1f we denote each minimal left ideal L[G] oy, (¢,) by J?, it follows from Proposition 3.1
that My, =" | JI' is a direct sum of the given left ideals.
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If m = n, then L|G]ey = M;. If m < n, then there exists ¢; with j # 1 such that ¢; ¢ M;.
By renumbering the ¢; if needed, we may assume this is ¢5. Again from Proposition 3.1 it
follows that M, is a direct sum of the corresponding ideals JI and, furthermore, that the

sum M; + M, of primitive left ideals {J"} s—12 is also direct.
he{l,...,m}
If M+ My is a proper subset of L[G] ey, then we may assume that for /3 the corresponding
M3 has trivial intersection with M7+ M,. Then, as before, the sum M7 + My + M3 of minimal

left ideals {J} =123 is direct.
he{l,...,m}
In any case, it is clear that the process terminates after precisely ' steps, when we obtain

the following direct sum decomposition into minimal left ideals.

(3.1) LiGley=Ji®Ji®...0J"
OhLeJe... et

JndJid...Jw.
Hence there exist unique primitive idempotents u” in J* such that
(3.2) ey =uj +ui+...+ul
+uy +us Ly

+ub +uh .Ul
It follows that the u" are all orthogonal to each other, and we claim that
uy = oy (uy)

for each s and h.
Indeed, if we apply any 7, € Gal(L/K) to the identity (3.2), the left hand side is invariant
and we obtain

ev = mp(uy) + (i) + ... 4 Th(ul)

+ T (uy) + T(u3) + .+ T (uf)

+ 7 (uh) + 7 (ui) + .+ T (un)

where each 75,(u¥) is a primitive idempotent in some (unique) J = 73, (7 (J1)).

In particular, 7, (u!) is in 7,(J!) = J* and then the uniqueness of the decomposition (3.2)
for the given ideals (since the right hand side of (3.1) is a direct sum) implies the desired
result. O

Remark 3.4. Starting from the ¢;, the u” of Theorem 3.3 may be found explicitly, possibly
with some computer help. Our example in Appendix A was built using the GAP program.
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The general algorithm is as follows, where we follow the notation in the proof of the
Theorem.

(1) Find a basis B" for each vector space J! appearing in (3.1). It actually suffices to
find a basis B! for each vector space J!, since then a basis for each J" is given by
Th (B Sl ) .
(2) Since the sum on the right hand side of (3.1) is direct, it follows that the union B of
all the bases B! is a basis for L|G] ey .
Computing the coordinates of ey with respect to the basis B, we find the desired
primitive orthogonal idempotents u” in each J5.

Alternatively, once the decomposition (3.1) has been obtained, one may use the method
described in [F] to actually find the u”.

Corollary 3.5. Consider the {u} 5»%:1 constructed in Theorem 3.3 and set

(3.3) ko= Y 7(ul)
reGal(L/K)

for each s in {1,..., 2%

YmJ -’

Then {ks}il is a set of primitive orthogonal idempotents in K|G| such that

Proof. The results follow from the definition of the k, and the properties of the 7(ul) given
by the Theorem.

In particular, the primitivity of each k, follows from the fact that the dimension of the
L—vector space L[G] ks = M; is equal to m dim (V') = dimg (U). O

Corollary 3.6. Given the idempotents {;, construct the idempotents ks as in Corollary 3.5
and let W denote the rational irreducible representation associated to V.
For each s in {1,..., >} set

(3.5) fo= 0 Y k)= D o(ul).

0eGal(K/Q) o€Gal(L/Q)

Then the fs are primitive orthogonal idempotents in Q|G| ey and they satisfy

Proof. 1t is clear that each element ¢ in Gal(K/Q) gives rise to primitive idempotents ¢(k;),
each corresponding to the K —irreducible representation U¥.

Since the ky’s are orthogonal among themselves and their images under different ¢’s are
associated to non conjugate representations, we obtain the following relations for every ¢;, ¢,
in Gal(K/Q) and for every kg, k.

wi(ks) ifj=1iandt=s;
0 otherwise.

wi(ks) @j(kt) = {
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Using these relations, it is easy to verify that the f’s are indeed orthogonal idempotents.
That their sum is ejy is an immediate consequence of (3.4) and (2.3).

All that is left to show is that each f, is primitive, so assume not; that is, assume there are
rational orthogonal idempotents p; and p, such that f, = p; + ps. But then it follows from
(3.5) that ks = fs ey = p1 ey +p2 ev, and this is a decomposition of the primitive idempotent
ks as the sum of two elements in K[G]ey.

We will now prove that the p; ey are orthogonal idempotents, thus obtaining a contra-
diction. First, it is clear that p; ey pj ey = pip; ey and therefore the p; ey are orthogonal
elements equal to their own squares.

We just need to verify that they are not equal to zero. But if we assume that p; ey = 0,
we obtain

Dj =DPjew = Z p(pjev) =0
pEGal(K/Q)

which is impossible. 0

4. RATIONAL IDEMPOTENTS INVARIANT UNDER A SUBGROUP

In this section we find idempotents f in Q[G]| which satisfy h f = f h for all h in a given
subgroup H of GG. This kind of idempotents will be needed in the study of the decomposition
of Jacobian varieties with GG—action to be developed in Section 5.1.

Remark 4.1. Let V denote a complex irreducible representation of a finite group G' and let
K denote the field obtained by adjoining the values of the character xy of V' to the rational
numbers. .

Let H be a subgroup of G' and consider the central idempotent ey = dTg'V > geaxvig™)g

in K[G] and the following elements

1
PH = —— h , and
7] 2

heH
fv =pmey € K[G] .

Turull observes the following two facts in the proof of Theorem 1.4 of [T].

(1) ppy is an idempotent of F[G] for any field F' containing Q and F[G] py is an F|G]—module
affording the representation py of G induced by the trivial representation of H, and
(2) if
<pH ) V> =1
then fi is a primitive idempotent in K[G] and K[G] fy is a K[G]—module affording
V.
We will see in Section 5.1 that (1) together with the appropriate generalization of (2) given

in Theorem 4.4 turn out to be key points in understanding the isotypical decomposition of
a Jacobian variety with G—action.

Remark 4.2. Note that Condition (2) above implies that the Schur index mg(V) of V is
equal to one.
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Since it is known that mg(V') divides (pg, V) for every subgroup H of G (see [I, Lemma
10.4]), a natural generalization of Condition (2) would be to consider the case when

(pu, V) =mq(V),

which we do in Corollary 4.5.
The full general case

is considered in Theorem 4.4.
The following elementary result will be used in the proof of Theorem 4.4. It is an immediate

consequence of (2.2) and the Frobenius reciprocity theorem ([S]), but the authors were unable
to find it in the literature.

Lemma 4.3. Denote Irrg(G) = {W1,... ., W,} and for each W; choose a corresponding V;
in Irrc(G). Also let H denote a subgroup of G.
Then the rational isotypical decomposition of py has the following form

(41) pH:(ZlWl@...@CLTWT,

where
m; a m;

a; =

The following Theorem generalizes the second result in Remark 4.1.

Theorem 4.4. Let W be a rational irreducible representation of a group G, and denote by
ew the associated central idempotent in Q[G]. We denote by V' one of the complex irreducible
representations of G appearing in the isotypical decomposition of C @g W.

For any subgroup H of G, let
1
PH = 77 h
7] 2

heH
be the central idempotent in Q[H] corresponding to the trivial representation of H.
Then

fu=pmew =ewpn
is an element of the simple algebra Q[G] ey satisfying the following conditions.
(1) f& = fu,
(2) hfy = fu = fuh for every h in H, and
(3) fu =0 if and only if {pg, W) = 0 if and only if dim VH = 0.
Furthermore, in the case fy # 0, the left ideal Q|G| fy generated by the idempotent fy is
a left Q[G]—module affording the representation W with multiplicity given by dim V7

.
Proof. The first statement is clear since ey is central in Q[G] and both py and ey, are
idempotents.

The second statement is obvious from the definition of fy, and it follows from it that fg
is in WH.

Therefore fg = 0 if 0 = dimg W¥.
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We also have that
dim VH#

dim@ WH = <,0H7 W) = <W, W> = [L : Q] dimg v

where the second equality follows from Lemma 4.3 and the third from (2.2), thus proving
that (pg, W) = 0 if and only if dim¢ V# = 0.
We now show that if (pg, W) # 0 then fg # 0 as follows.

Since
1

fo =
" HNG]

Z xw(g™) hyg

heH, geG
we compute the coefficient of 1 of fg to be

1 1 1
X ( Res W)71 :_<W7p

and therefore fy # 0 if (W, py) # 0, which finishes the proof of the third statement.

As for the last statement, the first result in Remark 4.1 applied to the case F' = QQ together
with the result of Lemma 4.3 imply that the left ideal Q|G| fx is equal to Q|G| py NQ[G] e
and it follows from Lemma 4.3 that it is therefore equal to the direct sum of M minimal
left ideals, each of which affords the representation W, thus finishing the proof Il

Corollary 4.5. Continuing with the notation of Theorem 4.4, suppose that there exists a
subgroup H of G such that
(o, Ve =mq(V) ,

or, equivalently, that there exist a subgroup H of G and a rational representation w of G
with

pr=WaW, and (W, W) =0.

Then fy is a primitive idempotent in Q|G| ey commuting with every element h in H and
Q[G] fu affords the representation W .

5. AN APPLICATION: (GROUP ACTIONS ON ABELIAN VARIETIES

For a group G acting on an abelian variety A, Lange and Recillas [L-R-1] have proved the
following result, called the isogeny decomposition of A with respect to G.

Theorem: Let G be a finite group acting on an abelian variety A. Let W, ..., W, denote
the irreducible Q-representations of G and n; = dimp,(W;) with D; := Endg(W;) for

7 =1,...,r. Then there are abelian subvarieties By, ..., B, such that each B;Lj 1s G—stable
and associated to the representation W;, and also an isogeny
(5.1) A~B" X ...x B .

dim V; .
220 where V; is a complex
m;

Observe that the integers n; in the theorem satisfy n; =

irreducible representation associated to W; and m; = mg(V;) is the Schur index of V.
To explain what the varieties B; are, observe that the action of G on the abelian variety
A induces an algebra homomorphism

p: Q[G] — Endg(A).
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If e denotes any idempotent of the algebra Q[G], define
Image(e) := Image(p(me)) C A

where m is some positive integer such that me € Z[G]. Image(e) is an abelian subvariety of
A, which certainly does not depend on the chosen integer m. .
The B, in the above theorem are then defined by B; = Image(p]), where

ew, =Pl + Db+ ... +pl,

is any decomposition of the central idempotent ey, as a sum of primitive orthogonal idem-
potents.

Since there are, in general, many decompositions of ey, of the form just given, it is clear
that the B; are far from unique, and defined only up to isogeny.

With the explicit construction of primitive orthogonal rational idempotents f given in
Section 3 through Theorem 3.3, Remark 3.4 and Corollaries 3.5 and 3.6, the B;’s may now
be obtained as images of explicit idempotents, as in the following result.

Proposition 5.1. Let G be a finite group acting on an abelian variety A.

Then each B; in the isotypical decomposition (5.1) of A with respect to G may be chosen
as the image of any of the corresponding primitive rational idempotents f constructed in
Corollary 3.6.

5.1. The case of Jacobians. For the case of a G—action on the Jacobian variety JW of a
curve W, we can be even more explicit.

The main new observation here is that every intermediate geometric object specified by
the cover W — Wg = W/G, such as JWy = J(W/H) or P(Wy/Wy) for subgroups
H C N C G, has its own isogeny decomposition determined by an appropriate combination
of rational representation of G of the form py.

In fact, we will give the isotypical decomposition of any intermediate Jacobian variety
JWpg and of any intermediate Prym variety P(Wpy /Wy ); we will also provide the rational
idempotents whose image is the corresponding B;" inside the given variety.

From now on we assume that the rational irreducible {Wjy,... , Wr} representations of
G are numbered so that W is the trivial representation; therefore, the first factor in the
isotypical decomposition (5.1) corresponding to a Jacobian JW with G—action will always
be Bll =J Wg.

Proposition 5.2. Given a Galois cover W — W, consider the associated isotypical decom-
position (5.1) of JW given as
dim V3 dim V-

JW ~ JWe x By™ X ...x B, ™

where Vj is a complex irreducible representation associated to W; and m; = mg(V;) is the
Schur index of V.
Let H be a subgroup of G and denote by wp : W — Wy the corresponding quotient map.
Then the corresponding isotypical decomposition of JWy is given as follows.

dim V2H dim VT‘H

(5.2) JWg ~ JWgx By ™ X...x B ™ |

where VJH is the subspace of V; fized by H.
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Furthermore, considering images in JW of rational idempotents as defined at the beginning
of Section 5, and setting py = ﬁ > nen hoand fi; = pu ew, as in Theorem 4.4, the following
equalities hold.

(5.3) Image(py) = 75 (JWg)
and if dim VJH # 0 then

aim VT
(5.4) Image(f3) = B; ™

Proof. First, it is clear that Image(py) is the connected component containing the origin of
the subvariety JW of JW fixed by H, and therefore equal to 7% (JW), which is of course
isogenous to JWp.

Secondly, it follows from Theorem 4.4 that the image of each non-zero f}{ is contained in
dim VI
J

Image(py) and is equal to B; ™
Finally, the equality
P = Z fu
je{l,...,r}
induces the sought isogeny

dim v dim v,

JWegx By, ™ x...xB ™" — JWy

giving the isotypical decomposition of JWy. U

Remark 5.3. The existence of non negative integers s; such that there is a decomposition of
the type given in the following corollary is shown in [L-R-1]; in the case when the group G has
only absolutely irreducible representations, the s;’s are shown to be equal to dim VJH —dim VjN
in [L-R-2], using the existence of an essentially unique G—invariant inner product on each
W, = V;, which does not hold when the Schur index is larger than one.

We now give the isotypical decomposition of any intermediate Prym variety.

Corollary 5.4. Given a Galois cover W — W, consider the associated isotypical decom-
position of JW given as

dim Vo dim V-

JW ~ JWe x By™ X ...x B, ™

Then for any subgroups H C N C G the corresponding decomposition of P(Wy /W) is
gien as follows.

P(Wg/Wy) ~ B3* x ...x By
where

dim VjH dim VjN
Sj = —

m; m;
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Proof. The previous Proposition gives the isotypical decompositions for JWy and JWy, but
we also have the natural isogeny JWy ~ JWx x P(Wy/Wy).

If we lift all these isogenies to the corresponding equalities inside the tangent space to JW
at the origin, we obtain equalities between sums of subspaces, which may be chosen to be
orthogonal among themselves with respect to the Hermitian product induced by the natural
polarization on JW (see [C-R-R] for similar arguments).

In other words, letting 7w : W — Wy denote the corresponding cover map, the following
decompositions are chosen to be orthogonal decompositions.

dim V2H dim VrH
(55) (dﬂ;)o(TDJWH) = (dﬂg)o(Toe]WG) D To(BQ 2 ) D...D TO(BT mr )
dim VQN dim VT.N
(56) (dﬁjv)o(T()JWN) = (d’ﬂ'g)o(T()JWG) @ TO(BQ 2 ) @ . @ To(Br mr )
and
(5.7) (dmp)o(To W) = (dmy )o(To W) & To(P(Wa /W)
Now we can replace (5.6) in (5.7) and comparing the result with (5.5), the proof is finished.

O

Remark 5.5. Note that By (for W different from the trivial representation) is always con-
tained in some 75, (P(Wg/Wy)), possibly in more that one.

This is because By is contained in 7}, (JWp) for any H subgroup of G such that (pg, W) #
0; in particular, this condition is always satisfied for the trivial subgroup of G. Moreover,
for any H satisfying (pg, W) # 0, there exist (at least) one subgroup N of G' containing H
and such that (pn, W) = 0: for instance N = G, and for any such subgroup N, By, will be
contained in 7}, (P(Wy/Wy)).

In fact, in this case we know from the previous Corollary that it will be contained with mul-
dim v

tiplicity ‘:;2(“//})[, and from Proposition 5.2 that BVTVRQM C 73 (P(Wy/Wy)) may be obtained

as the image of the idempotent fy = pgey.

Corollary 5.6. Given a Galois cover W — W, consider the associated isotypical decom-
position of JW given as
dim Vo dim Vp

JW ~ JWeg x By™ X ...xB.™ .

Assume there exist subgroups H C N C G and a rational irreducible representation W of

G such that

(5.8) pr =W o py .
Then
P(Wyg/Wx) ~ By .

Conwversely, if for some W rational irreducible representation of G there are subgroups
H C N C G such that P(Wg/Wy) ~ By, then (5.8) holds.
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Proof. Recall that the rational irreducible representations of G are denoted by {W; =

1,...,W,} and V; denotes a complex irreducible representation associated to W.
. . . . dim VH
For subgroups H C N C @, consider the non-negative integers given by s; = mVJ —
J
dim VN . .
mVJ for j € {2,...,r} and observe that it follows from Lemma 4.3 that
J

PH — PN = @Sjwj .
=2

But it follows from Corollary 5.4 that P(Wgy/Wy) ~ By if and only if the unique s;
corresponding to W equals one and all the other s; equal zero, thus finishing the proof. [

Corollary 5.7. Given a Galois cover W — W, consider the associated isotypical decom-
position of JW given as

dim Vo dim V-

JW ~ JWe X By™ X ...x B, ™

Assume there are subgroups H, N1 and Ny of G such that H is a subgroup of Ny for each
k, and

pa = pn, DWW S W,
with W, Wy and W, rational representations of G such that

W, Wj) = Wi, Wa) =0

for 3 =1,2 and W irreducible.
Then, if (X)° denotes the connected component of X containing the origin, we have

(5.9) By ~ (P(Wy /Wy,) N P(Wg/Wa,))° .

It is clear that a similar result holds if there is a finite number of subgroups Ny containing
H such that the representations py — pn, all have a common rational representation.

Remark 5.8. The previous corollaries can be used to give explicit geometric decompositions
of Jacobians with group actions in many cases, in the manner illustrated with the examples
given in the appendices.

Besides obtaining these isotypical decompositions, there also some interesting new types
of abelian subvarieties that emerge from the picture as By’s: the first examples worked out,
such as D, in [Ri], S5 in [R-R-1], the Klein group, D4, A4 and Sy in [R-R-2] and A5 in [SA-1],
were all Prym or Jacobian varieties of intermediate covers. In the case of the groups D,, in
[C-R-R] and also for S5 in [SA-2] and [L-R-2], a new type appeared: some of the B)y’s were
nor Jacobian nor Prym varieties, but (connected components of the origin of) intersections
of Prym varieties, of the form

By = (| PWu/Wy,)
ke{l,....s}

where the subgroups H C N, C G are as in Corollary 5.7. This last situation may be
equivalently described (see [L-R-2]) in the following way in the case when r = 2. Consider
the following diagram of curves and covers
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Wh
WN 1 WN 2
W,

N

with N = (N, Ny) and where H , Ny and N, satisfy the hypothesis of Corollary 5.7.

Then Byy is the (common) orthogonal complement of 7 (P(Wy, /Wy )) inside P(Wy/Wh,)
for k # [, where orthogonality is taken with respect to the Hermitian product induced by
the canonical Hermitian product induced by the natural polarization on JWy.

Now a further new type appears, by taking into account the Schur index (all examples
mentioned above have Schur index equal to one for every complex irreducible representation).
As may be seen in the example in Appendix B, there is a By that is not of any of the above
types. However, it is the image of an explicit rational idempotent and, as such, it may be
seen to be the orthogonal complement of 2 Prym varieties inside another Prym variety.

Remark 5.9. In the study of the decompositions of Jacobians in the case of the special groups
mentioned in the previous Remark, some interesting isogenies have arisen. They were found
with ad-hoc methods or with restrictions on the acting representations, such as the group
having only absolutely irreducible representations.

It is clear now that these isogenies are due to equalities between sums and differences of
representations of GG of the type py for adequate subgroups H of G; for instance, the equality

PS — PR = Px — PG
for G = S, and respective subgroups X = S3, R = D4 and S a Klein non normal subgroup,
gives rise to an isogeny between P(Wg/Wpg) and P(Wx /W¢), which when studied in detail
(see [R-R-2]) gives an alternate proof of the Recillas trigonal construction [Rec].
Since we now know that the representations py for the subgroups H of G' determine (with
no restrictions on G) the isotypical decompositions of all the geometric intermediate pieces

in the full diagram of curves and covers of a curve with G—action, it is likely that new
interesting isogenies will appear.

APPENDIX A. AN EXAMPLE
Consider the group of order 80 given as follows
G=(z,y:2®, o, %",y aya™)

and its irreducible representation V' of degree four whose character xy is given in the following
table on each of the fourteen conjugacy classes of G.

identity | @ | 219 |y | 2193 | 22 | 2y | 2'19® | 42 | 2192 | ay? | 2t | 210
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where k = v/—5. Then
K =Q(k) and Gal(K/Q) = (¢(k) = —k) .
Furthermore, V' is defined over
L=K()=Q(10+v=2) and Gal(L/K) = (7(l) = —1),

where [ = v/—2, as seen from the following matrix representation of V.

I N M N
. /=5 V=5 0 —:v-5
- 0 :V/=5 2y-5 —iy-5

L/=5 —-iJ/=5 =5 0

and

—1+vV=-2 0 -1-v/-2 1
B —2 1 V=2 V=2
v= ~1 V=2 V=2 -1

-1 -1 1—+v-2 0
Then the Schur index mg(V) = 2 and we should find di%v = 2 primitive orthogonal

idempotents k; and ko in K[G] ey and also two primitive orthogonal idempotents f; and f,
in Q[G] eyy satisfying the following equalities.

1
(A1) ey =k + ko= 2—0(identity — ') (didentity + (—k)x
2+ (k) +(=1)a’ +a® + (=k)a” + (~1)2° + (—k)2”)

(AQ) €y = €y + Cye = fl + f2

1
= E(identity — %) (4identity + z* — 2* 4+ 2° — 2%) .

We first compute the four primitive orthogonal idempotents ¢; whose sum is ey as given
by (2.5). It can be verified that ¢; and 7(¢;) are non orthogonal. We illustrate by writing
down /1, given as follows.

() = 1—(1)0(identity — z'%) (5(identity + y + 2° + z"y® + 2°y° + 2'y)
+ 10($12y2 + IL‘GyQ) + (4k)(l'13y3 + $17y) + (Qk:)(xlg + 1'13) + k(l’l5 + {L‘17)
+ (k + kD (2" 4+ 2My) + (k — kD) (2%y + 29°) + (k — 2k (2y + 27y?)
+ (k + 2k (zy + 2y%) + (3k + 3k1) (z*y?) + (3k — 3kI) (2°y?)
+ (4k + 2K1) (2% + (4k — 2k1) (2™ y%) + (2k1) (2°y?) + (100)(z'*9?)
+(5 +50)(y* + 2% + 2%) + (5 51)(y° + 2%y* + 2%))

Applying the construction detailed in Remark 3.4 we obtain the new primitive orthogonal
idempotents u] in L[G]¢; and uj in L[G] {5 respectively, as follows.
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1
80

(identity — z'%) (4(identity + z®) + 3(z"® + 2*) + 6(2*y + 2'%?)

4+ 2k(2 + 2By + 2 Ty + ') + k(2™ + 210 + 20(2 ) + 2k1(2?)
+ (2 4+ 2D)(29%) + (2 = 20) (z®y?) + (4 + 31)(z*y) + (4 — 31)(y)
+ 4+ D (") + (4 = Dy’ + (14 40) (2%) + (1 — 40)(z"®y)
+ (1 4+ 30) (2" + 2'%9%) + (1 — 31) (2%y* + 2%°) + (2k — KkI) (2y + 2'%y%)
+ (2k + kD) (2" + 2%) 4 (b — 2kD) (3y) + (k + 2k1) (vy)
+(k 4+ k) (2% + 2"y?) + (k = kD) (zy® + 2'Ty%))

1
Uy

uy = 1é—o(identity — 2'%) (8(identity) + 4k(z”) + I(z"y?) + (3kl)(z'T)
+ kl(z"y? + 2y?) + (10 — 50) (™) + (8 — 21)(2'%) + (8 — 61)(z'?)
+ (84 51)(z™y) + (8 4 31)(2%®) + (4 + 51)(z° + ) + (4 + 41 (v*) + (4 + 1) (z"*y?)
+ (4k — kD) (2*y®) + (4k + kD) (2y® + 27y + 2™) + (4k + 3K (2%y)
+ (4k = 2k (2°y” + 2°y) + (12 + 1) (2"y) + (12 = [)(2®y°) + (2 + 50) (z*y°)
+(2-50)(=%) + 2+ D)%) + (2 = D(@"y?) + (2 = 1) (@Y’ + %)
+ (2 4+ 90) (25 + (2K + k) (' ty? + 2'Ty?) + (2k — ki) ()
+ (2k — 3kD) (27y? + 2y) +(2k + 3K1) (2™ + 2ty + a:lgy?’))

Then the k, are obtained applying Corollary 3.5; we illustrate with k; as follows.

k= uj +7(up) = 4—10(identity — z'%) (4(identity + 2* + 'y
+y+ 0% + %) + 32 + 2t + 2Py + 28
420202 + 259?) + (25 + 2%y + 2P 4+ 2102 4 22y + 2%
4 2k(2 4 2P+ 2Ty + 2T+ 2Py + 2B 4 P ')
+h(2" 4+ 2" + 2By + 2y + 2% + 27y’ + 2y + 2'y?))

Now the f, are obtained applying Corollary 3.6, as follows.

Ji =k + (k) = Ui + T(u%) + SO(UD + @(T(Ui»
16, 3

1
= 2—O(identity — 2'%) (4(identity + 2* + 2y + y + 2'%9* + ¢*)

4%y 4 2%y 4+ 2P + 262+ a2y + 2y
+3(z"® + 2t + 2%y + 2%9%) + 2(2"y” + 2%y?))
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f2 = ke + p(ka) = up + 7(uz) + (ui) + (7 (ui))
— %(identity — z10) (4(identity + 2% + 2103 + 2y 4 25%))
45 4 62 %y + 2P) + 202 + 212 4y 4 25y
+ o'y + 2% + 2% + 2Py + 2Py’ + 2%y + 1'%
Note that the factor (identity — x'°) appearing in both f; and f, indicates that their
images are contained in P(W/W,0y), and indeed one can verify that
(pgy, V) =4 and (pg0y, V) =0.
But another computation shows that
<pH:<xy2)7 V)y=2

and it follows from Proposition 5.2 that B)y = Image(pgeyy) is contained in 75, (JXp) with
multiplicity one, where pgeyy is given as follows.

1
(A.3)  pmew = 2—O(identity — 2'%)(identity + zy?®) (didentity + 2* — z* + 2° — 2°)

In order to give the isotypical decomposition of a Jacobian JW with G—action we first
give some more information about the group G.
The character table for G is given as follows

identity | = | 219 y 2103 | 22 | oy | allyd Y2 210y2 | gy2 | 24 | 210 | 25
Xy 1 1 1 1 1 1 1 1 1 1 1 1 1 1
X Vs 1 -1 -1 -1 -1 1 1 1 1 1 -1 1 1 -1
XV3 1 -1 -1 1 1 1 1 -1 1 1 -1 1 1 -1
XV, 1 1 1 -1 -1 1 1 -1 1 1 1 1 1 1
XVs 1 -1 -1 —wy w4 1 w4y —wy -1 -1 1 1 1 -1
XV 1 -1 -1 w4y —wy 1 —wy w4 -1 -1 1 1 1 -1
XV 1 1 1 —wy w4 1 —wy w4 -1 -1 -1 1 1 1
XV 1 1 1 w4y —wy 1 w4y —wy -1 -1 -1 1 1 1
XVy 2 0 0 0 0 -2 0 0 -2 w4q 2 w4y 0 2 -2 0
XVio 2 0 0 0 0 -2 0 0 2wy | -2 wyg 0 2 -2 0
XViq 4 1 1 0 0 -1 0 0 0 0 0 -1 4 -4
X Vi 4 -1 -1 0 0 -1 0 0 0 0 0 -1 4 4
X Vi3 4 —k k 0 0 1 0 0 0 0 0 -1 -4 0
XVi4 4 k —k 0 0 1 0 0 0 0 0 -1 -4 0

where w,, denotes a primitive n-th root of unity and k = /=5 = wqg + why — was — wil.

Note that the irreducible rational representations of G are V;, for j in {1,2,3,4,11,12},
and Vs @ Vg, V2 @ Vg, Vo @ Vig, 2(Vi3 @ Viy). The representation V' given at the beginning of
this section is Vis.

Consider the following subgroups of G: Hy = (2, xy), Hy = (x*,y), Hs = (y*,x), Hy =
<-T2»$?JZ>> H5 = <$>7 HG = <$47$y2>, H7 = <$3y27$y>7 H8 = <37?J>, H9 = <$y2>, HlO =
(xy?, 2% . Then we have the following result.
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Theorem A.1. Let W denote a compact Riemann surface with G—action and set

Bl = P<WH8/WH7) N P(WHg/WHl) s and

B2 = P<WH9/WH10) N P(WHg/WHa) :

Then the isotypical decomposition of the Jacobian variety JW with respect to G is given
as follows
JW JWG X P(WHl/WG) X P(WHQ/WG) X P(WHS/WG>
X P(WH4/WH3) X P(WHs/WH3) X P<WH6/WH4)2
x P(Wy, /Wa)* x B} x B3

with associated rational representations on the right hand side given as follows.

VieVeod VsV,
® Vs Vs (Vo) @ (Vo Vi)
@ Vs @ Vi1 & 2(Vis ® Vi)

Proof. The proof is obtained by first computing the corresponding representations py for
all (conjugacy classes of) subgroups H of GG, then looking for each irreducible rational rep-
resentation WV in terms of the form py — pn, for H C N C G, and finally applying either
Corollary 5.6 or Corollary 5.7.

The first two steps can be implemented very quickly with a simple computer program (see
[Ro| for a GAP version). O

APPENDIX B. ANOTHER EXAMPLE: A QUASI-PRYM
Consider the following group, a Z/37Z extension of the quaternion group of order 8,
G = (a'y", 2%y aya, 2 ey 2 yz(ay) )

Then G has a complex irreducible representation V' of degree two such that K = Q and
L = Q(ws), with ws a primitive cubic root of 1. Therefore mg(V) =2 and L ®p W =2V.

Since ii&“,/) = 1, the factor corresponding to W in the isotypical decomposition of a

Jacobian JW with G—action will be of the form Bj,,.
It is clear that in this case

Ey = ey
1
= E< id —2?)(2id — (z4+ 22z +yz +ayz) — (22 + 2327 + °22 + 2%y2?))
is a primitive rational idempotent.
Furthermore, it is known (c.f., [B-Z, pp. 177]) that when mg(V) = dim V' then

(pu, V) #0if and only if H = {1} .

This fact together with the explicit expression for ey given above imply that

By = Image(ew) C P(W/W@ﬁ)) N P(W/W<Z>) .
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One can also verify the following identities
(Bl) P1 — p<12) =W D 2W1
p1— Py = WEW & W,
Py~ Plaaz) = Wi

where W, and W, are rational representations of GG that are mutually disjoint and also
disjoint from W.

Furthermore W is irreducible, and it follows from Corollary 5.4 that the isotypical de-
composition of the (connected component of the origin of the) intersection of the two Prym
varieties is the following.

(P(W/W2y) 0 P(W/Wi)))° ~ By X By, -

Some further computations allow us to exclude other possibilities and therefore show that
Byy is not any of the known types mentioned in Remark 5.8; that is, it cannot be isolated
neither as a Prym variety nor as the intersection of Prym varieties nor as the orthogonal
complement of a Prym inside another Prym variety.

However, the relations (B.1) show that By is the orthogonal complement of B)Q/V17 which
is isogenous to P(W,) /W, .2y)?, inside P(W/W,z2y).
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